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Many algebro-geometrical phenomena on an abelian variety A which is the
product of supersingular elliptic curves over the field of characteristic p &#x3E; 0 are
related to the arithmetic theory on quaternion hermitian lattices, as was shown,
for example, in [3], [10], [11], [8]. Now, in this paper, we shall study the
relation between the field of definition of principally polarized abelian varieties
(A, 0), where A is as above, and some arithmetic nature on quaternion
hermitian lattices, for example, Hecke operators, type numbers and so on.
When dim A = 1, that is, when A is a supersingular elliptic curve, Deuring [3]
has shown that A has a model defined over the finite field Fp2 and the number
of those which have a model over Fp is expressed by the class number and the
type number of End(A). But, when dim A 2, all the abelian varieties as above
are isomorphic with each other and have a model defined over
Fp (This fact is
due to Shioda, Deligne and Ogus). In this case, the arithmetic of quaternion
hermitian lattices is mainly reflected on the nature of polarizations on A. For
example, the number of isomorphism classes of principally polarized abelian
varieties (A, 0398) is equal to the class number of some n-ary quaternion
hermitian lattices (cf. [10]). In this paper, first, we shall show that every
principally polarized abelian variety (A, 0) (A: as above) is isomorphic to one
defined over Fp2 and give a criterion on having a model defined over Fp
(§1. Theorem 1), and secondly, we shall show that the number of isomorphism
classes of principally polarized abelian variety which has a model defined over
Fp is equal to the trace of some Hecke operator of quaternion hermitian group
and that it is also expressed by the class number and the ’type number" of
quaternion hermitian group (§1. Theorem 2). When dim A = 2, these numbers
can be explicitly calculated (§1. Remark 3). As a corollary to these results, we
also get the results on the field of definitions of supersingular curves (§1. Remark 1, 3). In the forthcoming paper [9], similar (but slightly finer) problem
as above will be treated with the application to the number of rational points
of curves over finite fields. More precise statement of our main results will be
given in Section 1, together with reviews on notations and precise definitions.

38
In Section 2, we shall prepare some algebro-geometrical Lemmas, and in
Secton 3, we shall complete the proofs of Theorems 1 and 2. We thank
Professor M. Ohta for valuable discussions and the referee for useful comments.

1. Main results
We fix a prime number p once and for all throughout this paper. An elliptic
defined over a field of characteristic p is called supersingular, if it has no
p-torsion (étale) point. We fix a supersingular elliptic curve E defined over the
prime field Fp such that 03C02 = -p·idE,where n is the Frobenius endomorphism
of E over Fp. (The existence of such E is due to Deuring [2]. Incidentally, the
last condition is automatically satisfied when p 5.) Then, if A is a product of
(various) supersingular elliptic curves, and if dim A = n 2, then A is isomorphic to E" (Shioda, Deligne and Ogus). Hereafter, we assume always that n 2
and put A E" (where E is fixed as above.) For any abelian variety A1, we
shall say that an algebraic equivalence class 0 of divisors of Ais a principal
polarization, if 8 is represented by an effective divisor D such that the n-fold
intersection number (D") n !. We shall say that two principally polarized
abelian varieties (A1, 8t) and (A2, 02) are isomorphic with each other, when
there exists an isomorphism f of A1 to A2 (as abelian varieties) such that
f*(03982) 01. Denote by (9 End(E) the endomorphism ring of E as an
abelian variety and put B End(E) p Q. Then, it is well known that B is the
(unique) definite quaternion algebra over Q with discriminant p, and (9 is a
maximal order of B which contains an element 03C0 with 03C02 = -p, where the
isomorphism class of (9 depends on the choice of E.
Now, we review on some definitions on quaternion hermitian lattices
according to Shimura [14] and also on some results in [10]. We regard B" as
a left B-vector space. Every positive definite quaternion hermitian metric on B"
is equivalent to the following 0 up to base change:
curve

=

=

=

=

=

Then

by definition,

where n(g) is

the group G of similitudes of (B",

4»

is

given by:

positive rational number depending on g, and for g (gij), we
put g (gij), Yij being the image of gij under the main involution of B. We
denote by GA the adelization of G and for any place v of Q, we denote by G,
=

