V.DE VALK
A problem on 0 — 1 matrices

Compositio Mathematica, tome 71, n°2 (1989), p. 139-179
<http://www.numdam.org/item?id=CM_1989__71_2_139 0>

© Foundation Compositio Mathematica, 1989, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘Numbam

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1989__71_2_139_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica T1: 139-179, 1989.
© 1989 Kluwer Academic Publishers. Printed in the Netherlands.

A problem on 0-1 matrices

V. DE VALK

Delft University of Technology, Faculty of Technical Mathematics and Informatics,
Julianalaan 132, 2628 BL Delft, The Netherlands.

Received 5 August 1988; accepted in revised form 2 December 1988

Key words: norms of matrices of zeroes and ones, one-dependent 0-1 valued stationary processes,
two-block factors

Abstract. We compute the maximal and the minimal value of | M?2| over the class of 0-1 valued
N x N matrices M with K entries equal to one for fixed K and N, where | - || denotes the sum of
the entries. This result has applications to graph theory and probability theory.

1. Introduction
1.0. A despotic problem

A country has 38 airports. Between these airports exist 639 direct flights. The
despot of this country wants to get more control over the population by
diminishing the interlocal traffic. Because of the public opinion in the rest of the
world, he can not change the number of airports or the number of direct flights.

How should the despot distribute the 639 direct flights over the (ordered) pairs
of airports, such that the number of different flights with one transit is
minimized?

This problem can be solved by applying Theorem 2 of this paper. The minimal
number of flights with one transit is 6239.

1.1. The matrix problem

Let | M| denote the sum of the absolute values of the entries of a matrix M. Let
My x be the set of 0-1 valued N x N matrices with | M| = K.

In this paper we compute the maximal and minimal value of || M?| over
My g for fixed N and K(0 < K < N?). So we are looking for

max(N, K) = max{| M?|: Me #yx}
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140 V. de Valk

and
min(N, K):=min{|| M?||: M e My x}.

We give an application of this problem to graph theory and to stochastic
processes.

1.2. The problem in terms of graphs

Let G be a directed graph consisting of N vertices and K edges. Solving the matrix
problem is equivalent (as [F.] remarks) to solving the problem of finding for
fixed N and K the maximal and minimal number of paths of length two, i.e.
pairs of edges a = (v,v’), b = (v', v").

1.3. The problem in terms of two-correlations of stochastic processes

Let (Y,).cz be an i.i.d. sequence of random variables. A two-block factor (X,), of
this sequence is defined by

X, =f(Y,, ¥,1y)

for some function f.

The process (X ,), has the property of one-dependence, i.e. for each integer time
t the future (X,),>, is independent of the past (X,),<,, as is easily checked.
[A.G.] and [A.G.K.V.] have shown that not all one-dependent two-state
processes are two-block factors (this was conjectured for several years).

We return to our matrices by restricting our attention to two-block factors of
an ii.d. sequence (D,),, each D, uniformly distributed over a finite set {1,...,N}.
A matrix M e .#y y yields a two-block factor as follows

Xn = MDmDn+1'
Define H;:=X}. | M;; and V;:=ZL  M;(i,j = 1,...,N). We have
P[X, = 1] = K/N?

and for the two-correlation P[X, = X,,, = 1] we have

I
M=
INZES

N3'P[Xn =X, =1]

W
-

N N
3o, = % (3w,
j=1 i=1 j=1 \t=1

HV, =1,

Il
M =

I
-
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We conclude that the matrix problem above is equivalent to the problem of
computing the maximal and minimal two-correlation, for fixed probability of
a one, over the class of two-block factors of i.i.d. sequences (D,),, where D, is
uniformly distributed over {1,...,N}.

Let (Y,), be an iid. sequence, each Y, uniformly distributed over the unit
interval. Given a Lebesgue-measurable set 4 in the unit square we construct
a two-block factor (the corresponding indicator process) (X,), by taking f equal
to the indicator function of A4 (see [V.] for more details).

Let max(«) and min(x) be the maximal, minimal resp., two-correlation over the
class of indicator processes for fixed probability o of a one. An approximation
argument (approximation of the uniform distribution by discrete distributions)
shows that the connection between max(«) and max(N, K), min(x) and min(N, K)
resp., is

N,K
max(a) = Sup {%—): o= K/Nz}
N,K N
and
i K
min(x) = Inf {%A;’) o< K/Nz}.
N.K N

The discretization of the variational problems max(x) and min(x) was the
motivation for this research.
We associate to a matrix M € #y , a subset 4,, of [0, N] x [0, N] by setting

Apyi= U G —1,i)x{—1,j].

{(0): M, =1}

We remark that the class of two-block factors of an i.i.d. sequence (D,), (each D,
uniformly distributed over {1,...,N}) is a subclass of the class of indicator
processes, by taking 4 = (1/N)A,, for the associated matrix M e ./ .

1.4. Previous results

For the class of two-block factors the problem of the maximal two-correlation
(max(x)) was solved in [Ka.] and [F.] and the problem of the minimal
two-correlation min(«)) was solved in [V.] (x denotes the fixed probability of
a one). The results are

20 —14+(1 - 0<a<?
max(o) = 32 Y<a<l



142 V. de Valk

and
m(m — 1) <a<i
—(1-20)1 2
o) 6(m+1)2( )(1+6)%,
min(e) =
! x=1
24 — 1 + min(1 — o), t<axg1

with m:= int(1/(1 — 2«)) and J == \/ 1 — 2a((m + 1)/m). (Here int(x) is the integer
part of x).
The upper bound max(«) also holds for the wider class of one-dependent

processes. For a 5 4 there is a unique one-dependent process with two-correlation
max(«), and for « = $ there are exactly two such processes. These processes are all
two-block factors, determined by the sets

A=[0,1—/1—a]x[0,1]U[1—-/1—a1]x[0,1—./1—a]

for0 <o <i,

and

A=[0,/2] x [0,./a] for}<a<l.

For proofs see [G.K.V.].

1.5. Introductory remarks

Let I be the N x N matrix with all entries equal to one.

The following lemma shows that we may restrict our attention to the case
K < 4N? and that the maximum (c.q. minimum) is attained in M (for K) iff it is
attained in | — M (for N2 — K).

We will use this observation in Theorem 2.

COMPLEMENT LEMMA. For a matrix M e #y x we have
I,_y=1,—2NK + N3,

We omit the straightforward proof. (see also the Complement Lemma in [V.])

