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Introduction

We prove some analogues in positive characteristic of the following two
recent results, which relate the Picard group, invertible modules and

subintegrality/seminormalization:

(0.1) ([2, Theorem 3.6]). Let A be a G-algebra, i.e. a graded commutative
ring A = ~d~0 Ad, with A o a field and A finitely generated as an A o-
algebra. Assume that char(A o) = 0 and that A is reduced. Then there exists
a functorial isomorphism 0.: Pic(A) ~ +A/A of groups, where +A denotes
the seminormalization of A.

(0.2) ([7, Main Theorem (5.6)] together with [6, Theorem (2.3)]). Let
A z B be an extension of rings containing a field of characteristic zero.
Assume that this extension is subintegral (in the sense of Swan [8]). Then
there exists a natural isomorphism 03BEB/A: B/A ~ f(A, B) of groups, where
J(A, B) is the group of invertible A-submodules of B.

In (0.2) if we let A be a reduced G-algebra with B = +A then J(A, B) =
Pic(A) [7, (2.5)]. So, writing 03BEA = Ç,B/A’ (0.2) gives an isomorphism
Ç,A: + A/A -+ Pic(A). This isomorphism differs from eÃ1 of (0.1) by the
group automorphism of +A/A induced by the negative Euler derivation of
+A, i.e. by the map which is multiplication by - d on the homogeneous
component of degree d [7, §7].
As they stand, both (0.1) and (0.2) are false in characteristic p &#x3E; 0. For,

while the group B/A is always killed by p, the groups Pic(A) and S(A, B)
are not killed by p in general. As a specific example (cf. also [7, §7] and [3])
one can take A = k + tp+1k[t] ~ B = k[t], where k is a field of character-
istic p &#x3E; 0 and t is an indeterminate. Then J(A, B) = Pic(A) [7, (2.5)], and
this group is not killed by p. For a proof see Example (3.6).
Our main results are, however, of a positive nature. What we show is

that if A and B are graded (or if we are in a somewhat more general
situation) then there are natural filtrations on Pic(A), f(A, B) and B/A
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such that corresponding to (0.1) and (0.2) there exist functorial isomor-
phisms between the associated grades gr Pic(A), gr J(A, B) and gr(B/A).
Moreover, if B is graded then gr(B/A) = B/A. In characteristic zero these
filtration degenerate, the associated grades coincide with the original
groups and the isomorphisms are the same as those given by (0.1) and (0.2).
We state our results more precisely now in the graded case. (For more

general statements, including the local case, see Section 4.) Let

A = ~d~0 Ad be a positively graded ring with Ao a field. We do not assume
that A is finitely generated as an Ao-algebra. Put

Let B = Oa, o Ba be a positively graded ring such that A is a graded
subring of B. Put FoB = B and FiB=A+03A3d~piBd for i ~ 1. Then
F = (FiB)l~0 is a decreasing filtration on B consisting of A-subalgebras
of B. Writing FiJ(A,B)=J(A, FiB), we get a decreasing filtration

(Fi0J(A, B))i~0 of subgroups on J(A, B) with associated graded

Note that if char(A0) = 0 then FiB = A for i ~ 1 whence grY(A, B) =
J(A, B).
As a special case, suppose A is reduced and has only finitely many

minimal primes, and let B = +A. By [4] +A is positively graded and
contains A as a graded subring. Writing

we get a decreasing filtration (Fi Pic(A))i~0 of subgroups on Pic(A) with
associated graded

Note that if char(A o) = 0 then gr Pic(A) = Fo Pic(A) = ker(Pic(A) ~
Pic(+A)).
As an analogue of (0.1) we prove

(4.5) THEOREM. Let A be a reduced positively graded ring with Ao a field.
Assume that A has only finitely many minimal primes. Then there exists a
natural isomorphism 03BEA: +A/A - grPic(A) of groups, where +A is the

seminormalization of A. If char(A0) = 0 then grPic(A) = Pic(A) =
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J(A, +A) and ÇA coincides with the isomorphism ç + A/A given by (0.2) and
differs from the isomorphism 0398-1A of (0.1) by the group automorphism of
+ A/A induced by the negative Euler derivation of + A.

