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Introduction

The general frame into which this article fits is the following:

Trees of projective lines (henceforth called TPL’s) arise in several natural ways
in the study of the boundary of the Deligne-Mumford compactification ./, of
the moduli space of curves, i.e. in relation with stable curves: Recall that a
stable curve (over a field k) is a connected projective curve C/k with at most
ordinary double points as singularities; moreover any irreducible component
of C that is isomorphic to P} has to meet the rest of the curve in at least three
points.

A stable curve is called totally degenerate if all its irreducible components are
rational. Blowing up as many of the singular points of a totally degenerate
curve as possible without disconnecting it yields our first example of a TPL: a
connected projective curve with all components isomorphic to P such that the
intersection graph is a (finite) tree (the vertices of the intersection graph are the
components, the edges correspond to intersection points). Moreover the TPL
comes along with a marking: Each of the blown-up nodes determines a pair of
(distinct!) points on the TPL. In this way we get a finite map from the moduli
space B,, of stable 2g-pointed TPL’s to the subspace D, = ]lg of totally
degenerate stable curves of (arithmetic) genus g. The B,, are smooth projective
rational varieties studied systematically in [GHP].

Infinite TPL’s arise when the uniformization theory of Riemann surfaces is
extended to stable curves (working over k = C, now).

For example the universal covering of a totally degenerate curve C of genus g
is an infinite TPL on which the fundamental group of C (isomorphic to the
free group F, of rank g) acts in a natural way.

Smooth Riemann surfaces of genus g also admit coverings with group of
decktransformations isomorphic to F,: Schottky uniformization; here the
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covering space is an open dense subset of the Riemann sphere C = P{ which
we view as a trivial TPL (but with nontrivial action of F,!). It is shown in
[GH] that also all other stable curves of genus g may be represented as a
quotient of an open dense subset of a TPL by a discontinuous group
isomorphic to F, (the construction is, roughly speaking, a mixture of the two
“extreme cases” described above). Moreover it is shown in [GH] that both the
TPL and the F -action can be recovered from the relative position (i.e. the
generalized cross ratios) of the fixed points of all (primitive) elements of F,.
Thus using the fixed points as markings and extending the construction of B,
in [GHP] to infinite dimensions one obtains a (huge) moduli space containing
the “extended Schottky space”, i.e. the space of Schottky uniformizations of
stable Riemann surfaces.

The goal of this paper is now to embed this construction in a more general
theory in the following way: We fix a (finitely generated) group I" and ask for
the moduli space that classifies all possible I'-actions on TPL’s that are stable
in some suitable sense. If such a moduli space exists (as a complex provariety,
say) we may consider the subspace of discontinuous actions with compact
quotient; it will classify the uniformizations of stable complex projective curves
by a group isomorphic to I'. To classify I'-actions on TPL’s we associate with
such an action a marking of the TPL on which the action takes place, i.e. a set
(in general infinite) of points on the TPL determined in some way by the action.
In that way we relate the classification of I'-actions on TPL’s to that of stable
marked TPL’s which was carried out in [H].

In this approach several technical difficulties arise that necessitate careful
generalizations of the familiar notions: first, the fixed points of transformations
that act by translating the components are “end points” of the TPL. Hence we
have to work with TPL’s that are compactified by adding the end points. One
reason for the at first sight perhaps somewhat strange looking definition of a
TPL in Section 2 is to include such points.

Secondly, an infinite TPL is not a projective variety and, due to the end
points and also to the fact that a component may intersect infinitely many
others, not even a scheme. A fortiori, our moduli space cannot be expected to
be a scheme. But all occuring spaces turn out to be projective limits of
projective varieties (so-called provarieties). Therefore we shall work with
notions of TPL (and of intersection tree) that are stable under taking projective
limits.

Unfortunately the method sketched above of associating with a I'-action on
a TPL the fixed points of the primitive elements only “works” for groups that
are (algebraically) close to free groups (the precise condition is that the
centralizer of any element different from the identity be cyclic). By this we mean
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that only for these groups we obtain in this way a bijection between stable
actions and stable markings. Even more unfortunate, we do not know of any
way of attaching stable markings to stable actions that would yield a bijection
for all finitely generated groups (and we doubt that such a method exists at
all). So we contend ourselves with the study of another natural assignment of
(stable) markings to stable I'-actions: the marking of an (arbitrarily chosen)
I-orbit with trivial stabilizer. As we will show in Section 3 this yields a
bijection (even an equivalence of categories) for abelian groups I'.

The most important step in the proof of this theorem is the following result
which is of some independent interest: If an abelian group acts on a compact
TPL then there is a common fixed point for the whole group (see Thm. 2.23
for precise statement and exceptions).

For the proof of this result we pass from a TPL to its intersection graph,
which is a tree. Since our TPL’s are projective limits of projective curves, the
intersection tree will also be a projective limit of usual trees. Therefore we first
introduce in Section 1 a category of trees that contains the usual trees of graph
theory, their projective limits, and also the A-trees investigated e.g. in [M]. The
fixed point theorem is first proved for these trees.

The fundamentals on trees and TPL’s were laid in [H]. We take here the
opportunity to supplement the definition of a TPL in [H] in order to assure
certain global topological properties that were tacitly assumed in [H] but
turned out not to be deducible from the axioms there.

In the last two sections we describe in some detail the moduli spaces for the
simplest cases, namely finite abelian groups, and the integers. Of course, a finite
group has only finitely many different stable actions on TPL’s; more interesting
than the number of actions is the scheme structure on this moduli space
(determined explicitly in Section 5). The moduli space of stable Z-actions on
TPL’s is in Section 4 itself shown to be an (infinite and locally infinite) compact
TPL. The subset §, of discontinuous actions with compact quotient consists
of the uniformizations of tori by an infinite cyclic group, i.e. in the form C*/¢?
for some q with |q| # 1.

The next group to be investigated would be Z%; here the corresponding
moduli space, which is a two-dimensional provariety, contains the usual
uniformizations of elliptic curves as quotients of the complex plane by a lattice
(all elements of Z? have to act parabolically, i.e. by translations). The irreduc-
ible components of this provariety are not all isomorphic to each other; in
particular the base component (corresponding to actions on a single P!) is itself
only a provariety, not a scheme (more precisely it is a P! x P! blown up in
infinitely many points). Our results concerning this moduli space are very
incomplete, so we do not give details here.
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1. Trees and their projective limits

As mentioned in the introduction we need a notion of “tree” that allows us to
treat projective limits of usual (finite) trees. One obvious phenomenon is that
between two vertices a and b in a projective limit of finite trees there may be
infinitely many edges. This suggests to replace the path between a and b by the
segment S(a, b), i.e. the set of all vertices and edges between a and b, and to
formulate axioms for the segments, which now are just subsets of the set V of
all vertices and edges. This idea is also used in the concept of a A-tree, see [M],
where a set of axioms different from ours is used (see Remark 1.2 for the
comparison).

Once working with segments it is possible and even natural to drop the
distinction between vertices and edges, see [M] and [H]. That we keep here
this distinction is done with regard to intersection graphs of TPL’s, to be
introduced in Section 2 (Def. 2.13): they in a natural way have vertices
(components) and edges (intersections), and to have them separated is very
helpful in showing that a TPL in our definition is indeed the projective limit
of its finite sub-TPL’s. On the other hand, vertices and edges are not elements
of V of different nature: we only impose (see 1.1(a)(vi) below) the completely
symmetric condition that between any two vertices there is at least one edge,
and conversely, between any two edges there is at least one vertex. In particular
the “end point” of a segment may well be an edge.

1.1. DEFINITION.
(a) A treeis a tripel (V,, V,, S) where:
V. is a set (the set of vertices)
V, is a set (the set of edges)
V:=V,wV, is nonempty
S:VxV — P(V)is a map with the following properties:
(i) S(a,a) = {a}
(ii) a, be S(a,b)
(iii) S(a, b) = S(b, a)
(iv) ceS(a, b) implies S(a, b) = S(a, c) v S(c, b)
(v) For all a,b,ceV there is a unique u = u(a, b,c)e V such that

{u} = S(a,b) " S(a,c) " S(b,c)

u is called the median of a,b and ¢
(vi) If a, b are different elements of V,, then S(a,b)n V., # &
If a, b are different elements of V,, then S(a,b) NV, # &
S(a, b) is called the segment between a and b.
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) (U, U,S") is a subtree of (V,,V,,S), if it is a tree, U, < V,, U, = V, and
Va,be U one has S'(a, b) = S(a,b)n U

© (V,V,>S) is called finite, if V is a finite set

(d) A morphism ¢:(V,,V,,S)—>U,U,S') is a map ¢:V->U with
@(S(a, b)) = S'(¢(a), p(b)) for all a,beV

(e) ¢ is an isomorphism if @(V,) = U, ¢(V.) = U, and ¢: V — U is bijective.

(One could give a definition of morphism such that a bijective morphism fulfills
the condition of (e), but it would be rather complicated and unnecessary for
our purpose.)

We will usually denote a tree (V,, V., S) just as the set V.

1.2. REMARK. We want to show that the category of trees just defined
contains the A-trees in the sense of [M] (for a totally ordered abelian group
A) and hence in particular the graph theoretical trees (for A = Z); this last
statement is already shown in [H], Lemma 2.1.

PROPOSITION. Let V be a set and S:V x Vi P(V) a map satisfying (i), (ii)
and (iii).
(a) then (iv) and (v) implies
(iv') for any a, b, c in V, S(a, b) n S(a, c) = S(a, d) for some deV
(V') for any a, b, c in V with S(a, b) " S(a, c) = {a}, S(a, b) U S(a, c) = S(b, c)
(b) if moreover S(a,b) is a A-segment for any a,beV, then (iv') and (V') implies
(iv) and (v).

REMARK. It is possible (though may be somewhat artificial) to endow any
A-tree T with a structure T = T, w T, satisfying (vi). )

Proof. (a) to show (iv’) let d = p(a, b,c). Then S(a,d) = S(a, b) N S(a, ¢); con-
versely let xe S(a, b) " S(a, ¢). If xeS(b,c), then x =d by (v), so let x¢S(b, c).
Assume x ¢ S(a, d) then by (iv) xe S(d, b) n S(d, c) = S(b, c), a contradiction.

To show (v’'), note that by (v) a= ula,b,c)eS(b,c), whence by (iv)
S(a, b) U S(a, c) = S(b, ¢).

