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ON UNIFORMLY REGULAR MEASURES

A. Sapounakis

1. Introduction
The concept of uniform regularity of measures on a compact space, a
property which allows uniform approximation of the measure on all
closed sets, was introduced and discussed in [2] and [3]. There, it is shown
that these measures, share a lot of properties with measures on metric
spaces. For instance, they have separable supports, separable Lp spaces,
1 p + oo, and their associated topological measure spaces can be
represented in a certain way by metric measure spaces.
Some extensions of the notion of uniform regularity in case when the
underlying space X is not compact are given in [5] and [6]. In this case,
there is no unique uniformity inducing the topology of X and thus the
notion of uniform regularity depends on a given uniformity 0//.
In this paper we examine the notion of uniform regularity in conjunction with the various uniformities which induce the completely regular
topology of X. In § 3 it is shown that a T-additive measure 03BC, which is
uniformly regular with respect to some admissible uniformity 0//, must be
universally uniformly regular (i.e. uniformly regular with respect to any
admissible uniformity). On the other hand it is proved that a universally
uniformly regular measure is necessarily T-additive, and thus extending a
result of Babiker [5] for measures on locally compact spaces, to arbitrary
completely regular spaces. Also here it is proved that the notions *-uniform regularity and universally uniform regularity are equivalent for
two-valued measures, which is not true in general for real-valued measures (see example 4.5 in [14]).
In § 4 the concept of uniform regularity is examined for measures on
product spaces. It is shown that a T-additive measure p on Xl X X2 is
uniformly regular if and only if its projections on Xl, X2 are uniformly
regular, thus generalizing a result of [4]. Finally it is shown by an
example that this result is not true in general for a-additive measures.

2. Définitions and

preliminary results

Let X be a completely regular (Hausdorff) space. By C(X) we mean the
of all real-valued continuous functions on X and by C*(X) the

ring
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subring of bounded functions. A zero set in X is a set of the form f-1(0)
for some f~ C(X). A cozero set in X is a complement of a zero set. We
denote by 88* (resp. B*0) the minimal algebra generated by the zero
(resp. closed) sets of X and by B (resp. 03B20) the family of Baire (resp.
Borel) sets, which is the a-algebra generated by B* (resp. B*0).
Baire measures and Borel measures are finite, non-negative, finitely
additive set functions defined on e* and f!4o* respectively. Further we
assume that all measures are regular in the sense of inner approximation
by zero sets in the Baire case and by closed sets in the Borel case. Finally
by a measure we shall mean either a Baire or a Borel measure.
A Baire

measure

jn is said to be

(i) a-additive, if for any decreasing sequence Z, of zero subsets,
0.
with ~nZn = Ø, we have jn(ZJ
if
for
u-additive,
every partition of unity we have 03A3a~Xfa
(ii)
d03BC=03BC(X).
(iii) T-additive, if for any decreasing net {Za} of zero subsets of X
with ~aZa = Ø, we have 03BC(Za) ~ 0.
For Borel measures, a-additivity and T-additivity are defined similarly
by replacing zero sets by closed sets, while the definition of u-additivity
remains unchanged. A Borel measure is r-additive iff its Baire restriction
is T-additive. Clearly the T-additivity implies u-additivity which in turn
implies a-additivity. Further a a-additive measure jn is u-additive if and
only if for every continuous pseudometric d on X there exists a d-closed,
d-separable subset of X with full it-measure [15].
Now let it be a Baire measure on X and the corresponding Borel
measure on 03B2X defined by
~

where f~ C*(X) and f is the continuous extension of f to 03B2X. Then the
additivity properties of jn are characterized in terms of the measure
theoretic properties of e as follows.
THEOREM 2.1. (KNOWLES [9]):
( a ) jn is a-additive if and only if e(Z) 0 for every zero set Z in 03B2X,
disjoint from X.
( b ) ju is T-additive if and only if ÎÍ ( K ) = 0 for every compact subset K of
03B2X, disjoint from X.
A similar characterization of u-additivity is given in [[11], Theorem
3.2]. For more information about the additivity properties of measures
we refer to [15], [9] and [16].
Now let 4Y be an admissible uniformity of X. A Baire measure 03BC is
called Q%-uniformly regular if there exists a sequence {Vn} c 4Y such that
for any zero set Z c X, Vn(Z) ~ 03B2* for all n and 03BC(Z) =
=
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If

replace
regularity for Borel
zero

we

Vn(Z) = {x~X:(x,y)~Vn for some y~Z}.
by closed we obtain the definition of uniform

where

limn~~03BC(Vn(Z)),

sets

measures

[5].

