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Introduction

Let K be a complete discrete valuation field with integer ring Ok and residue
field k. We assume ch(K)=0, ch(k)=p > 0 and k is perfect. We consider a proper
semi-stable family & over Oy. Here “semi-stable” means

(@) & is regular and X =% ®o, K is smooth over K,
(b) Y =% ®o,k is a reduced divisor with normal crossings in Z'.

In this note, we define a “modified de Rham-Witt complex” Wwy on Y,,
whose hypercohomology H*(Y, Wwy) is a finitely generated W(k)-module with
frobenius ¢. Note that, since Y may have singularities, the cohomology of the
usual de Rham-Witt complex of Y does not have the finiteness property in our
situation. Our theory has one more advantage that we can endow an endomor-
phism N on H*(Y, Wwy) such that Nogp = pp°N and N is nilpotent on
H*(Y, Wwy) ® Q. Note that the situation is very similar to the l-adic setting:
there is a nilpotent monodromy homomorphism N: H*(X, Q,(1)-» H*(X, Q,) on
l-adic etale cohomology of the generic fiber, cf. [De] (1.7.2).

In our situation, Jannsen [Ja] §5 and Fontaine [Fo] predicted that there is a
theory of p-adic limit Hodge structures. They conjectured that, to Z/Og as
above, one can attach finite dimensional W(k) ® Q-vector spaces D? (g =0)
endowed with a o-semi-linear bijection ¢, a nilpotent endomorphism N
satisfying No@ = pp° N, and a decreasing filtration on D? @y K satisfying
some compatibility with ¢. Moreover they predicted that there is a functorial
correspondence between D? and the p-adic etale cohomology group HY(X, Q,).
For precise conjectures, see [Fo].

Recently Kato [K1] has shown the remarkable fact that there exists a
canonical isomorphism H%Y, Woy) ® wyy K ~ Hjg(X/K). Hence the coho-
mology group of our modified de Rham-Witt complex is a realization of the

tDue to the tragic death of Osamu Hyodo in April 1989, the manuscript of this paper could not be
revised. The present version is published with permission of his parents. A number of editorial
comments have been added by Dr. U. Jannsen, in order to clarify certain details. The editors thank
Dr. Jannsen for his kind co-operation.
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space of Fontaine—Jannsen (the decreasing filtration is defined via the Hodge
filtration of H%yz(X/K)). He has also proved a large part of the conjecture
concerning the relation with p-adic etale cohomology [K2].

We give a more detailed explanation of the contents of this note.

In Section 1 we define a “modified Hodge—Witt sheaf” W,w!, which is a sheaf
of W,(0y)-module on Y,,. The “modification” will be similar to the one used for
the “modified differential modules” in [H1]. This sheaf coincides with W,Q}
except at the singular locus of Y. We endow W,w!) with the usual operators
7, d, F and V. Moreover we define an extension (cf. (1.4.3))

0 - W,wi ! - W,a) - W,w, -0,

which will supply us with N. This sheaf W@} is also a W,(0y)-module and
endowed with operators n, d, F and V. The above extension is compatible with
these operators.

As in the classical case, we shall see that

W, 0% > W, and n:W,, &f > W,k
are surjective and we define
Woi = lim W,0y and Wy = lim W,d5.
T n
Then we have an extension

(c) 0 - Wwy ! » Way - Wy — 0.

In Section 2, we describe the structure of the “modified de Rham-Witt
complex” Wwy. The result will be the same as for the classical de Rham-Witt
complex. In particular we shall obtain that the hypercohomology group

D* = HY(Y, Woy)

is a finitely generated W(k)-module (cf. (2.5)).
As in the classical case, the homomorphism of complexes

pF:Wo'y - W'y
induces a o-semi-linear endomorphism ¢ on D% This ¢ is seen to be an isogeny
from the equality (p™~'V)-(p F)=p™*!, where m=dim Y. We define N as the

boundary map arising from the extension (c). Obviously we have the relation

Neg =pgpe°N.
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This relation and the fact that ¢ is an isogeny show that N is nilpotent on
D'® Q.

In Section 3 we develop the Poincare duality theory for the “modified Hodge—
Witt sheaves”, following Ekedahl [Ek].

1. The definition

(1.0) Let K be a complete discrete valuation field with integer ring Ox and
residue field k. We assume ch(K) =0, ch(k)=p > 0 and k is perfect. We consider a
scheme & finite type over Oy, satisfying the following conditions.