(bXiv) is a defining property of a A-segment. For (v) let ueV such that
S(a, b)nS(a, ¢) = S(a, u), and similarly S(a, b)nS(b, c) = S(u', b); S(a, c)nS(b, c)
= S(a, u").

Now S(u, 1) N S(u, u”) = S(a, b) N S(a, ¢) = S(a, u); but the intersection is
also contained in S(u, b), hence is equal to {u}. Then it follows from (v') that
ueS(, 1"). By symmetry we also have '€ S(u, u") and p” € S(u, p'), hence all
three coincide, as all segments are A-segments.

1.3. PROPOSITION. For a finite subtree U of a tree V there exists a
(canonical) morphism nf;: V — U such that n|y = idy. Yy is called the projection
from V onto U.
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Proof. For xeV, let U,:={yeU|S(x,y)n U = {y}}, then U, # & as U is
finite.
(1) U, = {y}: Set np(x):=y
Q@ U,={yuy2} =50yy)0U =81, y:} = {y1, ¥2}
=w.lo.g. y,eU,, y, e U, (condition (vi)), let nf(x):= y,
(3) If y,, y5, y3 €U, are all distinct then x = u(y,, y,, y;) =>xeU=U, = {x}.
Then =}, is a morphism of trees.

1.4. PROPOSITION. U < U’ < V finite subtrees = 1ty = 1y o}
Proof. Easy computation.

1.5. DEFINITION. V a tree, U, := system of finite subtrees. Then A, is a
projective system (Prop. 1.4). Let every finite subtree have the discrete topol-
ogy, then V:= lim A, is a topological space.

For x = (xy)uew,» ¥ = (Yu)ue, let:

S(x,y) = {(aU)Ue‘le € VlayeS(xy, yy)VU e A}

Let V.=V, V,=V\V.

1.6. PROPOSITION. With the notation of Definition 1.5 one has:
() (V,,V,,5) is a tree
(ii) V is a compact topological space
(iii) There is a canonical injective map i: V — V with dense image; this induces
a topology on V.
(iv) Every morphism of trees is continuous.
(v) w: VxVxV -V is continuous. )
(vi) For Ue,, let my: V — U be the projection; then my = n}, as defined in
Proposition 1.3.
(vii) S(a, b) is closed for all a,be V.
Proof.
(i) + (vi) + (vii) are easy to prove, one only needs the fact, that every finite
subset of V is contained in a finite subtree.
(ii) + (iii) hold by definition.
(iv) Let @: V-V’ be a morphism of trees. If U’ = V' is a finite subtree, then
one can find a finite subtree U = ¥ and a morphism ¢: U — U’ such that

(ﬁon(‘;z nZ,O(p

As every morphism of finite trees is continuous this shows that ¢ is continuous.
(v) As p is continuous for every finite tree, the argument is the same as in (iv).

1.7. DEFINITION. A ‘tree V is called compact if V = V.
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We now want to proof that every automorphism of a compact tree has a fixed
point. For this we need some technical results, which are obvious for finite
trees.

1.8. PROPOSITION. V a tree; ab,c,deV,b+#c, ceS(a,b), beS(c,d)=
b,ce S(a, d).

1.9. COROLLARY.

S(a,d) = S(a,c)u S(c, b) U S(b, d)
S(a, c) n S(c, b) = {c}, S(c,b) N S(b,d) = {b}, S(a,c) " S(b,d) = &.
Proof. (Prop.1.8). u:= wa,c,d), if c¢S(a,d) then pu#c,ueSic,d)=
S(c, b)u S(b, d), as be S(c, d).
(1) peSb,c)
ceS(a,b)=>c = u(a,b,c)
e S(a, ¢) by definition, S(a, b) = S(a, c) U S(c, b), as ce S(a, b) = ue S(a, b) =
ueS(a,b)n S(a,c)n S(b,c) = {ua,b,c)} ={c}=>u=c

2) ueSh,d)y=u="> as above. Now ceS(a,b)= S(a,u) and
ueS(a,c)=>c,peS(a,c)n Sa, p) " S(e, W=>c = p.

1.10. COROLLARY. S(a, b) = S(c, d)<>{a, b} = {c,d}.
1.11. PROPOSITION.

py = ma, b,c), uy = b, c,d), u; = plc, d, e)
= ﬂ(“l, Has l‘3)€ {”l’ Has ﬂ3}

Proof. Let
S:= S(b,c)u S(c,d) U S(d, b) = S(b, u,) U S(c, py) U S, 1) = S, US,US,,
as u, = u(b,c,d), then p, u;€8S. As
$,nS,=8,nS;=8,nS;={u},

p = p, unless all y; are elements of the same S;.
It follows easily from Corollary 1.9 that the median of such “collinear”
points is one of the points.

1.12. THEOREM. Let V be a compact tree, ¢:V —V a bijective morphism,
& # F < V closed such that ¢(F) = F and F is closed under taking medians.
Then there exists pe F such that ¢*(p) = p and S(p, ¢(p)) " F = {p, o(p)}.
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1.13. LEMMA. Theorem 1.12 is true for V = S(a, b), a,beF.

Proof. S(¢(a), p(b)) = (V) = S(a, b)=>(Corollary 1.10) {¢(a), ¢(b)} = {a,b}.
If p(a) = atakep=a.If p(a) = b, p(b) = alet Z = {ze Flu(a, z, p(z)) = z}. Z is
closed because ¢ and p are continuous and V is a Hausdorff space.

CLAIM 1. x, yeZ=FnS(x,y) c Z.

Proof. zeS(x,y) nF, wlo.g. u(a, x,y) = x,i.e. xeS(a, y), then ¢(y)eS(y,b),

because y € S(a, ¢(y)) by definition of Z. z € S(x, y) = S(a, y) because x € S(a, y) =

o(2) € S(¢( ), b) = S(y,b). So zeS(a, y), @(2z) €S(y,b) = wa, z, ¢(2)) = z.

For zeZ one has ¢*z)eZ and for z¢Z one has ¢(z)eZ, therefore
F=Zu@Z). For zeZ let M,=S(z,¢(z)) nF, then M, is closed. Let
M:= ),z M,.
CLAIM 2. z,Z’€eZ, 2’ eM,=> M, c M,. If 2’ # z, ¢(z) one has M, # M.
Proof. S(a, b) = S(a, z) U S(z, ¢(z)) US(¢(2), b) =:S,US,uS;and S, NS, =
{z}, S;nS3={0(2)}, S;NS; =T if z# @(2). Z€S,=2'¢S,= ()¢S, If
0(Z)¢S, = o(z)eS, = ua,z, ¢(z)) = @(z') = 2'¢Z (as 2’ # ¢(')). M. # M,
because otherwise S(z, ¢(2)) = S(Z, ¢(z')) = {z, p(2)} = {Z’, ¢(z’)} (Cor. 1.10).
Therefore M, « M,. or M, c M,Vz,Z2’ € Z.

CLAIM3. MnZ # .

Proof. f M NZ = ¥ one has z,,...,z,€ Z such that (/- , M,,nZ = &, as
S(a,b) is compact and M,,Z are closed =M, NZ = for some i,, as
M,cM, or M, cM,Vz,2’eZ, but z; eM; NZ.

For zoe M N Z one has

z2oeM VzeZ=>M, c M Nz=M, cMcM, =M=M,,.

CLAIM 4. ¢*(zy) = z,.
Proof. ¢(z,)€S(zq, b), as zo€ Z = ¢p*(zo) € S(p(z,), @) = S(a, zp) L S(z, P(2,))-

(1) 9*(zo)€5(z0, 9(2o)) = M.,

0(z0)€Z=>Mpyc M, = My) =M, =M

= (Claim 2) ¢*(zo) € {zo, ¢(20)}-

() ¢*(zo)€5S(a, 2o)

@(20) € (2, b) = 2 € S(9*(20), P(20))

= ¢ (20) € (2o, P(20)) = S(¢(20), 9*(20))

= 0 4(20) € S(zo, 9(20))

=(asin 1) 97 %(zo) = z,
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CLAIM 5. M, = {z,, ¢(z,)}.

Proof. Let ' €S(zg, 9lz0)) N F = 0(z') €S(9(z ), 9*(z0)) = S(zo» #(2,)). Now
Ze€Z or p(z)eZ so M, = M, or M, = M, . Then 2’ = z, or ¢(z') = z,. In
the latter case 2’ = @~ '(zo) = @(2,)- O

Proof (Theorem 1.12): Let xeF. If x = ¢(x) take p = x. If x = ¢*(x) use
Lemma 1.13 for V = S(x, ¢(x)). Otherwise let y:= u(x, ¢(x), ¢*(x)), then

p =y, 00) #*(y) €{y 0(y), ¥*(y)} (Prop. 111).
(1) p=o(y)
= 5(y, @*(¥) = S(y, @(»)) U S(@(y), P*()
we(y), 9*(3), 9*(¥) = o(1) = ¢*(y)
= S(0(y), 9*() = S(@(y), 9*(») v S(@*(y), 9*(»))
= (Prop. 1.11) S(y, 9*() = S(3, @(») U S(e(y), @*(¥)) v S(@*(y), ¢*(»))
= (induction) S(y, ¢"()) = S(y, ()L -+ U S(9"~ (), ¢"(¥)) (*)

CLAIM. ¢"(y) converges to some y,€F.

Proof. (¢"(y))nen has an accumulation point y,€ F, as F is compact. If there
is another one y,#y, let wu,:= u(yo, vo, ®"(y) €F; then y,yo are
accumulation points of (u,)sen, as u is continuous and (Yo, Yo, Yo) = Vo
H(Yo» Yos Y0) = Yo. Now for n <m

S(Hm ”m) = S(”m My + l)u eV S(#m- 1» ﬂm) (**)

because {u(a, b, 2|z€S(x, ')} = S(u(a, b, x), u(a, b, x')). (Take a =y, b=ys,
x = ¢"(y), x' = ¢"(y) and use (x)).

