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SEMINORMALITY OF CERTAIN GENERIC PROJECTIONS

Rahim Zaare-Nahandi

1. Introduction

Seminormality of generic projections has been conjectured by some
authors, such as E. Bombieri [4], A. Andreotti and P. Holm [1]. The
major objective of this paper has been in this direction. Our main result
is the following.

THEOREM: Let X be a nonsingular projective variety of dimension r > 6 over
a field k with char(k)+ 2, 3. Assume that X is suitably embedded. If
a: X — P" is a generic projection where (3r — 3) /2 < m < 2r, then w(X)
is seminormal.

For real varieties, a similar result has been proved when 3r/2 < m < 2r
by Andreotti and Holm [1, Theorem 25.1]. By completely different
methods the result has been proved for complex varieties in the range
(3r — 1)/2 < m < 2r by Adkins, Andreotti and Leahy [28, Corollary 7.5].
The case m =[(3r — 3) /2] is of particular importance. From the geomet-
ric point of view, the difficulty is due to appearance of the two following
types of singularities: points with several analytic branches where some
of them are non-linear, points of S(®-type singularity. Our theorem
covers this case as well. Adkins has recently proved that generic projec-
tions in all range are Lipschitz saturated which is a weaker property than
seminormality [29, Theorem 5.1].

Our basic method to check the seminormality of generic projectidns is
Proposition (2.10). At some points we have checked the seminormality
directly. A condition on the depth of certain modules which is needed to
complete the proof of the main theorem, is proved in the following
chapter.

An earlier version of this paper formed part of a Ph.D. thesis, written
at the University of Minnesota under the direction of Professor Joel
Roberts. I wish to thank him for his encouragement and for many
valuable suggestions. The appendix is an unpublished result of Professor
Roberts which we have used in this paper several times.
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We would like to refer to R. Hartshorne’s book of algebraic geometry
[8] for the notation and the techniques of modern algebraic geometry,
which will be used throughout this paper.

2. Preliminaries and some criteria of seminormality

All rings will be assumed to be commutative with identity. Let 4 be a
ring, let B be an overring of 4. The conductor of A in Bis (A: B)= {a €
A : aB C A} which is also the annihilator of the A-module B/A. Let K be
the total ring of quotients of 4. We denote by A the integral closure of 4
in K. (A: A) is called the conductor of A. We will let R(A) denote the
Jacobson radical of 4, i.e., R(A) is the intersection of all maximal ideals
of A. Let M be an A-module, for P € Spec(A4), we denote by M, the
A,-module S~'M, where S=A4 —P. If me M, we let m, denote the
image of m under the canonical homomorphism M — M,. We also let
k(P)=A,/PA,.

DEFINITION (2.1): Let 4 C B be an integral extension of rings. We define

;—A ={beB|b,€A4p,+R(Bp), VPeESpec(4))}.

+ A is called the seminormalization of A in B and if A = + A4 we say that
B

A is seminormal in B. If B is the integral closure of A (in its total ring of
quotients) we set +4 = +A4 and we say that A is seminormal if A = + A.

+ A is called the seminormalization of A4.
REMARK: Some authors for a ring 4 to be seminormal, besides the
condition 4 = + A, require that 4 to be a Mori ring [7,1.3]. A Mori ring
is a ring which is reduced and its integral closure is a finitely generated
A-module. Since algebro-geometric rings are Mori rings [27, Vol. I, page
167, Theorem 9, and Vol. II, page 320, Theorem 31], in dealing with
varieties the two definitions will coincide.

We recall Traverso’s characterization of the operation of seminormali-
zation.

PROPOSITION (2.2): (Traverso [24]). +A is the largest subring A’ of B
B

containing A such that:
(1) For each P € Spec(A), there is exactly one P’ € Spec(A’) lying over
P, and
(2) The canonical homomorphism k(P)— k(P’) is an isomorphism.

The following version of a result of Greco and Traverso will be used in
this paper.

THEOREM (2.3): (Greco and Traverso |1, Theorem 2.6].) Let B be a finite
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overring of the ring A. Then:
(a) The following are equivalent:
(i) A is seminormal in B;
(ii) Ap is seminormal in By, for all P € Spec(A);
(iii) A,, is seminormal in B,, for all maximal ideals m of A;
(iv) A, is seminormal in By for all P € Ass ,(B/A).
(b) Consider the condition
(*) every non-zerodivisor of A is a non-zerodivisor in B.
If (*) holds and A is S, then the conditions (i) to (iv) are equivalent
to:
(v) nil(B) C A and Ap is seminormal in B, whenever depth(A4,) =
1.
(¢) If (*) holds and A is S, then (i) to (v) are equivalent to:
(vi) nil(B)C A and Ap is seminormal in B, whenever P has height
1.

REMARK: The formulation of Greco and Traverso is the same as Theorem
(2.3) except that in (b) 4 is not assumed to be S, and the condition
nil(B)Cc 4 is not imposed in either (v) or (vi). Under such weaker
hypothesis the implications (v) = (i) and (vi) = (i) are not valid. As a
counterexample let 4 = k be a field, let B = k[x]/(x?). Then (v) and (vi)
are satisfied but 4 is not seminormal in B because +A =B. In the

suggested formulation the proof of the mentioned impllgications follows
from the argument given by Greco and Traverso and the following
lemma. Observe that Theorem (2.3) applies when B is the normalization
of a Mori ring A4.

LEMMA (2.4): Let K be a ring of dimension zero, and let R be a finite
overring of K. If nil(R) C K then K is seminormal in R. ( By dimension of a
ring we mean its Krull dimension).

PROOF: Let C= + K. We show that C,4 = K4, then since nil(C)C K,

by [7, Propositioﬁ 2.5, (i) = (1)] K is seminormal in C, which is not
possible unless C=K. If P,,...,P, are the prime ideals of K, then
K. . =K, X ...XK, where K,= K/P,. As C is the seminormalization of
K, Spec(C) consists of Q,,...,0Q, where Q, lies over P,, and since Q, are
also maximal ideals of C, C/Q,=K, But then C 4= C/Q,; X
.. XC/Q, =K, X ... XK, =K .

We will need the following result of Orecchia.

PROPOSITION (2.5): (Orecchia [17, the main result].) Let A be a noetherian
reduced ring with minimal primes P,,...,P,. Let A,=A/P,, and 1=
(A: II7_,A,). Assume that the ideals P,+N,,,_,P (i,h=1,...,n) all are
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unmixed of common pure height whenever N, ., _, P, # 0. Then the following
are equivalent:
(i) A is seminormal in I117_,A4,;
(ii) 1is a radical ideal in A;
(iii) For every associated prime P of I, the Zariski tangent space © y p of
X = Spec(A) at P is the direct sum of the Zariski tangent spaces
Oy p of X,=Spec(A,) corresponding to the minimal primes P,
contained in P.

NoOTE: Observe that we have
I=N_,(P+N,.P). (2.5.1)

We now recall that if R is a noetherian ring, and M is an R-module, an
M-regular sequence (or simply M-sequence) of length n is a sequence
a,,...,a, of elements in R such that a, is not a zerodivisor of M, and q, is
not a zerodivisor of M/(ay,...,a,_;)M for i=2,...,n—1, and
(ay,...,a,). M+ M. By depth (M) we mean the length of a maximum
M-regular sequence. Also, dimgz(M)=sup dim(R/P), for all P&
Assp(M).

The following result is well-known (c.f. [2, Lemma 1.4], or for similar
result [11, page 103, exercise # 14]).

LEMMA (2.6): Let A be a local ring, and let
0-L->M->N->0

be an exact sequence of finite A-modules. Then one of the following
statements must hold:
(i) depth L > depth M = depth N
(ii) depth M > depth L =1 + depth N
(iii) depth N > depth L = depth M.

We will need the following result of J.P. Serre [23, Chapter IV,
Proposition 12].

ProOPOSITION (2.7): Let (A, m) be a noetherian local ring, let B be a
noetherian ring, and let : A — B be a ring homomorphism. Assume that B
is a finite A-module via @, so that B is semilocal. Then depth M =
depth ;M.

NOTE: In the formulation of Serre B is local ring. However almost the
same proof applies when B is semilocal.

LEMMA (2.8): Let R be a Mori ring, let S be the integral closure of R.
Assume that S is a Cohen-Macaulay ring. Let C be the conductor of R.
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Assume that all minimal prime ideals of C have common height t. If P is a
prime ideal of R containing C, and of height h, then depth, (R,)<h—1
+1.