REFLECTION LEMMA. Let Me #y x. Let M',M" € # y x be the matrices
obtained by reflecting M with respect to the diagonal, the cross-diagonal resp., i.e.,
Mﬁ,j = Mj,i and M:,,_) = MN+1—j,N+l—i' Then IM' = IM" = IM'

We omit the straightforward proof.
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2. The results

THEOREM 1 (Maximum). Let .# y x be the class of 0-1valued N x N matrices
with K entries equal to one. Then I, = | M?|| attains its maximal value max(N, K)
over My g in (at least) one of the types I, I1, 111 and IV.

THEOREM 2 (Minimum). Let # y  be the class of 0-1 valued N x N matrices
with K entries equal to one. The following table gives the possible types where
I, = | M?|| can attain its minimal value min(N, K) over # y x for the correspond-
ing ranges of K.

Range of K Type

(a) 0 < K < iN? v

(b) 1N? < K < 3N(N — 1) VI, VII or VIII

(© NN — 1)< K <iN(N + 1) IX

(d) 4N(N + 1) < K < 3N? complement of VI, VII or VIII
() N2 < K < N? complement of V

In each matrix of these types I,, = min(N, K) and for each pair (N, K) there
exists a matrix of these types. In case (c) there exists a unique matrix of the
described type. In cases (b) and (d) there exists exactly one or exactly two matrices
of the corresponding types.

The solution to the despotic problem is found by computing the corresponding
parameters of the type VI, VII and VIIL It turns out that only type VIII is suitable
for the despotic problem. We shall give the solution in the Appendix.

The types of matrices where I,, attains its maximal and minimal value

N Type I: (Maximum)

t—s<1,
K=mi+s+t,
Iy =m} +s(my + 1)+ tm, + st.

Figure 1
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N Type 11: (Maximum)

K =(m, + 2)* — 4,
Iy = my(m3 + 6m, + 4).

N Figure 11

Type I111: (Maximum)

This type is the complement of type I reflected
in the diagonal through (0, N).

0 N Figure 111

Type V: (Minimum)

This type is the complement of type II reflected
in the diagonal through (0, N).

L2
Figure 1V

N Type V: (Minimum)

AM < [lnt(%N), N] X [0’ lnt(%N)]’
I,, = min(N,K) = 0.

A, is as in Figure V.

0 N F igure V
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N Type VI: (Minimum)

Id,1<d <N,

d divides N such that

IN(N — d) — Ke{0,1}.

A, is as in Figure VL.

NN W’mrvw'wv N
d d d d d d

— T N e —
Ixd

Figure VI
¢ and R are defined by N = (¢ + 2)d and N2 — 2K = (¢ + 4)d* — 2R. This
implies Re {d* — 1,d*}.
There are R ones within the d x d square with corners at (d,0) and (24, d).
Further V,;,; =jdfor2<j<?¢+ land 1 <i<d.

3
I,, = min(N, K) = R¢d + %m — 1) + 4).

N Type VII: (Minimum)

such that

N=(+1)d+s

for some integer / and

AN(N —d) +3sd—s)— K — 1€
{—d+s,...,min(d—s,sd—2)}.

OMM ———— et St

d-1 s+ d d d
—— X4 Ay isasin Figure VIL

Figure VII
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R is defined by N* — 2K = ¢d*> + (d + s)* — 2R.
This implies 1 <Rand (s — 1)d + 1) S R < (s + 1)(d — 1).
There are R ones within the (s + 1) x (d — 1) rectangle with corners at (d — 1,0)

and (d + s,d — 1).

Further V,,js4;=s+jdforl<j</and 1 <i<d

d2
I, = min(N, K) = RZd + ~£(¢ = D{(¢ +1)d + 3s}.

Type VIII: (Minimum)

such that

N=(p+1)d+qd+1)+s

d d+1

pxd

Figure VIII

————

d+1
gx(d+1)

d+1
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and
IN(N —d) +3d(s —q) — 35> — 39— K —1e{—1,...,min(d — s,5d — 2)}.

A, is as in Figure VIIL

R is defined by N2 — 2K = g(d + 1)* + pd* + (d + 5)* = 2R.

This implies 1 < R and (s — 1)(d + 1) S R < sd.

There are R ones within the s x d rectangle with corners at (4, 0) and d + s,d).
Further V4 ju+i=s+jdfor1<j<pand1<i< d,and Vyi g+ 1)a+ja+ 1)+i =
s+(p+Dd+jd+1) for0<j<qg-—1 and 1<i<d+1l

I,,=min(N, K) = R{pd + q(d + 1)} +£i6jp(p+ 1){(p—1d +3qd+1)—3s} +

d+1)»

+ sdp(pd + q(d + 1)) + 6

qq—-D@g+1+

+

12
@I gq— 1(pd +5 - 1)

Type 1X: (Minimum)

V=i for 1<i<K—-3iNNN-1)

13

Figure IX
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and
V,=i—1 for K—3N(N-1)<i<N.
A,, is as in Figure IX.

I,, = min(N, K) = NK — N(N — 1)(N + 1).

3. Proof of Theorem 1

Fix natural numbers N and K.

In several steps we will show that solutions to the problem belong to smaller
and smaller subclasses of the class .# . To facilitate reading we refer to the
appendix for technical details.

3.1. PERMUTATION LEMMA. Let Me .y x, let T be a permutation of
{1,...,N}. Then I, is invariant under T x T.
We omit the easy proof.

Step 1. Permutation. By taking T such that {H; }!", is a non-increasing
sequence, we may assume that M is such that (H;), is non-increasing.

3.2. STANDARDIZATION LEMMA. Let Me.# yx be a matrix such that
(H,)X-, is non-increasing. Then there exists a matrix M'€ M y x in standard form,
ie.,

io=1=Mi;=1 foralli<iy,j<jo,

i0,Jo

such that 1. > I,,.
Proof. Let M be a matrix, M not in standard form, such that the horizontal
sections are non-increasing. Then there exist indices i, < i,,j such that

M; ;=0, M;, ;=1

Let M’ be the matrix obtained by interchanging this 0 and 1. We claim that
I, > I,,. We have

Iy — Iy = Hil(Vil +
— Hil —_— H‘

2

2 1) - HilVi, - HizViz

1)+ H(V;
0.

=

By repeating this argument (moving squares horizontally to the left) we obtain
a matrix in standard form, while I,, does not decrease. O
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Step 2. Standardization. We conclude that we may assume that M € .# y g is in
standard form.