a

=
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the v-component of GA. We also put Bp = B ~ Qp and Op = O ~ Zp. A
Z-submodule L of B" is called a left (9-lattice, when it is a Z-lattice and a left
(9-module. We denote by 2 the set of all left (9-lattices L such that, for every
prime p, L ~ Zp = Onpgp for some element gp ~ Gp. According to Shimura
(loc. cit.), we call this set 2 the principal genus of B". The natural right action
of G on 2 is defined by: 2 3 L - Lg E 2, and each G-orbit in 2 is called a
class. The number of classes in 2 is finite and called the class number of 2.
Now, we review on relations between these classes and principal polarizations on A (cf. [10]). Denote by X the divisor of A defined by
X
0 x En-1 + E x 0 x En- 2 + ··· + En-l x 0. This divisor defines a principal polarization on A. For any divisor D of A, we denote by OD the morphism
of A to Pic°(A) defined by: ~D(t) Cl(D, - D) for any te A, where D, is the
translation of D by t, and Cl denotes the linear equivalence class. This ~D
depends only on the algebraic equivalence class of D, and we may write
OD 0., where 0 is the algebraic equivalence class to which D belongs. Now,
the mapping 0398 ~ ~- 1X ~0398 of the Néron-Severi group NS(A) to End(A) induces
a bijection of principal polarizations of A onto positive definite quaternion
hermitian matrices in Mn«9) with Hauptnorm 1, where we identify End(A) with
Mn(O). Here, we say that a matrix K ~ Mn(B) is quaternion hermitian if ‘K K,
and positive definite, if txKx 0 for any x E B" and &#x3E; 0 unless x 0. For any
positive definite quaternion hermitian matrix K E Mn(B), there exists g E GLn(B)
such that K go. If the Hauptnorm of K is one, then the lattice L (9 n.
belongs to 2 for any g as above, and the class of L depends only on K and
not on the choice of g. So, we get a mapping of the set of all principally
polarized abelian varieties (A, 0) to the classes L(0) in 2. This induces the
bijection of the set of all isomorphism classes of principally polarized abelian
varieties to the classes in 2. For any principally polarized abelian variety
(A, 0), we fix a representative of the lattice class L(0)E 2, and denote it also
by L(0). For any left (9-lattice L in 2, we denote by RL the right order of L:
=

=

=

=

=

=

=

We denote by PL the unique two-sided RL-(prime)ideal in RL on p, that is,
is the two sided ideal such that reduced norm of PL pn2. We also denote
PL the set of generators of PL: PL {03B3 ~ PL; 03B3RL PL}.
=

=

PL
by

=

THEOREM 1. Let A be as above and assume that dim A 2. Then, any
principally polarized abelian variety (A, 0) is Fp2-rational. Besides, there exists a
principally polarized abelian variety (Ao, 00) defined over F p which is isomorphic
to

(A, 0)

over

F p, if and only if
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REMARK 1. Let k be a perfect field. Assume that C is a (not necessarily
irreducible) algebraic curve such that the Jacobian variety J(C) is isomorphic
over the algebraic closure k of k to a principally polarized abelian variety
(At, 0) defined over a field k. Then, by the Torelli Theorem, it is clear that C
has also a model defined over k (Serre [13]). In particular, if C is a curve such
that J(C) ~ E", then C has a model defined over Fp2.
To count the numbers of principal polarizations defined over Fp, we need
some more definitions. We denote by 4 the set of maximal orders of Mn(B)
defined by:

~v~(g- 1v Mn(Ov)gv ~ Mn(B» and for each prime v, gv is
the v-component of g. We define an equivalence relation of e by: RI - R2 if
and only if R1 = 9 -R2g for some g ~ G. As in [7], we call the number of the
above equivalence classes in R the type number of G (or of Ef) and denote it
by T. When n 1, this is the classical type number of the algebra B, that is,
the number of isomorphism classes of maximal orders of B. Now, we shall
define a Hecke operator R(03C0) acting on automorphic forms on G, of weight 0.
For that purpose, first we review on automorphic forms. For each prime q, we
denote by Uq the subgroup of Gq defined by Uq
GLn( 0 q) n Gql where
is
the
of
we also define a
of
invertible
elements
and
group
Mn(Oq),
GLn(Oq)
x
A
U
of
U
C-valued
function
subgroup
f on G, is
G, by:
G~ 03A0v&#x3E;~ U".
called automorphic form of weight 0 with respect to U, when it satisfies
f(uga) f(g) for every ue U, geGd, and aeG. We denote by Mo( U) the set
of all automorphic forms of weight 0 with respect to U. This is an Hdimensional C-linear vector space, where we denote by H the class number of
If. For any U-double coset Uh U in G.., we define the action of Ug U on Mo( U)
as follows: take the left U-coset decomposition of Uh U as follows:
where g -1 Mn(O)g

=

=

=

=

=

For any

f ~ M0(U), we write

This defines

a linear endomorphism of Mo(U). We define a special U-double
U(03C0) by: U(03C0) G~ 03C0Up x 03A0q~p,~Uq.We denote by T(1), or R(03C0) the
linear endomorphism on Mo( U) defined by the U-double coset U, or U(03C0),
respectively.