PROOF: Consider the exact sequence of R modules0 > R—> S —>S/R —
0. This gives an exact sequence of R, modules 0 > R, —> Sz_,—
(S/R)z_p—0. (Sg_p means (R—P)~'. S, and so on). Let 4 =R,
B=S;_,. Since S is a Cohen-Macaulay ring, B is a Cohen-Macaulay
ring. Since B is the normalization of 4, we have dim(B)= dim(A4)=
height(P) = h. Thus depthz(B)= dim(B)= h. Since R is a Mori ring, S
is a finite R-module, and hence B is a finite A-module. Therefore by
Proposition (2.7) we have depth,(B)=h. We now show that
depth ,((S/R)g_p)< h. Since CC P, P contains some minimal prime
ideals of C in R. Let Q,,...,Q, be all the minimal prime ideals of C
contained in P. By assumption height(Q,)=1¢, i=1,...,n. Since S is a
finite R-module, the conductor of 4 in B is C- A4 [27, Vol. I, page 269].
The minimal primes of C-A4 are Q,-4,...,0,-A. Since (S/R)g_p=
(Sg_p)/Rp=B/A, and by definition we have dim ,(B/A4)= dim(A4/Q,
- A), (Krull dimension), and

dim(A4/Q,- 4) =dim(R,/Q,R,) = dim(R,) — height(Q,R )
= height( P) — height(Q,)=h —t,

we obtain that depth,((S/R)g_p)<dim (B/A)=h—t<h. Now
applying Lemma (2.6) for the exact sequence 0 >4 - B— B/A -0,
since depth ,(B/A4) < depth ,(B), we obtain

depth ,(A4)=1+depth,(B/A)<1+dim,(B/A)=1+h—1t

=h—t+1.

COROLLARY (2.9): Let X be a nonsingular projective variety of dimension r.
Let w: X = P", r+ 1< m<2r, be a generic projection. Let § be a general
point of X' = m(X) of height h, which lies on Sing(X"). Then depth(0,. ,)
<r+h—-m+1.

PrOOF: By [18, Theorem 1], Sing(X") is equidimensional of dimension
2r — m. Thus an application of Lemma (2.8) fort=r— Q2r—-m)=m—r
implies the desired inequality.

We will impose the condition of being a Mori ring as part of the
definition of seminormality of a ring. We recall that a scheme (locally
noetherian) is said to be seminormal if it can be covered by affine open
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sets whose rings are seminormal. This is equivalent to having all local
rings seminormal. Also recall that such local rings are seminormal if and
only if their completion are seminormal [12, Theorem 1.20].

PROPOSITION (2.10): Let X' be a variety of dimension r > 2. Assume that
on each irreducible component of Sing( X’) there is at least one point y such
that Oy. , is seminormal. If for every non-generic point § of Sing(X’) we
have depth(0y. ;) > 2, then X' is a seminormal variety.

PROOF: By Theorem (2.3) we need to show that 0. , 1s seminormal for
every closed point y € X". If y is a nonsingular point, then 0, is a
regular local ring. Thus assume that y € Sing( X"). Let 4 = 0y. . Since X’
is a variety, 4 is a Mori ring. Thus by Theorem (2.3) it is enough to show
that 4, is seminormal for all p € Spec(A), whenever depth(4,)=1. In
other words, it is enough to show that 0., is seminormal whenever
depth(0y. ) =1 for every general point £ on Sing( X”). By the hypothesis
this may happen only whenever £ is a generic point of Sing( X’). Each
irreducible component of Sing( X”) contains at least one point y such that
Oy, is seminormal. For any generic point £ of Sing(X"), 0,., is a
localization of Oy, , for some y such that 0y, is seminormal. Thus Oy ¢
is seminormal.

REMARK: Let r > 2. For generic projections as considered in corollary
(2.9), we saw that depth (0y. ) <r+h—m+ 1, for every general point §
of height 4 which lies on Sing( X’). For h =m — r, £ is a generic point of
Sing(X"), and since X" is a variety we have depth (0. .)=1. If { is not a
generic point of Sing(X’), then A>m —r+ 1 and hencer+h—m+1>
2. For X’ to be seminormal, by Proposition (2.10) we require that
depth(0y. ;) > 2 for all such £ This condition is weaker than assuming
that X’ is S, variety. We also require that each component of Sing( X”)
contains at least one point y such that &,. , is seminormal. We will check
these conditions for certain generic projections. However we first like to
give an example to show that for “less generic” maps, it is possible that
there is no point y on Sing(X") such that 0. , is seminormal.

EXAMPLE (2 11): Let X’ be the surface given by f(x, y, z)=3x2y —y3 +
(x*+y%)?=01in C?, and let X be the normalization of X’. The singular
locus of X’ is the “z-axis” {x =y = 0}. We claim that on no point P on
Sing(X"), 0. p is seminormal. It is enough to check the claim for the
origin P =(0, 0, 0), as for any other point Q on Sing(X’) we have
Oy o= 0y p. Let A =0y, , =Cl[x, p, z]I/(f). Since f does not involve z,
and the curve given by fin C? has three simple analytic branchesat the
point (0, 0), X’ has three simple analytic branches at P and hence by
(2.5.1) the expression of the conductor of 4 is the same as the expression
of the conductor of C[[x, y]l/(f). It is clear that the curve f is not
seminormal (Fig. 2.11.1), hence by Proposition (2.5), the conductor of
C[[x, y1l/(f) is not a radical ideal of C[[x, y]]/(f)- Thus the conductor
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y

Fig. 2.11.1.

of A is not a radical ideal in 4 and hence 4 is not seminormal. Also
observe that depth(A4) = 2.
We now prove a partial converse of Proposition (2.10).

PROPOSITION (2.12): Let X' C P, be a variety of dimension r > 2, where k
is an algebraically closed field. Let r+1<m<2r—1. Assume that
Sing( X") is equidimensional of dimension 2r — m. If X' is seminormal then
depthOy. ) > 2 for every closed point y € X'.

PROOF: Let A=0 x.y and let .# be the maximal ideal of A. Since
depth(0. ,) = depth(4), and 4 is a complete noetherian local ring, if we
show that 4 has rational normalization (i.e., 4/(#,NA)= B/ #, for
every maximal ideal .#, of B), and Spec(A4)— { A } is connected, then by
a recent result of M. Vitulli [25, Proposition 3.4] we will have
depth(0Oy. ,) > 2. If B is the normalization of 4, and .#, is a maximal
ideal of B, then .#, lies over # and B/#, is a finite extension of
A/ M = k. Since k is algebraically closed, B/#, = k, thus A has rational
normalization. To show that Spec(A4)—{.#} is connected, we use a
result of R. Hartshorne [9, Proposition 1.1). Let 4 = k[[¢,,...,¢,,]1/P, N
...NP, for some integer n. It is well-known that the prime ideals
P,,...,P, all have height m — r. (For example this follows from more
general results in [15]. Because Oy. , is dominated by A4 in the sense of
[15, page 14], and hence the theorem of transition [15, page 64, (19.1)]
holds for 0. , and 4, and therefore by [15, page 75, (22.9)], the extension
of the zero ideal of Oy. , in 4 is equidimensional of dimension r). Let
V,=Spec(A/P,), i=1,...,n. These are the irreducible components of
V = Spec(A). Since codim ({ A }, V)=r>r—1, we need to show that
codim (V,NV,, V)<r—1fori, j=1,...,n and i #j. This is equivalent
to prove that ‘/P,. + P, # . for alli #j. But since a = k[[¢;,...,2,,]l/P, N
...NP,and k[[¢,,...,1,,]] is a regular local ring, by a result of J.P. Serre
[23, ch. V, Theorem 3] if Q is any minimal prime ideal over P, + P, we
have

height(Q) < height(P,) + height(P,) = 2(m —r).
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Since m<2r, 2m—2r <m and hence Q is not a maximal ideal of
k[[t,---,1,,]]. Therefore Spec(A4)~ { A } is connected.

COROLLARY (2.13): Let X be a nonsingular variety of dimension r > 2, and
let m: X > X' C P2~ ! be a finite birational morphism of varieties such that
Sing(X’) is equidimensional of dimension one. Then X' is seminormal if
and only if each irreducible component of Sing( X') contains at least one
point y such that Oy, , is semmormal and for every closed point z € Sing( X")
we have depth(0y. z) =

PrOOF: By Lemma (2.8), depth(®,..)<r—(r—1)+1=2. Thus the
corollary follows from propositions (2.10) and (2.12).

PROPOSITION (2.14): Let X C P/ be a nonsingular variety of dimension r,
embedded properly. Let m: X = P™ be a generic projection, m=2r or
m=2r—1. Then X' = w(X) is a seminormal variety.