(1.0.1) & is regular and X = Z ®o, K is smooth over K.
(1.0.2) Y =% ®g, k is a reduced divisor with normal crossings in Z.

In this section we define sheaves W,w!, of W,(0Oy)-modules on Y, for i > 0,
which we shall call the “modified Hodge—Witt sheaves”.() We moreover define
operators

n: Wy 0y > Wooy,
F: W, 0y = Wy,
V:Woy > W, 0y,

d: W,y — W,
satisfying the following relation:
n commutes with F, V and d; FV =VF =p; FdV =d.

These will coincide with W,Qi and its operators m, F, V and d except at the
singular locus of Y. The idea of the “modification” is the same as for the
“modified differential module” in [H1]. In this note we always work with the
etale topology.

(1.1) We fix some notation. We denote W = W(k) and W, = W, (k). For a scheme
S over Spec W, we denote S, =S @y W,.

As we work with the etale topology, we may assume Y = X; Y;, where each Y,
is irreducible and regular. Locally, we can choose a triple (%, % =2, <i<o ¥, f)
with a commutative diagram of schemes

X - U

! le
Spec Og — Spec W(k) [T],
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which satisfies the following properties.?)

(1.1.1) % is smooth over W and % is a reduced divisor in % with normal
crossings relative to W.

(1.1.2) % coincides with the inverse image of T = 0 in %.
113) ¥ @pk=Y.

(1.1.4) f:%—% is a lifting of the Frobenius satisfying f(W[T]) c W[T] and
f*% =p-%. (Hence f(T)= TP unit.)

Let 9, be the structure sheaf of the divided power envelope of Y in %, and
J 9, the kernel of the canonical homomorphism 2,— 04, . We note that .#9, is
the ideal of 9, generated by T'! for all i > 0. We define complexes

2Qu(log ¥): D, D, ® Q' (l0g ¥) > D, ® o Q*(log ¥) - -

Dy (—10g¥): 5D, —> 5D, Q' (log ¥) > ID, ® o Q*(log ¥) > -+
where 0=0,, and Q(log %)= w(log®¥,) denotes the differential module
with logarithmic poles along %,,.

(1.2) We shall prove the following lemma at the end of this section.

LEMMA (1.2.1). In the derived category @Q;,_(ilog %) are independent of the
choice of lifting (%, %, f).
(1.2.2) dT/Te ¥ l(9027,"(10g %)) is independent of the choice of the lifting.

Admitting the above lemma, we define®

W0y 1= H(DQy (log ¥))/H#(DQy(—10g ¥))

W0} := W,o% (W,dy ' A (dT/T)).
(1.3) We define the operators F, V, n and d, following the method of Illusie—
Raynaud [IR] ITI(1.5). The definitions of F, V and d are rather elementary: F is
induced from the canonical projection @Q;I,m(ilog @)—»@Q;,,_(ilog %), V is

induced from “p”: 9Qy (+1log #)—>2Qy , (+log¥) and d is induced by the
boundary homomorphism arising from the exact sequence

0-2Qy (+log ¥)—»DQy, (+1og ¥) > DQy (+1log ¥)—0.

The relations FV = VF = p and FdV = d are verified easily.”
The definition of = is as follows. As

FH @y (+log¥) < P20y (+log¥) and Dy, (+log¥)
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are flat W,,-modules for any M > 0, we can define f*/p’ for j <i to be the
unique homomorphism such that the following diagram is commutative.

2%, (+log @) —L125 904 (+log )

“.

can. pi”

2%, (+log ¥)—L— 204, (+log¥).

Then f*/p'~! induces a homomorphism®

p: W,dy = W, .1 @5
As f¥dT/T)=p-(dT/T) modulo d(Z,.,), it induces

p: W0} > W, 0.
The relations

pF = Fp, pV=Vp and pd=dp (1.3.1)
are checked formally. Later in (2.2.2), we shall see that p is injective and its image
coincides with the image of the multiplication by p in W, &} (resp. W, ;%).

Then we define n to be the unique surjective homomorphism which makes the
following diagram commutative.

Wy 1@y ——> W,y Wy 0 ——— Wy
L/ b 132
W, + 15); W, + 1in

The relations nF = Fr, nV =Vz and nd =dn are consequences of (1.3.1).

