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Introduction

Let A be a ring and G a finite group. It is an attractive problem to investigate the
unit group of the group algebra A[G]. We find a lot of interesting results on this
subject, for example in [3]. It seems, however, that an important remark given by
Serre ([12], Ch. VI, 8-9) has not been paid regard to so much; he noticed that the
unit group of K[G] has a structure of algebraic group when K is a field. In this
article, we study the structure of group scheme U(G), which represents the unit
group of A[G], where G is a cyclic group of prime power order. It should be noted
that a key of investigation is the group scheme G(03BB), which plays an important role
in the theory unifying the Kummer and Artin-Schreier-Witt theories (cf. [ 11, 13,
7, 8, 9, 10]).

After a short review on Néron blow-ups of affine group schemes in Section 1,
we establish some formalisms on U(G) in Section 2. The structure of U(Z/pn) is
treated in Section 3. We conclude the article, by giving a relation with U(Z/pn)
and the Kummer-Artin-Schreier-Witt théories.

Our method can be applied without any difficulty to investigation of U(G) for
any finite commutative group G. We expect to describe detailed accounts in the

sequel paper [11].

Notation

Throughout the article, p denotes a prime number.
Gm,A (resp. Ga,A) denotes the multiplicative group (resp. additive group) over

a ring A.

* Partially supported by Grant-in-Aid for Scientific Research #05640063.
** Partially supported by Grant-in-Aid for Scientific Research #01540077.
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TIB / A G denotes the Weil restriction of a B-scheme G to A when B is a ring,
finite and locally free over A.

For a ring B (not necessarily commutative), B  denotes the multiplicative
group of invertible elements of B.

For an integer 1 j 0, we denote by t the. binomial polynomial

In articular 0 = 1.
By convention, ¿iEI ai = 0 and 03A0i~I ai = 1 when I = Ø.

1. Preliminaries

We refer to [2], [4] or [15] on formalisms of affine group schemes.

1.1. Let A be a ring and a E A. We define a group scheme ç(a) over A by
g(a) = Spec A[X, 1/(aX + 1)] with

1. the multiplication: X ~ aX ~ X + X ~ 1 + 1 ~ X,
2. the unit: X ~ 0,
3. the inverse: X ~ -X/(aX + 1).
Moreover, we define an A-homomorphism 03B1(a): ç(a) ~ Gm A by

If a is invertible in A, 03B1(a) is an A-isomorphism. If a = 0, g(a) is nothing but the
additive group scheme Ga,A.

1.2. Let A be a discrete valuation ring with maximal ideal m and 03C0 a uniformizing
parameter of A. Let K denote the field of fractions of A and k = A/m.

For a group scheme G over A, we denote by Gk (resp. Gk) the generic (resp.
closed) fibre of G over A. Moreover, when G is affine, we denote by A[G] (resp.
K[G]) the coordinate rings of G (resp. GK).
Now we recall the definition of Néron blow-ups. For details, see [1, 16].
Let G be a group scheme, flat and affine of finite type over A, and H a

closed subgroup k-scheme of Gk. Let J(H) be the inverse image in A[G] of
the defining ideal of H in k[G]. Then the structure of Hopf algebra on K[G]
induces a structure of Hopf A-algebra on the A-subalgebra A[03C0-1J(H)] of K[G].
Then GH = Spec A[1r-1 J(H)] is a group scheme, flat and affine of finite type over
A. The injection A[G] C A[GH] = A[7r-lJ(H)] induces an A-homomorphism
GH ~ G. By the definition, the generic fibre (GH)K ~ GK is an isomorphism.
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We call the A-group GH or the canonical A-homomorphism G H --+ G the Néron
blow-up of H in G.

PROPOSITION 1.3. Let A be a discrete valuation ring and G, G’ be commutative
group schemes, fiat and affine of finite type over A. Let f : G" ~ G be an A-
homomorphism. Assume that the generic fibre fK : G’K ~ GK is surjective.
Then there exist a group scheme G", flat and affine of finite type over A, an A-
homomorphism g : G" ~ G obtained by finite successive Néron blow-ups starting
from G, and a surjective A-homomorphism f : G’ ~ G" such that the diagram

is commutative.

Proof. Let N = Ker[fK : G’K ~ GK] and N the flat closure of N in G’. Then
by the uniqueness of the flat closure N becomes a subgroup scheme of G’. We
denote by IK(N) ~ K[G’] (resp. I(N) C A[G’]) the defining idéal of N (resp.
N). Then we get I(N) = IK(N) n A[G’]. Note that

K[G’] ~ IK(N) and A[G’] D I(Ker f).