ProoF: For m=2r, by [18, theorem 2], Sing(X’) consists of finitely
many points, and if y € Sing( X’), then A@X,‘VEk[[tl,...,tzr]]/l, where
I=(t,....,)N(t,,y,- .. 15,). Observe that here depth(fOX,iy) =1.
However 0. , is seminormal by Proposition (2.5), because the conductor
is (#y,...,15,)/1 which is a prime ideal of 0. ,. For m=2r—1if r=2,
then 2r — 1 =r+1 and this case is proved by Bombieri [4]. Thus assume
that » > 3. By [18, Theorem 3], Sing( X”) is purely of dimension 1, and for
all closed points on a dense open subset of Sing(X’), we have @X,’y =
kl[ty,... t5, 101/1, where I = (t,...,¢t,_)N(¢,,...,15,_,). The latter ring
is seminormal again by Proposition (2.5). By Proposition (2.10) to prove
the seminormality of X’ we only need to show that for the remaining
points on Sing( X’), we have depth(@ x.y) = 2. For these points if char(k)
#2, then 0, y_k[[tl, [ SREPT 2% SOUNNY lt,,t ?1], and if char(k)=2,
then @x =kt ot t t,, ,t, W t2+ 121, We will show that
depth(0 x.y) =2 by computmg % the conductor of 0,. o

Char (k) #2. Let A=k[[t),....t,_1, tytpsen st 1t,, t; ]] The normali-
zation of A4 is B = k[[1,,...,1,]] Let Ay =kl[[t;,...,t,_;, t}]] and let m be
the maximal ideal of 4. Smce B is a finite Ao-module and B/m- B is
generated by 1 and 7, as a k-vector space, by Nakayama’s lemma B is
generated by 1, ¢, as an A;-module. The prime ideal (7,,...,¢,_;) - B is
contained in the conductor because if g + Az, is any element of B, where
g h€ Ay, thent (g+ht,)=gt, +ht,t, €A, foralli=1,...,r — 1. On the
other hand since dim(Sing(X’))=1 and X is nonsingular, € has height
r — 1. Therefore €= (t,,...,t,_;)-B. Now we consider the exact se-
quence of A-modules 0 > 4 - B—> B/A — 0. If we show that
depth ,(B/A) > 1, by Corollary (2.9) and part (ii) of Lemma (2.6) we
have depth(4)> 2. We claim athat ¢? is a non-zerodivisor of B/A. let
f=g+ht,eB—A, g h€ A, Then h & € because otherwise f€ 4. As-
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sume that ft> € A4, then gt2 + ht}t, € A, thus ht?t, € A. Since ht} € A, we
have ht? € %. But h¢& % and % is a prime ideal of B, therefore ¢, € %.
This is a contradiction.

Char (k) =2. Let A =X[[t,,...,t,_1, titrre.ort,_qt,, t>+ 1] and 4, =
klltys-..,t,_,, t? + 12]]. Again the normalization of 4 is B = k[[¢,,...,1,]].
By the same argument as above B is generated by 1, ¢, as an 4 ,-module,
and €= (t,,...,t,_;). t?+1} is a non-zerodivisor of B/A, because if
f=g+ht, g h€A,, h& €and f(1?+1})E A, then h(t} +1))t, € F,
thus (1+1,)ht} € €, hence ht? € €, (¥ as an ideal of B), therefore
t, € €, which is a contradiction.

3. Seminormality of some strongly generic projections

In this chapter we will examine seminormality through the theory of
singularity subschemes. For basic properties of singularity subschemes
we refer to [21]. Let f: X = Y be a morphism of nonsingular varieties
over a field , with dim(X)=r, dim(Y)= m. Let x be a closed point of X
and y = f(x). For i > 0, the first order singularity subscheme of f, S,(f),
is defined by (i — 1)-st Fitting ideal of QY ,,, where Q) ,, is the sheaf of
relative Kahler differentials of X over Y. S,(f) is a closed subscheme of
X such that x& §,(f) if and only if dim, (%, ,(x)>i If k is
algebraically closed and x is a closed point of X, then x € S,(f) if and
only if the linear map of Zariski tangent spaces ©y . — 0, /., has rank
<r—i, where r=dim, (0, ,). The higher order singularity subscheme
S{P(f)c X — S,(f) is defined by the ¢-th Fitting ideal of @,-algebra of
g-th order relative principal parts corresponding to f. Then S{O(f)= X
— S,(f). For g > 1 if k is algebraically closed, and if x is a closed point
of X, then x € S{?(f) if and only if:

@) dim,[m,/(f*(m,)- 0, +m?)]=1, and

(ii) dim, [0,/f*(m,)-0,]> ¢+ 1,
where (0,, m, )= 0y ., (0,, m,)=0, ,and f*: 0, 0, is induced by f.

For d>1, let 2,(f)C Xx,...x X (d-fold fibre product) be the
complement of the union of all diagonals. If ¢,,...,q, are non-negative
integers, we regard S{9(f)x ,...x ,S{%)(f) as a subscheme of X
% y...x v X. Then by definition

S5 @-rq0) = Zq(f)O(SE(f) %y x , SEO( ).

On can regard 2 ,(f; ¢,,.-.,9,) as consisting of all d-tuples (x,,...,x,)
of distinct closed points of X such that (a) x, € S{%’(f),j=1,...,d, and
() f(x)) = .. =f(x,).

By [21, Theorem A], if X is a nonsingular projective variety of
dimension r, and r + 1 < m < 2r, then there is an embedding X C P/ for
some n such that if #: X - P/ is a generic projection, then
S,(7; q1,-..,q,) 1s either empty or of pure dimension ! =dr — (d — 1)m
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—-(m—-r+ I)Ej 1q,- If char(k) + (g, + 1) for all j, and if 7 is “strongly”
generic, then 2, (w; ¢,,...,q,) is nonsingular too. By [21, Theorem 12.1]
if x, eS‘“")(W) S (), j=1,....d, and if X' =a(X), y=f(x,),
j= 1,....d, then identifying @XX by kllt,....1]] and Opn by
k[[u,...,u,]], the induced map 0pm - I17_,0, x, ‘will be identified by
g=(81---,84), Where g k[[u,,...,u ]]—’k[[tp Sulhj=1,...,d are
defined as

g (u)=t, i=1,.,r—1
g (u)=1/""1+ 20 t] (3.0.1)

q(m ry+vtr

g (uy)=20_1t,, 1)t i=1,....m—r.

This gives the canonical form of @x', , for those points y such that if
y =a(x), then x & S,(7). By [21, Corollary 7.5] for generic projections
S, () is either empty or of pure codimension 2(m ~ r + 2) in X. We will
consider those values of m for which S,(7) is empty, namely m > (3r —
4)/2. For r even we get m > (3r — 2)/2, for r odd we get m > (3r — 3) /2.

For m =r+1 the assertion is proved by Greco and Traverso when
char(k) =0 [7, Theorem 3.7]. The inequalities m > r + 2 and m > (3r —
4) /2 are admissible for r > 6. So we will always assume that r > 6 and
m>3r—4)/2.

Observe that by [21, Corollary 1.2] for g > 0, and for strongly generic
projections S{?(w) is either empty or of pure codimension g(m —r +
1),and if char(k)t (g + 1), S{9(7) is smooth. If r is even and m > (3r —
2)/2, then g(m —r+1)> (qr)/2. Thus if g > 3, S{O(7)=p. If r is odd
and m> (3r—3)/2, then g(m—r+1)> q(r—1)/2. hence for ¢>3
again S{?(7w)=,0. Therefore in the range (3r —4)/2 <m < 2r, we will
only deal with S(7) and S (7). We also will always assume that
char(k) # 2, 3 so that these subschemes are smooth.

Also observe that since S,(7) =0, S{V(7)= S,(7) and hence if x € X
— S{(), the map of Zariski tangent spaces O, , = ©p. , has rank r,
where y = m(x). Therefore if X’ =« (X) is analytically 1rredu01ble at y,
we have O, , =0, .

We will need the following proposition.

PROPOSITION (3.1): Let A be a Mori ring. Then A is seminormal if and only
if A[x] is seminormal.

