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ARCS IN THE HILBERT CUBE (Sn) WHOSE COMPLEMENTS
HAVE DIFFERENT FUNDAMENTAL GROUPS

R.J. Daverman1 and S.

Singh

Abstract
A collection of arcs {Ai}i in a space X is called 03C01-distinct if and only
if xi(X - Ai) is different from xi(X - Aj) for any two (distinct) arcs Ai
and Aj. We prove that there exists an uncountable collection of 1Cldistinct arcs in the Hilbert cube and in the n-sphere with n ~ 5. As an
immediate application, we obtain uncountable collections of nonhomeomorphic : (a) generalized n-manifolds with n ~ 5, (b) various open
manifolds, and (c) infinite dimensional compact absolute retracts.
Furthermore, we obtain uncountable collections of nonhomeomorphic
infinite dimensional compact absolute retracts and generalized nmanifolds with n ~ 5 each of which has trivial group of self-

homeomorphisms.
AMS

(MOS) Subj.

Class.

(1979): Primary 57N35, 57N20; Secondary 57N15,

54B15.

1. Introduction

The main concern of this note is wild embeddings of the closed interval [0, 1] (arcs) in the n-sphere S" and the Hilbert cube Q. A collection of
arcs {Ai}i in a space X is called 03C01-distinct if and only if the fundamental
group 1Cl(X - Ai) is different from 03C01(X - Aj) for any two (distinct) arcs
Ai and Aj. We study the following general problem:
1
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PROBLEM: Does there exist an uncountable collection
distinct arcs in Sn, with n ~ 3, or in Q?

(1.1)

of

1tl-

We provide an affirmative answer to this problem for Sn with n ~ 5
and for Q. Our methods do not apply to handle the cases n 3 and 4.
There are many sporadic results concerning the fundamental groups of
the complements of arcs in S3, starting with the classic work of Artin
and Fox [AF], but these groups are rather cumbersome. The same is
true for known examples of wild arcs in Sn with n ~ 4 and in Q; see
[BR] and [WO] for related references. We emphasize that it is easy to
construct countable collections of 03C01-distinct arcs in Q or Sn with n ~ 3;
however, the transition from a countable such collection to an uncountable collection is not an easy one because of the algebraic
difficulties.
We make full use of the fact that "the double-suspension of a homology sphere is a sphere" [Cl, C2]; furthermore, in the case of Q we
use the main result of [Dl], which, in turn, depends on [DW] and [T],
and the results of [T] depend on Edwards’ theorem (cf. [CH], see Ch.
XIV). Although the techniques we employ are not elementary, the
framework is conceptually rather simple, and it is our hope that the
methods set forth will be useful to study other embeddings in Q by
utilizing the fundamental group and a similar framework.
Some applications to cell-like decompositions of S" or Q will also be
discussed; furthermore, these results are applied in [S2] to extend the
main results of [SI] to decompositions of Hilbert cube manifolds. Incidentally, a solution to Problem (1.1) is of independent interest in relation to the study of open manifolds.
=

2. Notation and

terminology

decomposition of a space X we shall always mean an upper
semicontinuous decomposition of X. Let Q denote the Hilbert cube and
S" denote the n-sphere. By a disk we mean any space homeomorphic to
the (compact) 2-cell. A k-cell will always be compact unless otherwise
stated. We denote by EX and 03A32X, respectively, the suspension and
the double-suspension over a space X. For the purposes of computing
the fundamental groups, we often suppress the base points. We use the
symbol "~" to indicate an isomorphism of groups or homeomorphisms
of spaces. By an uncountable set we shall really mean a set whose cardinality equals that of the power set of the integers. Most of the terminology is standard, but the following references will be useful for further
clarification of notation and terminology [C2, CH, D3, L].
By

a
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3. Preliminaries

Double Suspension of Homology Spheres and Arcs. The main
result that we use here states that "the double-suspension of a homology
sphere is a sphere" [Cl]; see also the survey article of Cannon [C2] for
related discussions. Suppose Hn is a homology n-sphere such that the
fundamental group 03C01Hn ~ 1 (of course ~ 3). Choose a PL n-cell Bn in
Hn and a point x in the boundary aBn of Bn. Then:

(3.1)

(3.1.1)

The

double-suspension

¿2 Hn is homeomorphic to Sn+2;