If S(.Vo, y()) # {yOa yi)} take aES(yO’ y6)9 a# Yo YB Then S(y(» a), S(a’ )’b) are
closed so one can choose open neighborhoods U(y,), U’(yp) such that

U(yo) N S(a’ .VE)) = g’ U,(yb) N S(a’ yo) = Q If ﬂm Ilme U(.YO)’ then
Hans #m ES(.VO, J’B)\S(a, .Vb),

SO

Hns M € S(a, Yo) = S(ns 1) = S(a, Yo)
=(x*);€S(a, y)Vn<i<m
=u¢U(yo)Vn<i<m
= ;¢ U'(yo)Vno < i,
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as y, is an accumulation point of (u,),en and hence there are infinitely many
m with u, € U(y,)

If S(o¥o) = {¥o» Yo} then with the same argument as above u,=
Yo Vm = my. So (¢"(¥)nen—7> Vo and therefore ¢(yo) = yo.
@ u=y

yeS(e(y), @*(») = ¢"(»)eS(@"* '(y), " ()
=S(@(y), 9*(¥) = S(@(y), y) U S(y, 9*(¥))
= S(@*(y), 0*(y)) = S(@*(y), 9(») Y S(@(y), 9*(¥))
= 5(@°(»), 0*(y) = S(@*(»), 9> (M) U S(@*(¥), 9*()

Using Proposition 1.8 one can deduce, that ¢*(y)e S(y, *(y)). Using Part 1
shows, that @2 has a fixed point a. Let b= ¢(a)= ¢(S(a, b)) = S(¢(a),
(b)) = S(b, a), so Lemma 1.13 shows the theorem in this case.

(3) 1= ¢*(y). Replace ¢ by ¢! then

Wy, 071 (¥), 720 = 07 Hu@?(y), (), ) = 0" Ho*(y) =y

so one can use Part 2. O

1.14. THEOREM. Every automorphism @: V — V of a compact tree has a fixed
point.

Proof. Theorem 1.12 gives us a pe V such that S(p, ¢(p)) = {p, ¢(p)}. If pe V,
(resp. V.) then o¢(p)eV, (resp. V.) by definition of isomorphism and
S(p, o(p)) N V, (resp. S(p, ¢(p)) N V,) = &, so by condition (vi) of Definition 1.1
we get p = ¢(p).

1.15. THEOREM. Let I" be a commutative group acting on a compact tree V
by bijective morphisms then there exist p,p'e V such that S(p,p’) = {p,p’} and
y{p,p'}) = {p, P’} for all yeT. If T acts by automorphisms we have p = p'.

Proof. 1f there exist yoeI',a,beV, a # b, yo(a) = b, y4(b) = a, S(a, b) = {a, b},
then y({a, b}) = {a, b} Vy€T, because:

Let a' =a),b’'=y(b) then y4(a)=7y°y,°7"'(a') =y°y4(a) = y(b) = b' and
yo(b') = @', so

70(8(a’, b)) = S(a’, b') = {a’, b'}.

Let u=u(a,b,a’)eS(a,b)={a,b}. wlog. u=a=aeSd,b) = yyoa)=
beS(yo(@'), yo(b)) = S(b',a) = (Prop. 1.8) a,b,e S(a’, b’) = {a’, b'}.

If no such y, exists, let F, = {pe V|y(p) = p}, then one can apply Theorem
112,50 F, # &.
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If (,F, =& one can find y,,...,y,€T such that ()}=! F, = F # & and
FnF, = &, as F,is compact. Now y, fixes F as I is commutative so Theorem
1.12 gives us a pe F such that

S(p, va(P)) © F = {p,7.(P)}

and y7(p) = p.
If p # 7,(p) then by Lemma 1.13 one can find g€ S(p,y,(p)) such that

72(q) = q and
54, 7.(9)) = {9, 72(9)}.

The case g # y,(q) is already done so let g = y,(q). y:(9) € S(p, y,(p)) so w.l.o.g.
(@) € S(p, 4) = 7, °7:(q) € S(v (D), 9)-

But y,°7:(q) = 7:°7.(q) = 7:(q) 50 7:(q) € S(p, 9) ~ S(7,(P), @) = {q}, s0 g€ F and
FnF, #J.

1.16. REMARK. Note that for the trees considered here the situation is more
complicated than for A-trees because F, need not be “connected”. In particular
Lemma 12 of [M] does not hold for non commuting automorphisms.

Moreover in general F, is not a subtree of ¥, as condition (vi) of Definition
1.1 is not fulfilled by F,.

1.17. DEFINITION. For a, beV let mg,,:V —S(a,b) be defined by
s, (r):= Ha, b, ).

The following result will be used later:

1.18. LEMMA.

(1) mg, is a projection onto S(a, b) =:§.

(2) mg is continuous

(3) Let y,0€l’, T abelian and y(a) = a, y(b) = b; pe ng(6(S)\S)=y(p) = p
Proof. (1) and (2) are trivial; to prove (3) let a’ = ng(d(a)), b' = ng(6(b)); then

a’ = u(a, b, 6(a)) and

Na') = (a, b, 6(a)) = u(y(a), v(b), 7((a))) = ua, b, 5(a)) = a’

If @ = b’ then 5(5(S) = S(@, b') =d.

If @ # b’ then &(S) = S(5(a), @') U S(@, b') U S(b, 5(b)) and (S)\S = S(5(a),
Ib\S(@,b'), so mg(6(S\S) ={a’,b'}, as ms(S((a),a) ={a'}, ng(S(', (b))
={b'}.
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2. Trees of projective lines and intersection trees

To understand the definition of a TPL below recall that we want the category
of TPL’s to be closed under projective limits. Since a projective limit of
projective curves is almost never a scheme we have to define TPL’s as locally
ringed spaces with certain properties. Later (Lemma 2.19) we shall show that
any TPL is open and dense in a provariety, i.e. a projective limit of projective
curves (see [H], Section 1 for some basic properties of provarieties).

2.1. EXAMPLE. Consider the following projective limit of finite TPL’s:

T

1 Iy Ll

Z

K e ZO 2 vee X P2
n 7., Z
Zo | L2

T2
L

This is to be understood as follows:

— the “end point” p, is an irreducible component; the local ring at p, consists
only of the constant functions
the middle part is a chain of P!-components.
— every neighbourhood of p, (resp. p,) contains infinitely many P!-compo-
nents of the middle part.
nevertheless p, is a smooth point on L.

\

Due mainly to the presence of points like p, and p, in TPL’s, the definition of
the intersection graph of a TPL is much more subtle than in‘the finite case,
and we avoid it in our definition of a TPL. Instead we characterize the tree-like
nature of a TPL in terms of the segments S(x, y) (see Definition 2.2(a)(iv) and
(v) below); thus the following definition somewhat parallels that of a tree in 1.1:

2.2. DEFINITION.
(a) Let k be a field; a connected locally ringed space (C, 0) over k is called a
tree of projective lines (T PL) over k if:
(i) for any closed point x € C, the local ring O , is isomorphic to k,k[t],,
or (kLs, t1ys-n)s.)-
(ii) every irreducible component of C is isomorphic to P} or Spec k. The
union of the P'-components is dense in C.
(iii) For any xeC, C\{x} has at most two connected components.
(iv) For x, ye C the intersection S(x, y) of all closed connected subsets of C
containing x and y is connected.
(V) ceS(a,b), aeS(b,c), beS(a,c)=>a,b,ce L, L component of C.
(vi) Let D be a connected component of C\S(x, y), then D N S(x,y) is a
single point.
(vii) every connected component of an open set is open.
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(b) A closed point xeC is called special, if C\{x} is not connected.
(c) A point xeC is called an endpoint of C, if O; , = k and C\{x} is connected.

2.3. REMARK. Properties (vi) + (vii) control the global topology of C. With-
out them there are some strange examples of locally ringed spaces C such that
Lemma 2.20 (resp. Prop. 5 of [H]) is not true.

In Example 2.1, p, is an end point; the special points are p, and the
intersection points of P!-components.

2.4. DEFINITION. For X,Y < C let S(X, Y) = S(X u Y) be the intersection
of all closed connected subsets of C containing X U Y.S(X, Y) is called the
segment between X and Y. It is easy to see that one has:

2.5. LEMMA: S(X,Y) is connected.

In the first place, a morphism of TPL’s is simply a morphism of the locally
ringed spaces; but as in [H], Section 3, we shall only consider contractions:

2.6. DEFINITION. A (contraction) morphism of TPL’s C, C’ is a morphism

n: C — C' of locally ringed spaces satisfying

(i) for each P!-component L of C, n|C is either constant or an isomorphism
onto n(L)

(ii) for each P'-component L’ of C’ there is at most one P!-component L of C
such that n(L) = L'.

We now want to define the intersection tree of a TPL.

For this we need some technical results, mainly to show that there are no
topological pathologies around.

2.7. LEMMA. For a,beC there is a unique morphism mg, ,: C — S(a, b) such
that nlg, ) = idgq ). One has:

50y (S(C; d)) = S(Mq 1) (C), Tsa,p)(d))

Proof. Let D = C\S(a,b) a connected component, then by property (vi)
D~ S(a,b) = {pp}. Let nl, = pp. Let mlg, ) = idg(.p) then 7 is defined every-
where and it is easy to see that 7= is continuous (using property (vii) of
Definition 2.2). The formula holds by definition of ng, , and S.

Uniqueness follows from the fact that by Definition 2.6 mg,, must be
constant on any P!-component of C\S(a, b).

2.8. LEMMA. xe€S(a, b)=>S(a, b) = S(a, x) v S(x,b). Let X = S(a, x) " S(x, b),
then X = {x} or X = L, where L is a component of C. In the latter case clearly
xeL.
Proof. “<=": S(a, x) U S(x, b) is a closed connected set containing a and b.
“>”: S(a, b) is a closed connected set containing a, b and x.
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Let L = X be a component, then S(a, L)~ S(L, b) = X.

Let xe S(a, L), then S(a, x) = S(a, L) = S(a, x), so S(a, x) = S(a, L). We first
want to prove that xe L. If ae L, then S(a, L) = L. Suppose a,x¢ L. Let D be
the connected component of C\S(L, L) = C\L with aeD, then D\D < L and
DAL # &, so DUL is a closed connected subset of C containing a and
L.=>xeS(a,L)c DuL=xeD=S(a,x)= D.=>L < D and L n D = {point},
so L is a component isomorphic to Spec k.

