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Abstract. First given a Cohen-Macaulay isolated quasi-homogeneous singularity 1 describe the
resolution process based on Demazure’s work and generalize some results of Orlik and
Wagreich in dimension two. After using this resolution of singularities 1 calculate explicitly the
plurigenera for a Gorenstein quasi-homogeneous singularity in terms of an invariant called
index of regularity of the Hilbert function. In a second part similar calculations are given
for plurigenera of complete intersection singularities which are generic in the Newton

polyhedron sense. Proofs need the explicit resolution process developed by the author
in [7].

Introduction

The calculation of numerical invariants associated to isolated singularities
such as geometric genus, plurigenera gives a way to understand singularities:
for example rational singularities are those with geometric genus zero,
surface rational double points are those with all the Knôller plurigenera
equal to zero, and surface quotient singularities are those with all L2 -pluri-
genera equal to zero.

In Section 0 1 recall the definition of dualizing module and that of the
plurigenera (L2, Log or Knôller plurigenera). In the first section we intro-
duce an important invariant: the index of regularity of the Hilbert function
for a graded module over the ring of polynomials B = k[X1, ... , XI deg
xi = ei  1; this invariant appears in the literature in particular cases and
différent representations (cf. Lazard [12], Schenzel [13], Goto-Watanabe
[11]). In the fourth section we’ll express the L2 - and Log plurigenera for a
Gorenstein quasi-homogeneous isolated singularity in terms of this invari-
ant. The second section recalls some results of Demazure about normal

graded rings and we apply this in the third section to prove a resolution
theorem for isolated quasi-homogeneous singularities. The fifth section is
devoted to the calculation of the three plurigenera for complete intersections
generic in the Newton polyhedron sense.
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The author was inspired by the calculation of the geometric genus in
papers of Laufer [3], Merle-Teissier [5] and the author [7]. We prove that
effective calculation can be done for L2 and Log plurigenera; calculation of
Knôller plurigenera is more complicated. The proof shows in particular that
the three plurigenera depend only on the Newton polyhedron.

0. Dualizing modules, plurigenera

0.1. Let B = k[xl , ... , xn and U an ideal of B, we put A = B/ U, n-r =
dim A, and we assume that A is a domain. Denote by Q1/k (resp. Alk) the
B-module of differentials. (Sometimes we also work from the geometric
point of view and we will utilise the corresponding notations such Spec (A)
or the sheaf associated to a A-module.) Then we have the following funda-
mental sequence:

Recall that Q1/k is a free B-module generated by dx1, ... , dxn and
for P E U, 6( P) is the class of L7= 1 ~P/~xi dxi in QB/k QB A. Then this
last A-module is free and generated by 03B51, ... , En where El is the class

of dxl.

0.2. DEFINITION: Put ~ = 03B4(U/U2). We have a A-bilinear map

in the following way:
Let v E A’T and a E ^n-r03A91A/K, OC = Li 03B1i,1 ̂  ··· ^ 03B1i,n-r and Z E

^n-r(03A91B/k ~BA), z = 03A3 Zi,I 1B ... 1B zi,n -r such that zi,j is a preimage of
03B1i,J. With these notations let [v, 03B1] the element in A such that

Remark that because A is a domain, the singular locus of Spec(A) is of
codimension  1 and the generic point of Spec(A) is nonsingular, so by
tensoring with the fraction field K(A) of A this product becomes a duality
product.
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0.3. DEFINITION: The dualizing module of A is the A-module 03C9A:

We’ll call also cvA the dualizing module of X = Spec(A) and the sheaf
associated to this module will be noted úJx.

0.4. LEMMA: Suppose that U is generated by a regular sequence (1., ..., fk),
B and A are localized in the maximal ideal m = (x1, ···, xn ) and the
subscripts are arranged so that 6Xk+ 1, ..., 1 ô- is a basis of K(A) ~ 03A91A/k.
Then WA is generated by

where the denominator is the class in A of the jacobian determinant. In others
words 03C9 e WA becomes from z e K(A) Q A ^n-k(03A91B/k ~B A) such that

0.5. Plurigenera. Let (X, m) be a germ of a normal Cohen-Macaulay singu-
larity, dim X = d and Xreg the set of regular points of X. Let 03C9Xreg the sheaf
of d-regular forms on Xreg (remark that this is also the dualizing module on
Xreg). Let i: Xreg  X and put 03C9[m]X = i*(03C9~mXreg). Then 03C9[m]X is a reflexive rank
one sheaf for all integers m  1 and to Wx corresponds a Weil divisor KX
such that 03C9[m]X = OX(mKX).