(1.4) We give a second description of W,w!, which is the most profitable to the
calculation of the structure of W,w} (cf. (2.2)).

LEMMA. Let &.');3/' be the complex Oy ® g, Qz},_(log %) and G)z}yﬂ be the complex
g,/ (the image of &z ' A (dT/T)). We have
H i (Dy) = W0, (14.1)
H(wy) ~ W,w}. (14.2)
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Moreover we have an exact sequence

0 - Wi ! - W0} - W,oy -0, (1.4.3)
which is compatible with the operators mn, F, V and d.

(1.4.4) SUBLEMMA. The homomorphism

H(DQy(~log V) > H(@Qy(log V)
is injective.

We may assume #=W[T,,...,T,, T)(T,:----T,—T). Then we have
Dy=W,[Ti,..., T] Qwry Wo{T), where T =T, ---- T, and W,(T) denotes
the divided power algebra. We see that .# 9, is the ideal generated by T'! for all
i> 0. Now it is easily seen that

(29 (log ¥) N I DUy (log ¥)) = d(F DYy, '(log ¥).

This proves (1.4.4).¢9
We have (1.4.1) from (1.4.4) and the exact sequence of complexes

0— DQy(—log ¥) - 2Qy (log ¥) — g — 0.
For (1.4.2) and (1.4.3), we use the exact sequence”

0— wy, ! - g, — wgy -0, (14.5)
where the second arrow is induced from A(dT/T). It suffices to show

the injectivity of H#(wy ')—# (@) This follows from the fact
(désly ! A(@Y ! A [dT/TY) < divig.? A (dT/T).©

(1.5) By the following lemma, whose proof we leave to the reader, we can
consider W,®} and W,w} as W,(0y)-modules.®

LEMMA. We have an isomorphism
W,(Oy) > ‘}fo(a);g"); (@o, ay,...,8,-) > a8 +p-af "' + - +p" ! ay_y.

where a; (0 <i< n-— 1) are liftings to an element of Og,.

(1.6) We give a third description of W,&% and W,w', which will be useful in
developing the Poincare duality theory in §3.
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LEMMA. Let U =%,. Then we have isomorphisms
W,oy ~ W,Qi(log Y)/W,Qi(—log Y),
W,y ~ W,Q(log Y)/(W,Q(—log Y) + W,Qy ‘(log Y) A (dT/T)).

Recall that W,Qi(+1log Y) are defined to be the jth cohomology groups of
Qy(+log %) (cf. [H2]). The lemma follows'® from the exact sequence

0 — Qy (log ¥) - Qg (log ¥) — iog, - 0.

(1.7) We give a proof of (1.2). The following construction is due to Kato (cf.

[K1]).
Take another lifting (%', %', f') and g': %' —» Spec W[T']. Let

hit" >U x U

be the blowing up defined by the product ideals of the ideals defined by #; x %;
(1<i<a), Z be the complement of the strict transform of the closed
subschemes #¥; x %' and % x ¥} (1 <i<a), and let ¥ be the inverse image of
T %, x ;. Then ¥ is a reduced divisor with normal crossings in . The center
of the blowing up is codimension one in & = % x %' (diagonal image). So there
is a closed immersion i: & — ¥~ whose image coincides with the strict transform
of Z. This factors through j: & — Z as is seen from the construction of Z.

Let 2, be the structure sheaf of the divided power envelope of j(Y) in &, and
let # 2, the ideal generated by T for all i > 0. As there is a unit u€ 05 such that
T'=u-T, we see that $2,5T'" for all i >0. Hence there are canonical
homomorphisms

DQy (+log ¥) » PQy (+log F)
and
DQy(log ¥') > PQy (+log ),

where 2Qy (+log %) are defined as in PDQy (tlog ¥).
Now we show that the above homomorphisms of complexes are quasi-
isomorphisms. We treat the former one. We have a diagram of schemes

X ->Y
1Tanl
Y >uY
T
Y
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where the horizontal arrows are smooth and the others are closed immersions.
We want to calculate 2,. As the problem is etale local on Y, we may suppose that
% =U,Qw W[Sy,..., S;] and Y is contained in the closed subscheme defined
by S; =---=85,=0.° Then we have

P=2,Qw, W(S1,..., 8» and SIP, =52, Qw, W, (S1,..., Sa).
Thus our claim is reduced to the well-known fact that

Qur,,.... 1 Owr,,..., AWl Tis - > T

is quasi-isomorphic to W,.
To show (1.2.2), we note that the image of u in @}y, is contained in k™. This
fact shows that dT/T — dT'/T' = du/uedZ,.

