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On metric properties of substitutions
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Abstract. The metric theory of substitutions of constant length is developed. Some charac-
terizations of discrete spectrum in this class are given. Local rank one phenomen in a class of
some direct produts is examined. The measure-theoretic centralizer of bijective substitutions
is determined.

Introduction

Let r > 2 be a natural number. We will denote the set {0, 1, ..., r — 1}
by N,. Let N¥* = |J,>, N'. The elements of N* are called blocks. If B € N},
B = (b,...b,_,) then B[s, {] = (b,. . .b,), B[s, s] = B[s], and n is called
the length of B, |B| = n. These notations can be extended to the elements
of N’ in an obvious way.

Let A > 2 and 0: N, - N’. There is a natural extension of 6 to a map
from N¥ into N** and to a map from NZ into itself (denoted also by 6) given
as follows

O(..b_\bob,..) = 0(b_)0b)OB,) ... .

We denote by 6" the n-fold composition of 6. Such a map is called a
substitution of constant length on r symbols if

there exists » > 1 such that for each i, je N,

0"(i)[k] = j for some k (k depends on i, j). M

It is well-known that in N, there exist elements i and j such that for some p
the first symbol of 07(j) is j and the last symbol of 67(i) is i. We define
x, € N* as follows:

Xp[— A A =11 = 67()) ()
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Then x, is a fixed point of 6. Let T be the shift on N?. Let X(0) =
T"(x,): n € Z} denote the closure of the orbit of x,. Then (X(0), T) is a
uniquely ergodic dynamical system. We denote the unique T-invariant
measure by p. We will assume that the substitution regarded 6 is noncyclic
i.e.,, X(0) is an infinite set.

ReMARK. The reader should be able to find some of the terms concerning
ergodic theory which are undefined in the paper in the papers listed in the
References.

This paper is concerned with two measure-theoretic invariants for the class
of substitutions of constant length: the rank and the centralizer. In [11] the
first author has proved that for the substitutions on two symbols the rank
characterizes the discrete spectrum. In this paper we prove the following:

THEOREM 1. If 0 is a substitution of constant length then the substitution
(X(O), T, w has discrete spectrum iff T has rank 1.

Another characterization of discrete spectrum gives
THEOREM 2. The substitution (X(0), T, p) has discrete spectrum iff T is rigid.

In [2], Ferenczi introduced the notion of the local rank 1 property. Since
each finite rank automorphism has local rank 1, Theorem 3 below shows
that each ergodic product of a substitution of constant length (with partly
continuous spectrum) with any aperiodic automorphism is not a finite rank
transformation.

THEOREM 3. Let (X(0), T, u) be a substitution of constant length with partly
continuous spectrum and let t. (Z, m) - (Z, m) be any aperiodic auto-
morphism such that T X 1 is ergodic. Then T x 7 is not local rank 1.

COROLLARY 4. Let T’ be a local rank 1 transformation. Suppose T is sub-
stitution such that © and T are factors of T'. If T X t is ergodic then 1 is a
rotation on a finite group.

The corollary follows from the fact that T is disjoint from 7. Thus 7 x 7 is
a factor of T” and hence it must have the local rank 1 property.

The second invariant considered in this paper is the measure-theoretic
centralizer, C(T'). In [8] J. King introduced the notion of the essential
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centralizer EC(T) = C(T)/{T"}. In [10] the question of whether each finite
group is realized as the essential centralizer of some automorphism has been
raised. From [8] it follows that it is not possible for automorphisms with
rank 1. To solve this problem we introduce some definitions and notations.

Following [15] we say that substitution 6 of constant length A on r symbols
is bijective if

i # jimplies d(0(i), 0(j)) = 1 for i jeN, (3)

where d(b,b,. . . by, ¢,c;. . . ¢,) = card {i: b, # ¢;}/k. If this is the case,
then we may identify the columns in the matrix 6(;)[¢] with the permutations
{6y, ..., 0,_,} of the set N,, where i 0(i)[1]. Observe, that the group
G(0) < S, generated by {0,, . . ., 0,_,} acts transitively on N,. Without loss
of generality we may assume that 6, = id.

Let us denote by C(6) the centralizer of G(6) in S,. Now we can formulate
the following results:

THEOREM 5. Let 0 be a bijective substitution. Then
EC(T) = C(6).