Therefore we obtain I(N) D I(Ker f) and N C Ker f. Moreover, G’/N is

represented by a group A-scheme, flat over A (cf. [1], Th. 4.C). Hence we obtain
a homomorphism G’/N ~ G so that the diagram

is commutative. Since (G’/N)K ~ GK is an isomorphism, there exist a successive
Néron blow-up G" ~ G and an isomorphism G/N ~ G" so that

is commutative [16]. Hence the result. ~

1.4. Let a E A. Let G’ be a group scheme, affine flat of finite type over A and
f : G’ ~ ç(a) an A-homomorphism with surjective generic fibre. Suppose that
a ~ 0 and that G’ is connected. If f is not flat, the closed fibre of f is not surjective,
and we have Im fk = 0 C g1a) = Ga,k. Therefore, f factors through the Néron
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blow-up G(03C0a) - G(a) of 9(l) at the origin {0} of the closed fibre, that is to say,
there exists an A-homomorphism g : G’ ~ G(03C0a) so that the diagram

is commutative. More precisely, g is defined by

for any local section x of G’.

2. Formalisms on U(G)
2.1. Let G be a finite group. We denote by G, for the abbreviation, the constant
group scheme representing G. More precisely, G = Spec ZG with the law of
multiplication: 03BC*(eg) = ¿9192=9 egl 0 e.2. Here (e9)9EG is a basis of ZG over ’Il
defined by eg(g’) = 6g,gl (the Kronecker symbol).
Now we define a ring scheme A(G) by A(G) = Spec Z[T.; g E G] with

1. the addition: 03B1*(Tg) = Tg ~ 1 + 1 ~ T., and
2. the multiplication: 03BD*(Tg) = 03A3g1g2=g Tg1 ~ Tg2,

where Tg are indeterminates. Then A(G) represents the group algebra of G.

2.2. Let det(Tgh) E Z[Tg ; g E G] denote the determinant of the matrix (Tgh)g,h~G,
and let U(G) = Spec Z[Tg, 1/det(Tgh)]. Then U(G) is an open sub-
cheme of A(G) and represents the unit group of the group algebra of G.
The canonical injection G ~ U(G) is represented by the homomorphism
’Il[Tg, 1/ det(Tgh)] ~ ’IlG defined by Tg ~ eg’ The left multiplication by an
element g of G on A(G) or U(G) is represented by the automorphism g* of
Z[Tg; g ~ G] or Z[Tg, 1/ det(Tgh)] defined by Th ~ Tg-1h.

If G = {1}, U(G) is nothing but the multiplicative group Gm,Z = Spec ’Il [ U, 1/U].

PROPOSITION 2.3 (cf. [13], Ch. VI, Prop. 5). Let B be a local ring and C a
local ring, étale and finite over B. Suppose that C/B is a Galois extension and
G = Gal(C/B). Then there exists a cartesian diagram of B-schemes:
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Proof. Let k (resp. 1) denote the residue field of B (resp. C). Then £/k is a
Galois extension of group G. By the normal basis theorem there exists a E 1 such
that the g(a) (g E G) form a basis of 1 over k. Let à E C such that à maps on
a E CQ9Bk = 1. By Nakayama’s lemma the g(a) form a basis of C over B. Define
a homomorphism of B-algebras y : B [Tg, 1 / det Tgh)] ~ C by 03B3(Tg) = g(â).
Then y is G-equivariant and we have gotten a cocartesian diagram:

which defines the cartesian diagram (1). 0

2.4. Let ~ : G - H be a homomorphism of finite groups. We denote by A(~) :
A(G) - A(H) and U(~) : U(G) ~ U(H) the homomorphism of ring schemes
or the homomorphism of group schemes, respectively, induced by cp. We denote
often A(cp) and U(cp) by ~ for simplicity. Ç3 is represented by the homomorphism
of rings defined by

The canonical immersion U(G) ~ A(G) is factorized through U(G) ~
A(G)  A(H) U(H), which is also an open immersion. If cp is injective,
U(G) ~ A(G) x A (II) U(H) is an isomorphism.

Moreover, we have a commutative diagram of group schemes with exact
rows

PROPOSITION 2.5. Let ~: G ~ H be a homomorphism of finite groups. Then:

(1) Ker[cp: A(G) ~ A(H)] and Ker[cp: U(G) ~ U(H)] are smooth over Z.
(2) If ~ : G ~ H is injective, cp : A(G) ~ A(H) and cp : U(G) - U(H) are

closed immersions.