3.3. SYMMETRIZATION LEMMA. Let M € M/ y x be a matrix in standard
form. Then there exists a matrix M’ € M y x in standard form that is symmetric or
nearly-symmetric, i.e.,

M ;= Mj; forall(i,j) exceptone pair (i,J),
such that Iy, > I,.

Proof. Assume that M is not of this kind. Then there exit a, b, ¢,d such that
M,,=M,;=1and M, , =M, = 0. Let M’ be the matrix obtained by inter-
changing M, ,; and M, ,. We claim that I,,, > I,,. (See Appendix 1.) O

Step 3. Symmetrization. We conclude that we may assume that M € 4 y g is in
standard form and symmetric or nearly-symmetric.

With a matrix M in standard form we associate a left-continuous function
Su:[0,N] - [0, N] given by

fux) =V, for xedi—1,i].
This implies that
Ay = {(x,y)€[0,N] x [0, N]:y < fu(x)}.

Assume fy,(a) 2 d, fy(b) = ¢, fy(c) 2 b, fy(d) = a,b < c.
Let H” and V" be the sections corresponding to the set

AY:= Ay, n({a,b] x {c,d]u<c,d] x <a,b]).
So,H” = H — con{a,b], H” = H — aon {c,d] and H" = Oelse, the same holds

for V™.
Let Iyw:=Y HYV?Y.

3.4. WINDOWING LEMMA. When we rearrange ones (preserving K that is the
total number of ones) within {a,b] x {c,d] v {c,d] x {a, b] (obtaining M') then

Ig — Iy = Lngow — Ip.

Conclusion. So, when we compute the influence of this rearrangement on I,,,
we can pass over from H and V to H* and V. (Proof: see Appendix 2.)
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3 b
Figure X

3.5. LOCAL REFLECTION LEMMA. Assume that:

Iul@) = 4, fyu(b) = ¢, fu(c) > b, fud) > a,b < ¢
and also that b —a=d — c.
When we (obtaining M’) reflect 4,, N <a, b] x <c, d] with respect to the line

y=x+c—aand 4y n<{c,d] x {a,b] with respect to the line y = x + a — c,
then I, is invariant. (See fig. XI). (Proof: see Appendix 3).

dt+
ct
bt
at
a bc 4
Figure XI

3.6. CONTRIBUTION OF A SQUARE LEMMA. Let M €./ x be in standard
form and symmetric or nearly-symmetric. Let (a, b)(a, be {1,...,N}) be a corner
point of M, ie., fy(a)=b and fy(a+ 1)< b or a= N. Let M’ be the matrix

obtained from M by removing (a, b)(M}; = M, j— 04,0y ;). Then
a+b

if ab, M,,=1
Iy—Iy={a+b-2

if a#b, M,,=0
at+a-—1 if a=>.

Proof. See Appendix 4.
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From now on all rearrangements of ones in M will be done such that M remains
in standard form and (nearly-)symmetric. This means that a rearrangement of
ones within {a, b] x <c, d] (above the diagonal)is attended with a (in some sense
reflected rearrangement within {c,d] x <a, b] (under the diagonal).

This will not lead to confusion.

Spreading out

We will consider quasi-blocks and we will decrease the number of these
quasi-blocks and so we will diminish the class of matrices.
Let
fM = Z yi.1<xi—1,x1]
i=1
be the function associated with M as defined instep 3 (0= x, < x; <--- <x, =N).
We call a rectangle {x,_;,%;] X {¥x+1> V] @ block if it is disjoint with the
diagonal. Note that the points (x,, y,) are corner points.

We call a set {x;—1, %] X (Vw25 Vi Y {Xps X 1] X Pt 25 Vs 1] (disjoint
with the diagonal) a quasi-block if y, — y,,, =1 or x,,; — x, = 1. We call in
these cases x; — X;_; C.qQ. Yy+1 — Vi+2 the remainder of the quasi-block.

¥k-1 Xk Xk
Figure XII. A quasi-block with y, — y,,, =1.

We consider blocks as special quasi-blocks (with remainder equal to zero).
We shall spread out a quasi-block along the longest segment ({xg- 1, Xx+,] or
{Yk+2>Yx-1]), using the Local Reflection Lemma and the Contribution of
a Square Lemma.
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3.7. SPREADING-OUT LEMMA. Let f,, = Z; y;* L(x,_ x> GSSume that

(xg—1>Xk] X Yga2s Y] O <Xy Xk 1] X Ykv2s V411

is a quasi-block. Assume yg ., = Xg . ,. Then this quasi-block can be replaced by
a quasi-block of the type

(xg—15t] X (Ygazr T F 11U Xk 0] X Ygaas7]
or by a quasi-block of the type
(X151 X (Yga2s Ye-11 O + L] X (ygasst]

such that I,, does not decrease.
Proof. See Appendix 5. O

3.8. TWO QUASI-BLOCKS LEMMA. Let fy; =Z 1 y;* 1ex, x> GSSUmMe
that

(xg—15Xg] X k425 Yk U Xk Xk 411 X Vg42> Yk+1]

[ — g —

Figure XII a—d (4 cases)
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and

Cxk+1sXk+2] X Vkras Yee2d Y Xgi2s Xk 431 X Vgsas Vr+3]

are quasi-blocks. Assume yyg , , = Xg . .. Then these two quasi-blocks can be joined
to one quasi-block, preserving standard form and (near-)symmetry, such that I,
does not decrease.

3 7 3 1
! 5 8 1
|
] C
| \
| |
| |
|
' :
b= ] n
17 1
I
|
Lo -
10
6 6
Figure XIIT l Figure XIV
12 12 11

N e -G PSP

Figure XVI (EXAMPLE) Figure XV
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We use the Spreading-out Lemma and the Local Reflection Lemma. There are
4 cases (see Fig. XII), depending whether the two remainders are horizontal or
vertical strips.

To avoid a long and detailed list of cases and subcases, we restrict ourselves to
the case of a quasi-block with horizontal remainder with at its right lower side
a quasi-block with vertical remainder.

The given example is typical for this case. Just as in Appendix 5 we may
assume that the remainder of a quasi-block is a horizontal strip if xg , ; — Xx_, =
Yk — Yx+, and a vertical strip if Xg,; — Xg_1 < Yk — Vk+2-

First we spread out horizontally the left upper quasi-block (Fig. XIII). Then, by
a reflection, we obtain one quasi-block consisting of one strip and a remainder
(Fig. XIV). We spread out this quasi-block and we are finished (Fig. XV).