Now, let G be a finite group. To realize G as the essential centralizer of some
bijective substitution it is sufficient to show that G is isomorphic to the

centralizer of some set {0,, 6,,...,0,} = S, for some r > 1, such that
G(oy, . .., 0;) acts transitively on N,. Let us notice that if G(o,, . . ., ;)
acts transitively on N, then C(G(a,, . . ., 6;)) = S, has at most r elements.

Consider now ¢, ¥: G — S, given by the formulas:
V(@) = gh and o@(g)(h) = hg™"
It is clear that ¥/(G) acts transitively on N, and C(Y/(G)) = ¢(G) = G.

COROLLARY 6. There exists an automorphism which is not weakly-mixing (in
particular which is not prime), with trivial centralizer.

COROLLARY 7. There exists a finite extension of some dynamical system with
discrete spectrum which has trivial centralizer.

As a problem, we state the question of what kinds of groups are realized
as the EC(T) for some ergodic automorphism 7 with partly continuous
spectrum. For further discussion we refer to the last section.



244 M. Lemanczyk and M.K. Mentzen

Proofs. We start with some definitions connected with the notion of sub-
stitution of constant length.

Let 0 be a substitution of constant length 4 on r symbols, and let x, be
a fixed point of 0 defined by (2). The number A(f) = max {n > 1: g.c.d.
(n, 2) = 1, ndivides g.c.d. {¢:x,[f] # x,[0]}} will be called the height of 0

(1], p. 226).
Substitution 6 is called pure if £(0) = 1 ([1], p. 229). If 6 is not pure then
there is a pure substitution 5 of constant length A such that

(X(0), T) = (X(n) x Z,, o)
where

Coi+ 1) ifi>h—1

h = h©) and o(x,i) =
(©) and olx D) {(Tx,O) ifi=h—1

(see [1], Lemma 17 p. 229).
The substitution # is called a pure base of 0.
If 6 is a pure substitution then the column number ¢(0) of 6 is defined by

(1], p. 230):

«6) = min min_card {0"(0)[], O"(D)[2), . . ., 6"(r — DA},

nzl 0t </

If 0 is not pure then its column number is defined as the column number of
its pure base.

The first fact which we use in our proofs is due to Host and Parreau
(Lemma 8 below). Suppose that 6 is a substitution of constant length 4 on
r symbols. Let i, j € N,. Set

dj = dO"(), 0°(j), n>1.
Then

dit' < (@ — (= Aedpatt = dj
which implies

dj ~oa, = 0.
Let

a = inf{a, > 0:4,j€ N,}.
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We define the equivalence relation ~ on N, setting

i~j iff a = 0.

1

If card N,/~ = 1 then the column number of 8 is equal to 1 and (X(0), T')
is an automorphism with discrete spectrum ([1] Th. 7 p. 223).

From now on we will assume that card N,/~ > 2.

Let n be the substitution on N,/~ defined by the formula

n@) = 00). @)
Let us take 0(i) = i,... 6, 0(j) =j, ...J;,, i ~j. We will prove that
i ~jfort = 1,...,A Assume on the contrary, thati, ~ j, for some ¢. This
implies

d0(i), 0(j)) = 1/

Hence
do'a@), 01 (j) = dO @) ... 0°G) - .. 0,
() ... 0) .. 0() = a At = ald+ 0,

a contradiction. It follows that i, ~ j fort = 1, ..., A. Moreover we have
obtained that for all i ~ j,

(@), " (7)) = a2

By virtue of Lemma 17 p. 229 in [1] we may assume that the height of 6 is
1, so the height of n is 1 as well. It is not hard to see that the column number
of 0 is equal to the column number of 7.

LEMMA 8. The substitutions (X (0), T) and (X(n), T') are isomorphic (measure-
theoretically).

Proof. Let ¢: X(0) — X (1) be defined by the formula o(x) = .. .7 i, . .

where x € X(0), x = ...i_,iyi, ... . Obviously ¢ is measureable and
@+ T = Tog. Since X(n) is uniquely ergodic, ¢ is measure-preserving.
Denote by ¢ the (common) column number of 6 and . Consider the diagram

X(0), T) - (X(n), T) = (Z(A), 7)
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where (Z(4), t) is the maximal (common) factor of (X(0), T') and (X(y), T')
with discrete spectrum. Z(/) determines unique 7-invariant partitions in
X(0) and X(n), whose atoms have c elements (see [1], Th 4, p. 231). Because
(Z(4), 1) is a canonical factor ([14], ¢ is an isomorphism. [ ]

The substitution 5 described above, enjoys the following property:
i #j implies d("(), n"(j)) = a >0, neN. (5
From now on we will consider substitutions satisfying (5).