(3) If ~: G - H is surjective, cp: A(G) A(H) and cp: U(G) - U(H) are
smooth and surjective.

(4) Im[cp: A(G) ~ A(H)] = A(Im~) and Im[cp: U(G) ~ U(H)] = U(Im~).
Proof. We verify the assertions on cp: A(G) - A(H). It is easy to apply the

argument for cp: U(G) ~ U(H).
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(1) Ker[~ : A(G) - A(H)] is defined by the ideal generated by 03A3~(g)=h Tg
(h E H), that is, Ker[~: A(G) - A(H)] is a linear subspace. It follows that
Ker[~: A(G) - A(H)] is smooth over Z.

(2) A(G) is isomorphic to the closed subscheme of A(H) defined by the ideal
generated by Th, h e H - p(G).

(3) Let 7r : A( G) - Ker Ç3 be a linear projection. Then (~, 7r) : A(G) ~ A(H) x
Ker Ç3 is an isomorphism. It follows that cp : A(G) - A(H) is smooth and
surjective. 

(4) follows from (2) and (3). D

EXAMPLE 2.6. The canonical injection {1} ~ G induces an injective homomor-
phism Gm,Z ~ U(G), represented by

EXAMPLE 2.7. The canonical surjection G ~ {1} induces a surjective homomor-
phism 03B5: U(G) ~ Gm,Z, called the augmentation homomorphism and represented
by

ycv

2.8. We denote by V(G) the kemel of the augmentation homomorphism
03B5: U(G) ~ Gm,z. The exact séquence of group schemes

splits. V(G) is represented by the Hopf subalgebra Z[Tg./03A3g~GTg] of

2[Tg,1/det(Tgh)], and a splitting map of V(G) ~ U(G) is given by Tg ~
Tg/ ¿gEG Tg. Moreover, the canonical injection G ~ U(G) is factorized through
the canonical injection V(G) ~ U(G).

If p : G ~ H is a homomorphism of finite groups, we have a commutative
diagram of group schemes with exact rows:

Hence we obtain Ker[~: V(G) ~ V(H)] = Ker[~: U(G) ~ U(H)]. Moreover,
we have a commutative diagram of group schemes with exact rows:
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REMARK 2.9. It is easily seen that, under the hypothesis of 2.3, there exists a
cartesian diagram of B-schemes

3. Structure of U(Z/pn)
Let p be a prime number, and let 03B6k be a primitive p kth root of unity, chosen so that
03B6pk+1 = 03B6k for each k  1. Put ( = (1 and 03BB = ( - 1. Then (03BB) is a prime ideal of
Z[03B6] and (À)p-1 = (p).

3.1. Let G = Z/pn. Then Z[G] is isomorphic to Z[T]/(Tpn - 1 ). Hereafter
we identify A(G) and U(G) with the functor A H A[T](Tpn - 1) or A H
(A[T] I(TP- - 1)) , respectively. The homomorphisms pr: A(G) ~ A(G) and
pr : U(G) ~ U(G) are given by T ~ Tpr.

Now put

for k = 0, 1,..., n. Then we have gotten a filtration of U (G) of closed subgroups:

LEMMA 3.2. Let n, m, ~ be integers with 0  ~  m  n. Then:

Proof. (1) The assertion follows from 2.5. (4), since IIri(pn-m : Z/pn ~
Z/pn) = Z/pm.

(2) We obtain an isomorphism V~+1(Z/pn)/Vm+1(Z/pn) ~ V~+1(Z/pm)·
applying the snake lemma to the commutative diagram with exact rows:

3.3. We have a commutative diagram of group schemes with exact rows:
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THEOREM 3.4. Let 0  k  n. Then Vk(Z/pn)/Vk+1(Z/pn) is isomorphic to

Proof. By 3.2. (2), Vk(Z/pn)/Vk+1(Z/pn) is isomorphic to Vk(71/pk). Hence
it is sufficient to verify that Vn(Z/pn) is isomorphic to

Let A be a ring and f(T) = 2:1:01 akTk E 4[T]I(TP’ - 1). Then we can
verify without difficulty that:

is written in the form

Now assume that

Then

and therefore,

We define a homomorphism

It is clear that ~A is functorial. Since

form a basis of Z[03B6n] over Z, ~A is injective.
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Now let