PROOF: By a result of Traverso [24, Theorem 3.6], a ring B is seminormal
if and only if the canonical homomorphism Pic(B)— Pic(B[T]) is an
isomorphism for any finite set of in determinants T, where Pic(B) is the
group of isomorphism classes of invertible sheaves on Spec(B) under the
operation ®. (cf. [8, page 143]). Also recall that a Mori ring B is
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seminormal if b € B, b2, b> € B, then b € B, where B is the normalization
of B [12, Proposition 1.4]. Let A be seminormal. Consider the following
commutative diagram:

Pic(A)—f> Pic(A[x][T))

Lo

Pic(A[x])

f and g are isomorphisms, thus 4 is an isomorphism and hence A[x] is
seminormal. Conversely assume that A[x] is seminormal. Observe that
the normalization of A[x] is A[x], where 4 is the normalization of 4. Let
be A and b%, b>€ A. Then b€ A[x] and hence b € A. Therefore A4 is
seminormal.

THEOREM (3.2): Let X be a nonsingular projective variety of dimension r,
r > 6, embedded appropriately. Then strongly generic projections m: X — P/"
are seminormal for all m, 3r —3)/2 <m < 2r.

PrROOF: For m = 2r and m =2r — 1 we have already proved this in fact
with no restriction on char(k) or r. Thus we assume that m < 2r — 2. We
will divide the proof of this theorem into four cases. Case 1; m > 3r/2.
Case 2; r odd, m = (3r — 1) /2. Case 3; r even, m = (3r — 2) /2. Case 4; r
odd, m= (3r—3)/2.

Case 1. m>3r/2. Let I=dim 2 (7; qy,...,4,). If 2¢_,4;> 1, then

=

I=dr—(d—1)m—(m—-r+1)2¢ q,
<dr—(d-1)(3r/2)—(r+2)/2=(r/2)2-d)—1.

Thus for d>2, 2 (7; qy,...,9,)=0. Therefore by the fact that the
number of analytic branches at a point y € X’ = #( X) and the number of
points as x € X such that #(x)=y are equal [16, Theorem 1], X’ is
analytically irreducible at every point x € S{? (=), ¢ > 1. Since

codim(S{? (7)) =q(m—r+1)>q(r+2)/2.

SP(m)=0 and dim(S(w))=(r—2)/2. We will apply Proposition
(2.10). By [18, Theorem 1], every irreducible component of Sing(X")
contains a dense open subset such that on this set @ x.y = klluy, .- u,1l/1,
where I = (uy,...,u,,_, )N (U,,_, 15---sU3,_,))- Thus Oy, , is seminor-
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mal by Proposition (2.5). Let x € S{(7) and y = 7(x), and let 4 = @X,.y.
By (3.0.1) we have

A=k([ty,esty s ity st it 12]].

Let B=K][[t,...,t,]]. Since by [18, Theorem 1] Sing(X’) has pure
codimension m — r in X’, and X is nonsingular, the conductor of 4 is
€= (t,...,t,_,) B. Thus by similar method as in Proposition (2.14), we
have depth(A4) > 2. Thus X’ is seminormal by Proposition (2.10).

Case 2. r odd, m=(3r—1) /2. 1f ¢_,q,> 1, then

I<dr—(d—1)3r—1)2—(r+1)2=(r—-1)(2-4d) /2.

Hence = ,(7; qq,...,4,) =0 for d>3. For d=2, I=[1—(q, + ¢,)l(r +
1)/2, which is negative if ¢, + g, > 2. If g, + ¢, =1, then / =0, i.e., there
are only finitely many points as y on X’ such that X’ has two analytic
branches at y, and if 77 (y)= {x,, x, }, then x, € S{V(7) — S{?(7) and
x, € X—SM(7). By (3.0.1) this means that one of the two analytic
branches is simple and another has an ordinary pinch point. Both of
these branches are seminormal. If ¢, = g, = 0, then /= (r + 1) /2. We will
directly prove that 0., is seminormal for such closed points y € X" by
usmg Proposmon (2.5). Let q1 =1, g, = 0. The integral closure of 0 X',y 18
OXW_‘(y) = 0Xx X 0Xx = klln,. .., 0, I X kllty,.. .0 ]l It g =
(81 8): me —>0XX X 0Xx is the map given in (301) then 0. =
klluy,... u ]]/(Ker(gl)ﬂ Ker(gz)) By [21, Theorem 12.1], g, and g, are
defined by:

g (u,)=1, i=1,...,r—1
gl(“r)=tr2

gi(u,, )=utt, i=1,...m—r

gz(u,)=t,, i=1,....m—r
g2(ur+l)=tm—r+1+,’ i=0,...,m—r
g,(u,)=0, i=m—r+1,...,r—1

Let P, = Ker(g,), P, = Ker(g,). By the appendix P, is a prime ideal of
k[[uq,...,u,]] generated by certain elements which only involve
UpyooislUpy_py Upy Uy qy...sU,,. Clearly P, = (u,,_,,1,...,4,_;). This would
imply that P, + P, is a prime ideal of k[[u,,...,u,,]]. If abe P, + P,, we
can write a = a, + a, and b = b; + b, where a,, b; do not have any term
involving u,,_,,,,...,u,_, and a,, b, € P,. Thus ab € P, + P, implies
that a,b, € P, + P,. But a,b, does not have any term involving

U, _pi1s--+>U,_q, thus @b, € P, and hence a, € P, or b, € P,. Therefore
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a€ P, + P, or b€ P, + P,. Therefore the conductor €= (P, + P,)/(P,
N P,) is a prime ideal of @X,‘y. Since k[[uy,...,u,,]]/P, is seminormal by
case 1 and k[[u,,...,u,,]]/P, is a regular local ring, 0. , is seminormal
by Proposition (2.5). If g, = g, =0, then again by [21, Theorem 12.1],
g = (g, g,) will be defined as

{gl(ul)=t17 i=1,...,r

g(u)=0, i=r+1,..,m

g (u,)=0, i=1,....m—r
g2(umfr+1)=t,7 i=1,...,r.

Thus Oy, , = k[[u,,...,u,]/I where I=(uy,...,u,_,)O(U, 1,...,1,).
Since m —r=(r—1)/2 <r+1, 0y is seminormal by Proposition (2.5).
For d =1, since codim(S! 2)('zr)) 2(m —r+1)>r+1, we have S@(7)
=p. If y=u(x) and x € S{’(), then Oy, is seminormal again as in
case 1. If x € X — S{V(7), then 0X .y 1s a regular local ring and hence is
seminormal. Therefore X’ is a semmormal variety.

Case 3. r even, m=(3r—2)/2. If = ,qj 1, then I<dr—(d—1)
Br—-2/2—-r/2=[r2)2—-4d)/2] + 1. Thus if d> 3, then
S (7 qy-5q,)=0. Let d=2, then I=(r/2)+1—-r(q,+q,)/2=r
[1— (g, + ¢,)]+ 1 which is negative if ¢, + ¢, > 2. Let ¢, + g, =1, then
!/=1. Thus Z,(m; 1, 0) is one dimensional, and if (x,, x,) € 2,(m; 1, 0)
and y = 7(x,) = 7(x,), then @ x., 1 seminormal. To see this observe that
with similar notation as previous cases, here g, will be defined as

g (u)=1, i=1,....m—r+1
gZ(ur+l)=tm-r+2+l’ i=0""’m_r
8. (u,)=0, i=m—r+2,...r—1.

Thus P,=(u,,_,4+15--->4,_1). The rest of the proof of @X,,y being semi-
normal 1s the same as the proof of similar part in case 2 considering only
this change in P,. If ¢, = ¢, = 0 by the same proof as in case 2, (9

seminormal. Now assume that d=1. If y = 7(x) and x € §{! )(w) - is
seminormal as before. However in this case dim(S{? (7)) =r — 2(m —r+
1)=0. Thus there are finitely many points as y on X’ such that if
y=a(x), x € S§{?(m). Since we have proved that 0,, , is seminormal for
all closed points y € X’ except for points y such that x =7~ '(y) € S@ (),
and since any localization of a seminormal ring is semlnormal all local
rings Oy, . are seminormal, where § is any general point of X" except these
closed points y. Thus by Theorem (2.3) and Proposition (2.12) X’ is
seminormal if and only if depth(d x',y) = 2 for these finitely many points.
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By (3.0.1) we have
Oy 2kttt + 1302t st + 1,12 0,1+ 22]].

By Corollary (2.9) the statement (ii) of Lemma (2.6) holds for the
corresponding exact sequence of modules, so it is enough to show that

depthy, (k[[1),....1,]] /0y ,) > 1

Let A=k[t,,....t,_y, tjt, +tst2,...,t,_1t,+t}] and B=k|[t,,...,t,]. We
need to show that depth A(B/A) > 1. This is a very delicate work to do
and requires more information about the structure of 4. In Chapter 4 we
will set up the required machinery of the theory of double point schemes
to compute the conductor of 4 and then using this together with some
more finer constructions we will prove that depth ,(B/A4) > 1. Therefore
X’ again would be seminormal. This in particular would imply that the
local ring k[[t,,...,t,_1, t;¢, + t5t%,...,t,_,t, + t]] is seminormal.