2. The structure

(2.0) In this section we shall study the structure of modified Hodge—Witt
sheaves. As a result, we shall obtain the finiteness of the hypercohomology
group D? = HY(Y, Wwy).

(2.1) We first give the definition of differential modules in characteristic p > 0.
Locally we fix a lifting (%, %, f). As in (1.4), we define

&} = Oy ®g,Qilog Y)

oy = @Y/(@y ! A (dT/T)),
where U =%,. Then f*/p" induces Cartier isomorphism

C L:doy ~ W oy

C Yoy ~ W,wy. (2.1.1)
To see this fact, we may assume

%=W[Tl,a ’I:iaT]/(TlT;_T), f(’I:)=T,'p(1<l<d)

and f(T)= TP. Then it is easy to see that the Cartier isomorphism on Q(log Y)
induces (2.1.1).49
As in Illusie [I1], we define B,&, Z,&%, B,w% and Z,w' inductively by
B,&y =ddy !, Bywh=dwy !, Z,oh=d&Yy, Zwi=owl,
C_l:BnébiY = Bn+l®iY/Bld)iY’ C_l:an;’ = Bn+1w§’/Blin

C_I:Znéb';' :Zn+1&)§’/Bld){" C_I:aniY :Zn+ lw'}’/BlwlY
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We note B,w (resp. Z,w') was denoted by ., (resp. Z%) in [H1].

(2.2) We next calculate certain subquotients of W,&% and W,w}. The following
(2.2.1) ~(2.2.5) can be seen by direct computation as in the smooth case.*!)

LEMMA. Consider
G = VW @y V™ W, 1

(resp. Gy = V"W, _ @\ /V™* W, _,, _ 0}) as a subquotient of

S~ ami +10
Oy =~ p"dy [p™" g,

(resp. wy ~ pmwly /p"* 'wly ) for 0 < m < n (cf. (1.4.1)). Then we have

6: = Zn—md)i'/Bm+ l&)l}'

Gy = Z,_ n®y/Bp 1 100} 22.1)
(2.2.2) p: Wywh — W, , ;0 induces an injection

Gr -~ G
IR 12

C— ! :Zn—min/Bm+ lw; S Zn—min/Bm+ 260;.
The same holds for W,&Y.
(2.2.3) By (2.2.1) and (2.2.2), n is well-defined (cf. (1.3.2)) and induces a surjection
n+1 - Gy
(¢ IR
C: Zn+ 1 —mw'Y/Bm+ lw;’ - Zn—m/Bm+ lw;'
The same holds for W,&% .

(2.2.4) The image of Z,. 0% /B,y ' =« Wiwy ' by dV" is contained in
V"W, _ i 10y = W, , 0%. Moreover we have a commutative diagram (where the
upper horizontal arrow is induced from dV")

i—1 i—1 i i
Z, 0y '/Biwy =2yt 1 -mWy /By 10y =Gy y
can i J
-m-1 m+1. i—1 i-1 i i
Cc °doC" i Zy 0y Y Z 0y S By, 1+ 200y /By 1 1 Y.

The same holds for W,&%.
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(2.2.5) The image of F"d(V™W,_,.10%) in W,0lt! coincides with

B, — 42005 /B 0L, Moreover F"d induces a surjection

m — i i i+1 i+1
Gn+1—Zn—m+1wl]’/Bm+1wY_’ n—m+ 20y /Bn—m+le H

where the homomorphism is C™~"*Yodo C"~™*1 The same holds for W,&}.

(2.3) In the following, we consider Z,@®} and B,&® (resp. Z,w% and B,w}) as a
subsheaf of W,@, (resp. Wyw}) via the Cartier isomorphism (2.1.1).
We define

gr'Wo', = Ker n: W, . 0% - W0},

gr'"Ww', = Coker p: W0l » W, . 0%
We also define K by the exact sequence

0 - K:l - aniY_l @ Bn+ la)i}’ - Bn+1in/an§f - 09
where the third arrow is defined by (a,b)>C ™ "o d° C"a)+ b.
PROPOSITION (2.3.1) We have an exact sequence

0- K> i ! @ o) - gr'iWe, - 0,
where the third arrow is defined by (a,b)—dV"(a)+ V"(b).
(2.3.2) There is a well-defined homomorphism

gr"Woy - oy @ 0i";  a— (F'(a), —F"d(a)),

whose image coincides with K.