We define ai for 0  j  p’z-1 by

By the definition,

and therefore, if j is prime to p,

On the other hand, if j is divisible by p, we have

It follows that

and therefore,

Hence f(T) = 03A3pn-1k=0 akTk is invertible in A[T]/(Tpn - 1). It is easy to see that
~A(f) = 03A3p-1i=1 03A3pn-1-1j=0 aipn-1+j ~ 03B6jn03B6i-1 03B6-1. Therefore ~A is surjective. Thus we
have gotten the assertion. ~
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REMARK 3.5. (03A0Z[03B6k]/z g(A» 0 Z[1 p] is isomorphic to the algebraic torus

Moreover, the sequence of group schemes

splits over Z[1/p]. It follows that U(Z/pn) 0z Z[1/p] is isomorphic to

as is well known.

REMARK 3.6. Let A be a ring of characteristic p. Then A[T]/(Tpn - 1) =
A[T]/(T - 1)pn. Put U = T - 1. We can consider the additive group Wn(A) of
Witt vectors of length n as a subgroup of V(Z/pn) by the identification

where Ep(X ) denotes the Artin-Hasse exponential (cf. [13], Ch. V, no. 16).
Hence we obtain an injective homomorphism Wn,Fp ~ V(Z/pn) ~ZFp of group

schemes over Fp. Moreover, we have a commutative diagram of group schemes
with exact rows:

REMARK 3.7. Let A be a local ring. Then

(cf. [9]). Hence we have a filtration of U(G)(A) = A[Z/pn]  of subgroups:
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with Vk(G)(A)/Vk+1(G)(A) isomorphic to 9 (A) (A 0z Z[03B6k].

REMARK 3.8. Let A be a ring. When p is not invertible in A and

H1et(A ~ Z[03B6k], G(03BB)) ~ 0, it is a subtle problem to determine the image of
Vk(G)(A)/Vk+1(G)(A) ~ 9(l)(A 0z Z[03B6k]). For example, when A = Z, the
obstruction for surjectivity of Vk(G)(Z)/Vk+1(G)(Z) ~ ç(À)(Z[(k]) is given by
elements of H1et(Z[03B6k], G(03BB)), which is isomorphic to the ray class group of Q(03B6k)
modulo À. We refer to [3], Ch. IV, 15 for related topics.

Hereafter we investigate the structure of

3.9. Let I = (0, 1,..., p-1} and D = I(N). For i = (i0, i1,...,) E D, we put

and

Define polynomials sk(T) by

If k  pn, sk(T) E Z[03B6n][T]. It is clear that so(T) = 1 and spr(T) = Tpr - 1 for
r  0. Put ak = sk(03B6(i)), where k = S(i). It is clear that 03BBpr = 03BB for r  0.

LEMMA 3.10. sk(T) (0  k  pn - 1) form a basis of Z[03B6n][T]/(Tpn - 1) over
.

Proof. Note that

where Q is a lower triangular matrix with the diagonal entries 1.



264

3.11. Let A be a Z[03B6n]-algebra. For ~ = 1, 2, ... , pn - 1, we define a subfunctor
Vi of U(Z/pn) by

LEMMA 3.12. Ypr = Vr+1 for r  0.
Proof. Let A be a ring and f(T) E (A[T]I(TP" - 1)) . Assume that f(T) E

Êp,- (A). Since sk(T) = 0 mod Tpr - 1 for k  pr, f(T) - 1 modTpr - 1, that
is to say, f (T) E Vr+1(A).

Conversely, assume that f(T) E Vr+1(A). Let f(T) = 1 + E1=1 aksk(T).
Then 03A3pr-1k=1 aksk(t) ~ OmodTpr - 1. Since sk(T) (1  k  pT - 1) are
free over A, then ak = 0 for 1  k  pT - 1, that is to say, f (T) E Vpr(A). D

LEMMA 3.13. s~(T)2 ~ 5..isi(T) mod s~+1 (T).
Proof. Let i E D with S(i) = 1. Then

Note that

THEOREM 3.14. l/Vl+1 is isomorphic to G(03BBl).
Proof. Let i E D with S(i) = f. Let A be a ring and

Then f(03B6(1)) = 1 + 03BB~a~ E A , and therefore ai E G(03BB~)(A). Now define a homo-
morphism eA : V~(A) ~ G(03BB~)(A) by çA(f) = ai. It is clear that ÇA is functorial
and KerçA = V~+1(A). 0