More generally, as an analogue of (0.2) in the graded case we prove

(4.4) THEOREM. Let A ~ B be a subintegral extension of positively
graded rings with Ao a field and Ao = Bo. Then there exists a natural
isomorphism 03BEB/A:B/A ~ grJ(A,B) of groups. If char(Ao) = 0 then

grJ(A, B) = J(A, B) and ÇB/A coincides with the isomorphism given by (0.2).

We prove (4.4) and (4.5) in Section 4 as immediate corollaries to the
more general (and more technical) result (4.1). In order to prove (4.1) we
first prove in Theorem (2.6) a special case of (4.1). Then, to deduce the
general case from this special case, we need the following result which we
prove in Section 3:

(3.3) THEOREM. Let A ~ B be a subintegral extension. Then for all rings
C with A ~ C 9 B the sequence 1 ~ (A, C) ~ J(A, B) ~ J(C, B) - 1 of
natural maps is exact.

1. Notation

All rings are assumed to be commutative with 1 and all homomorphisms
unitary.

Z, N, Q denote the sets of integers, natural numbers and rational numb-
ers, respectively.

For a ring A, A* denotes the group of units of A. For an extension

A ~ B of rings, J(A, B) denotes the group of all invertible A-submodules
of B. For properties of this group see [7, §2].
For the notion and properties of subintegrality see [8].

2. A spécial case

The results of this section may be compared with those of [3].
By an admissible extension we mean a triple (A z B, b, n), where A - B

is an extension of rings, b is an ideal of B and n ~ N ~ {~} such that
B = A + b, b" 9 A and every positive integer less than n is a unit in A. Here
we make the convention that bl = 0 for every ideal (resp. element) b of a
ring B.
Note that giving an admissible extension (A G B, B, oo) is equivalent to

giving the extension A z B of Q-algebras. Apart from this, an elementary
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example of an admissible extension is (A g B, tB, p), where B = k[t] with
k a field of characteristic p &#x3E; 0 and t an indeterminate, and A = k + tPB.

Let E = (A ç; B, b, n) be an admissible extension. Let x be an element of
an overring R of B. In case n = oo, we assume that R is x-adically complete.
Put

Note that e~(x) = ex and logo(1 + x) = log(1 + x).
Let T be an indeterminate. For 6eb define IE(b) to be the A[T]-

submodule of A[b][T] given by

Note that if n = ~ then IE(b) = A[[T]]ebT n A[b][T] which is the module
I(b) defined in [7] in the case of an extension A G B of Q-algebras. It was
shown in [7] that if the extension A ~ B of 0-algebras is subintegral then
I(b) ~ J (A[T], B[T]), and that the map B ~ J(A[T], B[T]) given by
b H I(b) is a homomorphism of groups with A contained in its kernel. This
map was used to construct the isomorphism 03BEB/A: B/A ~ J(A, B) of (0.2).
The remainder of this section is devoted to proving the corresponding
results for admissible extensions with n  oo. Note that if n  oo then the

extension A z B is always subintegral in view of the assumptions B =
A + b and b" g A.

Let E = (A ~ B, b, n) be an admissible extension. For b ~ b let JE(b)
denote the A-submodule of B generated by en (b) and b". Let W be the
conductor of the extension A g B. Note that b" ç W.

(2.1) LEMMA. Assume that n  00. Then:

(1) JE (b) = Aen(b) + b" = Aen(b) + &#x26; for every b ~ b.
(2) JE(b) EJ(A, B) for every b E b, and the map JE: b ~ f(A, B) is a

homomorphism of groups with A n b ~ ker(JE). Moreover, for a fixed
n, JE is functorial in E.