Case 4. r odd, m=(3r—3)/2. We will discuss this in two subcases
r=9and r=

(@). r=9. If 2" 1q,>1, thenI<dr—(d—1)(3r—2)/2=[(r—3)2 -
d)/2]+2. Slnce r=9, for d>3 we have /<0. For d=2 we have
I=(r+3)/2=(r=1)(q; + 9)/2 =[(r = D1 = (¢, + 4,)]/2] + 2, which
is again negative for ¢, +¢,>2. Let ¢, +¢g,=1, then /=2. Thus
2,(m; 1, 0) is two dimensional. The situation is similar to case 3. The
map g, will be defined as

g (u,)=1, i=1,....m—r+2
gZ(ur+I)=tm—r+3+l’ i=0"“’m_r
g, (u,)=0, i=m—r+3,...,r—1.

Thus P, =(t,,_,.3,---5t,_1). Therefore similar proof as case 3 works. If
q, + q, =0, again by the proof as case 2, the local rings at corresponding
points on X’ are seminormal. Assume that d=1. If y=a(x) and
x € S(m), O,  is seminormal. In this case dim(S((7))=r—2(m—r
+1)=1.If y=7(x) and x € S?(7), by (3.0.1) we have

~

Opy=kl[t,ety ity + 1012t _at,+ 1, 522 1, o1, +12]].

Thus O, , = ([t),...,1,_o, tyt, + 1222, .o t,_ot, + 2])[2,_]]. Since by case
3 the nng k[tl, ety byt + t2t .eosl,_ot,+1}] is seminormal, by
Proposition (3.1) and [12, Thcorem (1 20)] 0 x'.y 18 seminormal.

() r=17,(m=9). If Ej‘L]qj > 1, then / < 6 — 2d which is negative if
d>4. If d=3, then /=3-3(q, +q,+q3). Thus if g, +q,+ q,>2,
again /< 0. For ¢, + g, + g;=1 we have /= 0. Thus there are finitely
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many points as y on X’, such that X’ has three analytic branches at y, one
branch is an ordinary pinch point and two branches are simple. With the
notation introduced in (3.0.1), by [21, Theorem 12.1], the homomorphism
81> &2, & on k[uy,...,usl] into k[[¢,,...,2,]] are defined as:

g (u)=1, i=1,...,6
gi(u,)=13

gi(ug) =11,
g1 (ug) = 1,1,

g (u)=1, i=1,2
g2(ul)=0’ l=3’4
gZ(u4+i)=t2+l’ i= ’---sS
g (u)=1, i=1,...,4
g:(u,)=0, i=5,6

g (tgy,)=tsr,, i=1,2,3.

Let P =Ker(g,), i=1,2,3. By the appendix we have P, = (uuq—
Uyg, Uiu, — ud, uiud — ud, uju,u, — uguy). Clearly P, = (uy, uy), Py=
(us, ug). Let B=k|[u,,...,u5]]. Since B/P,, i=1,2, 3 are seminormal,
by Proposition (2.5), to show that 0 = B /( P, N P,N P;) is seminor-
mal it is enough to show that the 1deals P, +P, PP+ P;, P+ P,
P, +P,NP,, P,+P,NP;, P+ P NP, are radical ideals of B with
common pure height 4. It is clear that the ideals P, + p,, P, + P;, P, + P,
are in fact prime ideals. By the appendix, P, has height 2, and by [23, Ch.
V, Theorem 3] we have height(P, + P,)< 4. Since P, + P, contains a
subset of a system of parameters of B which consists of 4 elements, we
have height(P; + P,)=4. Similarly height(P, + P;)= 4. It is also clear
that height(P, + P;)=4. Now we show that the ideal P, + P, N P; is
radical. Let f" € P, + P, N P,. We can write f= g+ h such that ge P,
and h does not have any term involving u,, u,. Then " = gg, + h" for
some g; € B. Thus f" € P, + P, N P; implies that " € P, + P, N P;. Since
P, =(u;, u,) and h" does not involve u; and u,, we have h" € P, N P;,
thus h€ P, N P,, and hence f=g+h € P, + P, N\ P,. Similarly P, + P, N
P, is a radical ideal of B. To show that P, + P, N P, is a radical ideal
consider the homomorphism g,: B — k[[tl, Stk let O, = (5, 1,), Q5=
(15, ts). Then P, =g (Q,), P, =g '(Q3) and hence g7 (@, N Q5)=P,
N P,. Thus g, 1nduces a homomorphism B/(P, N P;) —
k[[ty,....t:01/(Q> N Q4). The kernel of this map is a radical ideal,
because k[[#,,...,2,]]/(Q; N Q5) is a reduced ring. But the kernel of this
map is P; + P, N P,. Therefore P, + P, N P, is also radical. Any minimal
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prime ideal over P, + P, P, or P, + P, N P, or P, + P, N P, has height
< 4, and since any of these three ideals contain a 4-element subset of a
system of parameters of B, such a minimal prime has height 4. Therefore
these ideals all are of pure height 4. Hence Proposition (2.5) now applies
to imply seminormality of @ x'.,- The seminormality of the local rings of
X’ at the other points were covered at part (a).

The proof of Theorem (3.2) is now complete.

4. Calculation of some conductors

In proving the seminormality of strongly generic projections we encoun-
tered with the fact that if y=a(x) and x € S{V(#), the conductor of
0 x'.y 18 @ prime ideal of the normalization of this ring. We also found an
explicit expression for the conductor. It is therefore tempting to ask this
question when x € S ().

Let X be a nonsingular projective variety of dimension r. Let r be even
and r > 6, and let m = (3r — 2) /2. We consider a strongly generic projec-
tion m: X > P". Let X' =#n(X). If y=m(x), x€SP(7) and X’ is
analytically irreducible at y, then we have

Oy =k[[tret, it + 1022,y 4 22]].
If ris odd, r > 7 and m = (3r — 3) /2, then
woy k[t ot + ekt + 2]

Our result will give explicit expressions for the conductors of these rings.
We will then prove the result needed in Theorem (3.2).

We need to recall some properties of the blowing up of an affine
variety along a closed subscheme of the variety which is a complete
intersection.

Let Y = Spec(B) be a nonsingular affine variety. Let Z = Spec(4)C Y
be a nonsingular closed subvariety of Y which is a complete intersection.
Thus 4 =B/I where I=(f,,...,f,) and d=Codim(Z; Y). Let ¥ =
PI‘OJ(B) be the blowing up of Y along Z, where B=B @ 1@ I’ ®.... Let
@: Y > Y be the canonical projection. The closed subscheme of Y,
E = Proj(B/I - B) is called the exceptional locus of the blowing up. The
underlying topological space of E is ¢~ '(Z). Observe that since

B/I-B=B®,B/I=(B&I&...)®,(B/I)
=(B®,B/I)® (I®,B/I)®...=B/I®l/I*® ...=gr,(B)

where gr;(B) is the associated graded ring of B with respect to /, we have
E = Proj(gr;(B)). The ring B, as a graded B-algebra is generated by
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degree one elements f,,...,f,. Thus ¥ = Proj(B) is a union of affine open
subsets D, (f,),-..,D,(f,), where D,(f,)=Spec(B,), and B, is the
degree zero part of B, i=1,...,d. Let us fix i=1. Observe that
B;,= B[ f,/f1,---.fa/11], because the elements of B, are finite sum of
elements of the form h/f" where h € I for some m, thus the elements
of B(m are polynomials in f,/f,,....f,/fr- Therefore D_(f,)=
Spec(B[ f,/f1>----f./f1]) = Spec(B| g;,---,84]) where g, € K, the ring of
quotients of B, and f,8,=f,, i=2,....,d.

We now restrict ourselves to a special case. Let X=A’, be the
r-dimensional affine space. Let Y = X x, X =A% and let Z = A , be “the
diagonal” in X x, X. Z is a complete intersection. Let r be even and
r>6, and m= (3r—2)/2. Define the morphism f: A’, - A} by
f(t,..5t,)=(uy,...,u,,) where

u,=t, i=1,...,r—1

u,= tr—ltr + 13

— 2
U= tltr + t2tr

2

o

U, =1t,_st,+1,_,t

m

Consider the morphism f X f: AY — A%2" where (fX f)
(sl S1,ee 8, )= (Uyye ooy, Vg, .. 50,), Ug,...,U,, are given in terms
of s,,...,s, in the manner that u,,...,u,, are given in terms of ¢,,...,¢,.
A C AR is given by the equations u,—v,=0, i=1,...,m. Thus (X

f)7'(Apn) is given by

t,—s,=0, i=1,...,r—1
3
.