LEMMA 9. Let 0 be a substitution of constant length J.. There exist L € N and
0 > 0 satisfying the following: If A = 0"(j,) ... 0"(j.),ne N, B = x,[p,
p + LA" — 1], where x, is a fixed point of 0 and if d(A, B) < & then

(@) d4,B) =0

(b) A" divides p.

We omit the proof since it is similar to the proof of Lemma 1 in [11].
We now are in a position to prove Theorem 1.

Proof of Theorem 1. The necessity is a well-known general result ([5]), so we
will show th sufficiency. Assume that the rank of (X(6), T) is 1 and T has
partly continuous spectrum. Applying Th. 3.1 from [6] to the time-zero
partition of X(6) we obtain that for each ¢ > 0 there exists a block S € N*
of positive measure such that for g large enough

x[0,g — 1] = P,S,P,S,P,...P,_,S,P

p—19%p

where

M=

1

|P| <e+q and d(S,S) <e i = 1,...,p.
1

Since u(S) > 0, S has the form:
S = w8 G)8G) . .. 0w,
L<t<iA(L+1D), wl<Ay, i =0,1,

for some n, where L is the number from Lemma 9.
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We intend to show that for each natural m the sequence x, has a sector
of the form

W = PSS PiiiSiia - Piom—1SusmPurm
where

|P,il < a-A"/4 (5a)
and

Sevi = wot"(iy) . .. 0"G)wy.
Indeed, take ¢ < min (a/8m - A- (L + 1), §/2). If (5a) is not valid then

e = q -aj'n = 94 > a > 2-¢-
Tz i+ 4 T Gt +2)° amiL + 1) %

a contradiction, Moreover, using Lemma 9 we see that d(S, S,) < ¢ implies

Sk = wl(;en(ll) R Gn(lz)wll(a

Since |P,, .| < aA"/4, there are three possibilities:
(a) foreachk = 1,...,m, |w| + [w| + |Px] = 0;
(b) foreach k =1, ..., m, |wy| + |w| + [Pkl = A
(c) foreachk = 1,...,m, |wy| + |w| + |P, ] = 24"
Now, we intend to prove that all these cases imply that x, has a sector of

the form QQ ... Q.

m times
Ad a Denote Q = iji,...i. Then W = 6'(Q) . .. 8"(Q) Since x, is a
fixed point of 6, x, has a sector QQ . .. Q.  mimes
Ad b In this case m times

W = 0"(jo)0"()0"()6"G) - . . 0"@)0"(GIO"G) - - . 8GO () - -

0" (0" (@) - . - 0"@)0" Uiesr) - - - 060" ()
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where
0'(ji) = witPwe™tt ko= 1, m.

We wish to show that j, = j, = ... = j, . Assumej, # j.
From the assumptions on S, S,,,, p = 1,. .., m we have

d(S, S,.p) = (dwg, wi™) = lw| + d(w,, wi*") « w,|)/S. (6)
On the other hand
a < d0'Gi), 0°G) = dOwi T Py owg ™ wit P wi
= (dwi™ Wit s wi | + d(Ps Pyt 1Pyl
+ dwg L W) = w2 < (AR, Wit - (wy |
+ dwg, Wit s Iwol + d(Pyis Pt |Pusil
+ dwg T W) < ol AR W) < )/
Combining this with (6) applied top = k, [, k + 1,/ + 1 we obtain
a < d(S, i Sivt) " ISIA 4+ d(Spiiis Spvrin) * 1SIA"
+ APy P )P/ < 26l SIA" + 26l S|/A" + |Pl/2" < 4elS|/A
+ad <42 (L+1)+ a4 < dal(L + 1)/8mA(L + 1)
+ a/4 = a2m + a/4 < a,

a contradiction. Put j = j,.
Denote

Q =ji...i,, LLt< ML+ 1.
Then

W= 0QrQ ... 0.

~—
m umes
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Since x, is a fixed point of 0, x, has a sector QQ ... Q.
Ad c NOW, m times

W= 0"(jo)e"G) . .. 0"G@)0" (e (iHe"G) - .