Proof. (1) Put J = JE(b). Since J 9 Aen(b) + bn r-- Ae.(b) + W, it is

enough to prove that W G J. If m ~ n then bm&#x26; = bm-n&#x26;bn ~ J. We show
now by descending induction on m that bmW 9 J for all m ~ 0. Let m ~ 0
and let y E bm&#x26;. Then yen(b) = y + z with ZE 03A3i~1 yb’A 9 03A3i~1 bm+i&#x26; which
is contained in J by induction. Therefore, since yen(b) E J we get y ~ J,
proving that bm&#x26; ~ J for all m ~ 0. In particular, taking m = 0, we get
W (-- J.
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(2) We have en(b)en(c)~en(b+c) (mod b") for all b, c ~ b. Therefore,
since b" c7- JE(b + c) by (1), we get JE(b)JE(c)~JE(b+c). In particular,
JE(b)J E(- b) 9 JE(O) = A. We claim that JE(b)J E( - b) - A. For this, upon
writing K = JE(b)J E( - b), it is enough to show that 1 E K. Since

1 = en(0) ~ en(b)en(-b) (modbn), there exists y E b" such that 1 + y E K. So
b"(l + y) G K. Further, since by (1) bn ~ JE(X) for every x ~ b, we have
bny ç;; b2n ç;; K. Therefore b" 9 K. Now, since 1 + y E K, we get 1 E K, and
our claim is proved. Thus JE(b) c-J(A, B) with JE (b)-1 = JE( - b). Now, as
seen above we have JE(b)JE(c) ~ JE(b + c) for all 6,c6b. Therefore

whence JE (b)JE (c) ~ JE (b + c). Thus JE (b)J E (c) = JE (b + c), proving that
JE is a homomorphism of groups. If a ~ A ~ b then JE( - a) ~ A whence
A = JE(- a)JE(a)~JE(a)~A, showing that JE(a) = A, i.e. a E ker(JE).
The last assertion is clear. D

Put E[T] = (A[T] ~ B[T], b[T], n). Then E[7] is again an admissible
extension. So if n  oo then by the above lemma we haye the homomor-
phism 1

(2.2) PROPOSITION. Suppose n  oo. Then IE(b) = JE[T](bT) for every
bEb.

Proof. Let b E b. Since W is contained in the conductor of the extension
A[T] g B[T], we have W 9 JE[T] (bT) by (2.1) (1). Now, let h~IE(b). Then
h =fen(bT) + gb"T" with fgc-A[[7]] and h ~ A[b][T]. Write

with fi, gi ~ A, hi~A[b] and hi = 0 for all i &#x3E; m for some nonnegative
integer m. We claim that fj~&#x26; for all j ~ m + n. To see this, let r be an
integer with 0 ~ r ~ n - 1 and let j ~ m + n - r. Letting f = gi = 0 for
i  0, we have 0 = hj = gj-n bn + 03A3n-1k=0 fj-kbk/k! whence

Therefore, since bs c- W for all s ~ n, it follows by descending induction on r
that fjbr~&#x26; for all (j, r) with 0 ~ r ~ n - 1 and j + r ~ m + n. Our claim
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is proved by taking r = 0 in this assertion. Now, let

Then f " E wr[ 7]] whence

It follows that h ~ JE[T](bT). This proves that 1 E(b) S;; JE[T](bT). The other
inclusion being trivial, the proposition is proved. D

(2.3) COROLLARY. Let E = (A G B, b, n) be an admissible extension. In
case n = oo, assume that the extension A g B is subintegral. Then

IE(b) E J(A[T], B[T]) for every b E b, and the map IE: b -+ J(A[T], B[T])
is a homomorphism of groups with A n b 9 ker(IE).

Proof. For n  oo the assertion is immediate by the above proposition
and the remark preceding it. For the case n = oo we have only to observe,
as noted above, that IE is just the restriction to b of the homomorphism
IB/A: B -+ J(A[T], B[T]) of [7, (5.1)]. El

Now, as in [7, §5], let 0’: B[T] ~ B be the B-algebra homomorphism
given by u(T) = 1. Then we have J(u): J(A[T], B[T])~ J(A, B). Let

riE = J(03C3)oIE:b~J(A, B). Then nE is a homomorphism of groups with
A~b~ker(~E). If n  ~ then for b ~ b we have by (2.2) riE(b) -
J(u)(J E[T](bT)) = JE(b). Thus

Now, let 03BEE:b/A~b~J(A,B) be the homomorphism induced by 17E.
Since B = A + b, we have b/A n b = B/A as A-modules. Thus we have the
group homomorphism 03BEE: B/A~J(A, B).