coset

=
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THEOREM 2. Notations being as above, the number of isomorphism classes of
principally polarized abelian varieties (A, 0) which have models over Fp is equal
to

and the number

of those

which

are

defined over Fp2

but do

not

have models

over

Fp is equal to

REMARK 2. In the above Theorem 2, polarizations O might be decomposable. Of course, it is easy to get a formula for the number of indecomposable
ones, subtracting decomposable ones (which consist of the products of polarizations in Em (m n)). We omit the details here. As for the case n 2, see
below.
=

REMARK 3. When dim A = 2, the class number H was explicitly calculated
in Hashimoto and Ibukiyama [7]. On the other hand, the type number T is
equal to the class number of some quinary quadratic forms, as was shown in
[7]. Hence, using the class number formula in Asai [1], we can calculate
tr(R()) explicitly. The result is as follows: If p = 2, 3, or 5, then tr(R()) 1, 1,
or 2, respectively. As for primes p 7, when p ~ 3 mod 4, we get
=

and when p

~

1 mod

4, then

.

where X is the Dirichlet character which corresponds to the real quadratic field
Q(p), B2,x is the second generalized Bernoulli number, h( - D) is the class
number of the imaginary quadratic field Q(-D), and (*/*) is the Legendre
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symbol. It is obvious that the number of isomorphism classes of decomposable
polarizations 0 such that (E2, 0) has a model over Fp is given by (h + h’2)/2,
where h is the number of isomorphism classes of supersingular elliptic curves,
and h’ is the number of those defined over Fp. The explicit values of h and h’
are known by Eichler [4] and Deuring [3], [2], and given by:

and

calculate the number of irreducible curves such that the Jacobian
variety J(C) ~ E2 and that C has a model over Fp. Numerical examples of such
numbers (denoted by # (C/Fp) below) will be given in the following table.

So,

we can

2. Geometric lemmas

First, we shall introduce several notations and then
which

are

obtained

we

shall

give two

Lemmas

by algebro-geometrical method.

2.1. Preliminaries

Fp

We denote by 6 the Frobenius automorphism of the algebraic closure
of
x03C3
=
xp
over
for
For
defined
and
any
any
variety
V
any
Fp:
denote by V03C4 so called "transform of V under i". That is, the
fibre product of V and
over
We also denote by F the Frobenius endomorphism of A over Fp. It is easy
to see that, for any divisor D of A defined over
we get

x ~ Fp.

Fp

-r E Gal(F pIF p),

Spec(Fp)

Spec(F p) 4 Spec(Fp)
Fp,

Spec(Fp).
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following Lemma 2.1 seems more or less known to the experts. The short
proof below of this lemma was suggested by the referee. (Our original proof
was somewhat longer.)

The

LEMMA 2.1. Let 0 be a principal polarization of A. Then, 0 is defined over
Fp2, and the polarization 0 contains an effective divisor Do of A rational over Fp2.
Proof. The set of line bundles giving rise to a fixed polarization forms a
principal homogeneous space over the Picard variety Pic’(A). Since the
Fp2-Frobenius is -p idA, this is defined over Fp2, and by Lang’s theorem, the
set of Fp2-rational points is non empty. In the case of 0, there is a unique
effective divisor in its linear system and hence it is also defined over Fp2.
n

LEMMA 2.2. Let 0 be a principal polarization of A. Then, there exists a
principally polarized abelian variety (Ao,00) defined over Fp and isomorphic to
(A, 0), if and only if there exists an automorphism a of A (as an abelian variety)
such that

for some divisor D in 0 defined over Fp.
Proof. The only "if ’ part is obvious. In fact, denote by f an isomorphism
of (Ao, 00) to (A, 0), and by Do a divisor in Oo rational over Fp. Define a
divisor in 0 by D f(D0). Then, we get f03C3 f-1(D) f a(Do) f(DoY7 Da,
and the autmorphism s fa f-1 of A satisfies the desired property. Next, we
shall show the "if ’ part. By the condition on D, we get &#x26;(D) - D03C3t for some
Fp rational point t ~ A. Since D represents a principal polarization, we get
s(D) D03C3t. As F - e is obviously an isogeny, we get t = s03C3 - e(s) for some
Fp rational point s ~ A. Hence, if we put D1 = Ds, we get e(D 1) = D", and
03B503C303B5(D1) Dî2. Now, assume that D1 is defined over Fp2m . As is well known,
every element of End(A) is defined over Fp2, and so, we get
=

=

=

=

=

=

=

Hence, the automorphism (Ba. 03B5)m of A fixes the principal polarization 0 and
hence a torsion element. We denote by 1 the order of Ba. E. Now, put f03C3 B.
i
For each integer i with 1
21, we also define an automorphism f03C3i of A by:
=

defines a 1-cocycle.
Hence by Weil’s criterion, there exists an abelian variety Ao defined over Fp
and an isomorphism f of Ao onto A such that f03C3 fa f-l. Define a divisor

Then, fa2. is the identity idA, and the

set

{f03C3i; 1

i

=

2l}
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Hence, Do is rational

over

~

Fp.