Let p = mg, 1)(a), then peS(x, L), and

LeS(a,x)= L = mgy (L)€ S(rs, (@), Tsr, (X)) = S(p, X)
X€ S(a’ L) =X= nS(L,x)(x) € S(nS(L,x)(L): nS(L,x)(a)) = S(L9 p)

by Lemma 2.7. So by property (v) of Definition 2.2 we get: xeS(L, p),
LeS(p,x), peS(x,L)=>p,x,LeL’,L' component of C=L =L and
x = p = L. So for every component L < X we know that xe L.

Take x’' = (generic point of L)eX.= S(a,x)= S(a,L)= S(a,x'), S(x,b)=
S(x', b) and S(a, x") N S(x', b) = X. Using the first part for x’ we get that X = L.

29. LEMMA. a,,a,,a,€C, X = S(a,, a,) " S(a,, a;) n S(as, a,). = X is a com-
ponent of C or X is a single point.

Proof. Let S(a;,a;) = S;;. Assume S, NS ;N S,3 =F. Let T;, =8§,,nS,3,
Ti3=8,3nS then T, N T3 = T, 0 T3 =(5,U813)N S35 S,V S5
is a closed connected subset containing a, and a;=S5,;cS,,US,;.
=(S,,US,3)NS,;=8,; =T, U T,; is not connected.

Let S=8,,n8,3nS,; # . It is easy to see that for x,yeS one has
S(x,y) = S. If x # y then S(x, y) contains a component L of C. By Lemma 2.8
one has: S;; = S(a;, L) v S(L,a;) and S(a;, L)~ S(L,a;) = L. Using Lemma 2.8
one can compute that

S120 8130 8,5 =[S(a;, L)V S(a,, L)1 n [S(ay, L)V S(L, a5)]
N [S(az, L) v S(L, 03)] = L
2.10. LEMMA. x€S(a, b), x # a, b, S(a, b)\{x} not connected = x is special.
Proof. C\S(a,b) = );;D;, where D; are the connected components.

S(a, x) N S(x, b) = {x}, as S(a, b)\{x} is not connected.
Let

I,= {iE”nS(a,b)(Di)e S(a, )\ {x}}
I, = {iEIIns(a,b)(Di)E S(x, b)\{x}}
I, = {iE”"TS(a,b)(Di) = X}
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and

=UDi’Db=UDi’Dx=U D,

iela ielp ielx

Then C\S(a, b) is the disjoint union of D,, D, and D,. S(a, x)\{x} is a closed
connected subset of S(a, b)\{x}

=D, = 544 (S(@, x)\{x}) = D, U S(a, x)\{x}
D, = m5dn(S(x, )\ {x}) = D, U S(x, H)\{x}

are closed connected subsets of C\{x}.

It follows that C\{x} D,ub,u \Jiez,, D; are the connected components of
C\{x}. Of course D, and D, are nonempty, hence x is special. (Property (iii)
of Definition 2.2 shows moreover that I, = &).

2.11. COROLLARY. Let xeC with local ring k. Then: x is an endpoint of
C<>(xeS(a, b)=xe{a,b}).

Proof. “=": Suppose x¢{a,b}. S(a,x)n S(x,b)= {x} by Lemma 2.8, so
S(a, b)\{x} is not connected. By Lemma 2.10, C\{x} is not connected, so x is
not an endpoint.

<=": Suppose C\{x} =C, uC, are the connected components. Choose
a;eC;, then x¢S(a,,a,) as x¢{a,,a,}. It follows from property (vi) of
Definition 22 that C;=C,u{x}, so C,nS(a;,a;)= C;nS(a, a,).=
S(a,,a,)=[C,nS(a,,a,)]u[C,nS(a,,a,)] is not connected.

2.12. COROLLARY. xe C with local ring (k[x, y1/(xy))s., = X is special.

2.13. REMARK. The reverse statement of Lemma 2.10 is not true. In Example
2.1 the point p, is special, but S(L,, L,)\{p,} is connected.

Now we can define the intersection tree of a TPL:

2.14. DEFINITION. Let C be a TPL over k. The intersection tree
T(C) = (V.(O), V,(C), S¢)
is defined in the following way:

V. = {P!-components of C}

V, = {xeClx is special} U {xe C|x is an endpoint}

V(O) = V(O w V(O)
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For X, YeV(C) let

ScX,Y)={X,Y}u{LeV,(O)IL = S(X, Y)}UA(X,Y)
where

AX, V) V,(O)nSX, Y)

and xe A(X, Y)<> S(X, Y)\{x} is not connected.

2.15. EXAMPLE. Let C be the TPL of Example 2.1, then

V.(C)={L,L,, L, Z;:ieZ}

V(C) = {py 1y, ryy xi2i€Z} U {p,}
Sc(P1s p2) = {P1, P2, X1, Zi}
Sc(Ly, Ly)={Ly, ry, Lty Ly} 3 py

2.16. PROPOSITION. T(C) = (V.(C), V,(C), S¢) is a tree.

Proof. Properties (i)—(iii) of Definition 1.1 are trivial, properties (iv) and (v)
are shown by Lemma 2.8 resp. Lemma 2.9.

To show (vi) let a, be V,(C): Let X be an irreducible component of S(a, b). If
X =~ P}, then X is a component of C, so X €S.(a, b)n V.(C). Suppose every
irreducible component of S(a, b) is a point. Suppose X = {x} and xeL, L a
P'-component of C. S(a, x) N S(x, b) = {x}, so x is special by Lemma 2.10 and
C\{x} = D, U D,, where D; are the connected components. Lemma 2.10 also
shows that wlo.g. aeD, beD,, also wlo.g L\{x}<D, Let Z=
mr\ (L\{x}), then Z = {z}, as D, is connected and by property (vi) of 2.2.
Now L & S(a, z), as S(a,z) = D,\L, L & S(a, x) but S(a, x) U S(a, z) is a con-
nected closed subset containing x and z, so S(x,z) < [S(a, x)u S(a, z)]N
L = {x, z} is not connected.

This shows that we can assume that every x € S(a, b), x # a, b is a component
of C. Let 1 = mg, ), then n~'(x) = {x}, by property (iii) of 2.2. S(a, b)\{a, b}
is open in S(a,b), so =n”'(S(a,b)\{a,b})= S(a,b)\{a,b} is open in
C=C\S(a,b)u {a, b} is closed in C. As this set is dense by property (ii) of 2.2
we know that C\S(a,b)u {a,b} = C or S(a,b) = {a,b}. Then S(a,b) is not
connected and the first part is shown.

Let L,,L,eV.(C), L, #L,:

Let D = connected component of C\L, with DnL,# ¢, then
DAL, ={x} and xeS(L,,L,), S(L,,x) " S(x,L,) = S(L,,x)" L, = {x}, so x
is special and xeSc(L, L,).
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2.17. REMARK. The map C — T(C) is functorial. This is shown in [H],
Proposition 4.

2.18. DEFINITION. Let V = (V,, V., S) a tree, ve V, v is called an endpoint of
VifVa,beVveS(a, b)=ve{a,b}.

2.19. LEMMA. Let U < T(C) be a finite subtree of T(C) such that every
endpoint of U is in U,. Then there is a finite TPL C, with intersection tree U
and a projection n: C — Cy; such that T(n): T(C)—» T(Cy) = U is equal to my as
defined in 1.3.

Proof. As U is finite and every endpoint of U is a vertex, U is an ordinary
tree. So it is easy to find a finite TPL C with intersection tree U. U, < V, so
one can identify the P'-components of Cy, with P!-components of C.

To define n: C — Cy let L be a component of C. If Le U, let n be given by
the identification of the P'-components. If L¢ U, let v = ny(L)e U. If ve U,,
then v corresponds to a special point in Cy, let n(L)=v. If v=L'eU,, let
Dc C be the connected component of C\L' with LnD # &, then
D~ L= {p}. Let n(L) = p. It is easy to prove that this is the right 7.

2.20. LEMMA. Let Wy, be the set of all finite subtrees U of T(C) such that
U has only endpoints in U,. If C is a compact TPL then

-—
UeBy,

Proof. The proof is the same as that of Proposition 5 in [H].

2.21. PROPOSITION. Let C be a compact TPL, then T(€) is compact.
Proof. Let us first assume that C has no endpoints. In this case

TC)= lm U
UeB,,

as any finite subtree U of T(C) is contained in a finite subtree U’ such that
every endpoint of U’ is in U, as every endpoint of T(C) is in V,(C). The
morphisms 7ny: C = Cy, induce morphisms T(ny): T(C) —» T(Cy) = U, so we
get a morphism

¢:T(C)~ lim U =T(C)
UeW;,

By definition of T(C) we know that ¢ is bijective on V,(C). Proposition 1.6(iii)
shows that ¢ is injective.
To show that ¢ is surjective, let E = {ve T(C)|vis endpoint}, then E = V,(C).

As Cis compact C = | Jp, 1,eg S(Ly, L,). Let T(E) = | Jy, 0,e£ Sc(v,,v,) = T(C).
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As Ec V/(C) it is easy to see that T(E)= T(C). Let x = (xy)yem,,
e T(C)\V.(C), then there are v,,v,€E such that xeS;(v,,v,). Let v,,v,
correspond to L,, L, and let C' = S(L,, L,) then T(C’) = S.(v,,v,) and

Im U= Sc(v1,02)
UeB; ¢,
This shows that we can reduce the problem to chains C’, where a chain is a
TPL with components L,,L, such that S(L,,L,)=C'. In this case let
Wrc) = {UeWr,|L,, L, €U}, then

C= lm ¢
UeWy,
and
T(C)= lim U
UeW;

Let x = (xp)uew,,€ T(C')\V.(C') then by construction xye U;YU € Wr(c).
Therefore x; corresponds to a point p, € Cy, and clearly

p= (pU)Ue‘IB’T(C',E l}Ln Cy=0C
Ue®W; )

If p is a special point of C’ then p corresponds to x and xe T(C’), so assume
p is not special. In this case there is a P!-component L = C’ with peL,p a
smooth point on L. Let U = T(C’) a finite subtree such that U, = {L,, L, L,},
then n¢ : C' — Cy is an isomorphism on L, so py = ¢, (p) is not a special point
on Cy. This finishes the first case.

Now let C be an arbitrary compact TPL, and let E = {endpoints of C}.
Define a new TPL C' in the following way:

For every ecE take a P'-component L, and a point p,€ L, and replace e by
the component L, such that —C\_LQn L,={p.}. If C is compact then C'
is a compact TPL without endpoints, so T(C’) is compact. T(C) = T(C') and
T(C')\T(C) = {L.|le€E}. {L,} = T(C') is open, so {L.|lee E} = T(C') is open.
This shows that T(C) = T(C')\{L.le€ E} is closed in T(C'), so it is compact.