(2.5) REMARKS. (1) In the case n  oo we could have defined ÇE via JE
(in view of (2.4)) without introducing the indeterminate T and specializing
it to 1. Our reason for doing it via T is to make the construction

compatible with the corresponding one in [7] in characteristic zero. Indeed
we note that if n = oo then 03BEE = 03BEB/A in the notation of [7, §5], i.e. ÇE
coincides with the map ÇB/A of (0.2). Also note that if E = (A g B, b, 00) is
an admissible extension then so is E’ = (A ~ B, B, oo) and in view of the
equality b/A n b = B/A the maps 03BEE and ÇE’ coincide. Thus in the case
n = oo the ideal b is of no significance and the admissible extension
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(A z B, b, oo) may be identified with the extension A G B of Q-algebras
(which is assumed to be subintegral for 03BEE to exist).

(2) For a fixed n, ÇE is functorial in E. This is clear from the functoriality
of JE in the case n  oo, and it is [7, (5.3)] in the case n = oo.

(2.6) THEOREM. Let E = (A 9 B, b, n) be an admissible extension. In case
n = oo, assume that the extension A 9 B is subintegral. Then the homomor-
phism 03BEE: B/A ~ J(A, B) is an isomorphism.

Proof. The case n = oo is proved in (0.2). So we assume that n  oo. In

this case it is enough, in view of (2.4), to prove that ker(JE) = A n b and
that JE is surjective. If b E ker(JE) then A = JE(b) = A(e.(b), b") whence
en(b) E A. Therefore logn(en(b» E A and, since b ~ logn (en (b)) (mod b"), we
get b E A. This proves that ker(JE) = A n b. To prove the surjectivity of JE
consider the commutative diagram

where A’ = A/b", B’ = B/b", b’ = b/b", E’ = (A’ 9 B’, b’, n) and À, p are natural
maps. Since y is an isomorphism by [7, (2.6)] and is surjective, it is enough
to prove that JE, is surjective, i.e. we may assume that b" = 0. Let Â =

A/A n b, É = B/b and consider the commutative diagram

of natural maps with exact rows [7, (2.4)]. Since B = A + b, we have  = B so
that J(, B) = 1 whence 03BD03B2 is trivial. Further, since b is nilpotent, v is an

isomorphism [l, Ch. III, (2.12)]. Therefore p is trivial. So a is surjective.
Therefore if 1 EJ(A, B) then 7 = Au for some u~B*. Write u = a + y with
a ~ A, y ~ b. Then a E A*. Multiplying u by a-1 we may assume that u = 1 + y.
Let b = logn(1 + y). Then b ~b and JE(b) = Aen(b) = A(1 + y) = I. This

proves the surjectivity of JE. D

3. The map cp(A, C, B)

Let A 9 C G B be extensions of rings. Then we have Y(A, C) ~ J(A, B).
Denote by ~(A, C, B) or simply ç the natural map J(A, B) --. J( C, B)
which is given by ~(I) = CI. The sequence 1 ~ J(A, C) ~ J(A, B)  J(C, B)



316

is always exact. For if I ~J(A, B) and qJ(I) = C then qJ(I-1) = C whence
both I and I-1 are A-submodules of C showing that 1 E J(A, C). We show
in Theorem (3.3) below that cp is surjective if the extension A ~ B is

subintegral. However, first we give an example to show that cp is not

surjective in general:

(3.1) EXAMPLE. If Pic(A) = Pic(B) = 0 and Pic(C) ~ 0 then ~ is not

surjective. This is clear from the commutative diagram

with the row exact [7, (2.4)]. As a specific example, one could let B = k[t],
C = k[t2, t3] and A = k[t2], where k is a field and t is an indeterminate. In fact,
in this case one can verify directly that J(A, B) = 1 and that I= C(1 + t, t2) is
a nontrivial element of f(C, B) (with /-1 = C(l - t, t2)). Q

(3.2) LEMMA. Let n be a nilpotent ideal of B and let Ã = A/A n n, B = B/n
and C = C/C n n. If ~(, C, B) is surjective then so is (p(A, C, B).