(3.1.2)

the

double-suspension

E2 Bn is

the

double-suspension

03A32{x}

an

(n

+

2)-cell Bn+2

in

E2 Hn;

and

(3.1.3)

is

a

disk D in the

boundary

of

Bn+2

apply a "disk squeezing technique" due to Daverman and Eaton [DE] to squeeze the disk D to an arc A. More specifically, there exists a decomposition G of ¿2 Hn such that: (a) the elements
of G are arcs on D whose union is D minus two points and singletons
otherwise, (b) the decomposition space ¿2 HnlG is homeomorphic to
Sn+2, i.e., the decomposition is shrinkable, and (c) the image of D under
the projection map x : ¿2 Hn --+ ¿2 HnIG is an arc A. Indeed it follows
from [Gl, Theorem 0.2] or from [Cl, cf. pp. 83-84] that the decomposition G of E2 Hn whose nondegenerate elements are the arcs corresponding to E {x} x {t}, t E (-1,1), in E2 {x} does what we want.
We assume familiarity with many results concerning cell-like decompositions ; see the survey article of Lacher [L]. We observe the following:
In this

setting,

we

(3.1.4) ’Ttl(¿2 Hn/G - B’) ~ ’Ttl(¿2 Hn/G - A) : 1rl(¿2 Hn - D) ~ ’TtlHn
image of Bn + 2 under 7r;

where B’ is the

(3.1.5) the image of ¿2 Hn - Int Bn + 2 under 7r is a crumpled
cube C and the image of Bn + 2 under x is an (n + 2)-cell and
(3.1.6) by
~ 03C01 Hn.
The next
above.

given

the Siefert-Van

proposition

is

(n

+

2)-

Kampen Theorem (cf. [M]) 1rl(C - A)

an

immediate consequence of discussions
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(3.1.7) PROPOSITION: If H" is a homology n-sphere with 03C01 Hn ~ 1, then
there exists a crumpled (n + 2)-cube C contained in Sn + 2 and an arc A
tamely embedded in the boundary of C such that the closure of (Sn + 2 - C)
is (n + 2)-cell B, bC is locally flat modulo A, and 1Cl(sn+2 - B) ,: 03C01 (Sn + 2
-

A) ~ nl(C - A) : 03C01Hn.
A sewing of two

crumpled

h : ~C ~ aD between their

n-cubes C and D is

boundaries; the sewing

a

homeomorphism

space C

U D of h is the
h

quotiënt space obtained from the disjoint union of C and D by identifying each point x in ôC to its image h(x) in aD; our main reference concerning crumpled cubes is Daverman’s survey article [D3]. The
crumpled (n + 2)-cube in Proposition (3.1.7) satisfies the hypotheses of
the following proposition.
(3.1.8) PROPOSITION: If C is a crumpled n-cube in Sn such that
locally flat modulo an arc A in Sn, and A is tamely embedded

ôC is
then

n ~ 5,
in DC,

C U C is homeomorphic to Sn.
Id

This

proposition

follows from Theorems

(8B.6)

and

(8B.7) of [D3].

(3.2) A Suspension Method. Consider the triple (Sn + 2, C, A) obtained
from Proposition (3.1.7). Apply suspension to obtain (¿sn+2,¿C,¿A).
Put Sn + 3 = 03A3Sn + 2, D = 03A3C and E = ¿A. We consider Sn + 3 as the
quotient space obtained from Sn + 2 x [- 1, 1] by identifying Sn+ 2 X
{-1} to a point and sn+2 X {1} to another point; let O:Snl2 X
[-1,1] ~ Sn + 3 denote the associated quotient map. Define a decomposition G of Sn + 3 into arcs At O(A {t}), -1 t 1, and
singletons. Let p: ,S’" + 3 - Sn + 3/G denote the associated projection. The
decomposition space Sn + 3/G ~ Sn + 3 (see [AC, BR]) and the image P(E)
of the disk E is an arc A’ in Sn + 3. We denote the crumpled (n + 3)-cube
p(D) by C’. The next result follows from repeated application of the
suspension method.
=

(3.2.1) PROPOSITION: If Hn is a homology n-sphere with 03C01Hn ~ 1 and
k ~ 2 is an integer, then there exist a crumpled (n + k)-cube C contained
in sn+k and an arc A tamely embedded in the boundary of C such that: (a)
the closure of (Sn lk _ C) is an (n + k)-cell B, (b) DC is locally flat modulo
A, and (c) 03C01(Sn+k - B) ~ 03C01(Sn+k - A) ~ 1Cl(C - A) : 03C01Hn.
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(3.3) Arcs and Homology Spheres. We need the following definitions
for convenience of reference and formalization of some notions.
(3.3.1) DEFINITION: A group
product of two non-trivial

free

G is called

indecomposable

if G is not

a

groups.