Lt 4t} —s, s, —s>=0
b, + 1,17 — 515, — 5,52 =0

r
t,_at,+t,_t?— - 20
r—3%r r=2°% Sr—38, = 8,28, = 0.

Now consider ¥, the blowing up of Y along A,, and the canonical
projection @: ¥ — Y. While Y = Spec(k[t,,...,t,,51,.-.,5,]), Y is the
union of r affine varieties D, (¢, —s;), i=1,...,r. Let §,=(¢t,—s,)/(t, —
s,), i=1,...,r—1. Let U= D,(t, — s,). Then U = Spec
(k[tyy.e-stpy SppeeesS, €y e s €, 1) = Spec(klty,....t,, 8, &1, 6,_1]). U
is the 2r-dimensional affine space. EN U is given by ¢, —s5,=0. If J is
the ideal defining the subscheme ¢~ '((f X f)"'(A~)), then J C (¢, — s,).
Let Z, C U be the closed subscheme defined by the ideal (z,—s,)” .
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Observing that
2
tr—ltr 5,15, + t':‘; - 53 = [tr—l + tr + sr(tr + Sr) +sr$r—1] (tr - Sr)’

ht,— 515, + 2 — sys2 = [0, + 130, + 15, + 5, + 526, (1, 5,),

the ideal of k[¢,,...,t,, S,, &,...,&,_,] which defines Z, is
(gl,...,g,_,, L Hti4ts, +sP4sé,t + it +1,s,
+s,§, +s,2§2,...),
which is the same as
Ji=(&, b o 12, +sE G+l s, 0,
+t,_5t,+5,_,58,).

We claim that Z, = A{*2/2 The coordinate ring of Z, is
klty,...st,, 8, &8 1/ = k(... .1, s,]/P where

P=(t,_ +t241,5,+s3 i+ tot,+ 138, ... t,_y+ 1, 5t +1,_,5,).

But k[¢,,...,1,,5,]/P=k[t,, t4,...,t,_>, t,, 5,] because P is the kernel of
the homomorphism k[z,,...,¢,, s,] = k[t5, t4,...,t,_5, t,, s,] where
ty, t4,...,t,, s, are fixed and

f — —t,t,— t,s

r

tr—3 - _tr—Ztr—tr—-Zs

r

- —t2—ts, — s

Consider the morphism g: Z; — A’ where g(¢;,...,¢,,5,, §1,..-,&,_1)
=(#,...,1,), and let W = g(Z,). Then the following are known

(a) g is a finite morphism,

(b) W is the set of points of A’, where f is not one-to-one,

(¢) Z, is the normalization of W, W has an ordinary pinch point at the

origin, S{V(g) is smooth.

Notice that by our definition of f, the origin belongs to S{( f). For these
results we refer to [22, in particular Theorem 4.5], together with the
following explanations.

Observe that @ '[(fXf) W(Aam)=Z(f)NE, where Z(f) is the
“double point scheme of f”, E is the exceptional locus. The following
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diagram commutes
Z(f) = (Xx, X)~
4 P

P2
A, =X—> Xx, X=AY

where p, is the projection to the second factor. On the open set U,
introduced before, Z, and Z( f) are identical.

Now observing that the subvariety W is given by the prime ideal
PNklt),...,t,] where P=(t,_,+1}+1t,5,+52 t;,+t,t,+1,5,...,t,_
+1t,_,t,+1,_,s,) in k[t;,...,t,,5,], we can state our theorem. In the
proof we will use the results discussed above. We also assume that
char(k)+ 2, 3.

THEOREM (4.1): Let C be the conductor of A=k[t,,...,t,_, t;t,+
tyt2,...,t,_1t,+13). As an ideal of B=k[t,,...,1,], C is the determinantal
ideal of the matrix

’_ =
L 1)
1 ly
M tr—3 tr—2
= 2 )
tyt, e+ -4
2
tat,_ )+ 1t + 1,1 —t,
2
L_tr—Ztr—l +tr~'3tr+tr—2tr _tr—3_

i.e., the ideal generated by all 2 X 2 minors of M. C is a prime ideal of B of
height (r — 2)/2.

PrOOF: Consider the homomorphism h: k[u,,...,u,] = B defined by

h(u,)=1, i=1,...,r—1
h(ur) = tr—ltr+ 13
h(u,y) =01+ 1,1} (Recall, 7 is even and

m=(3r—2)/2).

h(um) = tr—3tr + tr—2tr2’



264 Rahim Zaare-Nahandi [20]

Then A = k[uy,...,u,,]/Ker(h). Let (M) be the determinantal ideal of
M. It is easy to see that (M) C C. By Nakayama’s Lemma B is generated
by 1, ¢,, t? as an A-module. Thus b € C if b, bt,, bt? € A. Considering the
relations

h(u,_y)=nt,+t,1]
h(u, p) =151, + 1,17,

by Cramer’s rule we have

{ (it —tyt3)t, = h(ugu, . —uyu,,,)
(tity = t,03) 17 = h(uyu, p — usu, ).

Hence t,7, — t,t; € C. Using the expression of /(u,) together with others,
we get the following relations

h(uZur)=h(u2ur—l +ur+1)tr_h(u1)tr2
= (tot,_ + 1yt + 13221, — 1,12

h(u4ur)=h(u4ur—1 +ur+2)tr_h(u3)tr2
= (tat,_y + 13, + .02 )1, — 1517

h(ur—2ur)=h(ur—2ur—l +um)tr_h(ur—3)tr2
= (tr—Ztr—-l + tr—3tr + tr—2tr2)tr_ tr—3tr2‘

Thus by Cramer’s rule as shown, we see that (M) C C.

To show the other inclusion we first show that P N k[¢,,...,t,]C (M),
where P is the prime ideal introduced before. Consider the inclusion
k[ty,...,t,]Ck[t},...,t,, 5], and the following change of variables in
these two rings

t,, =T, i=1,...,r/2
t=-T,— T,T,/2

ty3=~-T,_3—T,,T,/2
toy= =T, = 3(T,/2)°
s, =8 —T,/2.

r

These define isomorphisms of rings. In k[T},...,7,, S,] we have P =
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(-T._,+S8S* -T1+T,S,,...,—T._y+ T._,S,). Thus if we consider the
composition

¥ Yo
KTy, TS K[Ty o T S] S k[T Ty Ty T

re

51,

where ¢, is the inclusion, and y, is defined by

‘Po(Tzl)sz,, i=1,...,r/2
‘PO(Sr) = Sr
‘Po(Tl) =T,S,

l»l’o(Tr—3)= T, .S,
‘Po(Tr—l)zsrz’
then P = Ker(y,), PN k[T,,...,T.]= Ker(y, ° ¥,). Since ¢, o y{(T,)=

T, and 7, is not used in defining ¢, or {,;, we can apply the result of the
appendix for the homomorphism

(PO: k[Tl’ T2,...,T,_1] _)k[T27 T4,...,T,_2, Sr]

where @, is the restriction of ¢, o ¢,. Therefore Ker(g,) is generated by
(r —2)%/4 elements

LT, -T,T,

LL-TT, .., T 4T, _3—T, ,T, s
T,T, - T,T, .

(1)

T4Tr—3 =T 2T3

r—

LT, _;-T,_,T

{TzzTr‘l‘lev T42Tr—1‘T32 seees Trz—zTr—l_Trz—J (2.3)

LT, _, - IT;,
LTI, —ThTs

T, 1T, — ;T veoes LaT, 3T, =T, 5T, 4

: T4Tr~2Tr—1—T3Tr—3
TzTr—zTr—l -TNT,_4

(2.b)

Thus P N k[T,,...,T,] will be generated by these elements in k[T,...,T,].
Now by changing the variables back to #,,...,t,, we find out that
PN k[t,...,t,] is generated by certain elements in (M). A typical
element of group (1) is

LT — LT =t,(—t, = 1,0,/2) = t,(—t, = 1,1,/2) = i1, — 1,t5.
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A typical element of group (2.a) is
T~ =0(-t,_, - 362/2) = (=1 - t4tr/2)2
== —t,(tyt,_ + 151, + 1,12).
A typical element of group (2.b) is
LTI, ., — TI,T;
=tt6(= 1,21 =37/2) = (= t; = 1,,/2)(— t; = 1,1,/2)
= —tts— ty(tet,_y + t5t?) — (1316 + 1415)1,/2
=[=tsts =ty (tet,_y + 151, + 1622)] = (1326 — ta15)1,/2.