0.5.1. If k = C we can define the sheaf L2/m03A9X of locally 2/m-integrable
m-fold d-forms as follows.

Let V c X be an open relatively compact set in the usual topology of X
and say

where (co ^ W)I/m is defined in local coordinates (zi, ... , zd): if co =

~(z)(dz1 A ... ^ zd)m then
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and the integral means lim V’ VBV’(03C9 A w)I/m where V’ moves in the

neighbourhoods of Xs,ng = XBXreg.
We give the following results of Burns [1]:

0.5.2. LEMMA: Suppose that X has only quotient singularities, i.e., locally
X is the quotient of an open ball B(O, e) c en by a finite group of linear
unitary transformations, where no element fixes an hyperplane in Cn . Then for
all V:

The following is a generalisation of Picard’s lemma:

0.5.3. LEMMA [9]: Let n:  ~ X be a good resolution of singularities, E the
reduced exceptional divisor. Then

0.5.4. DEFINITION: Suppose that m is an isolated singularity of X. Let n:
 ~ X be a good resolution of singularities, let E be the reduced exceptional
divisor. Then we define the plurigenera:
1) The Knôller pluginera

2) The L2 -plurigenera

3) The Log-plurigenera

REMARK:

1) The original definition of L2 -plurigenera is given in terms of the sheaf
L2/m 03C9X and here we use the lemma 0.5.3.

2) In dimension two one can find an exact formula for Knôller plurigenera
in [6].
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1. Graded rings, Hilbert function (cf. [8])

1.1. Let A be a Z-graded ring such that Am - 0 for m  0, Ao = k a field.
We assume that A is a k-algebra of finite type. This means that A is a
quotient of a polynomial ring B = k[X1, ... , Xn], deg Xi = ei  1. Let M,
N be two A-graded modules of finite type. We denote by HomA(M, N)
the graded module of A-homomorphisms; by ExtiA(M, N) the left derived
module of HomA (M, N) with its natural graduation, by M[m] the shift of
the module M, i.e. M[ml = Mi,m for all i E Z.

In what follows we will work in the category of B-graded modules of finite
type.

1.2. DEFINITION: The Hilbert function of M is given by H(M, m) -
dim Mm.
The Poincare series of M is given by F(M, 03BB) = Lm H(M, m)03BBm.

1.3. LEMMA:

1. For M as before, there exists h polynomials Qo, ..., Ah-1 with rational
coefficients such that

2. ~M, 3s such that there are s polynomials SI’ ... , Ss E Q[X] with rational
coefficients and al , ... , as s-rooths of unity such that

The proof of this lemma is first obtained for M = B = k[Xl, ... , X,]
and after we use the Hilbert syzygy theorem.

1.4. DEFINITION: The index of regularity of the Hilbert function is the integer
a(M) such that:

but
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1. 5. PROPOSITION:

1. a(M) doesn’t depend on the polynomials Qi which appear in the lemma. In
fact a(M) is the degree of the rational function F(M, À)

2. a(M) is the minimum of the integers such that

REMARK: If M is a Cohen-Macaulay B-module of dimension d, we know that
El = 0 ~ i ~ n - d and 03C9M = ExtB-d (M, 03C9B) is the dualizing module of
M.

1.6. COROLLARY: If M is Cohen Macaulay then

1.7. LEMMA: If f E B is a homogeneous regular element for M (i.e., a non zero
divisor in M) then a(M /.fM) = a(M) + deg f. In particular if ft, ... , fk is
a regular sequence in B then

EXAMPLE: Let B = k[X] with deg X = e  1; then the Hilbert function of
B is given by

and the polynomials Qi are Qo m 1, Ql - 0 for i = 1... e - 1; the Hilbert
function coincides with one of this polynomials for m &#x3E; - e.
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2. Normal graded rings

Let Z be a normal variety. We denote by Wdiv (Z, Z) the group of Weil
divisors on Z, i.e., the free abelian group generated by the codimension one
subvarieties of Z and Wdiv (Z, Q) the Weil divisors with rational coef-
ficients. For D = 03A3lrl Wi we set ~D~ = 03A3i~ri~Wi where LriJ is the integral part
of ri,
We associate to D the sheaf Wz given by

Then (9,(D) is a reflexive rank one sheaf and we have (!Jz(D) = (9,(LDI),
Hom(OZ(D), OZ) = (!Jz( -LDJ). We say that D E Wdiv(Z, Q) is a Cartier
divisor if D is a Weil divisor with integer coefficients and the sheaf (9z(D) is
a free (9z-module. Let D be a Cartier divisor and D’ a Weil divisor with
rational coefficients then the canonical morphism given by multiplication
in the fraction field K(Z) of Z:

is an isomorphism.
The following two theorems are due to Demazure (cf. [2]):

2.2. THEOREM: Let A = ~n0 An be a normal graded algebra of finite type
over a field k, T a homogeneous element of degree one in the field of fractions
K(A) of A. Consider the normal-k scheme X = Proj(A). Then there exists one
and only one Weil divisor with rational coefficients such that

in K(A) and

2.3. Demazure also describes a modification of the singulai-ity of the cone
Spec(A) in the vertex {m}, where m is the maximal graded ideal of A. Let
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and

2.4. THEOREM ([2]): C+ is normal and we have the following cartesian diagram
with 03A8 birational

and X is the geometric quotient of C+ (resp U(X, D)) by the k*-action. The
map n induces an isomorphism between S and X.