2.22. DEFINITION. For a group I' acting on a TPL C and a P'-component
L of C let

[ :={yel:y(L) =L}
M= {yel :yl, =id.}

[pi=Tyro
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2.23. THEOREM. Let I be an abelian group acting on a compact TPL C, then
either all elements of T have a common fixpoint on C, or there is a P!-
component L  C such that Ty, = T and T = (Z/2Z). In suitable coordinates T,
acts on L by z— + zt!,

Proof. As C is compact T(C) is compact and G acts on T(C). By Theorem
1.15 the elements of I have a common fixpoint pe T(C). If p is a special point,
then this is a fixpoint of I for the action on C. If p is a P!-component L of C
then I'/T’, is an abelian group acting effectively on a P'. Then either I'/T", has
a common fixpoint, or I'/T'; acts on P! by z+— +z%1,

2.24. THEOREM. If L is a P'-component of C then one of the following cases
occurs:

©org=r
() T, =T, T =(2/22)*
(2) T'? # T and it exists F = L consisting of one or two points such that

n (y(L)) eF VyeI'\I',

Proof. Suppose I' # T, if T, = (Z/2Z) then T acts on L by z+—> +z%1, 50
there is no common fixpoint of T'; on L.

Suppose I';, #T'. Let yeI'\I', and p = n;(y(L)). Choose ¢ €I, such that
¢@(p) # p then

p = n (W(@(L))) = 7 (@(NL))) = @(7g-11) (¥ (L))
= o(m (L)) = ¢(p) # p

This shows that I', =T

So let T, # (2/2Z)*. 1f T, # {1} then there are one or two fixpoints of ', on
L as T, is abelian. With the same argument as above we see that m; (p(L)) is a
fixpoint of ' for all ye '\[',.

If T, = {1} let ye'\I', and F = {n, (y(L)), n,(y"'(L)}. Let C\L = |J; D;,
where D; are the connected components. Let D,n L =mn(y(L)),
D, L = n;(y” '(L)): Suppose there is a 6 '\I', such that n, (6(L)) ¢ F; then
dL)nD, =@, 8(L) nD, = &. Let D be the connected component of C\L
such that 8(L) D # &; then y(D)<D, and &D,)<D. But then
Y&(L)) < p(D) = D,,8(y(L)) = 8D,) = D,so L =D, D = &, as T is abelian.

3. Stable group actions on TPL’s

The aim of this section is to classify the possible actions of a given group I' on
TPL’s. As usual in moduli problems this necessitates a suitable notion of
stability. We propose the following:
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3.1. DEFINITION. A T-action p:T — Aut(C) on a TPL C over k is called
stable if the following holds:

(i) there is xe C(k) with T', = {1}, where I',.:= {y e I': p(yXx) = x} denotes the
stabilizer of x.

(i) if C’' is a TPL over k, p’: " = Aut(C’) a I'-action, ¢: C — C’ a surjective
I'-equivariant morphism, and x’e C’ with I',, = {1}, then ¢ is an isomorphism.

A point x as in (i) will be called markable if it is either non-special or an end
point of C.

Very roughly speaking, the first condition ensures that the TPL is not too
small for the given action, and the second that it is not too big.

To obtain a well defined moduli functor we extend this definition to families
of TPL’s and introduce the obvious equivalence relation:

3.2. DEFINITION. (a) Let S be a provariety and n: C - S a TPL over S. A
homomorphism p: I —» AutgC/S (:= {aeAut(C):moa = n}) is called a stable
I"-action on C if there is a section x: S — C such that for any se S the restriction
ps: T = Aut C, (C,:= n~!(s)) is a stable '-action on the TPL C, over k(s) with
x(s) as markable point.

(b) Two stable I'-actions (C, p) and (C’,p’) on TPL’s C, C' are called
equivalent if there is an isomorphism f: C — C’ such that p’ = f*o°p, where
f*(@):= feac f~! for ae Aut(C).

This moduli functor is closely related to the functor of “(I', M)-TPL’s”
investigated in [H], Section 4: recall that for a set M with a given I'-action, a
(I', M)-TPL is a stable M-marked TPL (C,¢) together with a I'-action
p:T' = Aut(C) on C that is compatible with ¢ in the sense that p(y)p(m) = @(ym)
for all yeI', meM. Since for a given (I, M)-TPL (C, ¢) the corresponding
I'-action p is unique (see the proof of [H], Prop.8) we obtain a natural
transformation of moduli functors “(I', M)-TPL’s” — “stable I'-actions on
TPL’s” which on the level of objects is given by (C, @, p)—(C, p).

We shall investigate this transformation in the special case M =T, the
I'-action being left multiplication. Our main result is:

3.3. THEOREM. For an abelian group T', the map (C, ¢, p)—(C, p) induces an
equivalence between the categories of isomorphy classes of stable I'-equivariantly

I'-marked TPL'’s on the one hand and equivalence classes of stable I'-actions on
TPL'’s on the other hand.

Together with [H], Proposition 9, which states that the functor “(I', M)-
TPL’s” is representable by a provariety B}y, this theorem means that for
abelian I" we have a fine moduli space for stable I'-actions on TPLs.

We briefly recall the construction of B}, from [H], Section 4: it is based on
the notion of the (generalized) cross ratio A, xpxyx, Of four mutually distinct
points x,, x,,X3,x, in a TPL C (over a field k): If L denotes the median
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component of x,, X,, X3, in C, then 4, . . . is defined to be the usual cross
ratio of m;(x,),...,m;(x,) on the projective line L. These cross ratios satisfy the
usual relations, see [GHP], (1.3)

— -1
lx,,x,,x;,x"— X2:X1, X3 X4

lx,,xz,x;,,x,, =1- Ax,,x,,x,,,x,

lxlsx29x3~x5 - lxl,xz.x,.x‘ lx,.xz.xbxj

Now for a set M, a stable M-marked TPL (C, ¢), and any four distinct
elements v,...,v, in M, we put

In this way we get coordinates for M-TPL’s: the subset of (P!)”
(V=A{(,,...,v,)e M*, # v;, i # j}) defined by the above equations turns out
to be a provariety B,, that classifies M-TPL’s.

If a group I' acts on M, then I'-equivariant markings on TPL’s with I'-action
are characterized by the additional equations

for all yeTI and all v,,...,v,. They define the sub-provariety B}, of B,, which
classifies (I, M)-TPL’s.

For the rest of this section, I will be an abelian group of at least three
elements. The compatibility of our map (C, ¢, p)— (C, p) with morphisms of
provarieties being obvious, the proof of the theorem is reduced to showing that
for any provariety S the set BL(S) of isomorphism classes of (I', I')-TPL’s over
S is mapped bijectively onto the set A.(S) of equivalence classes of stable
I'-actions on TPL’s over S. We shall treat first the case S = Spec(k) in some
detail, leaving the easy extension of the arguments to the case of a family to
the reader (see also remark 3.11).

So fix a field k. Our first aim is to show:

3.4 PROPOSITION. For any (C, ¢, p) € BR(k), the corresponding T-action p
on C is stable.

The proof requires some preparation:

For (C, ¢, p)e Bf-(k), we know by theorem 2.23 that there is either a common
fixed point PeC(k) of all yeT, or a P'-component L of C on which I' acts
through the Klein group V,. In this case let P be an arbitrary non-special point
of L(k).



288 B. Brinkmann and F. Herrlich

3.5 LEMMA. Let S:= S(x, P) be the segment between x:= ¢(1) and P. Then
for any P'-component D of S with D nT'x = (& there exists ye I'\{1} such that
y|D = idp.

Proof. Since I'x makes C into a stable [-TPL, each P'-component of C is
median component of three translates of x. Thus there are y,, 7, €I such that
D = u(x, y,(x), 7,(x)). We may assume that =m,(y,(x)) is different from

Q:= np(x) and Q' := ny(P).
Casel. PeD.

If P is nonspecial, then y(D) = D for all yeI'. Otherwise there is one further
P!-component D of C such that y(D) = D or D for all yeT.

Since 7, (y (X)) = 7p(7,(Q)) # P by assumption, we must have y,(D) = D.
Note that 7,(Q) = 15(7 ,()) # 0.

As x¢ D, there is a P!-component D' = S, D' # D, and there is y; €I" such
that D' = p(x, 7i(x), 75(x))- Then mp(yy(x)) = mp(x) # P, thus y}(D) = D, and
moreover y1(Q) = Q.

Now 7} and y, both act on D, but not with the same fixed points. Then they
cannot commute unless ;| D = id,,.

Case 2. P¢D, y,(D)=D.

We may choose y, in such a way that n,(y,(x)) = n,(P)= Q. Then Q'
is a fixed point of y,. Choose a P!-component D’ of S with D’ ¢ S(D, P), and
choose y; such that D’ = u(x, yi(x), y,(x)). Then if y,(D)= D, the same
argument as in case 1 applies.

Next suppose that vy(D)c S(D,P), yi(D)#D. Then y,(yy(D)) =
71(D), and my,(p)(D), my,(p)(P) are fixed points of y,. Then we get a contradiction
from

7171(Q) = 71(my,0)(D)) = ¥1(Q) # ¥1(7,(Q))

Finally suppose D < S(y1(D), P), y1(D) # D. Again y, acts on yy(D), implying
this time that Q = ny(y}(D)) should be a fixed point of y,, which is false by
assumption.

Case 3. P¢D, y,(D)# D.

Changing the roles of y,(x) and x if necessary we may assume that
DcS(y (D), P) (otherwise my(y,(x)) had to be one of Q, Q). We claim that the
union S of all S(}(D), P), n > 1 is a chain of projective lines on which ¥, acts:
Sis obviously y,-invariant. If a, b, ¢ are in S we find n > 0 such that a, b, ¢ are
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all in y3(S(P, D)) since S(y}(D), P) is contained in S(y}* (D), P). But if any three
points of a TPL lie on a straight line, the TPL is itself a chain. Note that
S~ S = S(D, P). Now choose D’ and ¥} as before (in particular D’ ¢ S). By the
same argument as for y,, y; acts on a chain S containing S(D’, P). Then
71(S) = § is impossible unless 7;(D) = D; but in this case 7} | D has to fix Q, Q'
and nD()i,(x))ii.e. 11D = id~D. .