We have (2.3.1) (resp. (2.3.2)) from (2.2.3) and (2.2.4) (resp. (2.2.2) and (2.2.5)).
We note that the kernel of the homomorphism in (2.2.3) (resp. the image of the
homomorphism in (2.2.2)) coincides with the image of the homomorphism in
(2.2.4) (resp. the kernel of the homomorphism in (2.2.5).

(2.4) As a consequence of (2.3), we have

PROPOSITION (2.4.1) The homomorphism p induces a quasi-isomorphism
gr'Woy — gr"* 1Woy.
(2.4.2) The canonical projection induces a quasi-isomorphism

W, 100y /p(W,00y) = oy.
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We prove (2.4.1). By (2.3.1) and (2.2.2) we have
gt Wy /pler"Wol) = oy Y/ Z, 0y © oy/Z oy

By the definition of the homomorphism in (2.3.1), we see that d on
gr"* 1 Wl /p(gr"Wo') induces a homomorphism

O 2,041 @ 0} /2,0~ 02,04 ® o Z0F s (@, B) = 6, )

This shows that gr**! Wwy /p(gr"Wwy) is acyclic.
To see (2.4.2), it suffices to show that

W+ 10y [D(W,0y) = W0y [B(W, - 10y)

is a quasi-isomorphism. This is easily reduced to (2.4.1).

THEOREM (2.5) For each n (including the case n= o), H(Y, W,wy) is a finitely
generated W,-module. Moreover there is a long exact sequence

= = HYY, W,wy) & HY(Y, W, 10y) = H(Y, 0y) - .

For n < o, this is a consequence of the finiteness of HY(Y, wy) and Proposition
(2.4.2). For n = oo, it suffices to note*?

HY(Y, Wopy) = lim H(Y, W,w).

3. Poincareé duality
(3.0) In this section we shall define a perfect pairing
HYY, W,0y) x H"" (Y, W,0y) > W,,

where m = dim Y. We use results and techniques of [Ek].

THEOREM (3.1) There is a canonical isomorphism
W,wf > kW, [—m].

where h,, denotes the canonical morphism W,(Y)— Spec W,.

We construct the isomorphism locally. We fix a lifting (%, %, f), and denote
U=4%, and Y = %,. By a result of [Ek] I, there is a canonical isomorphism

WQp* S fiW,[-m—1]
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where f,: W,(U)— Spec W, is the canonical morphism. It suffices to show (cf.
[Ha] III, §6)

R om0 \WalOr), Wi ™) = Wap[—1]. (3.L.1)
By the Proposition (3.3) below, we have a canonical isomorphism
R# om0, (WalFy) W, QG+ ) = WQG* (log ).
Now (3.1.1) follows from the exact sequence
0 - W,(Fy) > Wy (Oy) > W,(Oy) >0
and the fact W,Qn* (log Y)/W,Qn+! ~ W07 (cf. (1.6)).13

THEOREM (3.2) The canonical pairing W,wy x W,w? ' — W,w7 induces an
isomorphism

W,y = RH ompy0,W,0F ", W,0F).

(3.3) We need the duality theory for Hodge—Witt sheaves with logarithmic
poles.

PROPOSITION. The canonical pairing
Qi (+log ) x QU+ -i(log ¥) — QU+ Y(+log ¥)
induces isomorphisms
W, Qi+ 10g Y) > RH# omp, 0, (W, Q5+ ~(Flog Y), W,Qp* ), (3.3.1)
W,Qi10g Y)— Homyo (W +* ~(log V), W, Q" *(log 1)) (332)
COROLLARY (3.4) The pairing in Proposition (3.3) induces a perfect pairing
W,dy x W,oF*! " > Wa7 ! ~ Wof.

We first deduce Corollary (3.4) from (3.3.1) and (3.3.2). Applying
Homp o, (W, Q5! "{log Y), #) to the exact sequence

0 W,Qp*! > W,Qp" (log Y) > W,0f -0,
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we obtain an exact sequence

0 — W,Qy(—log Y) > W,Qy(log Y) -
— Homwo,\W, Q"' ~!(log Y), W,0}) - 0.