We note that for every sequence {Un} c: * there exists a sequence
{Vn} c 4Y such that V, c Un and v:,(E) is a cozero subset of X, for every
E c X. Indeed let Vbe the uniformity generated by ( Un}. Clearly ~H
and there is a continuous pseudometric p such that the family of all sets
of the form WE = {(x, y) : 03C1(x, y) ~) is a base of . Further for each
E c X, the set W ( E ) is open in the pseudometric topology induced by p
and so must be a cozero subset of X. If follows that there is a sequence
{Vn}~{W~}~&#x3E;0 with the desired properties.
This discussion suggests the following.
PROPOSITION 2.2: Let v be a Borel measure on X and Il its Baire restriction.
Then if v is *-uniformly regular so is 03BC. Moreover if v is r-additive the
converse is also true.
The last part of Proposition 2.2 follows from the simple observation
that for a T-additive measure P and a closed subset F of X there exists a
zero set Z c X such that F c Z and 03BD(F)
03BD(Z) (see Proposition 3.2 in
=

[5]).
We need one more definition. A measure jn is called universally
uniformly regular if it is V-uniformly regular for every admissible uniformity Gll of X. In [5] it is shown that every universally uniformly regular
measure on a locally compact space is r-additive.

3. Unif orm

regularity and additivity

Let u0 be the uniformity of X generated by all continuous pseudometrics
on X and C* the uniformity generated by the bounded continuous
functions of X. For a measure jn on X we consider the following

regularity conditions.
(i) ti is universally uniformly regular.
(ii) fi is W*-uniformly regular.
(iii) jn is &#x26;,-uniformly regular
Clearly since u0 is the largest admissible uniformity of X we have that
(i) (ii) (iii). The next theorem shows that for r-additive measures
these conditions are equivalent.
~

~

THEOREM 3.1: Let X be a

regular T-additive

completely regular space and 03BC a u0-uniformly
X. Then 03BC is universally uniformly regular.

measure on

PROOF: By Proposition (2.2) is is enough to prove the theorem in the case
when jn is a Baire measure.
Let Q% be any admissible uniformity of X. We first note that for every
zero set Z c X, there exists a sequence
{Uk}k=1, 2... ~ u such that Uk(Z)
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~ 03B2 and

n U~uU(z)
~ U~u ClX(U(Z)) and
This follows from the fact that Z
the T-additivity of 03BC.
Now by the hypothesis there exists a sequence {Vn}n=1, 2... ~ u0 such
that V2n+1 ~ Vn = V-1n for all n, Vn(A) is cozero for every A c X and
03BC(Z) = limn ~ ~03BC(Vn(Z)), for every zero set Z~X. For every n the
family {Vn(x)}x~X is a cover of X by cozero sets and using the T-additivity property of 03BC we can find a countable set Qn c X such that 03BC(Vn(Qn))
03BC(X). Set Q ~n~NQn, Y = ~ ~n=1Vn(Q) and J the family of all zero
subsets of X which are complements of finite unions of sets of the form
Vn(x), where x E Q. Clearly J is countable and using (*) we may find a
decreasing sequence {Uk}k=1, 2,... ~ u such that Uk(C)~03B2 and jn(C)=
lim k~~03BC(Uk(C)), for every C~J.
We show that 03BC(Z)=limk~~03BC(Uk(Z)), for every zero set Z c X.
Indeed set K = ~ ~n=1Vn(Z). Then for each x E Y~(XBK) there is a
nx~N and Yx E Q such that x ~ Vn (Yx) and Vn (Yx) ~ K = Ø. Using this
such that K ~ ~ nCn c
we can find a non-increasing
K ~ (XB Y). Then since 03BC(Y) = 03BC(X) we have
=

=

=

=

sequence {Cn} c 1i,

Thus the proof of the theorem is complete.
We note that in the proof of the above theorem the T-addi tivity
property is used twice. The second time it is used for sets of the form
Vn(x), which can be chosen to be open in the pseudometric topology
generated by {Vn}, so that what it is really used here is the u-additivity
property of jn. Using this idea and the fact that for every zero set Z c X
there is a sequence {Uk}k=1, 2,... ~ * such that Z = ~~k=1Uk(Z) we may
easily conclude the following.