(3.3.2) DEFINITION: A collection {Hni} of homology n-spheres is called
admissible if the fundamental group 1tlHi is indecomposable for all i,
and the groups 1tlHi and 03C01Hnj are distinct whenever i ~ j.
(3.3.3) DEFINITION: A collection of arcs {Ai}i in a space X is said to
be 03C01-distinct if the groups 1tl(X - Ai) and 1tl(X - Aj) are distinct
whenever i ~ j.
(3.3.4) DEFINITION: A collection of arcs {Ai}iin Sn+k, k ~ 2, is said to
be associated with a collection {Hni}ii of homology n-spheres if each arc Ai
is constructed by first applying the method of (3.1) and then applying

(3.2).
(3.3.5) Observe that a collection {Ai}i of arcs in sn+k, k ~ 2, associated with an admissible collection {Hni}i of homology spheres is 1tldistinct.

(3.4)

A Countable Collection

let Tn be

a

group

given by

the

of Homology 3-Spheres.
presentation

For each n ~ 1,

a,b|b2n+2 = (ab)n+1b(ab)n+1, (ab)n+1 = [b(ab)n+1a-1(b-1a-1)n+1]n&#x3E;.
For each n ~ 1, there exists a contractible 4-manifold Wn4 whose boundary is a homology 3-sphere Mn such that 0393n ~ 1tlM:; see [G2], pages
108-119, for this and the following facts:

(3.4.1)

For each n ~

1, the group Fn is indecomposable (and perfect);

and

(3.4.2) the sequence of groups 03932, 03934, 03936, ... contains
distinct groups, say, 0393n(2), 0393n(2),....

infinitely

many

NOTATION: For each i ~ 1, put Gi 0393n(i) and Hi3 = M3n(i).
Note that 03C01~3i ~ Gi for i ~ 1; thus {H3i}~i=1 is an admissible collection
of homology 3-spheres.

(3.4.3)

=
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(3.5) A Countable Collection of Homology 4-Spheres.
Tn denote the group given by the presentation

For each n ~

2,

let

The

following facts

(3.5.1)

are

For each n ~

proved

in

2, there is

[G2];
a

see

pages 104-106:

homology 4-sphere M4n

such that

03C01M4n ~ 0393’n;
(3.5.2)

each

0393’n is indecomposable (and perfect) for n ~ 2; and

The sequence 03934, 0393’6, 03938, ... contains
groups, say, 0393’k(1), 0393’k(2),....

(3.5.3)

NOTATION: For each i ~ 1, put G’i
03C01H4i ~ G’i for i ~ 1; again, {H4i}~i=1 is

(3.5.4)
that

=

infinitely

many distinct

0393’k(i) and H4i = M4k(i). Note

an

admissible collection of

homology 4-spheres.

(3.6) Arcs in Sn, n ~ 5. Fix an integer n ~ 5. Let {Ai}~i=1 be the collection of 7r 1 -distinct arcs associated with the admissible collection {H3i}~i=1
of homology 3-spheres given in (3.4.3). The following is now clear.
(3.6.1) PROPOSITION: With notation above, for each i ~ 1 there exists a
crumpled n-cube Ci contained in S" such that: (a) the arc Ai is tamely
embedded in the boundary of Ci; (b) the closure of (Sn - Ci) is an n-cell Bi;
(c) aCi is locally flat modulo Ai; and (d) 7rl(sn - B) ~ 03C01(Sn - Ai) ~
7rl(Ci - Ai) ~ 03C01H3i ~ Gi.
(3.7) Arcs in Sn, n ~ 6. Fix an integer n ~ 6. Let {A’i)~i=1 be the collection of 7r I-distinct arcs associated with the admissible collection {H4i}~i=1
of homology 4-spheres. For each i ~ 1, there exists a crumpled n-cube
C’i contained in Sn satisfying conclusions analogous to those of Proposition (3.6.1).

(3.8) Infinite Inflation. We follow [Dl] for notation and terminology.
crumpled n-cube C, its infinité inflation J~(C) equals
x
K is the decomposition of C x Q into singletons and
where
(C Q)/K
the sets of the form {c} x Q when c belongs to ôC. Moreover, there is a
natural embedding e : ~C ~ J~(C) sending c to the image of {c} x Q in
J~(C). The crucial result of [Dl] is the following:
For each
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(3.8.1) PROPOSITION: If C is a crumpled n-cube such that
homeomorphic to sn, then J°°(C) is homeomorphic to Q.
In the next section, we shall produce
distinct arcs in S" with n ~ 5 and in Q.

an

C UC

is

Id

uncountable collection of 03C01-

4. The main result

forthcoming geometric construction we suppose the following
hypotheses are true.
For the