0"(i)0" (0" (0" @) -+ - - 0" - . 00" 0" (O @) - -

0"(i)0" i+ 0" G r) - - - 07O Uin)s
and
OO0 = WiTHP, o
It is clear that |P,, .| < aA"/4 implies

HURE| ;0 -l 70 -1

Wil = Bh o= o = e = "

Put Q = j'i,...ij°% L <t < AL + 1). Then

W= 0Q0Q) ... Q)

m times

and hence x, has a sector QQ ... Q.

m times

249

We conclude that in each case, x, has a sector QQ . . . Q, where |Q] <
= =

m tumes

AL + 1) + 2. Since m is an arbitrary positive integer and there is only finite
number of blocks of length at most A(L + 1) + 2, there is a block Q such
that for an infinite number of m’s, x, has sectors QQ . . . Q. Because x; is

m times

a strictly transitive sequence, there exists at most |Q| blocks of length |Q| with
positive measure. By virtue of Lemma 6, p. 225 in [1], X, is periodic, a

contradiction.

Proof of Theorem 2. Each system with discrete spectrum is obviously rigid.

Assume that (X(60), T) is rigid. Let

(] = {xe X(0): x[0] = i}, ieN,.

r

There is a sequence n, / oo such that

u{i1AT[i]) 5= 0.

k—x
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Take n, such that fori = 0,1,...,r — 1,
u((1]A T*[i]) < o/2r,

where ¢ is the number from Lemma 9. Let 4, = [i]A T™[i]. Since (X(0), T)
is uniquely ergodic,

1 N-1

N Z Yo T (%)) — w(4)| = 0.
1=0

Hence, for N large enough

N1
Z XT'A,(XO) <o, i = 0,1,...,r—1.
=0

=zl -

Therefore

r—1 1 N-1
Z <N Z XTIA,(XO)> <o

i=0 t=0

But the left hand of this inequality is equal to
1
Ncard {0 <5 <N — Lxgls] # xlne + s}

= d(x,[0, N — 1], xo[n, n, + N — 1]).
Thus, for n large enough
d(x,[0, L+ A" — 1], xo[n, + LA" — 1]) < 0.
Due to Lemma 9,
x[0, LA" — 1] = xy[n, + LA" — 1].
Since n is arbitrarily large,
X[t = x[n, + 1]

for all ¢ > 0 i.e., x, is a periodic sequence, a contradiction. |
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We can now prove Theorem 3. However, in order to do this we introduce
some further notations.

Let S: (Y, 7, v) - (Y, ¢, v) be an ergodic automorphism. Let P =
(Py, . .., P._,) be a finite partition of Y.

By P-n-name of y € Y we mean the block B € N defined by

Bli] = j iff S'(y)eP.

Foragivend > 0,1 > b > 0, we say B has a o-structure of a b-6-&,-block
if B is of the form B = y,¢,y, ... &y, and Zi_g Iy,| < (1 — b)(1 + 9)|B|.
dié, &) < .

In [12] there is a condition on S equivalent to the local rank 1 property.
Namely

S has local rank 1 iff for every partition P there exist &, and N such that
for n > N v{B: B has a J-structure of a b-3-£;-block} > 1 — J, where
v(B) = v{y e Y: P — |B| — name of y is B}.

Given 0 and t as in Theorem 3 we denote by O = (Q,, . . . , Q,_,) the time
zero partition for X(0), and in addition for fixed ¢ > 0, s € N let

0, = (4, r(A),...,t""(A),Z—TL:)O 7(4))

be the partition associated with an (e, s)-Rokhlin’s tower (4, t©(4), . . .,

T71(A)).

LetS =T x 1,Y = X(0) x Z,v = u x m. We will describe the P =
O x Q;,-n-names, n € N. To this end let us take a new alphabet

o = {(,j)ri=01...,r—1, j=01,...,5 — 1,5}
Now, observe that Q-n-name of x € X(0) is equal to x[0, n — 1]. Given
zeZleté = (&, ..., ¢,_,)beits Q; -n-name. Then ¢ can be described as
follows:

E = (Gi+1l,...,s—1,s8s...,s501,

s =18 s )),

and the number of s’s is less than ¢ - |£]. Now, the P-n-name of (x, z) =

((x[0], &), (X{1], €1) - - - (¥l — 11, &,21))
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Proof of Theorem 3. Let us suppose S = T x 1 has local rank 1 with the
corresponding constant b, 0 < b < 1. We fix se N and ¢ > 0 (¢ will
depend on s). Let Q;,, = Q’. From (7) there is a P-block &, |,| = ¢ and
N > 0 such that forn > N

WD = {(x, z) € X(6) x Z: P-n-name of (x, z) has an
e-structure of a b-e-&;-block}) > 1 — e.