For the proofs of these theorems we refer to [2].

2.5. Moreover we have a one to one correspondence between codimension
one irreducible subvarieties of X and codimension one k*-invariant irre-
ducible subvarieties in C+ . This correspondance is given by

also, if

with (pV, qV) = 1, Demazure defines a homomorphism

and he proves that

1) div(T) - n*(D) + S E Wdiv(C+ , Z);
2) OC+(-rS) = ~nrOX(nD)Tn as graded C9c+ -modules and
3) for B e Wdiv(X, Z) we have



319

The following lemma is found in [10]

2.6. LEMMA :

1) Let D be as above and put

Then

where Kx is a canonical divisor on X. Moreover A is a Gorenstein ring if
and only if Kx + D’ is linearly equivalent to the divisor a(A)D where a(A)
is the index of regularity of the Hilbert function of A.

2) If A is normal and Gorenstein, Y = Spec(A), ’Y: C+ ~ Y as before then

3. Resolution of singularities process

3.1. Local description of maps n and IF in Demazure’s construction

The map n: C+ ~ X is affine, so let V an affine open set in X, V =

Spec(H0(V, OX)) and 03C0-1(V) = Spec(~n0 H0(V, OX(nD)), the map n

is then given by the inclusion of rings and 03C8: C+ ~ Y is given by the
restriction map

we have the following theorem obtained in collaboration with F. Knop.
During my stay in Chapel Hill J. Wahl showed me another proof.

3.2. THEOREM: With the above notations assume that Y = Spec(A) has only
an isolated singularity in the vertex {m}; then C+ and X have only cyclic
quotients singularities.
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Proof The statement is local and by 3.1 we can suppose that C+, X, U(X, D)
are affine varieties by the k*-action. We identify S with X. Let x, E C+ - S
and xo E X the unique point in X on the closure of k* · x,

Let F be the isotropy group of x1. By hypothesis U(X, D) ~ Y - {m} is
non singular so we can apply the Slice theorem who says that there exists a
stice E (non singular affine variety) invariant by the action of F such that
U(X, D) is the geometric quotient of k* x Y- by F, where the action of F is
given by

In other words we have locally a k*-isomorphism

In particular S is locally isomorphic to 03A3/F and this shows that S has only
cyclic quotient singularities. We’ll prove that in fact we have a geometrical
quotient

Consider the following diagram
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where r is the closure of the diagonal embedding of (k* x 03A3)/F in the
product of affine spaces (Al x 03A3)/F and C+. Both F and k* acts on Alk x L
in a natural way. Now it is clear that any point in Al x 03A3/F has a preimage
by BfI’ i.e., 03A81 is surjective and the same is true for Bf2’ also (Alk x 03A3)/F
and C+ are normal and affine so 03A81 and Bf2 are isomorphisms (cf. [4]
Lemma 1.8).

4. Computation of L2 - and Log-plurigenera for Gorenstein
quasi-homogeneous isolated singularities

4.1. THEOREM: Let ( Y = Spec(A), m) be a quasi homogeneous Gorenstein
isolated singularity then
1) the L2 - plurigenus Jm of order m is given by

2) The Log-plurigenus Àm is given by

where a(A) is the index of regularity of the Hilbert function of A.

4.2. COROLLARY: Let A = k[X1, ..., Xn]/(f1, ..., fk ) be a quasi homo-
geneous complete intersection isolated singularity; then the L2-plurigenera
and the Log-plurigenera can be effectively computed from the Koszul graded
complex:

this turns out to be equivalent to finding the number of integer points in some
polyhedra.

The proof of the corollary will follow from that of the theorem
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Proof of the Theorem. With the above notation let ~: + ~ C+ be a good
resolution of singularities and E’ the reduced exceptional divisor. Then
because C+ has only cyclic quotient singularities we have for any integer
m &#x3E; 0:

(In fact we have

for any integer j  m - 1) and:

where S is the proper transform of S.