We spread out the quasi-blocks marked with L. (thin lines before the
transformation, thick lines after the transformation) (Computation: see
Appendix 6).

COROLLARY. Let M € My x be a matrix in standard form and (nearly-)sym-
metric. Then there exists a matrix M' € M y x of type A or B such that I, = 1.

Proof. Apply Lemma 3.8 iteratively. ]
Type A:
e —d| < 1.
a c
Figure XVIIC
Type B:
lc—d| <1

et e~ —m s

a b 1
Figure XVIIC



A problem on 0—1 matrices 155

3.9. Last Step. To complete the Proof of Theorem 1 we will reduce this class of
matrices to the types I, II, III, IV. (see Appendix 7). O

REMARK. If K = m? > $N? for some integer m, then the maximal value of I, is
attained when we take 4,, equal to m x msquare of ones,and if K = N? — m? <
4N? for some integer m, then we obtain the maximal value of I,, by taking the
complement of a m x m square. This directly follows from the fact that in these
cases I,, assumes the value N3-max(a) (with &« = K/N?).

In other cases I,, is strictly less than N3-max().

Generally, if « = K/N? > 4 the maximal value of I, is attained in type I or II,
andif @ < 4in type Il or IV, because in these types (1/N)A,, is an approximation
of the corresponding \/; X \/E square (the solution of the continuous version for
a > 3) c.q. the complement of a \/1 — & x /1 — & square (the solution of the
continuous version for a < 4). However, for a & % this can be different, as the
following example shows. (See also the table at the end of this paper, before the
appendix.)

EXAMPLE. Take N = 10and K = 49, then « = 0.49 < 4. The maximal value of
I,,is attained in type I (see Figure 1) where I,, = 7 x 7 x 7 = 343,and notin type
III (see Figure 2) where I,, = 339.

R S N B
7
Figure 1 Figure 2

EXAMPLE. We show the existence of three sequences (N, )2 ;- (K;)Z 1, (v;)2,
(each tending to infinity) such that

(1) K; =4N? —v; and
(2) I, attains its maximal value max(N,, K;) in type I and not in type III or IV.

From the theory of continued fractions follows the existence of increasing integer
sequences (p;)2 1,(q;)i2 1 such that

;1
0<—=—->"<-, andall g; are odd.
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This implies

B) 0 <iq? —p} <. /2.

Now (3) implies 4¢? — p? = 1.
We define

N,' =(; + 3 and Ki = (pl + 2)2.

Defining v; by

K

— 1n2
i =3N? -,

we have

v; = 3q; — 4p; + 1

So we have

(2= 9p; < v, <(3/2 — 4)p; +6.

So, for p; sufficiently large we have

v;

P+2

Taking M, of type III (see figure) we have
(by the Complement Lemma)

Iy, =vipi + 3 + (i +2— 1)
X (i + 2 + v7 + 2g; + 3)
x(pi +20° —(q: +3)°

= +2° —0,2p; — q) < Iy,

< ip:.

Ar2

Taking M, of type I(a(p; + 2) x (p; + 2)square of
ones) we have

Iy, = (p: +2°.

}—s

Pi+2

This proves the statement of the example.
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4. Proof of Theorem 2

Fix natural numbers N and K. The case K < $N? is trivial because I,, = 0. In
several steps we will show that solutions to the problem exist in smaller and
smaller subclasses of .#y . After the third step we will discriminate the cases
iN? < K <3N(N — 1) and 4N(N — 1) < K < $N?. To facilitate reading we
refer to the Appendix for technical details.

4.1. STEP 1. PERMUTATION. Using Lemma 3.1 (Permutation Lemma) we
may assume that (H,) is a non-increasing sequence.
We define a new standard form; M is in standard form when

M,=1 if M,

io,jo

4.2. STANDARDIZATION LEMMA. Let M€ #y x be a matrix such that
(H)Y 1 is a non-increasing sequence. Then there exists a matrix M' € My x in
standard form such that 1, < I,,.

Proof. Analogous to the proof of Lemma 3.2 (Standardization Lemma). []

Step 2. Standardization. We conclude that we may assume that M € ./ ,isin
standard form.

We associate with the matrix M in standard form a right-continuous function
fM: [09 N] g [Oa N] given by

Su@x)=V; for xeli-— 1,i).
We redefine 4,, equal to

Ay= | [i—-1Li)x<{—1jl

{@):Mi =1}

This implies that A4,, = {(x,y)e [0, N] x [0, N]: y < fy,(x)}. Except the right-
continuity, f;, is the same as in the proof of Theorem 1. We call (a, b) a corner point
of M if fy(@a—1)=>b and f,(a —2) <b.

4.3. UNDER THE DIAGONAL LEMMA. Let Me #y x be a matrix in
standard form. If }N? < K < §N(N — 1), then there exists a matrix M’ € M y x
such that I, < I,, and M’ lies under the diagonal, i.e.,

If 3N(N — 1) < K < iN?, then there exists a matrix M'e.#yy such that
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I <1y and
M:,_,:l l.f j<l.

Proof. Assume that M has some corner point (i, j) not lying unde the diagonal
(j = i), and assume that there exists a point (i,j, ) under the diagonal i, >j, + 1)
such that M, ; =0 and f,(@,) >j, + L

We move the one from (i,j) to (i,,j,) and we consider two cases. In both cases

I, will decrease (see Appendix 8).

Step 3. Under the diagonal. We conclude that we may assume that in the case
iN?2 < K <4N(N — 1), M lies under the diagonal and that in the case
INN - 1)< K <IN M, =1ifj<i

Now we consider the CASE N2 < K < 4N(N — 1).

4.4. REMARK: Changing of I,, by a corner point. We consider the influence on
I,, of removing a square from a corner point (i,j) of M to obtain a matrix M'.
We have

We say that the corner point (j,j) changes I,, by the sections H; and V;.

4.5. WINDOWING LEMMA. Assume fy(a)=a, fy(b)=b for some
0<a<b<xN.
Let H" and V" be the sections of Ay, N [a,b] x [a, b], and let

L= HIVY.

When we rearrange ones (preserving K that is the total number of ones) within
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Q4
O

[a,b] x [a, b] (obtaining M') we have
Iy — Ly = Inypw — Ingew

The proof is analogous to the proof of Lemma 3.4. So, when we rearrange within
[a,b] x [a,b], we can compute the influence on I,, by passing over from H; and
V;to H and V.