4. Relations with Kummer-Artin-Schreier-Witt theories

We keep the notations used in the previous sections.
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4.1. Let A = Z(p)[03B6n]. Then there exists an exact sequence of affine group
A-schemes which unifies the Kummer and Artin-Schreier-Witt theories. More

precisely, there exists an exact sequence of group A-schemes

such that

(1) the generic fibre of (#) is isomorphic to the sequence

where

is defined by

(2) the closed fibre of (#) is isomorphic to the Artin-Schreier-Witt sequence

(3) (Hilbert 90) if B is a local A-algebra,

(cf. [8]. For details see [10]). As a corollary, we have the assertion analogous to
Proposition 2.3: Let B a local A-algebra and C a local ring, étale and finite over B.
Suppose that C/B is a cyclic extension of degree pl. Then there exists a cartesian
diagram of B-schemes:

This suggests that there should be some relations between U(Z/pn) and Wn. In
fact, when n = 1, (#) is nothing but the Kummer-Artin-Schreier sequence

and the diagram of group schemes over Z[03B6]

is cartesian. Here V(Z/p) ~ G(03BB) is the canonical surjection defined in 3.14
([7]).
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When p = 2 and n = 2, V(Z/4)/V3(Z/4) is isomorphic to W2 and the
diagram

is cartesian.
When p &#x3E; 2 or n &#x3E; 2, it is hard to define a homomorphism of group schemes

V(Z/pn) ~ W n’ In this section, we construct a homomorphism V(Z/p2) - W2.
For this we prepare several lemmas.

LEMMA 4.2. Let k and a be integers with k  1 and 1  a  k. Then we have
the equalities:

Proof. Put

Since G(t) is of degree  k, it is sufficient to verify the equalities, substituting
t = 0, -1, ... , - k to G ( t ).

Let c be an integer  0. Then

and

Moreover,

It follows that
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when a = 0. Hence the results. 0

COROLLARY 4.3. Let k and a be integers with k  0 and 1  a  k. Then we
have the equalities:

Proof. We obtain the equalities, substituting t = 1 to

COROLLARY 4.4. Let A be a Q-algebra and g(î) = 03A3k+1j=1 bj~j with bj E A.
Then we have the equality:

In particular, if b1 = 0,

COROLLARY 4.5. For an integer a with 1  a  k + 1, we have

Proof. Apply 4.4 to g(~) = (~ a). ~

Let K be a Q-algebra and f(T) e K[[T]]. When f(0) = 0, we define a formal
power series log(1 + f(T)) E K[[T]] by

LEMMA 4.6. Let k be an integer  1. Then we have



268

Proof. Noting that

we obtain

LEMMA 4.7. Let K be a Q-algebra and g(T) = Ef=2ajTj. For an integer ~  1,

put Gl(T) = Ef=2 aj f (1 + T)l - 1 y. Then we have a congruence

Proof. Note first that

Put
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Applying 4.4 to gj(~) for 2  j  k, we obtain the assertion.

4.8. Let V = V(7G/p2) and K = V2(Z/p2). We define 03BE: V - Gm,A by

Then we have

Next we will show that g : K ~ Gm,A is factorized by the Néron blow-up 9(),) ~

Gm,A, that is to say, there exists a faithfull y flat homomorphism 03BE : K ~ g(À) so
that the diagram

is commutative. More precisely, we check that the map g : K - ç(À) given by
Ô( f) = le(f ) - 1}/03BB is well defined and flat.

Let

Put

for 1 j 1 and

Then we have

for each ~  1.
In fact, if k  p, sk(03B6~2) = 0. On the other hand, if 1  k  p, sk(T) ~

(T - 1)k mod À, and therefore sk(03B6~2) ~ (( À2 + 1)~ - Il. It follows that
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Furthermore, we can verify by 4.7 that

Hence ordT log F(T)  p, and therefore, F(T) - 1 mod TP. This implies that

Thus we have got

That is to say, 03BE(f) = {03BE(f) - 1}/03BB is defined over A.
Furthermore, ç(TP) = 1 and 03BEFp: !C Q9A Fp ~ 9(-) 0A JFp = Ga,Fp is not trivial.

Since lC Q9A JFp is connected, 03BEFp is surjective, and therefore, 1 : K ~ G(03BB) is flat.
Now we define a group A-scheme W2 by the cocartesian diagram

Then we obtain an exact sequence of group A-schemes

It is similarly seen that W2 0A Fp is isomorphic to W2,Fr
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