The first two elements are minors of M and the third element is
generated by two minors of M. Therefore we have

PNklt,...,t,]c(M).

Now we have PNk[t,,...,1,]C(M)C C. By [18, Theorem 1], any
minimal prime over C has height m — r = (r — 2)/2. By the result of the
appendix PN k[t,,...,t,] has height(r — 2) /2. Therefore we have C =
(M)=PnNkl[t,...,t]. The proof of Theorem (4.1) is now complete.

COROLLARY (4.2): Let A, B and C be as in Theorem (4.1). Then C =
Ann ,(t,), where t, denotes the class of t, in B/A.

PROOF: B is an A-module generated by 1, ¢,, t2. Thus C = Ann ,(z,) N
AnnA(E). Let a€ A and at, € A. Then since A4 is a ring, a’t,€ A and
a’*t?€ A. Thus a>€ C, but C is a prime ideal, so we have a < C.
Conversely assume that a € 4 and at> € A. Then a®t> € 4 and a*t? € A.
Let v=t,_,t,+1t), (vEA). Then t}=v—1t,_,t, and t}=vt,—t,_ 12
Since a*t? € A, we have a’vt, —t,_,(a*t?) € A. Since a’t? € A, we get
a’vt, € A. We also have a’vt? € A. Therefore a%v € C, i.e., a’t,(t,_, — t?)
€ C. Cisaprimeideal of Band ¢, & C,t,_, —t*& C, thus we get a € C.
We now prove the result which we used in Theorem (3.2).

THEOREM (4.3): As in Theorem (4.1), let A =kl[t,...,t,_;, t;t, +
12, .t t,+ 13, B=k[t,...,t,). Then

depth,(B/4) > 1.
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PrROOEF: Recall that we have assumed that r is even, r > 6, and m = (3r —
2)/2. Let v=1t,_t,+1}, wy=tt,+ 1,0}, W, _,=t,_st, +1t,_,t? Let
Ag=k[t;,...,t,_1, v]. We will find a “nice” generating set for 4 as an
Ag-module, and we then will use them to prove the theorem. Let K, and
K be fields of quotients of 4, and B respectively. K is an algebraic
extension of K, of degree three. Thus every element of K satisfies a
monic polynomial of degree three in K [x]. However B is integral over
Ay, so for each i=1,...,m —r, w, would satisfy a monic polynomial in
Ayl[x]. By the uniqueness of the minimal polynomial of w, in K,[x], the
minimal monic polynomial of w, in A,[x] is the same as the minimal
polynomial of w, in Ky[x]. In fact by direct calculation one can find the
minimal polynomial of w; in A,[x]. For example consider w, = t,z, + ,1?2.
By expanding (#,¢, + t,22), (#;¢, + t,¢?)* and multiplying out of (¢,_,z,
+ 3)(t,t, + t,¢?) we find that w, satisfies the following polynomial in
Ay[x]
x2=2t,t, x> —(3t,t,0 — 1212 — t}1,_ ) )x
—tv—tt3t,_w—t30?=0.

The elements w,,...,w,,_, satisfy similar polynomials of degree three in
Aol x]. This proves that the elements

witewize Loewinr w0, dg,ee i, <2 (4.3.1)

generate A as an 4,-module. We will produce another set of generators
for A. To demonstrate the techniques we first consider the “key” case
r=6,m=8. Let

zy = (10 = 1it5) 1yt + 1713
zy = (140 = t3t5)tat + 1327

2
2y, = (10 — 115) 1,6 + 1115185

We claim that 1, w,, w,, z,, z,, z,, generate A as an A;-module. Observe
that

wi = 20,80 + tytsw, =z,

Wi — 231,04 tytsw, =2,

wiw, — (t1t4 + t2t3)v tltswy, =2y,

wiw, = 2810w, + tytswiw, = 2w,
wiws — 2151, 0w, + t,tswiw, = Z,W,

2,2 2 20— 2
Wiwy — 2L380Wy + L toWi W, = Zowy .
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These relations imply that 1, wy, w,, z,, Z,, 22, Z;W,, Z2W;, Z,W; generate
A as an A,-module. We show that the last three elements are extra. Re-
placing 3 by v—tstg and t¢ by vty —tst? in the product zw, =
[(t2v — tyt5t5)tg + t22)(tats + t422), we get zw, = (tit0 + t3t,0°
— 1yttt V) + (— 12yt — t2ttsv + tityt 12 + 131,0) 6 + (15130 — 2,158
_ 42 2

titats)ts.
Now replacing #,22 by w, — t,t and 112 by z; — (1,0 — t,15)t,1, We get

zw, = (15150 + 31,07 — tyt30,050) + (1,1, — t315) 1,0t — 1y130W,
—lilztswy — I,t52.
Finally since (#,¢, — t,t;)t, = t,w; — t,w,, we have
zw, = (11150 + 31,07 — t10,1,150) + (1,20 + 13830 — t11515) W,
— LW, — 452,
A similar computation shows that
2wy = (1830 + 1,0307 — ty152,850) + (1,20 — 15130 — 11525) W,
+ 1t 0w — 12,
Thus z,w, and z,w, are extra. We also have
2 2 2,2
2wl = (z,w)w, = (1,830 + 1,220° — 1,151,415 )w,
+ (81240 — 13130 — t1585 ) (Wywy ) + 13t 0w — tytszwy.
Therefore by above calculations z,w? is also extra. The set
{1, wy, wy, 2y, 2,, 21, } is the favorable generating set for 4 as an 4;-mod-
ule. Observe that the coefficient of 72 in each of the elements w;, w,, z,,
z,, z;, does not involve ¢. This is the main point which makes the proof
of the theorem work. Incidently in this particular but important case of
r =6, it seems that the set {1, w;, wy, z;, z,, z;, } is a minimal generating
set for A as an A,-module. To check this for example one needs to show
that dim,(A4/(m, -A))>6, where m, is the maximal ideal of 4.

However we will not use this.
For general r, consider w,,...,w,, _, as before and let

2 2 :
2, = (10— ty,_1t,_)tot, + 13, _4t], I<ism-—r,
2, = (1,0 —ty, (t,_ 1)ty it, F tai gty 12 1<i<j<m-—r
iy 2 20—-1%r=1/)%2;%r 2i—1%2;—-1%r > = J s .
We first claim that 1, w,,...,w,, _,, 2,...,2,,_,, Z,, Wi W Wi
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1<i<jsm-—r, 0<iy,..ii,_, <1, i+ ...+i,_,>3, generate A as
an A,-module. The relations

2 = i = —
W — 2y, 1t 0+t W =12, i=1,....m—r,

show that in the list (4.3.1), wZ,...,w2_, can be replaced by z;,...,2,,_,.
The relations

wW; _(t21—lt2j + t21t2/——1)v + t21tr—1‘vj =2z

W 1<2<jgm—r,

7
imply that in the list (4.3.1) w,w, can be replaced by z, . The relations
2w, = (13ty, 0+ 131, 0> — 131, 1, _yv)
+(tty,0+ 131y, 0= ity a1, _1)w,
—ttow, =ty gz, zwi=(zw)w,  2<j<m-—r
would imply that in the list (4.3.1) all the elements

witewize L wimer i+ i

—r

mer 23, ij=2
for some /, are extra. To show this we may assume that i; =2 and
i,...,i,=1or 2 for some s, and i ,;=--+ =i,_,=0. Then w}-wj?-
cwleo= 28 Lowit. L w!s — tyt,_wiwst. . wh + zwit. .. w)s. Replacing
zw, or zwj (according to whether i; =1 or 2), from relations above in
zwst...w,;* and repeating this process for zws,...,z;w;s we find that
wiws...wi is generated by elements of the form w{ - wyj>...w/ and z,
where j,,...,j, =0, 1, 2 but the number of j,’s with j, = 2 is less than the
number of i,’s with i,= 2 in the monomial w{'...w,: we had started with.
Thus by induction on the number of i’s with i, = 2 we find that w{'...w/s
is generated by wy'...w/>s with j,=0, 1, j;+ ... +j, >3 and z,,...,z,.
Therefore the elements wi'...w,=-; with i1+ ... +i,_, >3, i;=2 for
some /, are extra. The second thing we do, we replace the elements
wito owr, 0<iq, i, <1, i+ ... +i,_, >3 by another element of
the form gr, where g € A,. This will also be proved by induction on the
number of w/»’s with i, =1, (this number is > 3 by assumption). For the

first step observe that by
wiwy = (12, + t3) 0+ 151, _wy + 2,
we have

wiwyws = (114 + 1513) oWy + 131, _wywy + 21,3,
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and we also have
_ 2
2yywy = (131,107 — 111 ,t6t, 0+ 1115250)

2
(= tytatet, 0 — ittt |+ b1yt 1)t

.
2
+(tytatsv — 112,158,y — titstst, ()t}

Since t,27 =w, — t;¢, and ts?=w, — tst,, we see that wyw,w, can be
replaced by gt, with g € 4. For inductive step it is enough to show that
if g1, € A with g, € 4,, then g,7,w, can be replaced by g,¢, with g, € 4.
We have

— 2
Sitwy = gitov — gttt + g1t

We can impose the condition that g, does not have constant term or a
term which is only a power of v as part of our induction hypothesis.
Consider each monomial in g, if it has a factor of ¢, for some j, replace
tzjt,2 by w,—1,, 4, if it has a factor of ¢, _; for some j, replace
ty; 11t} by z;,— (80 — tyt,_ 1)1, t,. Thus g,z,w, can be replaced by g,?,
where g, € 4, and g, satisfies the imposed condition on g;.