4.6. LOCAL REFLECTION LEMMA. Assume again fy(a) = a, fy(b) =
b(a < b). Then I,,is invariant under reflecting A\, N [a, b] x [a, b] withrespect to
the liney= —x +a +b.

We leave the straightforward proof to the reader (use the Windowing Lemma).

We say that a corner (i, j) lies strictly under the diagonal resp. on the diagonal if
izj+2resp.i=j+ 1.

4.7. MOVING TO THE DIAGONAL LEMMA. Let M € # y  (for 1N? <
K < 4N(N — 1)) be a matrix in standard form, lying under the diagonal. Then there
exists a matrix M'€ My x in standard form, lying under the diagonal, such that
I < I,,, and such that M’ has at most two corners (i,,j,) and (i,,j,) (i, < i, and
Ja <) strictly under the diagonal.

Proof. See Appendix 9. Od

Note that j, < i; means that the corner point (i,,j,) changes I,, by horizontal
sections at a higher level than j, and that (i,,j,) changes I,, by vertical sections
lying more to the left than i, (see picture below).

Step 4. Moving to the diagonal. We conclude that we may assume that in the
case N2 < K <4N(N — 1), M has at most two corner points (i,,j,), (i5,j,)
(i; <i, and j, < i,) lying strictly under the diagonal.
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d d1 d1

Using some local reflections (shown above), that leave I,, invariant, we can
assume that M is the following type:

0<x; <+ <Xp41=N,d; = X341 — X;.

V.

p=x i X <j<x

13

and there are R ones (1 < R < 4 x %) within some rectangle which is a subset of
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{G):1<i<xy,j<i}.

¢
N? —2K =Y d} +x} — 2R,

i=1

We call R the remainder.
Note that we can interchange the d,’s by the Local Reflection Lemma.

48. LESS INEQUALITY BETWEEN DIFFERENCES. With various re-
arrangements we will prove that we may assume that

8a) x, >d; Vi

8b) x, <2d; Vi,

8c) R=2(s—1)(d+1) (d:=min{d;:i>1}, s:=x,; —d),
8d) d<d;<d+1 Vi

8e) R<sd if d;=d+1 forsomei,

8f) R<(s+1)@d—1) or R=d%

See Appendix 10.

We have now reached the class of matrices of the types VI, VII, VIIL

We will prove that in each of these types I,, attains its minimal value
min(N, K), and that for each pair (N, K) there exist at most two matrices of
these types.

Our method is a lexicographical ordering « on the class of matrices of the
types VI, VII, VIII. We will prove that if M, « M, then K, < K, or K, = K,
and I, = I,,,. Further we prove that if M, « M, « M, then K, < K;. These
facts imply the theorem for the case sN? < K < $N(N — 1) (See Appendix 11).

CASE $N(N — 1) < K < 3N2
Assume that M is not of type IX. Then, by Step 3, we can move a one from
a corner point (i, j) above the diagonal (j > i) to a place (i, i,) at the diagonal.
We obtain a matrix M’
This transformation yields

Iy—Iy =HV,+H;V;+ H, V,, —H(V,— 1) = (H; - 1)V; —

J
—Hy + )V + D=H+ V= H, —V;, —1>(N—i+1)+
il =D —(N—i)—1=j—i+1>2

These last considerations prove Theorem 2. Od
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i i

REMARK. The two-correlation in the discrete case attains the infimum of the
continuous case (min(x)) only in the following cases:

- case a <% (type V),

L 1 N—1
—case s<a< <

— A2
3TN and R =4d? (type VI),

1
—caset<a< e and R =ds (type VII),

2 N

and of course (by the Complement Lemma) in the complements of these
configurations. In the other cases the (discrete) two-correlation will be strictly
greater than min(c).

EXAMPLE

We give in a table the solutions of the minimality and maximality problem for
N =10 and 26 < K < 55.

MINIMUM MAXIMUM

K Type d p R min(10, K) Type max(10, K)
26 VII 5 1 1 5 II1 142
27 VII 5 1 2 10 I 148
28 VII 5 1 3 15 II1 156
29 VII 5 1 4 20 111 163
29 VII 4 1 5 20

30 VII 4 1 6 24 II1 172
31 VII 4 1 7 28 II1 180
32 VII 4 1 8 32 11 190
33 VII 4 1 9 36 I 199
34 VII 3 2 1 42 I 210
35 VII 3 2 2 48 II1 220
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MINIMUM MAXIMUM
K Type d p R min(10, K) Type max(10, K)
36 VII 3 2 3 54 III 232
37 ViI 3 2 4 60 111 237
38 VIII 2 2 1 67 11 242
39 VIII 2 2 2 74 III 249
39 VI 2 3 3 74
40 VI 2 3 4 80 Iv 256
41 VII 2 4 1 88 III 263
42 VIII 1 2 1 96 I 270
43 VIII 1 4 1 104 III 279
44 VIII 1 6 1 112 III 287
45 IX 120 111 297
46 IX 130 III 306
46 I 306
47 IX 140 III 317
47 I 317
48 IX 150 I 330
49 IX 160 343
50 IX 170 III 350
50 I 350
51 IX 180 III 363
52 IX 190 III 370
53 IX 200 111 377
53 I 377
54 IX 210 111 386
54 I 386
55 IX 220 I 397

Appendix 1. (3.3. Symmetrization Lemma, Theorem 1)

We consider two cases:

bl"?

— 0\

\{J

e

cda

Case 1. a,b,c,d are all different. By permuting a, b, ¢, d it is no
restriction to assume that

V,+H,>V,+H,.

We have:

Iy — Iy = (H, + DV, + HG + D+ H(V,— 1) +
+(Hy— W, — HV, — HVy — HV. — HY,
=Vo+Hy—H.— V> Vo+ Hy— (V. — 1) —

—H,—-13>2
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Case 2. a = c (case b = d analogously). We have:
d " Ly — Iy = (H, + DV, = 1) + By + 1) +
|
b | +(Hy—1)V; — H,V, — HyV, — HiV4
¢ =V,—H,~1+H,—V,>
a TT 2d—-(b-1)—-14+a—(@-1)=2
a b d

Clearly this symmetrization can be done such that standard form is preserved.