(Note that &z41y0, (W, Q0+ ~i(log Y), W,Qp* ') =0 by (3.3.1).) Thus by (1.6), we
have an isomorphism

W,dy S Hompy o (W5 "' ~H(log Y), W,0F). (34.1)
As the image of the pairing

W,Q5* 1 "(—log Y) x W,y(log Y)
is contained in W, Q0% we see that (3.4.1) factors as

I’V"CT)IY b d fomwn(@y (VV,,&)’;H— 1 —i, VV,,CO'; -

- Hompyo, W Q5+ ! ~(log Y), W,0F).

Since the second arrow is injective, we obtain (3.4).

(3.5) We next prove Proposition (3.3) by the method of [Ek]. Here we only give
an outline of the proof of (3.3.2), as (3.3.1) can be proved by exactly the same way
as [Ek].** The proof goes by induction on n, the case n =1 being easy.

We consider the commutative diagram of exact sequences

0> W,Qilog V) LW, QjlogY) - gr"WQylog¥)—~0
! 1 !
0 - D\(W,Qj(log Y)) ™> DX(W, ,,Qf(log V) » D (e"WQi(log V), (351

where
j=m+1—i, D% = Homw, @)% Wr1Q0" " (log V)
and the first vertical arrow is induced from the pairing
W,Qilog Y) x W,Qi(log Y)-W,Qf* '(log Y)BW, . ,Qp " (log Y).

The third vertical arrow of (3.5.1) is an isomorphism. This can be seen as in
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[Ek] by reducing it to the duality between Qj(log Y)/Bj(log Y) and Zi(log Y)
(resp. Qi(log Y)/Z}(log Y) and Bi(log Y)).** Thus it suffices to show that the
first vertical arrow of (3.5.1) is an isomorphism. For this, we consider a
commutative diagram of exact sequences

0 - W,Qi(—log Y) > W,Qiflog Y) - W,ay 0
l l l
0 D¥(W,,, Q5" ") > D(W, ., Qp* (log Y)) - D*(W, ., ,0F) >0 (3.5.2)

where D*(*) = Homy, , (0,(WaQi{log Y), *) and the vertical arrows are induced
from the pairing as in the first vertical arrow of (3.5.1). The third vertical arrow
of (3.5.2) is an isomorphism. This fact is seen from a commutative diagram

Wiy 5 Hompo,W,d3, W,wF)
,\‘ le (3.5.3)
Hom,, () Wiy, Wy, 10F).

Where a is induced from the product structure and is an isomorphism by
induction hypothesis (cf. (3.4)), b is the homomorphism in (3.5.2), and c is
induced from the duality homomorphism for finite morphisms and is an
isomorphism by Theorem (3.1). The commutativity of (3.5.3) is seen from the fact
that c is induced from p: W0y - W, . ;w¥, which fact follows from (3.1.1) and
[Ek] I (3.3). By the same way, we see that the first vertical arrow of (3.5.2) is an
isomorphism. Thus we have Proposition (3.3).

(3.6) We now prove Theorem (3.2). We first show
Extly 0 Wiy ™, Wow}) =0 for j > 0. (3.6.1)

This follows from Theorem (3.1) and the fact that W,w§ ‘ is a successive
extension of locally free Oy-modules (cf. (2.3)), by the same argument as [Ek] II,
Lemma 2.2.7.

We next prove

W,y S Homp o \Wep ™", Wy (3.6.2)

by descending induction on i, the case i =m being trivial. The commutative
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diagram of perfect pairings

0 0
l 1
Wit x Wt~ Wy
l 1 I
Wiy x Wapt' ™ - Wwp
l 1 I
Wil x Wwf™ - Wof
! 1
0 0

shows that (3.6.2) for i = k — 1 follows from (3.6.2) for i = k. Thus the proof is
completed.

(3.7) Now assume Z/Spec Oy is proper. By Theorems (3.1) and (3.2), we have a
perfect pairing

HYY, W,wy) x H" (Y, W,0}~") > HYY, W,0%) ~ W,
Thus we obtain a perfect pairing

HYY, W,oy) x H™ Y(Y, W,y) > W,
By passing to the limit, we have a perfect pairing

HYY, Woy) ® Q x H™ (Y, Woy,) @ Q » W ® Q.
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Editorial comments

(MW Despite the notations, W,wy and W,dy do not depend on Y alone, but on the
semi-stable family X/0,. One can show, however, that the complexes depend
only on X xg, 0,/(n7), see [K2].