COROLLARY 3.2 : Au-additive

measure

IL is

Oeo-uniformly regular if and only

if it is W*-uniformly regular.
We remark that a W*-uniformly regular measure 03BC is u-additive if and
if it is a-additive. Indeed by the W*-uniform regularity of ju there
exists a sequence {Un} ~ B* such that Un(Z)~B(X) and 03BC(Z) =
limn~~03BC(Un(Z)), for every zero Z c X. Then there exists a countable set
Q c X such that Un(Q) = X for all n. Now if d is a continuous pseudo-

only
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metric on X and S is the d-closure of Q we have that S is a zero set of X
and it (S) limn~~03BC(Un(S)) = it ( X).
It is natural to ask whether the assumption of T-additivity is important
in Theorem 3.1. The answer is given by the next theorem.
=

THEOREM 3.3: A
on a

universally uniformly regular, finitely
completely regular space X, is T-additive.

PROOF: Without loss of

generality

we

may

assume

additive

measure

that jn is

a

03BC

Baire

measure.

We assume (for the purpose of contradiction) that jn is not r-additive.
Then by Theorem 2.1 there exists a compact subset K of /3XBX such that
p(K) &#x3E; 0. We claim that without loss of generality we may assume that
(K) (03B2X). To see this define a linear functional I on B*(X) by
=

where

f denotes the Stone extension of f to 8X. Then by the integral
representation theorem there exists a Baire measure 03BC1 on X such that
I(f) = fXfd03BC1. It follows that 03BC1 is universally uniformly regular (since
jn) and 1(K) 1(03B2X), where Fi denotes the Borel measure on 03B2X
pi
associated with 03BC1. Thus the proof of the claim is complete.
Now for each x E X there is a function fx E C(03B2X) such that 0
x 1,
=

fx(x)

and fx ( z )

1
0 for every z E K. It follows that fxfxd it 0, where
is
the
restriction
to X. Let F ={f~C*(X):0f1 and
fx
and
*
the
uniformity of X generated by F. Then Q% generates
fxdit 0)
the topology of X. Indeed let U = (03BE~X : h(03BE) &#x3E; 0} such that h E C * ( X)
and 0 h 1. For x E U let g = fx h and e h(x)/2. Then g e,5?:’and
=

=

=

of fx

=

=

{03BE~X:|g(03BE)-g(x)|~}~U.
It follows by the
exists a sequence

that ti is U-uniformly regular and so there
such
that Un(Z)~B(X) for all n and
{Un}~u
for
every zero set Z c X. Moreover without
03BC(Z) = limn ~ ~03BC(Un(Z)),
loss of generality we may assume that Un {(x, y): |fl(x)-fl(y)| ~n,
i
1, 2,
n 1, where f ~J and En is a decreasing to zero, sequence of
numbers.
positive
For every n let Zn = {x~X:sup1~l~nfl(x) and Wn x cX : sup1~l~n+1fi(x)&#x3E; ~n+1}. Clearly Zn is a zero set, Wn a cozero set and
Zn~Wn c 2n+l. Moreover we show that for every zero set Z c X we
have

hypothesis

=

=

...

if

Z c

Zn

for

some n

Otherwise
Indeed if Z ~

(XBZn) ~ Ø for all n we can easily show that Un(Z) ~ XBZn
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for all

n.

It follows that

limn~~03BC(Un(Z))=03BC(X).
This in particular shows

03BC(Un(Z))03BC(XBZn)=03BC(X)

and

03BC(Z)=

U ~n=1Zn and so {Zn} is a regular
that X
in
the
sense
of
Thus
sequence
[17].
by Theorem 13 Part 1 of [16] there
exists a function g in C*(X) such that 0 g 1 and Zn = {x~X: g( x )
1 - 1/n}. Let g be the Stone extension of g and Zo {x ~ /3X: g( x )
= 1}. Then it is not hard to see that Z, is the support of (i.e. (V) &#x3E; 0
for every open subset V of 03B2X with Z0 ~ V ~ Ø) and since is a
two-valued measure we deduce that Z, is a singleton. It follows that
,8XBX contains a Gl) point which is a contradiction [Cor. 9.6 in [8]].
In [14] assuming the continuum hypothesis it is given an example of a
03C3-additive, B*-uniformly regular measure which is not r-additive. This
example can be used to show that the conditions (i), (ii) (in the beginning
of this section) are not in general equivalent even for a-additive measures.
The next result shows that (i), (ii) are always equivalent for two-valued
=

=

measures.