Proof. We have the commutative diagram

where 9 = cp(A, C, B),  = ~(, C, B) and p, p, a are natural maps. We claim:

(1) JI is surjective;
(2) ker(p) 9 im(a).

Grant these for the moment, and assume that ip- is surjective. Let 1 E ker(p).
Then by (2) 1 = Cu for some u E B* whence I = qJ(Au) ~ im(~). Thus

ker(p) z im«p) and now it follows, in view of (1), that ç is surjective. As for
the claims, (1) follows by chasing the commutative diagram

of natural maps in which the rows are exact [7, (2.4)] and, n being nilpotent,
03BB is surjective and v, 03B8 are isomorphisms [1, Ch. III, (2.12)]. To prove (2)
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consider the commutative diagram

of natural maps with the row exact. Since o is an isomorphism, we get
ker(03C1) ~ ker(03B2) = im(a). D

(3.3) THEOREM. Let A ~ B be a subintegral extension. Then for all rings C
with A ~ C 9 B the sequence 1 ~ J(A, C) ~ f(A, B) f(C, B) ~ 1 of natural
maps is exact.

Proof in the excellent case. As noted above, we only need to prove the
surjectivity of 9 = cp(A, C, B). We prove this first in the case when A is an
excellent ring of finite Krull dimension, using induction on dim(A). For a
ring R, write R =_Rred_= R/nil(R). Note that, since the extension A ~ B is
subintegral, so is  ~ B whence B is contained in the total quotient ring of
 by [8, 4.1]. Let î-p = ~(, , ). If dim(A) = 0 then A is its own total

quotient ring so that  = C = B and trivially ip is surjective in this case.
Hence cp is surjectivfe by (3.2). Now, let dim(A) &#x3E; 0. Since  is excellent, B
is a finite A-module. Therefore the conductor W of the extension  ~ B
contains a nonzero divisor of A. Let A’ = /&#x26;, B’ = /&#x26;, C’ = /&#x26; and
ç’ = ~(A’, C’, B’). The extension A’ z B’ is subintegral and A’ is excellent
with dim(A’)  dim() = dim(A). So ~’ is surjective by induction. Now, by
[7, (2.6)] we can identify J(Ã, B) = J(A’, B’), f(, B) = f(C’, B’) and
ip = ql. Thus is surjective whence cp is surjective by (3.2). This proves the
theorem in the case when A is excellent with dim(A) finite.
To prove the general case, we need another

(3.4) LEMMA. Let k 9 A ~ B be extensions of rings such that A ~ B is
subintegral. Let H be a finite subset of B. Then there exists a finitely
generated k-subalgebra A’ of A such that the extension A’ g A’[H] is

subintegral.
Proof. Since H is finite, it follows from [8, 2.8] that there exist

tl,..., tmc-B such that t2i, t3i ~ A[t1, ..., ti-1] for every i, 1 ~ i ~ m, and
H ~ A[t1,..., tj. Let A’ = k[S], where S is any finite subset of A such that
(1) for each b ~ H, b is a polynomial in tl, ... , tm with coefficients in S; (2)
for each i, 1 ~ i ~ m, t2i, t? are polynomials in t 1, ... , ti-1 with coefficient
in S; (3) t21, t31 c- S. Then the extension A’ ç; A’ [t1, ... , tJ is subintegral and
A’[H] ~ A’[t1, ... , tj. Therefore A’ z A’[H] is also subintegral. D
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(3.5) REMARK. The above lemma generalizes [6, (2.1)].