Appendix 2. (3.4. Windowing Lemma, Theorem 1)

Proof.
Iy — Iy = Y (HVi—HV)
i=a+1,..., b
i=c+1,..., d

I
™

{H” + (V¥ +c)—HY +)VF + )} +

i=a+1,..., b
+ 2 {HX+aVi*+a)—H+aV! +a)}
i=c+1,..., d
= Y HEFVP-HV)+e Y HE+V-HI -VD+

i=a+1,..., b i=a+1,..., b

i=c+1,..., d

+ar Y HHVY—H = V) =Iyw — Ly

i=c+1,..., d

The last equality holds because the rearrangement preserves the number of ones (=K).

Appendix 3. (3.5. Local Reflection Lemma, Theorem 1).

Using the windowing principle we have

Ly—Iy= Y HPVY-H!VY)+ ¥  (HMV?-H'VY)=
i=at+1,..., b i=c+1,..., d
= Y VKH'- Y H!'V'+ Y VIH'— ¥ H'VI=O
i=c+1,..., d i=a+1,..., b i=a+1,..., b i=c+1,..., d

Appendix 4. (3.6. Contribution of a Square Lemma, Theorem 1)

We consider three cases in the (nearly-)symmetric situation:

N Casel. a# bM,,=1.

b Iy — Iy =b*+a®> — {b(b — 1) + ala — 1)}
=a+b.

a

055N
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N Case 2. a#bM,,=0.

b Iy— Iy =bb—1)+a@—1)—{(b — 17 + (@ — 1)}
=a+b-2

a

03 b N

N - Case 3. a=b.

a Iy—Iy=a*—(a—-1 =a+a—1

0 N

Note that removing both (a, b) and (b, a) leads to a decreasing of I,, by 2(a + b — 1). So, the average
decreasing of I,, per square is the sum of the coordinates minus 1, just as in case 3.

Appendix 5. (3.7. Spreading-out Lemma, Theorem 1)

First we rearrange M such that the quasi-block lays with its longest side along the longest segment,
i€ if Xpyp = Xemy > Vo1 = Vir2 804 Yo = Vw2 > Xppy = X4y OT i Xy — Xy < Ypoy = View2
and y, — Vi42 < X 41 — X1, then we reflect the quasi-block with respect to theliney =x — x, _, +
Yi+2-

By the Local Reflection Lemma I, is then invariant.

We consider the case x, . , — X,_; = Yi—1 — Vi + (the other case goes analogously). We spread out
the quasi-block from {x,_,, X, ] over {x,_;, X+ + 1].

Y

Yk+1

I
T

Yi+2
Xk—1 Xk Xk+1 Xk+2

If x,,, —x, =1, we add the ones from {x,,; — yi + Vi+1> %] X (¥ — 1, 3] to the remainder
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s X411 X Des 10 Vi — 1]. So we obtain y, — y,,, = 1, while I, is invariant by the Local
Reflection Lemma.

Yk T So we may assume that
Ve~ Yy = L.
YkarT —
Yk+2 :
Xk-1 Xk X+

Now we have two cases:

Case 1. If the remainder x, — x,_, is larger than (or equal to) y, ., — Vi +,, then we spread out by
moving <X — V1 + Vir 2o %] X i 15 Vid 10 Xy X 1 + 11 X (i Vaera 1

Yk
]
Yk T ‘
Y42 : L
Xk-1 Xk Xi+1

Case2. Ifx, — X, _; < Yiy1— Vs thenwemove {x,_;, %] X {yypsyJand {xy — Yy +1 4
Verz + %= X— 15 %411 X iwr — L Yiw 11 10 KX 15 X + 11 X (Y25 View1 — 1]

Yk
Yk I

Yk+2 t
Xk-1 Xk Xk

Considering the contributions of the various squares it is easy to see that in both cases I,, does not
decrease.

Iterating this procedure we obtain a quasi-block of the form {x; _,t] X (¥, 42,7+ 1JULt, x; , ,] ¥
{¥e42-7] (for some r and ¢). In the case x,, , — x,_, <y,,, — ¥,,,We spread out the quasi-block
vertically from (y,, ,, ».] over {y,,,,¥,_,]-
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Appendix 6. (3.8. Two Quasi-Blocks Lemma, Theorem 1)
In the symmetric case I, is in these four cases

3:19% 4+ 7-182 +3-102 + 162 + 6-142 + 4-132 4 8- 10% + 32 = 6348,
5:17% + 8162 + 162 + 6°142 + 10-132 + 1+ 5% = 6420,

12:172 419 + 1-6% + 6-14% + 3-13% + 8-122 = 6420, and

12-17% + 1-152 + 15-13% + 2-122 = 6516.

So first I,, increases by 72, then I,, is constant, and finally I,, increases by 96.

Appendix 7. (3.9. Last Step, Theorem 1)

Assume that M is of type A or B, but not of type L, II, IIL, IV.
We consider several cases and subcases.

Type A
Case 1. a< N/2andd=c=0.

We move 2g ones from {a—g,a] x (a—1,aJ]u{a—2,a] x{a—2,a—1]uca—-1a] x
{a—g,a—2]to<b,b+1] x<a,a+glula,a+g]x<bb+1].

CASE 1. b

DK XX
N

{2

XX XX

With the principle of the contribution of a square it is easy to see that I,, increases.

Case 2. a< N/2and (d > 0 or ¢ > 0).
‘We move ones from the ath row and the ath column to the b + 1th row and the b + 1th column and
(when there is no place enoughin the b + 1th row and the b + 1th column)also to the b + 2throw and
the b + 2th column.

In detail we have 4 subcases (whether or not the matrix is symmetric or nearly-symmetric and
whether the b + 2th row and column are needed).
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] b
X X
X (g X 9-1
X X
X
o
d g d
000 00O
(o] o) g
[} d o g
o¢+— o
X X X X X X X
a g1 b 2 31 b]
Subcase 2-1. M is symmetric and Subcase 2-2. M is nearly-symmetric and
a+d+g<N. a+d+g—1<N.
b K b
d d
g g
X
X X
(e e) o0
[} (o]
o g o g
X X
_1X IXX
B e e g —N e
2 ‘ d b 3 d-1 b
Subcase 2-3. M is symmetric and Subcase 2—4. M is nearly-symmetric and
a+d+g>N. a+d+g—1>N.

The squares marked with O are moved to squares marked with x .

From the principle of the contribution of a square follows that I,, increases under these
transformations.