3. Proofs of Theorems 1 and 2

The first part of Theorem 1 has

already been proved in

Lemma 2.1. Now,
in Theorem 1. Assume that (A, 0)
has a model defined over Fp. Then, by Lemma 2.2, we get 03B5(D) ~ D03C3 for
8EAut(A) and a divisor DE 0. Hence, F*03B5(D) ~ F*(D03C3) = pD. We get
where for any element ~ ~ End(A), we denote by the
~F*03B5(D)
dual endomorphism of the dual abelian variety Â of A. Hence,
p~-1X~D (03B5-1F)*~-1X~D(03B5-1F), where * is the standard involution of Mn(B)
defined by h* = th. Now, take g ~ GLn(B) such that gg* = Ox’q5D, and put
L
Ong. If we put y g-I(8-1 F)* g, then yy* pln, hence y E G, and Ly c L.
Besides, yRL g-lnMn«(9)g is the unique two-sided ideal of RL on p. Hence,
the condition is necessary. Conversely, if there exists y E G n P’L(0398), then taking
g-18-IFg for some 03B5 ~ GLn(O) ~ Aut(A). Comparing
g as before, we get y
the reduced norm of both sides, we get yy* pl.. Hence, we get pgg* =
(03B5-1F)*gg*(03B5-1F), and ~pD(x) = ~F*03B5(D). This means that we get F*03B5(D) ~
F*(D03C3) for some seAut(A). As F is an isogeny, we get 03B5(D) ~ D03C3. Hence,
Theorem 1 was proved.
3.1

we

prove the second part. Let

(A, 0)

be

as

= 03B5-1F~D03B5-1F,
=

=

=

=

=

=

=

shall prove Theorem 2. First, we shall show that the number of
classes
which have a model over Fp is equal to tr(R(7r». For that
isomorphism
classical interpretation of the Hecke operators on Mo( U)
on
we
review
purpose,
(cf. Hashimoto [6]). We decompose GA into the disjoint union as follows:
3.2

Next,

we

For each i with 1

i

H, denote by ei the function

on

Then, each ei ~ M0(U) and the elements e1, ... , eH form
we

shall write down the H

x

H-representation

a

matrix

G, defined by:

basis of Mo(

U). Now,
(1
i,
j H) of
(cij)
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R(x) with respect to this basis. For each i with
Li in Y and a finite subgroup 0393i of G by:

1

i

H, define a left O-lattice

where gi," is the v-component of gi. If we denote be RLi the right order of Li
(in Mn (B», then ri RLi n G. Now, for each i, j with 1 i, j H, the
coefficients cij of the representation matrix of R(03C0) are given by:
=

where U(03C0) is as in Section 1 (cf. Hashimoto loc.cit.).
As 03C0Up
Upn, we get cij 0, or 1. More precisely, it is very easy to see-that,
for a fixed i, there exists the unique j such that cl = 1 and that Cik 0 for any
other k e j. Besides, we get c;j cji, since 03C0-1 = -03C0 and (g-1iU(03C0)gj ~ G)-1
= (g-1jU(03C0)gi ~ G). In any way, we get Cu 1, if and only if PL; n G ~ 0.
Hence, by Theorem 1, the number of isomorphism classes of principally
polarized abelian variety (A, O) which has a model defined over Fp is equal to
03A3Hi= 1 Cu tr(R()). Next, we shall see that tr(R(03C0)) 2T - H. When n 2, this
relation was announced in Hashimoto-Ibukiyama [7] Proposition 24 (in a
slightly more general case). As the proof was omitted there, we shall give here
the proof for general n for readers’ convenience. Assume that g-1g-1iMn(O)gig
= g-1jMn(O)gj for some i, j with 1 i, j H, i =1= j, and g ~ G. Then,
Mn(OA)gigg-1jis the two sided ideal of Mn(OA). But, for any finite prime q ~ p,
any two sided ideal of Mn(Op) is equal to qaMn(Oq) for some a ~ Z, and any two
sided ideal of Mn(Op) is equal to n’M.«9p) for some b ~ Z. Hence, multiplying
g by an element of Q ", we can assume that giggj-l~ U, or U(n). As i :0 j, the
former case cannot occur, because each gi or gj belongs to a mutually different
U-G-double coset. Hence, we get cij cji 1 and cik Cki 0 for any k :0 j.
Hence, for a fixed i, if Cu 1, there exists no j such that RLi is G-conjugate to
RL j, and if Cu 0, then there exists unique j such that RLi is G-conjugate to
RLj. Hence, T tr R(03C0) + (H - tr(R(Jt))/2, and we get tr(R(03C0)) 2T - H. Thus,
we proved Theorem 2.
D
=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=
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