If y1(S) ¢ S, then 7g(y';(S)\S) is in the I'-orbit of 7p(y,(x)), thus certainly
not a fixed point of y,. This contradicts lemma 1.18.

3.6 LEMMA. With notation as before, C':= | ),r y(S(x, P)) is a dense subtree
of C.

Proof. C' is connected since P is a common point of all translates of S(x, P),
and it is a union of segments of C, thus C’ is a subtree of C.

Suppose there is a P'-component D of C not contained in C'. By stability of
the I'-marking I'x we find y,, y, €I such that D = u(x, y,(x), 7,(x)). Of course
we may assume that m,(y,(x)) # ny(P). But then D < S(P,y,(x) = C, a
contradiction.

It follows that C’ contains all P!-components of C, thus is dense in C.

Proof. (Prop. 3.4) x = ¢(1) is clearly markable, so we only have to check
condition (ii) of definition 3.1.

Recall that a surjective morphism of TPL’s is a contraction of a closed
subforest F such that for any connected component F,, of F, C\F, has at most
two connected components ([H], lemma 3.3). Such a contraction is I'-
equivariant if and only if F is I'-invariant. So let F be a closed I'-invariant
subforest of C.

Case 1. xeF.

Assume that F is contractible, and denote by C’ the contracted tree. Let ye C
such that the image )’ of y in C’ has trivial stabilizer. Then by lemma 3.5 and
3.6, y is in the closure of I'- L, L being the component of C containing x. But
then ye F, and again by lemma 3.5, the stabilizer of the image of F in C’ is
nontrivial.

Case 2. x¢F.

Then F nI'x = & since F is [-invariant. Let D be a P'-component of F, and

let y,, y, €T such that D = u(x, y,(x),y,(x)). Then clearly x, y,(x) and y,(x) are

on three different connected components of C\ F, thus F is not contractible.
The next step in the proof of theorem 3.3 is

3.7 PROPOSITION. The map «,: BF(k) = A(k), (C, @, p)— (C, p), is injective.
Proof. Let (C, p)e Ap(k).



290 B. Brinkmann and F. Herrlich

First suppose that no end point of C has trivial stabilizer. Then it follows
from lemma 3.5 and 3.6 that there is only one I'-orbit of P!-components of C
on which points with trivial stabilizer exist. Let Y be a component in this orbit
and xe Y(k) such that I', = {1}. Denote by ¢:TI - C(k) the map given by
¢(y) = y(x), and assume that ¢ is a stable I'-marking on C.

Let ¢’ be another stable I'-equivariant I'-marking of C. Then there is a
component Y'eI"- Y and a point x'e Y'(k) suc}i that ¢’ is given by ¢'(1) = x".
Let yeI' with Y’ = 9Y; then applying the automorphism y we may assume
Y=Y

From theorem 2.24 we see that I'y has at most two fixed points on Y (and
both are, of course, different from x and x'). Let a: Y — Y be an automorphism
with the same set F of fixed points as I'y, and mapping x to x’ (in coordinates,
we may normalize such that F = {0, «o} or F = {0}, resp.; then a(z) = (x'/x)z
ora(z) = z + x — x/, resp.). Extend a in the most trivial way to a I'-equivariant
automorphism of C. Then a carries the marking ¢ into ¢’, showing that
(C, 9, p) and (C, ¢, p) are the same point in Bf-(k).

Now consider the case of markable end points. Observe that by [H], Prop.
8 two I'-equivariant markings ¢, ¢’ of (C, p) give the same point in BF(k) if
and only if all cross ratios 4, ., (y;€T) agree for ¢ and ¢'.

So let x:= (1), x":= ¢'(1), and let y,,...,y; be four distinct elements in T;
by the I'-invariance of the cross ratios we may assume y, = 1. Let L be the
median component of x, y,(x) and y,(x) in C, and let C’ be the subtree of C
spanned by L, y7 '(L), 75 !(L) and y3 !(L). Note that C’ cannot obtain any end
point of C. Since by lemma 3.6 the subtree of C spanned by the orbit of x’ is
dense in C, we find yeI such that n..(x) = 7. (y(x')). In particular we have
T 1)) = T (X)) for i = 1,2, 3, and this implies m,(y (x)) = 7, (7 7(x).
It follows that

M912:958%) = A1, VXN = Ly (X)) = 2A1y,9,,(X)

To complete the proof of theorem 3.3 it remains to show
3.8 PROPOSITION. o, is surjective.

For the proof let (C, p)e A(k); we have to show that we can choose a suitable
markable x e C(k) such that ¢: " —» C(k), y+— y(x) makes C into a (I', I')-TPL.
This means (see definition 4.1 in [H]):

(a) any P'-component of C is median component of three marked points
(b) the median of three marked points is never a special point

Property (a) is verified for any markable x, as the following lemma shows:

39 LEMMA. Let p: T — Aut(C) be a stable I'-action on C, and let x € C(k) with
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[, = {1}. Then any P'-component of C is median component of points in the
orbit of x.

Proof. Let D be a P!'-component of C. Observe that any branch of C
emerging at D has nonempty intersection with I'x: otherwise the I'-orbit of that
branch could be contracted.

First suppose D nT'x # . Then I') = {1}; if [, # {1} then D contains at
least two different images of x, and as I is assumed to be different from 7/27,
there is a third image of x somewhere in C, projecting onto a third point on D
(cf. theorem 2.24). If instead I}, is trivial, we are done if v(D) is of valency >2
in the intersection graph of C. If I, is trivial and »(D) is of valency one, the
intersection point y of D with C\D cannot be fixed by any yeI: because
7(y) = y would either imply y(D) = D, hence yeI'j,, which is absurd; or else
y(D) = D', y of order 2, C = Du D', T = {1, y}, which is also excluded. Thus we
have shown I') = {1}; but then we can contract D to y, contradicting the
stability of p.

Suppose now I'x "D = . Then I'- D is contractible unless the valency of
v(D) is at least 3. But this implies already, as we have seen, that D is median
component of three points in the orbit of x.

Property (b) is a little more subtle. An end point cannot be a median, and
a special point of valency two can only be the median of three points if it is
itself one of the three points. Thus we have to show

3.10 LEMMA. Let p: T — Aut(C) be a stable I'-action on C. Then there exists
x€C(k) with T, = {1} which is either nonspecial or an end point of C.

Proof. By definition C(k) contains x, with trivial stabilizer. Assume that x,,
is special, but not an end point of C. Then C\{x,} consists of two connected
components C,, C,, one of which, say C,, contains the common fixed point P
(resp. the component L on which I" acts through V).

We claim that C, contains a P'-component with trivial stabilizer (on which
we then can find x as required). Thus let D be a P!-component of C,, and
assume I'Y # {1}. Then D cannot contain an image of x,, ie. D" I'x, = .
Using lemma 3.9 we find y,, y, €I such that n,(x,), np(y,(x,)) and my(y ,(x,))
are all three distinct. Note that x,€S(D, P), and P is common fixed point of T;
therefore y; (i =1, 2) cannot fix D, more precisely n,(y,(D)) = mp(y:(xo)),
i =1,2. Noting finally that =,(y; (D))= np(x,), We get a contradiction to
theorem 2.24. Note that we have proved a little more than claimed, namely that
no P'-component D of C, has nontrivial ['}.

3.11 REMARK. All arguments in the above proof carry over immediately to
the situation of a family C/S of TPL’s over a provariety S, except the last
lemma: although we have shown that we can choose a suitable markable point
x in each fibre it would in general be impossible to modify a given section
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S — C if it happens to pass through a nonmarkable point with trivial stabilizer.
For this reason we required in definition 3.2 the section x:S— C to be
markable. Note that inserting S = Spec(k) in definition 3.2 does not give back
definition 3.1, but lemma 3.10 shows that nevertheless both definitions are
equivalent.

4. The structure of B3

In this section we show that the moduli space for stable actions of Z on TPL’s,
which according to thm. 3.3 is the provariety B3, is itself a TPL. It has a “root
component” on which all Z-actions on P! lie, but this component, as well as
any other component of BZ, intersects infinitely many other components.

Recall from section 3.3 (or from [H], sect. 4) that BZ is the sub-provariety
of (P, V={(a,,...,a,):a,€Z, a,# a; for i #j}, which in the inhomo-
geneous coordinates 4,4, (a, b, ¢, d) €V is given by the equations

(l) )‘a,b,t,d = la +nb+nc+nd+n
(") la.b,r.d = )“;b.ld.r
("l) la,b.r,d =1- )“b,c,d,a
(IV) )“a,b,c,e = ‘ab,cd : ; ‘ab,d.e

for all (a, b, ¢, d)eV, neZ

Every 4,;.4 is a morphism B — P! and the equations have to be understood
as abbreviations for the corresponding homogeneous equations in a, and b,,
where A= (a,:b,). In particular relation (iv) may be misleading in its in-
homogeneous form as A, is only determined by 4,,., and 4,,,,. if the
product is not of the form 0- co.

One can derive the following formulas (a, b, ¢, x, y, neN,a<b <c¢, x <y,
2 <n)

(1) Zoape= )"O,l,b,c'lo,l,b-— le—1"--" “Ao,1.b-a+ 1e—at1
A
1,290 .
(2 20,15y =1 1= (1 = 20,1x-14-1)
- %1,2,x,0

A 2,3,0
O
1:2m0 1_)‘1,2.»—1,0

Proof
(iti) (iii) _ (iv) .
6)) lO,a,b,c ='1- )‘a,b.c,o =1-(1- )“b,c,O.a) = lb,c.O.a = lb,c.o.l 'lb,c,l,a

(iii) 0] .
= lo,l.b.c’ll,a,b.c = 'Io,l,b,c 1o,a—1,b—1,c-1

(i) (iv) (iii) .
2 lO,l.x,y =1- )‘y,o,l,x =1- ly.O,l,Z'ly,O,Z,x =1- '11,2,y,0 }“Z.x,y,o

(iv) (iii) . _
=1- Al,z.y,O'AZ,x,y,l '/lz,x,l,o =1- )"1,2,y.0 '12,.:,1.0(1 A’l.Z,x,y)
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(ii) Aoy, (iii) A1
B Sh220. (g, )BT, )
2,x,0,1 1,2,x,0

) }“l 2,y,0
=1 - —=0 —
1-— )~|,2,x.0 (1 lo“'x_l'y_l)

3) A @ 5 - ) wh2s0w _tase ©_ Aaso
) A12m0= A12m3" 41,230 = A 1= T1-2
1,2,3.n — 4A2,3.m,1 — *1,2,n-1,0

One gets the formulas by induction.
Let A,:= A, ,,0and A:=1,,3,.