Proof of Theorem (3.3) in the general case. We have to show that ~ is
surjective. Let 1 E J(C, B). Choose x1,...,xr~I, y1, ... , yr~I-1 such that
x 1 y 1 + - - - + XrYr = 1. Then I = (x1, ... , x,)C. Let

Let k be the natural image of Z in A. By (3.4) there exists a finitely
generated k-subalgebra A’ of A such that the extension A’ ~ A’[H] is

subintegral. Let B’ = A’[H] ~ B, let C’ = A’[xi yj |1~ i, j r] g C n B’
and let l’ (resp. J’) be the C’-submodule of B’ generated by x1, ... , x, (resp.
y,,..., y,). Then I’J’ = C’ whence I’ ~ f(C’; B’). Now, being a Z-algebra of
finite type, A’ is excellent with dim(A’)  oo. Therefore by the case already
proved there exists J’EJ(A’, B’) such that l’ = C’J’. Now, AJ’ ~ f(A, B)
and we have I = ~(AJ’). D

(3.6) EXAMPLE (cf. Introduction). Let A = k + tlk[t] c-- B = k[t], where
k is a field of characteristic p &#x3E; 0, t is an indeterminate and q is any integer
~p + 1. Then f(A, B) = Pic(A) and this group is not killed by p whence,
in particular, it is not isomorphic to the group B/A.

Proof. We have J(A, B) = Pic(A) by [7, (2.5)]. Let C = k + tPB. Then
A ~ C ~ B, and E = (C ~ B, tB, p) is an admissible extension. Let J =

JE(t) = C(e p(t), tP). Then J ~ f(C, B) by (2.1). By (3.3) there exists

I ~ f(A, B) such that J = CI. Since C g k + t 2 B and ep (t) ~ k + t2 B, we
have that 7 is not contained in k + t2B. It follows that 1 p is not contained
in A; in particular Ip ~ A, i.e. 7 is not killed by p. D

4. Main results

Let A z B be a subintegral extension of rings. Suppose B is equipped with
a decreasing filtration e7 = (JiB)i~0 of A-subalgebras such that J0B = B.
Note then that, since A z B is subintegral, so are the extensions A ~ JiB
and Fi+1B ~ FiB for all i. Put

and

where Fif(A, B) = f(A, FiB).
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Note that 3FoS(A, B) = f(A, B) and ~i~0 Fif(A, B) = f(A, ~i~0 FiB).
This was pointed out by Leslie Roberts.

Let n E N u {~}. Let b = {bi}~i0 be a sequence with bi an ideal of .5Fi B.
We say the filtration F is n-admissible with associated sequence b if

(Fi+1B~FiB, b,, n) is an admissible extension for every i ~ 0.
Assume that e’ is n-admissible with associated sequence b. Put E, =

(Fi+1B~FiB, bi, n). By (2.6) we have the functorial isomorphisms

of groups, where we have written çi for ÇE¡. Further, by (3.3) we have the
natural isomorphisms

induced by CPi = cp(A, .9’i+lB,.9’iB). Combining (*) and (**) we get the
isomorphisms

where 03BEi = Fp- Writing ÇB/A,;F,b = ~i~0 03BEi, to show the dependence of
this map on (A 9 B,.5F, b) we get an isomorphism

of groups which is, in view of (2.5) (2), functorial in (A z B, F, b) for a fixed
n. If gr, (B/A) denotes the associated graded A-module for the filtration on
B/A induced by F then, since A ~ FiB for every i, we have grF (B/A) =
grF(B). So we can rewrite the isomorphism as

To summarize, we have

(4.1) THEOREM. Let n E N u {~} and let A - B be a subintegral extension
such that B is equipped with an n-admissible filtration F of A-subalgebras
with associated sequence b. Then the map

is a functorial isomorphism of graded abelian groups. If n = 00 and FiB = A
for all i ~ 1 then grF (B/A) = B/A, gr,,(J(A, B)) = J(A, B) and 03BEB/A,F,b
coincides with the isomorphism ÇB/A given by (0.2). 
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Proof. The first part is proved above. If FiB = A for all i ~, 1 then in the

above notation we have ÇB/A?,b = Ço = ÇÓ = 03BEEo, with Eo = (A z B, bo, n).
Therefore the last assertion follows from (2.5) (1). ~

(4.2) COROLLARY. Let A G B be a subintegral extension satisfying the
following condition:

A contains a field and B = A + m for some proper ideal m of B. (C)

Let p = oo if char(A) = 0, and p = char(A) otherwise, and let F = (Fi)i~0
with FoB = B and FiB = A + mp‘ for i ~ 1. (Recall that moo = 0 by our
convention.) Then there exists a functorial isomorphism grF(B/A) ~
grF(f(A, B)).