)

From the definition of v it follows that Idy, x 1" e C(S) for all integer i.
Consider the sequence of the following sets

D, (Id x t')(D), (Id x t2)(D), . . ..

For a suitable choice of ¢ we can assume

v <h (Id % r'i)(D)> > 0.
=0

Hence there is (x, z) € (Id x t7')(D),i = 0, 1, ..., s which implies
(x,7(z)eD for i=0,1,...,s5.

Fork = 0,1,...,swedenote by H, = {i{", ..., i} the set of e-occurency
of &, on P-n-name of (x, t*(z)) given by the condition (9), i.e.

ie H if d(&, (x, @), i + |&| — 1]) < & (see Fig. 1).

7 (0 H(
i i

0 ° So, . & | So, n—1

(x, 2) i 1 i | t 1

o | |

! rO ! r I 60 1 n—1
(x, ©(2)) T i —+5 1

P | I

I | I .

I | & & I b &, n—1
(x, T(2) T —1 T 1 t 1

Lo Lo | I |
. 0, | Lo | I | n—1

i(O) l'(l) l‘(O) l'(s)

0 0 Jo Ts

Fig. 1.
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The key to our proof consists of the simple observation that
H, n H. =  for k # k’. Denote

S = (o> &) -5 (G €L
¢ = (Co--n 80

and
&= (- -s SR

Let us look at Fig. 2, assume H, n H,,, # J, and let i’ = i**?. We
denote the P-n-name of (x, t°(z)) here by

ER = (W R k=0, 1,...,s.
Let us observe that
AEO[0, 0 4 ¢ — 1], ERFDTED D 4 )
SdAdEEV L, )+ dEEREYL L)) < 2
From Fig. 2 it follows that if &%'[i] = E**2[i] then
EO[I] = 2s. (11

Letn = (25,25, ...,25), Iyl =1t

f’/
- — -
gy O @5 = DD 200 (s — 125 200 gy
l"?k)
]
é//
- — ~
o U2 29222012 e
l"}[c+2) 1

Fig. 2.



254 M. Lemariczyk and M.K. Mentzen
From (10) and (11) it easily follows that
ae’, n) < 2e.
On the other hand, if d(&”, E¥[i®, i + t — 1]) < &1 = 0,1,...,j;, then

dCEVT, i + 1 = 1], ) < 4e. (12)

But if ¢® has an e-structure of a b-g-&;-block then £*” has an e-structure of
a b-g-&”-block.

Combining (10) with (8) we obtain a contradiction and the proof that
H n H. = J, k # Kk, is complete.

By Fig. 2 we have that

e — & x[0,n — 1]) > card <U Hk> (13)

k=0

where
e — fr(&', x[0,n — 1])
= card {0 <i<n— L:dE, x[i,i + (& — 1)) < ¢}
Let us write & = &, &&,, where
E = 0“G)...0G), LSL <AL +1),
and

IENET = 1/2.

From (13) it follows that

4e — fr(&, x[0, n — 1]) = card <CJ Hk>.

k=0

By a suitable choice of ¢ > 0 we can assume
Sr(&, X0, n — 1)) = ) card (H)).
k=0

But &® has an e-structure of a b-ge-£y-block, kK = 0,...,s, so card
(H,) * & = (b — &)n which implies fr(&, x[0, n — 1]) = s(b — &n/|E’| =
(1/2)s(b — &) - n/|&|. But from Lemma 9

Jr&, x[0, n — 1]) < n/a".
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Hence

nfA* = fr(&, x[0,n — 1]) = (1/2)s(b — en/|f] = (1/2)s(b — en/L’ - 1.
Thus

1> (1/2)-s(b — ¢)/L" = (1/2)s(b — e)/A(L + 1).
This is a contradiction to a suitable choice of ¢ and s. [ |
Proof of Theorem 5. Let 0 be a bijective substitution. Assume that ¢ € C(T).
Fora.e. x € X(6), x is a unique concatenation of blocks of the form 6" (i) (we
call such a block n-symbol) for each #, i.e.,