41 LEMMA. If 1, #0, 1, coVn > 3 then A,, ve V is determined by A.

Proof. If A, 5,0 #0, 1, co then equation (2) makes sense and induction
shows that 4, ; ., # 00, 1, since 4, , , = 1 — 4,. So equation (1) makes sense
and 4, ,, . # . Now equations (i)—(iii) give us every coordinate.

42 COROLLARY. There is an irreducible component B, of B% on which
Ay.2.3.0 is an isomorphism to P'. The corresponding action of Z is the action
p,(n)(2) = p'z on P with 1, 5 5 o =:[u/(1 + w)?] (for general p).

Proof. Let ¢:Z — P! be defined by ¢(n) = y", then (P, p,, ¢) is a stable
Z-equivariantly marked tree of projective lines, so there is a corresponding
point pe BZ. p is determined by

_¢(a@) — o) ob)— () .
Aaped(P) = Apay,..oth) = o) — o) 9@ —0© =:CR(¢(a), ¢(b), 9(c), ¢(d)).

Now by construction

p—1 p2—p
w—=1 p—p® (A+p?’

11,2.3,0(1’) =

The equation (i)—(iv) are exactly the equations that hold for cross-ratios of
markings. As 4, , 3 o determines all other coordinates by using these equations
(for general y), all coordinates equal the cross-ratios.

43 REMARK. p and p~! give the same action by conjugating the action p
with z —» 1/z. p and p~ ! give the same A as

u! Wt I
2

A+p D2 2 A+p )2 @+

A = p = 0 implies, that 4, = 0Vn, therefore 4, , ,o =0Vx, yand 4,,,. = 1Va,
b, ¢, so every coordinate can be computed. The corresponding action is the
following:
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Take a tree of projective lines such that the intersection graph is equal to:
i —O—0—0—O— - X

and let Z act on that tree by translating the components, and fixing the ends.

From now on let 4 # 0.

For p=1 we get A=4%. The corresponding action p is given by
p()(z)=z+ L.If p"=1then A, ,,0=CR(p p% u", 1)=CR(p, p% 1,1)=1
(n=3).1f4,=0then 4,_,=1—-44, =1-2/0=1—00 =00, as 1 #0. If
Ap=ocothend,_,=1—-4/4,=1—-4c0=1-0=1,if 1# co. From this we
see that in the case ,€{0, 1, co} for one n and 1 # oo, there is a minimal n,
such that 4, =1 and 4,#0, 1, coVn <n, Then 4, ,, =0, 4,:,=0,
Anyt3 = 2 An,+4 = 44 and so on by equation (3). As B7 is compact we have to
check now what action we get, if u tends to a ny-th primitive root of unity &.

4.4 DEFINITION. Let &, be a n-th primitive root of unity, n > 3. Let C,, be a
tree of projective lines with components C,, ..., C, where the point (¢,)' on C,, is
identified with oo on C;. Define an action p, of Z on C in the following way:

po(1) acts on C, by multiplication with &,. po(1) maps C; isomorphically onto
Ciyy fori=1,...,n—1and C, isomorphically onto C, such that py(n) acts on
C, by translation. Then p(n) acts on every C; by translation.

4.5 LEMMA The point 2 = [£,/(1 + &,)*] on B, corresponds to the action p,
on C, defined in 4.4.

Proof. One can check every coordinate explicitly, for example
ln.Zn‘Sn.O(Cg,) =% (see Remark 4.3). Now )“n.Zn,Sn,O(Pl’ pn) = CR(y", ”2"’ ﬂ3"a
1) = [u"/(1 + u")?] so for u— &, the coordinate gets 3.

4.6 LEMMA. For every {,(n > 2) there is an irreducible component B, of BZ.
B, N By = {p}, Ay 530(P) = [E/(1 + &)?]. By, is isomorphic to P, Ay, , 2y is
a coordinate on B, and 2, , , ,,(p) = 2. Let p, be the action on C,, acting on
the components like p, but let p,(n) : C; —» C; be the multiplication with p, then
(Cen ) €Be, for general y and 2 1 n.20(Ce,o p,) = 1 + 1.

4.7 REMARK. 4, 54 3, is nOt a coordinate on B, , as

'Io.n.zn,sn(cq..’ Pw) = 20.n20,3n(C > Pu-1)

(see Remark 4.3). But in this case the actions are not equivalent, as the fixed
points of the action p, on C; are not equivalent for one fixed point lies on C,,.
So one cannot conjugate with z — 1/z.

Proof. (Lemma 4.6) We have to prove that for A= [¢,/(1 + &,)?] the
coordinate 4, , , ,, determines in general all other coordinates. Let pe B be a
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point with A(p) = [£,/(1 + £,)*]. Let (C, p, ¢) be the stable marked tree of
projective lines corresponding to p. Let L be the component corresponding to
the median of ¢(0) ¢(1), ¢(2). Let n,:C — L be the projection of C onto L,
P,=n (@())eL. Ay 3,0#0, 1, 0 for 3<k <nso P,,...,P, are distinct. Z
operates on L, as p(1)(L) = p(1)(u(¢(0), ¢(1), (2)))= p(e(1), #(2), ¢(3)) = L,
because m,(¢(1)) = Py, n,(¢(2)) = P,, n,(¢(3)) = P, are distinct (the median
component of three points in a tree of projective lines is characterized by the
fact that the projections of the three points are different). Now 4, ,,,=1 so
Py=P,, as A, ,,0(C, p, ) = CR(P,, P,, P,, Py)=1 iff P, = P,. Therefore
P;=P>i=jmodn. p(n)(P;)=P,Vi so p(n)|, = id, therefore p(1) e PGL,(k(p))
is an element of order n. After conjugation p(1) is of the form z — &,z. From
this we get A,, . ,(p) = CR(&%, &, &, & if#{a, b, ¢, d} < Z/nZ is at least 3.
Using equation (iv) one gets 4,,.,(p)=1 for a=bmodn, ¢, d # amodn.
Using this one gets 4, .4 = 4,44 if a=b=cmodn, d, d # amodn. Now

1 1
2 = . __ *oaman_oaman—1
n,2n,3n,0 — “n,2n,3n,n+1 “n,2n,n+1,0 — /1 - 12
O,n+1,n,2n 0,1,n,2n

SO Ay 2n.3m,0 18 always determined by A, , , 5, SO if 4, 5, 3,0 is NOt a root of 1
every coordinate 1,, ., is determined if a = b = ¢ = dmodn. Now only the
coordinates Aq ;s s are left to examine. One can compute the following

formula:
1
1-{1- A n,in,2n
( /10.1,:.,2") 0.min.2

)°O.l.|'n,jn = 1
1—-{1- . AO,n,jn,Zn

0,1,n,2n

So for general u the coordinate 4, , ;, ;, is determined by 4, , , ,, unless

1

0,1,n,2n

-1
20.nin,2n = (1 - ) = Aomjnzn # 0, 1, 00

But then A, ,,, ,, = 1. Using an equation like (2) where 1, x, y is replaced by
n, nx, ny it follows that g, , -i+2s = 1. Then p must be a root of 1. The
remaining statements of Lemma 4.6 are proved by computing the coordinates
explicitly. O

4.8 REMARK. Now the only case that is left is A = oo, this corresponds to
u— —1. In this case the construction in Def. 4.4 does not work as on the
component C, only two points are special so (C_,, p,) is not a stable tree.
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What happens is that C, is contracted to a point, so C, and C, intersect in
one point, p (1) interchanges C, and C, and p,(2) acts on C; by multiplication
with p. This gives us the correct tree (C_, p,).

One has to do similar computations as before to get

49 LEMMA. There is an irreducible component B_, of B3, B_, n B, = {p},
A1.2.3.0(P) = 0, &g 5 4 is a coordinate on B_,, 20.1.2.4(p) = 2. The tree (C _ 1'M)
of Remark 48 is the tree corresponding to a general point of B_,.
20,1,24(C-1,p)=1+p

4.10 REMARK. If the coordinate on B, gets special one has to repeat the
previous arguments: so one gets that BZ has a root component B,, and for
every root £, of 1 there is another component B, that intersects B, in one
point. Every new component intersects another component in every root of 1
and so on. As BZ is compact there have to be points at the end of every
sequence of components. These points correspond to trees of projective lines
where the fix group of every P!-component does not act effectively on that
component. If for example the fix group of every component acts by multipli-
cation with the same £,, the end points of that tree correspond to the p-adic
numbers Z,. A marking of that tree must always lie on those end points. The
fix group of an end point is just {1}.

4.11 REMARK. For a point pe B which does not lie on the base component
B, there is a component L, of the corresponding TPL on which the generator
of Z acts through multiplication by a root of unity. So any point of L, has
infinite stabilizer. Hence discontinuous actions of Z only occur on B,,. Here we
have the coordinate 2 = 1, , ; o (see cor. 4.2), and Z acts on L, = P! through
z+—> uz with 2 = [u/(1 + p)*]. The action is discontinuous if and only if || # 1.
Since A(u) = A(1/u) (see remark 4.3) and A(j1) = A(u) we see that |u|> = pji=1
is equivalent to AeR U {0} and § < 4 < 00. So we have shown:

4.12 PROPOSITION. The domain D(Z):= C\[3, ) is the moduli space of
discontinuous actions of Z on a TPL over C.

Note that A = 0 corresponds to = 0 (or u = o0) and that the corresponding
action (described in remark 4.3) is discontinuous. Via the mapping u+> A(u),
D(Z) is conformally equivalent to the extended Schottky space S, =
{ueC:|ul<1} considered in [GH], §5.

5. Finite abelian groups

The most elementary application of the theory in this paper is to a finite
abelian group I'. Of course, the finiteness of I' implies that all occuring moduli
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spaces are zero dimensional projective varieties, thus the machinery of
provarieties does not enter the game in this case. Nevertheless we can apply
theorem 3.3 in a not completely trivial way to obtain the number of different
actons of I' on a TPL, and to see how they fit together into a scheme over Z.