Proof. The filtration .5v is p-admissible with associated sequence

{mpi}i~0, where we let 000 = 1. ~

(4.3) REMARK. Note that (4.2) applies in a natural way to the following
two cases of a subintegral extension A ç; B:

(1) A is an equicharacteristic local ring. In this case B is local and A and
B have the same residue field. Therefore (C) holds with m equal to
the maximal ideal of B.

(2) A = ~d~0 Ad~B = ~d~0 Bd with Ao a field. Then Bo has only one
prime ideal, say p, with Ao = Bo/p (in particular, if Bo is reduced
then Ao = Bo). In this case (C) holds with m = p + ~d~1 Bd.

Now, in the graded case A = ~d~0 Ad ~ B = ~d~0 Bd we consider a
variant of the filtration given in the above remark, namely the filtration
F = (FiB)i~0 described in the Introduction. We assume that Ao is a field,
the extension A ~ B is subintegral and Ao = Bo. Let p = oo if char(A o) = 0,
and p = char(A0) otherwise. Let q = {qi}i~0 be the sequence defined by
qo = 03A3d~1 Bd and q, = 03A3d~pi Bd for i ~ 1. Then, since Bo = Ao, the filtration
F is given by FiB = A + qi, and it is p-admissible with associated sequence
q. Therefore we have the isomorphism ÇB/A,F,q: grF(B/A) ~ grF(J(A, B))
given by (4.1). Put

where p(i) = p’. Then B/A = ~i~0 Mi. Further, we have Mi g Fi(B/A) and
the natural map Fi(B/A) ~ Fi(B/A)/Fi+1(B/A) induces an isomorphism
03BEi: Mi ~ Fi(B/A)/F i + J(BIA) for every i, whereby we get a natural isomor-
phism 03B6= ~i~0 03B6i:B/A ~grF(B/A). Writing 03BEB/A for 03BEB/A,F,qo03B6 and

gr J(A, B) for grF(J(A, B)) we get the isomorphism Ç,B/A: B/A ~ gr f(A, B).
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Thus we have proved

(4.4) THEOREM Let A ç; B be a subintegral extension of positively graded
rings with Ao a field and Ao = Bo. Then there exists a natural isomorphism
03BEB/A: B/A - gr f(A, B) of groups. If char(A o) = 0 then gr J(A, B) = J(A, B)
and ÇB/A coincides with the isomorphism given by (0.2). 0

In the graded case as above assume further that A is reduced and has
only finitely many minimal primes. Recall then that we have the filtration
on Pic(A) given by Fi Pic(A) = ker(Pic(A) ~ Pic(Fi+A)) with associated

graded gr Pic(A) = ~i~0 FiPic(A)/Fi+1 Pic(A).

(4.5) THEOREM. Let A be a reduced positively graded ring with Ao a field.
Assume that A has only finitely many minimal primes. Then there exists a
natural isomorphism ÇA: +A/A ~ gr Pic(A) of groups, where +A is the

seminormalization of A. If char(A o) = 0 then gr Pic(A) = Pic(A) = J(A, +A)
and ÇA coincides with the isomorphism 03BE+A/A given by (0.2) and differs from the
isomorphism 0398-1A of (0.1) by the group automorphism of +A/A induced by the
negative Euler derivation of +A.

Proof. Let B = +A. Then B is positively graded and contains A as a graded
subring [4], the extension A ~ B is subintegral and Ao = Bo. Further, by the
argument given in the remark preceding [2, (1.2)], which works in the present
case, we have Pic(B) = 0. Therefore by [7, (2.5)] we have X(A, B) = Pic(A) and
f(Fi B, B) = Pic(FiB) for every i. Consequently, Fi Pic(A) = ker(f(A, B) ~
f(Fi B, B)) =f(A, FiB) by (3.3). Therefore gr f(A, B) = gr Pic(A). Now,
everything except the last assertion is immediate from (4.4) with ÇA = ÇB/A. The
last assertion follows from (4.4) and [7, §7]. D
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