) One may assume that this diagram corresponds to the following diagram of
rings

OlT,..., TUT - T, —m)«= W[T,,..., ] T T

i

0, wel  wrT) T,

where 7, is a uniformizing element in @,. Then f can be defined by f(T;) = T?.

() Both for the “local” definition of W,y and for the independence of (%, %, f)
one a priori needs a more precise statement than the one shown in (1.7). In fact,
one has to observe that the sheaves defined in (1.1) commute with étale base
change, and one needs canonical isomorphisms which “glue”, i.e., satisfy an
obvious cocycle relation for three different liftings. This is avoided, if one
identifies W, and W,@} with subsheaves of certain fixed sheaves on Y as in
[K1] (and in [H1] (1.5) for n = 1): e.g., W,w¥% is a subsheaf of j,W,Q%. for any
regular dense open subscheme j: Y° ¢, Y. Then (1.7) shows that the subsheaves
are the same for two different lifts. The maps =, d, F, V and N are independent of
the choices, since the quasi-isomorphisms

DQu(tlog ¥)—>PQy (+log Y) Dy (+log ¥')

are compatible with all maps considered in (1.3) and (1.4). Note also that there is
a lift of the Frobenius on 2 which is compatible with f and f’ under the
projections % « & - U’.

@These relations also imply that W,w, and W,@, are in fact complexes:
d?=F"dV"F"dVv"=F"d?V"p"=0 on W,w', or W,@k.

OTf x' e 2QY,, (log ¥) is a lift of the local section x € 2Q (log ¥) with dx=0,

i—1,/

then p (class of x)=class of f/p'~'x
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(®The description of cycles modulo p" given in (11)(A) below, which is valid for
Qy (log %), @y, and wg , proves the surjectivity of the maps
W,Qi H(log Y) - Wyt = Wo !

which in turn proves (1.4.4) and the injectivity of the maps W, ! - W, !,

W,Qy(—log Y) - W,Qi(log Y).

MOne has the exact sequence

1 AT/ i AdT/T) vy R
> Dy,

— @y, > @bt N

by the following observation: If ./ is a locally free Oy-module for a scheme Y
and s is a section of .# such that Oy > .# is injective with locally free cokernel,
then the complex

S A

0 > Oy —> M

AS

> A2 S 5 A3 —> ...

is exact.

®)(cf. [IR] III 1.5). The surjectivity of the map is an immediate consequence of
(11)(A) below.

®Compare the more explicit description of 2 in [H2].

(190ne may assume d=a. Let V= @gzl F,(dTy/T;), and for p=34_, 0 (dT)T)
let C, be the subsheaf of Oy generated over k by the monomials Tf" --- T with
B:eN, f;mod p = a;. Then

oy > @ C,® A,V

veV
with each summand respected by d. In fact
du®w)=u® @ A w) foruecC,, weAg V.
This shows that C, ®r, A,'FPV is acyclic for v # 0 (see (7) above) and has zero
differentials for v=0. Since C~}(dT;/T)=dT;/T; and C~}(f) = f? for fe Oy, we

obtain that

C 11} 3 # YD)
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and
Al (@y) 3 H (@),

hence the claim for @y. The Cartier isomorphism for wy follows from this and
the fact that C~'(dT/T) = dT/T.

It is needed later that the isomorphisms (2.1.1) are isomorphisms of
complexes, i.e., commute with the differentials. This follows easily from the fact
that d on W,@} = *(@y) is a connecting morphism for the exact sequence

0 - @y, - by, — g, - 0.

(DSince in the smooth case the usual approach to the de Rham-Witt complex is
different and the crystalline definition is only indicated on one page in [IR] III
1.5, some comments may be helpful.

Let g = 0y ® g, Q(log %) and define wy similarly (in the following we only
treat that wg, the case of @y being similar). Then the @, are flat W-modules, and
wly/p"wly = vy . Define F on wy by F = f/p'. Then dF = pdF, and all state-
ments of §2 can be deduced from the formula

n n—1

d Pl )= Y, PF ol + Y Frdol!, A)

k=0

k=0

whose proof is literally the same as in [1] 0.2.3.13, using that wj is W-torsion free
and that F induces the Cartier isomorphism (2.1.1) modulo p.