X = .. 0700 Gy) ...
It follows that

px) = ... 000" () - - -
In this notation the zero-coordinate x[0] of x, satisfies

x[0] = 6"'Gy)[p] forsomeO < p < A,

where Z is the length of 0. The key observation is that

if x[0] = 6"Go)lp,] and o(x)[0] = 0"(j)lp, + ],

then ¢, is constant for n large enough (¢, = ?). (14)

(Actually this means that for all n, ¢, = ¢t mod A".) To prove (14) let us fix
¢ > 0 and let ¢, be the corresponding finite code of length m, i.e., @, is a
measurable map commuting with 7, mapping X(6) into N’, such that
¢.(x)[i] depends only on x[—m + i, m + i] and

lim d(@,(x)[—n, n] @(x)[—n, n]) < e (15)

Let x € X(0). Clearly ¢, maps each block of length s in x into a block of
length s — 2m. We fix k such that

miik < g (16)
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and

d(p (0" (p)), 0,(0(q) > 1 — 3¢ for p #gq. (17)

The inequality (17) follows from (15) and (3).

Let M be a positive integer such that on each block of length M which
appears in any x € X(0) there exist blocks ij and §j" and j # j'.

We divide ¢(x) into a sequence of groups of blocks consisting of M of
k-symbols. Thus there must exist a group 4 such that

dA, o). ..,..] < 2. (18)

To prove (14) it is sufficient to show that

L2k < 124 if 0<t, < A2 (19)
and
(A =)A< 124 if JF2 <1 < AN (20)

Indeed, if ¢,,, # f, then ., = t, + ai*, a # 0, and ¢, /A" = ¢,/
MKt alh > 1240 1., < A2 0r <1 — 1220 4, = )2,

Now, we prove (19). Consider Fig. 3.

In the block A there are blocks 6%(i)0“(j) and 0*())0*(j"), ] # j'.

1°. p = q. Since

d@ (DI, 4 —m — 1, GO0, 4 —m — 1)) = 1,
d(@. (0" (p), O“ DG - -, .. D + d@(0°(p)), DO G- - -, - D)

> (1, — m)/(A* — 2m).

i 6“(p) N ) 60“(q) .
X } ] l| T
I @ (Q*(P) '
@,(x) 2 — '
o |
”k—“‘l |
o(x)

t——1 1 — T 1
0k(i) T 05 (j) ... 6K() 65(J)

Fig. 3.
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This implies that
A4, o, ..,...D > (4, — m)/MI
Combining this inequality with (18) we have
2 > (t, — m)/ M.
Hence
15 < 2eM + m/ik < QM + 1)e < 124

for a suitable choice of e.
2°. p # q. Then

d(@. (0 (PO, 2 — m — 1, — 1], 9, (0" (@)I0, 1 —m — 1, — 1))
> W —m -1 = 3 - 2m)/ —m — 1)
and this implies
d(@ (0" (P[0, 2 — m — t, — 1], ()1, + m, * — 1))
+ do. O (L ... L OO ... .. )
> (= m— 1, — 3e(A = 2m)/AF — m — ).
We conclude that
2e > (A — m — 1, — 3e(A* — 2m))/ M
and
t, > A — 2eMAt — 3e(AF — 2m) > )2
This is a contradiction. The case (20) is similar to the preceding one and the
details are left to the reader. The proof of (14) is complete.
Let us denote ¢, = ¢. The constant ¢ depends on x, but since T is ergodic,
it follows that ¢ is constant for a.e., x.
If we replace ¢ by @ T~ then we may assume that x and ¢(x) have

thesame structure of n-symbols for each n, i.e., the n-symbols in x and ¢(x)
overlap each other (see Fig. 4).
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L I L b I T I —'I: h g b
X 1 _{ 1 1 i 1 I i 1 1
L _‘r h o I I T I —'I: T T
@(x) T I I I I I I 1 T I
Fig. 4.
L 00
X I 1
0 (i
o(x) i ) i
Fig. 5.

Let L be the integer from Lemma 9. For natural k and i, j € N, let 4/ (k)
denote the number of times that the situation shown in Fig. 5 occurs in
sector [— L/22*, L/2A*] of x and ¢(x) (i.e., A’ (k) denotes the number of the
pairs (6“(i), 0“(j)) such that 6*(i) and 6*(j) overlap each other).