PROPOSITION 3.4:
T-additive.

Every two-valued B*-uniformly regular

measure on

X is

PROOF. Without loss of generality we may assume that p is a probability
Baire measure.
Assume that jn is not r-additive. Then there exists a point Xo E 8X - X
such that = 8xo (the Dirac measure at xo ). Now let {Un} be a sequence
in B* such that Un(Z)~(X) and 03BC(Z)=limn~~03BC(Un(Z)) for every
zero subset Z of X. Without loss of generality we may assume that
n} where fl E W*(X) and
Un={(x, y):|fl(x)-fl(y)|~n, i = 1, 2,
numbers.
is
a
of
decreasing sequence positive
{~n}
Define a sequence gn~C(X) by
where f, is the Stone extension of f, to X. Let Z, n ~n=1{x~03B2X: gn(x)
= 0}. Then Zo is a zero subset of 03B2X and Xo E ZOo Moreover we show
that if Z is a zero subset of X with jn(Z)=0 then Z0 ~ Cl03B2X(Z) = Ø.
Indeed if 03BC(Z) = 0 there exists an n such that 03BC(Un(Z)) = 0. Then for
each z E Z we have
...

gn(x)=sup1~l~n|fl(x)-fl(x0)|
=

and so Zo n ClpxZ = Ø.
Now let Xl E Zo such that xi =A x, (such xi exists since xo is not a Go
point of 8X). Then we find a zero subset Zi of 03B2X such that Xl E
ClpX(Zl ~ X) and xo e Zl. It follows that 03BC(Z1 n X) 1 though (Z1)
0 which is a contradiction.
In [5] it is given an example of a purely finitely additive, two-valued
measure it which is Wo-uniformly regular. Clearly by the above proposi=

=
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Il is not B*-uniformly regular and so we get an example showing
that (ii) and (iii) are not in general equivalent for two valued measures.
Moreover if we assume the existence of real-valued measurable cardinals
we can produce examples of a-additive, *,-uniformly regular measures
which are not B*-uniformly regular.
We now state two immediate corollaries of proposition 3.4.

tion,

COROLLARY 3.5: Let ju be a
Il is

two-valued finitely additive measure on X. Then
B*-uniformly regular if and only if it is universally uniformly regular.

COROLLARY 3.6: Every continuous ( i . e. 03BC*({x}) = 0 for every
B *-uniformly regular finitely additive measure it is non-atomic.

x

~ X),

In

[[1], Proposition 4.2] it is proved that every a-additive non-atomic
is B *-uniformly regular on points (i.e. 3 ( Vn In = 1, 2, ... ~ B* such
that 03BC*({x}) = limn~~03BC(Vn(x)) for every x E X). On the other hand in
[[10], Theorem 3.19] it is shown that a continuous, 03C3-additive, B*-uniformly regular on points measure must be non-atomic. Corollary 3.6
gives an analogous result for finitely additive measures, assuming a
stronger regularity condition. The following example shows that the
assumption of B*-uniform regularity of jn cannot be replaced in Corollary
3.6 by the weaker assumption of B*-uniform regularity on points.

measure

EXAMPLE 3.7: Let N be the set of all positive integers with the discrete
topology. For a fixed x E 03B2N - N we define a continuous measure ju on

N by

where

f E C*(N) and f is the unique continuous extension of f on 03B2N.
Clearly Il is atomic, though it is B*-uniformly regular to points. To see
this for n~N define fn~C*(N) by fn(x) = min{n, x} and Vn = {(x, y)

~N N:|fn(x)-fn(y)|1}. It follows that {Vn}n=1, 2, ...~ B*
limn~~03BC(Vn(x))=0 for each x E N.
4. Measures

on

and

product spaces

In view of Theorem 3.1 the notion of uniform regularity of a T-additive
measure p is not dependent upon a particular uniformity and so we will
just say that jn is uniformly regular.
We start this section with a lemma, the proof of which is easy and will
be omitted.