In a first step we qualitatively describe all possible stable actions of a finite
abelian group on a TPL and thus reduce the question (up to combinatorics)
to the classification of cyclic actions.

5.1 PROPOSITION. (a) Any finite abelian group I" admits a stable action on
a TPL.
(b) for any surjective group homomorphism o:T" — V, there is a stable action
of T ona TPL C and a P'-component L of C such that T}, = V, and T = ker a.
Proof. (a) Write I' in some way as a direct sum of cyclic groups:

r=cC, x--x¢C,
(where C, denotes a cyclic group of order n). Choose generators g; of C,, and
begin with a P'-component L on which ¢, acts with order n, (ie. through
multiplication by an n,-th root of unity), whereas for i > 2, g, acts trivially on
L.

Next let Ly,...,L, _, be P'-components intersecting L in P,,...,P, _,
such that P, is not a fixed point of ¢,, and P; = ¢} (Py) fori=1,...,n, — L.
Let 6, act on L, with order n, such that P, is a fixed point of ¢,. Extend the
action of ¢, and g, to all L; by requiring ¢4(L,) = L; and 0,06%(x) = ¢%0,(x)
fori=1,...,n, — 1 and all xeL,. Let o; act trivially on L,...,L, _, for
i=3,...,k. (If n, =2, L has to be contracted).

Now continue this construction inductively: in the next step, take P!-
components L;;, i =0,...,n; — 1;j=0,...,n, — 1 such that L; intersects L;
in P;; and P;; = 6'105(Pyo) # P, for all (i, j) # (0, 0). o acts with order n, on
Lo, and the action of a,, 6, and g, is extended to all L;; as in the previous
step. Again, g; acts trivially for j > 4.

We end up with a TPL C having 1 +n, +nn, + --- +n, ---n,_, compo-
nents. Any point on an end component of C is markable (except for the fixed
points of ), and the action is clearly stable since I acts transitively on the set
of end components (each of which contains n, > 2 marked points), and all
other components by construction have valency >3 in the intersection tree
T(C).

(b) Choose ¢, and o, in T such that a(s,) and a(c,) generate V,. Let ¢, and
6, act on a P'-component L such that ¢} and o} act trivially. This extends in
an obvious way to an action of I' on L (ye I acts like the chosen representative
of a ™ !(a(y)).) In particular ker « acts trivially on L. Now write kera as a direct
sum of cyclic groups and construct a TPL C, for kera as in (a); choose a point
P on L which is not fixed by o, 6, or 65:= 6,0,, and an ordinary point Q on
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the base component of C,, and glue C, and L by identifying Q and P. Finally
take copies C,, C, and C, of C, intersecting L in a,(P), 6,(P), and o4(P), resp.,
such that ¢,(C,) = C,;.

5.2 Recall that the only finite abelian subgroups of PGL, (over an arbitrary
field) are the cyclic groups, and V. Now if an arbitrary finite abelian group I'
acts on a TPL C we know from thm. 2.23 that C has a base component L on
which the common fixed point of all elements of I" lies, or on which I acts
through V,. The above remark implies that ' is cyclic or V,. Moreover I'; acts
transitively on the set {L,,...,L,} of components of C intersecting L; again
[, is cyclic, and the commutativity of I' requires that I'f, is the same group
for all i.

The same reasoning applies to the components of C that intersect the L;, etc.
Hence the construction in the proof of prop. 5.1 almost describes the most
general case, and the study of all possible I'-actions on TPL’s reduces to cyclic
groups, plus the combinatorics of how to decompose a given finite abelian
group into cyclic groups (which we shall not treat in this paper).

5.3 Let T be a cyclic group of order n. Then By is the variety B, of stable
n-pointed TPL’s, which is embedded into (P})" by the cross ratios y,,..»,, 7:€ T,
7: # 7; for i # j (N being the number of such quadrupels). I acts on By by left
multiplication on the indices of the coordinates, and BF is the fixed scheme of
this action, see [H], remark following Prop. 8. To simplify notation we identify
I with the integers 0,...,n — 1, the action being addition modulo n, and we
write B! instead of Bf. Then B} is the closed subvariety of B, given by the
equations

Mvpowe = P, ks bk for all ke Z/nZ, and all v,
The inclusion {0,...,n — 1} ¢ Z induces a surjective morphism B, — B, under

which BZ projects onto Bj. Thus we can use the calculations of the previous
section, in particular lemma 4.1, to see that the value of

t:=2o123

completely determines a point in B} unless Aoy =0, 1 or oo for some
ke{0,...,n — 1}. Remark 4.3 tells us that it is sufficient to deal with 25,5, =0,
and that (since Ay, ,, = 0) this can only occur if k divides n. Thus if n is prime
the points in B! are precisely the solutions to

10123 = )~1234 == ln—4,n-3,n—2,n—1 = An—3,n—2.n—l.0 (1)
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Now let
A= Aigsrhrzoo k=1,...,n =3
Then from the cross ratio relations and (1) we get for k=2,...,n— 3:

1
e = Agriaaht” Bkrin-10 = AT
k—1

which gives the recursion formula

A=1-1 @

1—1t

/1,‘=le_—l,

k=2...,n-3

Note that in view of (2) the equations (1) reduce to
Az =1t 3

Now use the recursion formula (2) to write 4, as a rational function of ¢ with
integer coefficients

_ p(?)
4,(t) ’

Equation (3) now yields the polynomial

x Pi 4 € Z[1] C))
Pn(t) = pn—S(t) - tqn—3(t) (5)

54 LEMMA. degP,(t) = [(n — 1)/2]
Proof. Writing (2) in terms of p, and g, we find

Qk+1_ 1 _Pk/‘lk_ qx — DPx

Pk+1 - 1—1t (1 _ t)qk (21)

now by induction one immediately verifies that for k=1,...,n—-3, (1 —1)
divides p, but not g,, and that moreover g, and p, are relatively prime. Hence
we may from (2') read off the recursion formulas for the numerator and the
denominator of 4,:

P+ =1 —1)g,
A+1 = 9k — Px 2"
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Inserting (2") into (5) we obtain

Py(t) =Pu-3 —14n-3=Pn-3 ~dn-3 + Pn-2=Pn-2 — dn-2
thus

Pn(t) = —{q,- l(t) (5,)

Since 4, =1 —t we have p, =1 —t and ¢, = 1. Thus from (2”) we conclude
by induction that for all k, the leading coefficient of g, is positive and that of
Py is negative. It follows that deg p, ., = degq, + 1 and deggq, , , = max(deg q,,
degp,), thus again by induction

k+1 k
degp, = [%] and degq, = |:§], 6)

in particular deg P, = deggq,_, = [(n — 1)/2].

The [(n — 1)/2] zeroes of P,(t) are the finite values of ¢ for the points in B,
(One should show that they are all different). t = oo is a solution of (3) if and
only if deg p,_ ; > deggq, - 3, and this is in view of (6) equivalent to n being even
(in fact t = oo corresponds to the divisor 2 of n). Thus we have proved.

5.5 COROLLARY. If n > 3 is a prime number, then By, is isomorphic with the
affine zero-dimensional scheme Spec(Z[t]/P,(t)), and this scheme has (n — 1)/2
geometric points (at least in characteristic 0).

Now suppose d is a divisor of n, more precisely n = d-m withm > 2 and d > 2.
To determine the points in B where 14,,, = 0 (i.e. which are not determined
by the value of t), we have to use t;:= 4y ; , .4 because this is a coordinate on
the corresponding irreducible component of BZ, see lemma 4.6 and remark 4.7.

LEMMA 5.6. With notation as above, t, satisfies a polynomial of degree m — 1.

(Hence there are m — 1 points of B;, corresponding to 44,,, = 0 if d is a prime,
otherwise the procedure has to be repeated for the divisors of d, with the same
kind of result.)

Proof. For k > 1, let

X' = Ad a1,k + 1)d,0

Under the hypothesis 44,,, = 0 (i.e. on the hypersurface of B, defined by this
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equation) we shall prove the recursion formula

1

Xk -1 1
1-g, (1-222 (1-1))

Xy =

Xy =

Now writing x, = f,/g, with polynomials f, and g, we find

Je+1 _ 9 — fi
g+1 Gl —1t)

Noting further

T1-q,
we immediately see by induction
g=0—t) and degfi=k—1
We also have
ta= Aordod = Aag12430 = = Mm—2dm—2d+ 1 m—1)0 = Xm—2
(where all indices have to be taken modulo n). Hence
tam-2 —Jfm-2=0

and this is a polynomial of degree m — 1 in t,,.

Proof of (8).
We first show

}»d—n,o,d,l. =0

301

Q)

(7)

®

(€)

This holds because 4,4, = 00 by assumption, and 4y;,, ; # 0 by lemma 4.1
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(OtherWiSe 2.0'1'2,1 =0, a contradiction).Thus )‘.0,1,‘(,4_ 1 ='10,1.d,2"10.l,2.d— 1 =00,
hence ld—l,o,d.l = (1 - )"O,l,d,d—l)—l = 0.

The next step is to show

'lo,d.d+l.l =1 (10

This is because 1, ;0 =1 — (1 — 29,5, ' = 0 and hence

Aogarn =0 = a0 ' =0 = yigeiz Aai20) "

=(1—24_100°0) " '=(1-00""=1
We use this result to calculate

Xy = Aggrrzao =1 — Aogar1a=1-— Rodi2a” Aoda+r,

1 1
=1_)~0,d,1.24=1_<1_1_td>—1_td

Proof of (7).

X = Maras 1o = (1 — Ags vagdpas10
= (1 = Ay ytkahd+ 16— 1" A+ Dakd—1d0
=(1- lzd,d,d+l,0' a- )»kd,(k—l)d.o,(kn)d))_l

1 -1
= (1 - (1 - —)'(1 - '{kd,(k—l)d,o,(k—l)dﬂ'lkzl.(k—-l)d,(k—l)«l+l,(k+l)d))

X1

Xk-1 !
=(1—-1,|1 —;’:‘l__—l';‘d,o.l,u)
_ 1 -1
-z D)
Xy — 1 ¥
as claimed.

From this lemma (and its analog for divisors of d etc.) it is clear how to write
down explicitly B} as an (affine) scheme and to determine the number of
geometric points on it. Since the formulas look somewhat awkward in general
we leave this to the interested reader.
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