Case3. a>N/2and N—a>b+1.
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_b
7 4
’ 1
Yy 1 A" -L____,
7
y d b |
7 ]
-=q
—— e ——
N-a !
C /’ \
_.___“—/— [
4 N-3 :
/
/ b |
’ i

First we reflect the quasi-blocks with size (N — a)b + d, (N — a)b + c resp. with respect to the lines
y =x + a, y = x — a resp. Then we spread out the quasi-blocks horizontally over [0, a], vertically
over [0, a] resp.

Now we consider the complement of the obtained set A,,. This complement is of the type as in case
1 or 2. By the Complement Lemma I,_,, increases when I,, does. So, with the methods of cases 1 and
2 (applied to | — M) we can transform M to another matrix and in this way we prove that the
maximum was not attained in M.

Case 4. a> N/2and N —a<b +1.

First we reflect two quasi-blocks of size (N — a)(N —a — 1) + d, (N — a)(N — a — 1) + c resp. with
respect to the lines y=x—(b+ 1)+ N,y=x— N + b + 1 resp., then we spread out the two
quasi-blocks of size (N—a—1)}b+1)+b+1—-(N—-a—-d),(N—a—-1)b+1)+b+1-
(N — a — ¢) resp., horizontally over [0, a], vertically over [0, a] resp.

Now we consider its complement and by an argument as in case 3 we are finished.
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T 7
L
1
- / |
N-a ,
// d
/
b
C
[ -4
71
a 7 |
Vi L
/
b /
Vs
N-a
Type B

The complement of type B is of type A.

above.

Again by the Complement Lemma we consider its complement and we deal with it as described

Now we have reached the matrices of the types I, IL, IIL, IV and so we have proved Theorem 1.

Appendix 8. (4.3. Under the diagonal Lemma, Theorem 2)

Case 1. j

IM—IM

Case 2. j=1.

Iy—I, =HYV,+H.Y,

> .

’=HiVx'+HjVj+Hi1V;'1+Hi1V}1
—HY,-)—H;—1)V,— H,(V; +1)
—(H;, + 1)V,

=H,+V,—H, -V, 2(N—-i+ 1)+
+ji=-WN—-i)=(;=1)

=j—iti—j,+2>3.

iy iy +HJ'1V]1 !

—H,-)V,-)-H, (V,, +1)
_(Hjl +1)V11

=Ho+ V=1 =H, ~V,>
>

WN—-i+)+i—-1-(N—-i)—-(,-1

=i, —j+122

The conclusion follows directly.

hh

O
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Appendix 9. (4.7. Moving to the diagonal Lemma, Theorem 2).

Assume that M is not of this kind. Take the first corner strictly under the diagonal (i,, j,) and the last
one (i,, j,) (so i, minimal and i, maximal).

We first prove that we may assume that if (i, j,) is a corner strictly under the diagonal then
(i, + iy — ) or (i, + 1,i,) is a corner.

If this is not the case, then we can move ones from the i;th column to the j, + 1th row (or, when
M;, ;1,j,+1 = 1to a row at higher level) and so on, until the second corner (i j) strictly under the
diagonal (with i > i; minimal) has the desired form. When the i, th column is exhausted, we continue
with moving ones from the i; + 1th column etc. We make the crucial observation that after the
moving of ones to columns to the right these ones changes I,, by horizontal sections on a higher
level; thus with smaller sections. So I,, does not increase.

/

}- 4

Analogously we can assume that if (i,, j,) is the last corner strictly under the diagonal (with i,
maximal) then (j, + 1, j, — 1) or (j,,j, — 1) is a corner point.

XX X |j2

We now consider two cases:

Case 1. iy =j,.
We use the Windowing Lemma. There are j, ones in the i,th column. Assume there are ¢ ones in the
Jath row (windowed).
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Moving a one from (i, j,) to (i, — 1, j,) yields

Iy—Iy=jit—=( =D+ )=t—j+1

and moving a one from (i, j,) to (i;,j, + 1) yields
Iy— Ly =it =Gy + D= =j—t+1.

At least one of these transformations decreases I,,, so the minimum was not attained.

Case 2. iy <J,.
Assume there are t ones in the j,th row. Moving a one from (i,, j,) to (i, — 1, j,) now yields

Ly— Ly =H, -V},

and moving a one from (i,, j,) to (i;,j;, + 1) yields

Iy—Iy =V}, —H.

g

i i

If HY, # V7, then clearly the minimum was not attained.

If HY, = V7},, then we can move ones from the i;th column to the Jj,th row (while I, is invariant)
until the column is exhausted or the row is full (i.e. the diagonal is reached); in both cases we have
one corner less lying strictly under the diagonal.

We conclude that we may assume that M has at most 2 corners lying strictly under the diagonal,
and that in this case the first corner changes I,, by horizontal sections at a higher level than the
second corner.
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Appendix 10. (4.8. Less inequality between differences, Theorem 2).

8a. x, >d; Vi.

First we prove that we may assume that x, > d, for all i.
Assume that x, < d; for some i, then we can move a one from R to (x;, ,, x; + 1) while I, decreases

(consider the changing of I,) by (N — x,) — (N — d,) =d; — x, >0, so the minimum was not
attained.

\r_~~\§\~ =ﬂ}-a-iw
\ "F
\  di
\ ]
[~ vy-"°°"
! l
|
[R H
X1 dj

8b. x, <24, Vi.

We now give an upper bound for x,.
Assume that the R ones lie in a a x b rectangle

{Gjra+1<i<a+bl<j<a}.

Because of local reflection it is no restriction to assume that a > b.
After a rearrangement we have the situation as in the picture.

First assume R < a-band b > 2 (the case b = 1 is left as an exercise to the reader, use 8¢). Then it is
possible to move a one from (x; + 1,x,) to (a + 1, a). This gives a decreasing of I,, by a — d, (con-
sider the changing of I,,).

So we can assume that d; > a > b, which implies x, = a + b < 2d;.
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When R = a-b we can reach the situation x,; < 2d, by local reflecting

8. R=(s—1)d+1).

In this substep we give a lower bound for R. Because

s —

d+s—1)7 d-s+17
+ 7 - 2 =@s—1d+1)

we may assume that R —s + 1 <(d + s — 1)?/4 (otherwise the statement is trivially true).

WW_’N

d+s d d+s -1 d+1

Aftter local reflections we obtain the situation as in the first above picture and by the Windowing
Lemma we restrict our attention to the R + (d + s)d ones in that picture. Because

R+@d+sd=R—-s+ N+@d+s—1)d+1)
we can transform the matrix and obtain the second picture with R’ = R — s + 1. This is possible
because R —s + 1 <(d + s — 1)*/4.