LEMMA 4.1: Let

f be a continuous,

open

function from

X onto Y and it

a
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T-additive, uniformly regular

measure

on

X. Then the

=

f(03BC)

image

measure

is also

uniformly regular.
We note that the hypothesis "f is open" cannot
above lemma, as Example 2.1 ill [4] shows.
We now give the main result of this section.

v

be

dropped

in the

THEOREM 4.2 : Let X1, X2 be two completely regular spaces and X Xl X X2.
Denote by p, the projection of X onto X,, i
1, 2. For a T-additive measure
1, 2. Then 03BC is
it on X let it, be the image measure of it with respect to p,, i
uniformly regular on X iff both 03BC1, 03BC2 are uniformly regular on X,, X2
=

=

=

respectively.
PROOF: By Proposition 2.2 it is enough to show the theorem in the case
when 03BC is a Borel measure. Clearly the previous lemma shows that the
uniform regularity of 03BC implies that of 03BC1, t’2Conversely, by the uniform regularity of 03BC1, 03BC2 we find two decreasing
sequences, say {Um} and {Vn} in u0( Xi ), u0( X2 ) respectively, such that
for every closed F1 c X1 and closed F2 c X2 we have

For each m, n we define
u0(X2) of X by

a

sequence in the

product uniformity u0(X1) X

We show that

for every closed subset F c X.
Let ffbe the family of all closed subsets of X of the form pl 1(F1) U
p-12(F2), where Fi is a closed subset of Xl, i 1, 2.
We first show that ( * * ) is valid for every F E ff. Indeed let F =
p-11(F1)~p-12(F2) then we have
=

and
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Now let F be any closed subset F of X. Then using the T-additivity
we may find a sequence { F, 1 cf,7such F c Fk for all k and

property of it

03BC(F)=03BC(~Fk).

It follows that

Thus ( * * ) is valid for every closed F c X and jn is uniformly regular.
The following result is a consequence of Theorem 4.2 and Corollary
3.10 of [14].
COROLLARY 4.3: Let it be a T-additive measure on X1 X X2, where Xl,
totally ordered, first countable spaces. Then 03BC is uniformly regular

are

Xl

X

X2
on

X2.

REMARKS 4.4:
(i) We note that Theorem 4.2 and Corollary 4.3 can be extended to
uncountable products but are not valid for uncountable products as
Example 5.5 in [3] shows.
(ii) Theorem 4.2 is proved in [4] in the special case when Xl , X2 are
compact spaces, 03BC1, 03BC2 are Radon measures on Xl , X2 respectively and jn
the unique Radon extension of the product measure 03BC1 X 03BC2.
We finally give an example showing that Theorem 4.2. is not valid in
general for non-T-additive measures.
EXAMPLE 4.5: Let S be the real line with the left-closed right-open
interval topology and X = S 2. Let D be the set {(x,y)~ S2:x + y 0}
and ti a probability, continuous, a-additive Baire measure on X with
jn(D) 1 (see Example 4 in [13] for the existence of such measures). We
will first show that li is not eo-uniformly regular.
We assume (for the purpose of contradiction) that ju is u0-uniformly
regular. We note that since X satisfies the countable chain condition, Il
must be u-additive (see Theorem 4.1) in [12]) and so by Corollary 3.2 jn is
B*-uniformly regular. Let (Un 1 be a sequence of elements in B* such
that U2n+1 c Un = Un1 for all n and 03BC(Z)=limn~~03BC(Un(Z)) for every
zero Z c X. Then it is easy to see that there exists a countable set Y c X
such that Un ( Y ) = X for all n. For n E N and y E Y we define a sequence
{pn,y}~ X such that
=

=
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Now let K be

a

compact (in the original topology) subset of R2 such that

K ~ DB{pn,y} and 03BC(K)&#x3E;0.

Set

Lemma 1.2 of [7] Z is a clopen set and 03BC(Z) 1. Further it is
that Un(Z)~ D for all n and so limn~~03BC(Un(Z)) 1 which is
a contradiction. Thus jn is not *,-uniformly regular though since S is a
closed subset of a totally ordered space (see Example 2.2 (b) and
Theorem 2.9 in [12]) every measure on S is uniformly regular (see
Corollary 3.10 in [14]).
Then

by

easy to see

=
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