Let us show how to deduce the following three essential properties needed in
the paper:

(i) p is injective, and its image coincides with pW, , ;0% (to define ),
(i) W,wy is a successive extension of locally free @p-modules (needed in
Chapter 3),

-1
(iii) W, lou'y/pW,,wiy——-—”—"——-> W, wy <C—w'y are quasi-isomorphisms (to
prove the finiteness result for the cohomology of Wwy).

Write [x], for the class of xed ™ !(p"wy' ) in

A~ (p"oly (P oy + doly ) = H(ws) = W0l
For (i) we first observe:

(® Im(F":W,, 0\ - W,0})

= {[yll lyeF"" oy + 3, Fdoly™ + pwf'g} (by (A)

=Z,,10y/Bwy (by induction),
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B) Ker(V™: W0y > W, 10%)

= {EXL |p"xep" ,Zo F" oy ' + p"“wé}/} (by (A)

= {[x]l |xe Y Fr*doly' + pwt}y} (torsion-freeness)
k=0
= B, . ,0y/B, 0y (by induction).

. k . " . .
Next note that W,,w'YL» W, . kw’,—F-b W} is exact by definition of F
and V. This shows the injectivity of the horizontal maps in the commutative
diagram

A R n—m—1 .
G = VW, _ @l [V W, 0y s VW0l

vm 4

Fr—m- 1

Wl—mw;/vm-m—lw; Wlwib

inducing an isomorphism

Fn—m- I(Vm)— 1

~

Gy

> Im F"~™"!/Ker V™

i.e., (2.2.1). Then (2.2.2) follows from the commutative diagram

. . v .
Z,0y/Byoy———> W, 1 0y

c! P
n—1

. 1% .
Wiy —— W,wy.

The injectivity of p is an obvious consequence of (2.2.2), but it is not clear how to
deduce Im p = Im p from the information on the graded pieces. However, from
(A) and the relation dFx = pFdx we immediately get
[zdn+1 =PI[x]s = [PFx],s 1 =p[Fx],+, for xed '(p'wl )<
< [2],+1 = P[¥]asy for yed '(p""lwg'?).

In fact, yed '(p"*'wy'!) implies y=Fx+p"*'a+db with xed '(p"wi'?),
acwly and bewiy .
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(ii) follows from (2.2.1) and the fact that Z,w%/Z,, 0%, B,. ,0%/B,», and
Z,w'/B,w are locally free Oy-modules (use induction on n and the Cartier
isomorphism, and descending induction on i for Z,w} =Ker(w}, — B,w}"!) and
B, 0, = Ker(Z 0% - W 1))

(iii) = (2.4.2) follows from (2.4.1) and hence from the formula (cf. (2.3.1))

gr"Wo', = V'W, 0 + dV'W, 0l 1, (B)

since (B) implies (2.4.1) with the same arguments as in [I] I 3.13. For (B) note
that gr"Ww', = Ker n = Ker p, so that one inclusion is obvious. For the other
direction write [z],,,=[Fx],+; with xed " !(p"wh ') by (A). If 0=p[z],+:=
p[Fx],+1=pL[x],, then x =p"a+db with ae wly and b e wiy ! by the injectivity of
p. But then

[z]s+1 = [FX)y+1 = [P"Faly+, + [Fdbl,4( = V"[Fal, + d[p"Fb],+,
= V"[Fa], + dV"[Fb],

by the definitions of ¥, F and d on Wwy (note that p"*'F db = d(p"Fb)).
U2 This holds since lim is exact on the category of W-modules of finite length.

(13 Note that
w.Qr*l(log Y)= W,QnlogY) AdT/T and W,Qp*'(—logY)=W,Qp"",
by using the exactness of

_adTT Q (log @) AdT/T Qi (log @) AdT/T,

b

the obvious identity Q3 *'(—log #)=QF*", and arguments similar to those
applied in (6) above.

49 0One has to use that the de Rham-Witt complex with logarithmic singularities
WQ(log Y) satisfies a similar formalism as the usual de Rham-Witt complex
WQ,, including the analogues of the sequences [Ek] (0.5) and (0.6). This can be
proved with the same methods as for Wwy.

A9 Let j,: W,(U)»W,, 1(U) be the canonical morphism. One has to know that
the morphism W, Q%+ !(log Y)—j.W, . Q5+ 1(log Y) adjoint to p is an isomorph-
ism. This follows from the corresponding facts for WQm*! and Ww?, which
follow from [Ek] and (3.1). (Note that for the proof of (3.1) one only needs
(3.3.1)).