If k is large enough then it is an easy calculation that for j # j’, either
A'(k) < 8Le or A'.(k) < 8Le for small e. This implies that for each i € N,
there is a unique j € N, such that

Ay(k) > 2L(r — 4re).
Due to this inequality we can define bijections ¥, k = 1 on N, as follows
Vi) = j iff Ay > 2L(1r — 4dre).

Using Lemma 9 it is clear that ¥, = ., for all k large enough. Let us put
Y = y,. Moreover, this map is common for a.e., x, and it is easy to see that

O = Yo

(we recall that the first symbol in 8(¢) is i for each i € N,).
Collecting results we have obtained that

@ = YoT™"

for some y € C(0) and n € Z. Clearly each transformation of this form is a
member of C(T'). Consequently

EC(T) = C(0)

and the proof of Theorem 5 is complete. |
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REMARK. We can apply the above arguments to a little bit more general
situation. Namely:

COROLLARY 10. Asssume that 0 and n are two bijective substitution of length
A on r symbols and (X(0), T) is isomorphic to (X(n), T). Then there exists a
permutation \y of N, such that

0 = yny~!

Some examples of infinite rank transformations with countable centralizers

In [16] Rudolph raised the question whether there exists an automorphism
with infinite rank and trivial centralizer. One can ask more generally whether
the centralizer C(T') express how complicated T is. One might expect this to
be true on the basic of the formula

C(T x T') = C(T) x C(T"), Q1)

but unfortunately this is not true in general —even if T L T’ (T is disjoint
from 7’([4])). Assuming that 7 L T’ we are interested in some additional
conditions such that (21) holds. In a letter, A. del Junco has observed that
(21) is true under the condition that T and 7" are simple ([7]).

We intend to exhibit a class of infinite rank automorphisms with countable
centralizers. We start with the following:

LemMma 11. Let t: (Y, &, v) — (Y, &, v) be an ergodic automorphism with
pure point spectrum and let T: (X, #, u) — (X, 4, u) be a finite extension of
T, i.e., there is ¢: (X, B, u) - (Y, L,v), T = 1¢p,card ¢~ \(y) = rfora.e.
yel.

Then T is coalescent (i.e., C(T) is a group ([13])).

The lemma easily follows from [14].

THEOREM 12. Let 0 and 0 be two bijective noncyclic substitutions of
lengths A and 1' resp. and on 2 symbols, where A and }' are odd, g.c.d.
“4, 1) =1

Then C(T x T’) is countable.
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A proof may be constructed from the following remarks:

1.

5.

T(T’) is isomorphic to a Z,-extension t,(t;,), where t(t") has discrete
spectrum with the group of eigenvalues equal to G{exp (2mi/A"): t = 0}
(G{exp 2mi/A’"): t = 0}), and 1, x 1, is ergodic.

7, X T, is isomorphic to the Z, @ Z,-extension of t X 7, (t X '),
(T X T )yuy (6 X), (6 ) = ((r x )%, X'), (@(x), @' (X)) + (i ])).
IfSe C((t x v'),.,)and §* = Id, then S = o,,,(k,1) e Z, ® Z,,and
ak.l((x’ x/)’ (lv j) = ((x’ X/), (k5 [) + (lv ]))' (Since —1 ¢ Sp(T X IJ))
S? = 1Idand Se C(r x t") imply S = Id ([14]).)

.SeCkx, x1,)and §* = Id imply S =1d x Id, S =0 x Id, S =

Id x ¢’,orS = 6 x ¢ where a(x,i) = (x,i + 1)and ¢'(x', j) = (x/,
j+ 1.

For every ergodic automorphism U: (Y, ) — (Y, p) there is a one-to-one
correspondence between nontrivial S € C(U) with §? = Id and measure-
able U-invariant partitions § of Y with the property that 4 € f# implies
card (4) = 2 fora.e. A € f.

For U = 1, x 1,,, the only measurable U-invariant partitions  with
card (4) = 2 for A € B are:

Bi = Muny X burzy 1€ (% 0), (X5 1) % ((x, 1), (x', i)
By = Eunzy X Mz i€ ((x, ), (5 00) 2 ((x, i), (x', 1)

B, suchthat ((x, i), (X)) = ((x, i+ 1), (x,j + 1)

corresponding to ¢ x Id, Id x ¢’, ¢ x o’ respectively.
If Se C(z, x 1) then either

S—(ﬂl) = p, or g(ﬁz) = B,.