REMARK: In the Gorenstein case, according to 2.6, K,, is linearly equivalent
to (a(A) + 1)03C0* (D) so S is not a fixed component of KC+.
Now using 4.2, 2.6 and the projection formula we obtain:

and the A-module associated to this sheaf on Y is

so

5. Newton generic complète intersections

5.1. DEFINITION: Let f ~ C[XI, ... , Xn] be, f(X) = 03A3 c03B1X03B1.
a) The Newton polyhedron of f 0393+(f) = Convex hull in Rn of

~c03B1~0{03B1} + Rn+;
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b) The Newton boundary of f: 0393(f) is the union of the compact faces of
0393+(f);

c) We say that f is convenient if for all i E [1 ... n] there exists ml such that
cmlXmli appears in f.

5.2. DEFINITION: Let f E C[X1, ... , Xn], 1 = 1... k a sequence of

convenient polynomials, TI+ their Newton polyhedra; for a E (R+)n we
denote

and

The sequence {f1, ..., fk} is said to be non-degenerate (with respect to
their Newton polyhedron) if for all 1  j  k and all a E (R+B{0})n the
following condition is satisfied:

In each point q ~ (CB{0})n such that fa1(q) = ··· = faJ(q) = 0 the differ-
entials dfa1(q), ... , df a (q) are linearly independent in the tangent space of
Cn in q.

In this case we also say that the germ Hk defined near the origin
by

is nondegenerate with respect to F’, - - - , 0393+k.

REMARK:

1) This is a generic notion in the Zariski topology sense:
2) We have only a finite number of conditions in a E (R+ B{0})n; in fact in

general the set {03B1 E 0393+l /a, 03B1&#x3E; = ml(a)} will have only one element and
a monomial is never zero for q E (CB{0})n.

5.3. THEOREM: Let fl , ... , fk E C[X, , ... , Xn] be a nondegenerate
sequence (with respect to their Newton polyhedron), let Hk - {x E Cn /
f1(x) = ···fk(x) = 01 be the isolated singularity defined near the
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origin by ft, ..., fk then the L2 plurigenera are given by

where R(A) designs the number of integral points fi with all coordinates

positive such that m( l, .. , 1) + fi is not in the interior of A. (+i means that
the term r¡+ is not in the sum.)

The same formula can be used to calculate the Log-plurigenera but the
meaning of the function R must be changed by: R(A) designs the number of
integer points fi with all coordinates positive such that m(1, ..., 1) + fi is not
in A.

Let me recall the following:

5.4. PROPOSITION: (Resolution of singularities) [7]. Let fl , ... , fk be a non
degenerate sequence with respect to their Newton polyhedra. Let Hj =
(x E en If. (x) = ··· = fJ(x) = 01. There exists a simplicial polyhedra
decomposition Y- of (R+)n and n: X03A3 ~ Cn where we note by X, the toric
variety defined by 03A3 such that:

1) XL is non singular and the restriction 7r: XL Bn-I (0) - XB{0} is an iso-

morphism.
2) For allj = 1 ... k the proper transform H of H is non singular near the

exceptional divisor and cuts it transversely.
3) Locally the map n is described as follows:

Let a be a simplex in L, i.e., u = ~a1, ... , an~ where al , ... , an is a basis
of Zn . Then n: XQ - Cn ~ Cn is given by

The proper transform fi, of Hj(j = 1 ... k) is locally described by the

polynomials l(y) defined by the relation

and l(0) ~ 0.
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5.5. LEMMA: Let n: k ~ Hk be the resolution map of 5.4 and w,, (resp. 03C9k)
the dualizing module of Hk (rep. flk) Let

by a generator of úJHk’ then

where  is a generator of úJ rh’

Proof. This follows from 0.4 and the formulas

with i(0) ~ 0.
From this lemma we obtain immediately the following:

5.6. LEMMA: Let A = k[X1, ... , Xn]/(f1, ... fk), p  0, m &#x3E; 0.

For a’ E L, ai E (RB{0}n and P E k[X1, ..., àg]

we note:

~aj, P~ = min {~aj, 03B1~/03B1 a monomial in Pl

and let P be the class of P in A.
Then:
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We have three particular cases:

1 st particular case. - p == m (Log plurigenera)

This means that for the monomials a in P a + m(1, ... , 1) is in the

Newton polyhedron 0393+((f1, ..., fk)m)

2nd particular case. - p = m - 1 (L2 -Plurigenera)

This means that for the monomials a in P a + m(1, ... , 1) is in the interior
of the Newton polyhedron 0393+((f1,..., fk)m).

3rd particular case. - p = 0 (Kn5ller Plurigenera)

Remark that in this case we can’t give a direct interpretation only in
function of the Newton polyhedron 0393+(f1 ..., fk) but also on the a’ E E.
In fact we need a precise description of the polyhedral decomposition Y- and
this is not known in dimension  3.
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