Note that R, > 0, else I,. is trivially smaller than I,,. We have

Iy —Iy=R—-s+1d+1)—Rd
=R—-(-1D)d+1

and the statement follows.

8d. d<d;<d+1 Vi
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We will prove that the d;’s cannot differ more than 1 from each other. Assume that d; = d + v for
some i and some v > 2.

This implies s =x, —d>d;—d=vand R>(s—1)d+1)>v— 1.

After the usual local reflections and rearrangements and windowing we obtain the next situation
(see figure below).

We decrease d; by one, and we add that to d, in practice this means the following. We move d ones
from the x,th row and v — 1 ones from R to the x,th column and we obtain a matrix with
R'=R —v+ 1. We have

Iy— Iy = R@d +d) + x,;did — (R — v + 1)(d + d,) — x,(d; — 1)d + 1)
=@—1)d+d;—x,)>0.

So the minmum was not attained, and the statement is proved.

AN d
1 N
\ ~
\ S
\ —————
\
|
|
|
- —>|
’ [}
| |
1
dj
I'uﬂ
X1 X'Z

8¢. R<sd if di=d + 1 for some i.

This time we transform as follows:

X1+1

From
R+x,d+1)=R +(x, + 1)d
follows

R'=R+s.
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The second configuration is possible because

x,+ 1% xi ox, 1
byt X 4 IS R4+s=R.
4 gt Tg7 Rt

We have

IL,—Iy =Rd+1)—(R+95)d=R—sd
and the minimality of I, implies

R < sd.
8 R<(s+ 1)d—1) or R =d>.

To prove this we consider some cases:

Case 1. s =d. Because R < 4x? =d? and (s + 1)(d — 1) = d% — 1 in this case, the statement is
clearly true.

Case 2. s =d — 1. Because R < (x, + 1)/2+(x, — 1)/2 = (s + 1)(d — 1) in this case it is trivially
true.

Case 3. s<d—2.

This last time we transform the first configuration with R + x,d ones to the second with
R’ + (x, + 1)(d — 1) ones (R" = R + s + 1). This last configuration is possible because

(x,+1? x} x; 1 25+2 1

et LY Rt R Y. ~>R 1
2 2 T tPRy——+ > R4s+

We have

Ly—Iy=R+s+1)d—1)—Rd=(s+1)d—1)— R

and the statement follows from the minimality of M.
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Appendix 11. (4.9, 4.10, 4.11, Theorem 2)
4.9. Representation by a triple
We represent a N x N matrix M of types VI, VII and VIII by a triple

@, p, R).
If M is of type VI or VII we define p:=¢. We extend the parameter s to type VI, where we define
s:=d and we extend the parameter g to types VI and VII, where we define q:=0.

We prove that (for fixed N) there corresponds at most one matrix M of the types VI, VII, VIII to
a triple (4, p, R).
LEMMA. Let N, d, p, R be integers. Then there exists at most one N x N matrix M of types VI, VII,

VIII with the triple (d, p, R).
Proof. We have

s+qd+1)=N—(p+1)d

with 0 < s < d. This implies

q= im(W)
d+1

and

s=N-—(p+1)d—-q(d+1).
Further, K follows now from

N2 — 2K = pd® + q(d + 1)®> + (d + s)> — 2R. 0
REMARK. The solution of the problem of the despot is represented by the triple (4,4,11). The
other parameters are N = 38, K =639, g =3, s =3.

Let #% x < My x be the subclass of matrices M with M;; = 0 for all i. It is more realistic to

consider this problem over .##% x instead of .4 .
Theorem 2 shows that this makes no difference for these values of the parameters.

4.10. Ordering on the triples

Let M,, M, be N x N matrices of types VI, VII or VIII with triples (d,, p,, R,) and (d,, p,,R,). We
write

M, <M,

if(d, =d, and p, = p, and R, < R,) or if (d, = d, and p, < p,) or if d, > d,.
We call M, the successor of M if

M <M,
and if there exists no matrix M, such that

M, «<M;«<M,.
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4.11. The successor

LEMMA. Let M be a N x N matrix of types VI, VII or VIII with K ones and with triple (d, p, R).
The successor M, of M is (distinguishing 16 cases) ‘listed below. Let K, be the number of ones
of the successor.

No. Type M Description case Triple Type K,
successor successor

1 VI R<d? d,p,R+1) VI K+1
2 VI R<(s+1)d-1) d,p,R+1) VII K+1
3 VIIT R<s+d d,p,R+1) VIIIT K+1
4 VI R=d? dp+1,1) VII K+1
5 V. R=(@s+1)d-1,p=1s=d-3 d—1,1,d* — 2d) VI K
6 VI R=(@s+1)d—-1),p=1s=d—-2 da-121) viI K+1
7 VI R=(s+1)d-1),p=1s=d—-1 d-111) VIIIT K+1
8 VI R=(+1)d-1),p=22,s=d—-2 @a-121 VIII K+1
9 VI R=(s+1)d-1),p=22s=d—1 d-111) VIIIT K+1
10 VI R=(s+1)d-1),p=1s<d—4 d—-1,1,(s + 1)d) VII K

11 VI R=(s+1)d—-1),p=>22,s<d—-3 d—1,1,(s + 1)d) viili K

12 VII. R=sd,g=1s=d—-1 d,p+1,d*—1) VI K

13 VIII. R=sdqg=1,s=d d,p+21) VII K+1
14 VIII R=sd,q>2s=d dp+21) VIIIT K+1
15 VI R=sd,gq=1s<d—-2 d,p+ 1,s(d + 1)) VII K

16 VI R=sdqg>2s<d-1 d,p+1,5d + 1)) VIiI K

We leave the proof as an exercise to the reader.
In the cases 5, 10,11, 12, 15 and 16 we have K, = K. Some easy calculations show that in these
cases we also have I, = I),. It is also easy to verify that if M; « M, « M, then K, < Kj.
These facts prove our next lemma.

LEMMA. Let M, M,, M, be N x N matrices of types VI, VII or V111, with K, K,, K, resp. ones.
If M <M thenK, =K, +1or K, =K, and I,y; = I,.
If M « M, « M, then K; > K,.

Now the theorem follows in the case N2 < K < $N(N — 1).
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