Otherwise, since S is invertible (Lemma 11), we get either

S(ﬁz) = B, or S—(ﬁl) = B,.

Inboth cases, 7, x 7" = 1t x 1. Hencet, X t"hast, and t;, as factors.
From the proof of Th. .4 in [4] it follows that 7, L 7/, since 7, X 1, is
ergodic. Therefore 7, x 1" has 7, x 1, as a factor. Since 7, x 7" is a
Z,-extension of the system with discrete spectrum 7 x 7" and 7, x T, is
a Z, ® Z,-extension of t x 7/, it is a contradiction.

8. If Se C(z, x 1) then $*(B,) = B; and $*(B,) = B,.
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9. If U = U, x U, has a simple spectrum then C(U) = C(U,) x C(U,)
(since each factor of U is then canonical ([14])).

10. C(r, x v) = C(z,) x C(r') and C(t x 1,) = C(r) x C(r;,). (In
[12] there is a proof that the products t, x " and t x 7, have simple
spectra.)

11. If Se C(r, x 1) then §* = U, x U,, U, € C(z,), U, € C(1),).

12. If §,, S, € C(t x ) and S} = S7 then

S, = S, (since —1¢Sp(t x 7).

13. If Se C(r, x 1,) then S has at most four square roots ([7], Th. 2.1).
|

REMARK. If follows from [7] that the automorphisms 7, 7” used in Theorem
12 are not simple.

REMARKS ON FR_ cLaAss. Having proved Theorem 3, it is natural to work out
some subclass, say FR_ , of ergodic local rank 1 (Lr. 1) automorphisms.

TeFR_if T x 7t isnotlr. 1 assoon as

T x 7 is ergodic and 7 is aperiodic.
Then if T € FR appears as a factor of ergodic l.r. 1 automorphism 7, such
that in addition 7’ has another factor t with t L 7, then 7 is a rotation on
a finite group. Also, for ergodic powers of T, the rank of T*(rk(T")) is equal
to the rank of T x g, (¢, is a rotation on {0, 1,...,s — 1}). Hence
rk(T™) » oo for each sequence {n,}, n|n,,,,assoonas T € FR_ . Theorem
3 says that each substitution of constant length with partly continuous
spectrum belongs to FR_ . It turns out that FR_ contains lLr. 1 auto-
morphisms with zero rigidity ([9]). In particular, all L.r. 1 mixing auto-
morphisms are in FR,_ .

THEOREM 13. If T is an ergodic \.x. 1 automorphisms and if T has zero rigidity
then T € FR_ .

Proof. Suppose T x 7 hasl.r. 1 withconstantb,0 < b < 1. Then repeating
the considerations from the proof of Theorem 3 (with Q to be any finite
generator and x any generic point of 7)) we are able to obtain the following:

For any ¢ > 0 there exist a string &g, || = r (r sufficiently large) and a
sequence of natural numbers {i,,}, i,, + r < i, such that d(&, x[i,,, i, +
r — 1]) < ¢ and that the density of ;:_,[i,., i, + r — 1] is at least b/2.
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I [d 1 1 r r 1 1
X I L 1 T L L 1 IR
— ———
. . B . . B
lm jm lm+l ]m+l
\_——v*/ ~ —_—— —
& <
Fig. 6.

Furthermore there is j,, such that

A& X s Jw + 7 = 1) <& 0 < |jp —iwl = s

Denote B = &[j,, — i,, r — 1]. Hence we get a sequence {j,,},j,, = i, + §
(see Fig. 6), j,, + |B| — 1 < j,., such that d(x[j,,, j, + |Bl — 1], B) <
100¢ and the density of

U s Jm + 1Bl — 1] > b/100.
s=0

So, the assumptions of Rigidity Criterion ([9]) are fulfilled and T has no
zero-rigidity, a contradiction. [ |

Using the same arguments we have

THEOREM 14. If T is not rigid and has rank 1 with bounded number of columns
([3]) then T belongs to FR, . In particular Chacon transformation is in FR,,.

REMARK. Theorem 14 says that for Chacons transformation 7, T x T'is not
of local rank 1. Hence the problem whether T x T is L.B. remains open.
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