We have now produced a generating set for 4 as an 4,-module which
was desired. Namely 1, wy,...,w,,_,, z4,...,2,,_,, Z;,, 1 <i<j<m-—r
and some elements of the form g¢, with g€ A4,,.

We now prove that depth ,(B/A) > 1. Observe that since B is gener-
ated by 1, ¢,, ¢ as an 4,-module, by a result due to J.P. Serre [23, Ch. IV,
Proposition 22], B is a free A,-module of rank three. We show that 7,_, is
a non-zerodivisor of B/A. Let f€ B— A and ft,_, € A. For convenience
let us denote all the non-constant elements we just obtained as a
generating set for 4 as an A-module, by w,, i=1,...,n. Then ft, ;= «,
+ow; + ... +a,w, with ag,...,a, € A,. We may assume that «y,...,a,
€ k[t,,...,t,_,, U], because if a;=B; +¢,_,v;, with B, € k[t,,...,t,_,, v]
and y, €4, then [f—(y, +yw + ...ty w)lt,_1 = By + Byw; +
... +B,w, €A, and if we show that f— (v, + ... +v,w,) €A, then fE€ 4.
Thus assume that «, oy,...,a, € k[t,,...,t,_5, v]. Since the coefficient
of ¢ in each w, only involves t,,...,¢,_,, the coefficient of 2 in the sum
ag+ aw; + ... +a,w, only involves ¢,,...,¢,_,, v. Now let f=g, + gt, +
ht? with g,, g, h € A,. We may assume that g, = 0, because (f — g,)¢,_,
€ A and if f— g, € A4, then f € A. Thus we have

iy

ftr—l = (gtr—l)tr-i-(htr—l)tr2
=ay+(at; +ayts+ )t + (ot +ast, + .82

r

Since 1, ¢,, t? is a free basis for B as an 4,-module, we have a, =0 and
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ayt, + ayt, + ot + ...=ht,_;. Since the LH.S. only involves
ty,...,t,_5, v, and B is a free A;-module, no element of A4, is a zerodivisor
of B/A,, thus we have h=0. Therefore gf,_; € Ann,(z,). But by
Corollary (4.2) Ann ,(,) = C, the conductor of 4 in B. By Theorem (4.1)
Cis a prime ideal of B and ¢,_, & C, thus g € C. Therefore f = gt, € 4, as
desired. The proof of Theorem (4.3) is now complete.

COROLLARY (4.4): Let X be a nonsingular projective variety of dimension r,
r>=6. Let m: X —> P be a strongly generic projection. Let X' = m(X) be
analytically irreducible at y = w(x), where x € S{¥(m), (x, y closed points).
Let € be the conductor of @X',y' Consider € as an ideal of k|{t,,...,t,]). If r
is even and m = (3r — 2) /2, then €= (M,), and if r is odd and m = (3r —
3)/2, then €= (M,), where (M,) and (M,) are determinantal ideals of the
following matrices in k[[t,,...,t.]]

15 153
M tr*3 tr—2
R Y S S N O Y 2 -t 0

tr—Ztrvl + tr—3tr + tr—2tr2

| L,
[ 1, o]
L 4 l_3
M,= Lt,_ o+ 1,8, + 1,2 —-1,
t;—3tr—2 LAY SR A SN

PrOOF: Using the notation of Theorem (4.1) we have €= C - k[[¢,,...,¢,]].
Now the corollary follows from (3.0.1) and Theorem (4.1) for both cases
of r even and r odd.
REMARKS: In Theorem (4.1) we showed that C is a prime ideal of
k[t;,...,t,]). Thus by known results [27, vol. II, page 320, Theorem 32}, ¥
is a radical ideal of k[[7,,...,¢,]]. This also follows from Theorem (3.2),
because the conductor of a seminormal ring is radial in the normalization
of the ring.

Also note that to prove that some determinantal ideal of a matrix with
entries in B = k[¢,,...,t,] is a prime ideal of B in general is a difficult
task. In Theorem (4.1) we proved that (M) is a prime ideal of B. A direct
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computation shows that if we discard some of the last »/2 rows (not all
of them), the determinantal ideal of the remaining matrix will no longer
be a prime ideal of B. There are beautiful results concerning the de-
terminantal ideals by many authors as J.A. Eagon, D.G. Northcott and
M. Hochster. (See the references of [10].)

Appendix

The following unpublished result due to Joel Roberts, was originally
given to serve as examples of prime ideals in power series rings which
require a large number of generator (cf. [14, remark 4]). In this thesis we
have used this result several times. To make it a convenient reference we
will rewrite this result.

Construction. Let k be a field, r>2 an integer. Let 4, =
klty, oot _ps g, ,u, 1» 0] and B=k[¢,...,1,] be polynomial rings,
and let A klltys.--st_1> Ugs..-su,_1, v]] and B = k[[t,,...,t,]] be for-
mal power series rmgs Let ¢y: A — B, and ¢: 4 — B be determined by:

t,— 1 i=1,....,r—1 (1.1)
u,—1t, i=1,...,r—1 (1.2)
v el (1.3)

Let P,=Ker(p,) and P = Ker(¢p). Since B, and B are integral over
@o(A,) and p(A) respectively, it follows that P, and P are prime ideals
of height r — 1.

Geometric discussion. Let k be algebraically closed and let V=
Spec(A,/P,). Then ¢, defines a finite birational morphism =: A", — V,
so that A’ is the normalization of V. Then ¥ < A% ™!, and the singular
locus of V is the line where all coordinates except v are zero. At all points
except the origin, V looks analytically like two r-dimensional subspaces
of A7 ~! meeting transversally. It follows that the Zariski tangent space
of V at any singular point has dimension 27 — 1. From this and the fact
that 7~ (origin in A% ') = (origin in A’,), we find:

P,-A=P (2)

P does not contain any element of order 1. (3)

Of course these results continue to hold if we drop the assumption k = k.
A subset of a minimal generating set. It is clear that P, contains the
following elements:

tu,—tu, 1<i<j<r—1 (4.1)
t — u? 1<isr—1 (4.2a)
tto—uu, 1<i<j<r—1. b)
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Using (3) and the fact that these elements are linearly independent
modulo m*® (where m = maximal ideal of A4), we see that they form a
subset of a minimal generating set of P. In this way we have $hown that a
minimal generating set of P must have at least (r — 1) elements.

We claim that (4.1) and (4.2) generate P.

Proof of the claim. By (2), it suffices to show that the elements in
question generate P,. Let I be the ideal generated by these elements. We
observe that ¢,(A,) is generated by monomials; therefore Ker(g,) is
spanned as k-vector space by the elements M — N, where M and N are
monomials such that ¢,(M) = ¢,(N). Therefore it will suffice to show
that M - Nel.

Let f,g,v* — f,8,0° € Ker(g,), where f,, f, are monomials in
Uy,...,u,_y, and g,, g, are monomials in ¢#,,...,7,_;. We must show that
f,8.v* — f,8,0” € 1. We reduce to the case where degree (f;)<1 and
degree (f,) <1 by using the fact that u,u;—¢,t,v €1 for all i, . In this
case we may also assume that degree( f,) = degree( f,) and a = b, because
@o( f18,0°) and @, ( f,8,0") must have the same degree in ¢,. If f, =f, =1,
or if f; =f, =u,, we must have g, = g,. Finally if f; = u, and f, = 4, with
i # J, we observe that ¢, | g,, ¢, | g;. We then use the fact that t,u, —t,u, €1
to conclude that f,g,v* — f,g, v’ € 1.
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