(4.1) HYPOTHESES: Suppose {Ai}~i=1 is a collection of arcs in Sn satisfying the hypotheses:
(a) Each arc Ai is tamely embedded in the boundary of an n-cell Bi;
(b) the boundary oBi is locally flat (in S") modulo the arc Ai for i ~ 1;
(c) for each i ~ j, 1tl(sn - Bi) is not isomorphic to 1tl(sn - Bj);
(d) for each i ~ 1, 1tl(sn - Bi) is indecomposable (with respect to free
products).
The following is an immediate consequence of the Siefert-Van
Kampen Theorem and hypotheses (a) and (b) above.
(4.1.1) For each i ~ 1,
1tl(sn - Ai) are isomorphic.

the fundamental

groups 03C01(Sn - Bi)

and

(4.2) A Geometric Construction. Let ll denote an infinite subset of the
set of positive integers N. Let {j(1)j(2),...} be an enumeration of A. Let
D be an n-cell tamely embedded in S". Choose a null sequence {Di}~i=1 of
tame n-cells in D such that they are pairwise disjoint, the intersection
(ôD; n ôD) is a tame (n - l)-cell in bDi and DD for i ~ 1, and, furthermore, there exists a point p in DD such that all but finitely many Di’s
are contained in any neighborhood of p in D.
Choose n-cells Bj(j), Bj(2), ...., corresponding to the enumerated set
039B = {j(1),j(2),...}, from the n-cells Bl, B2, ... given in (4.1.1). For each
i ~ 1, find a homeomorphism hi:Sn~Sn satisfying: the image hi(Sn Int Bj(j» is contained in Di, and hi(~Bj(i)) n bDi equals the (n - l)-cell
F, where Fi is the closure of [ôDi - (ôDi n DD)]. The construction of hi is
easy because, if one chooses a small (n - l)-cell in OBj(i)’ the resulting set
is, if the collar is constructed with care, a tamely embedded n-cell that
can be identified with the closure of (Sn - Di). Consider the n-cell B,
-

bounded

by

the union of

[DD -

U (êDi n aD] and U cl[hi(~Bj(i) - Fi)]
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(where "cl" denotes the "closure"). Observe that the arcs {A’i}~i=1,
A’i= hi(Aj(i»’ are tamely embedded in aRA, Now it is straightforward
to find an arc A039B, by connecting any two successive arcs A’i and A’i + 1,
such that A, contains the union of the arcs A’1, A’2,..., and AA is tame in
DB,. Observe the following:
(4.2.1) the
an

open

set

Co

(Int D -

=

U Di) is simply connected (in fact, Co is

n-cell);

(4.2.2) the set [Sn - (BA U Co)] breaks up into disjoint "chambers"
Cl, C2,... ; in fact, each Ci is a crumpled n-cube with an (n - l)-cell
removed from its boundary;
(4.2.3) nl(Sn - B039B) ~ 03C01(Sn - A,) (use the Siefert-Van Kampen
Theorem [M] and the facts: (a) ~B039B is tame modulo the union of the
arcs {A’i}~i=and {p}, and (b) A, is tame in DB,); and

to

(4.2.4)

for each i,

In this

setting,

(4.2.5)

PROPOSITION:

03C01Ci ~ nl(sn - Bj(i) ~ 03C01(Sn - Aj(i» (see (4.1)).

we now

the free product

prove the

following.

The fundamental group rcl(Sn - BA)

H* Gi where Gi 03C01Ci for i ~
=

is

isomorphic

1.

n

PROOF: Put

Xn

=

U

Ci, where Ci’s

are as

in

(4.2.1)

and

(4.2.2).

We

i=o

consider the direct system of spaces X1 ~ X2 ~ X3 ~ ... whose unlabelled maps are inclusions. Observe that X = Sn - B039B is direct limit
(union) of this system. By applying xi, we obtain a direct system

03C01X1 ~ 03C01X2 ~ 03C01X2 ~ ... of

groups whose direct limit

Lim 03C01Xi is
i

isomorphic to the fundamental group n,X. By the Siefert-Van Kampen
Theorem [M], it follows that 03C01Xn
03A0* Gi, where Gi 7r,Ci; and
=

easy to see that the inclusion Xn ~ Xn+1 induces a
which is the natural inclusion homomorphism
Gi) * Gn+1 onto the first factor. Our proof is finished

furthermore, it is

homomorphism

03A0* Gi --+ (TI*

by the observation that the direct limit GOO of the direct system
G1 ~ Gl * G2 ~ Gl * G2 * G3 ~ ..., whose bonds are the natural inclusions (see above), is isomorphic to the free product 03A0* Gi. This can be
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easily

seen

by considering

the natural

homomorphism 0: GOO --+ fl* Gi
i~i

1 and onto (see [K, M] for matters related
and observing that 0 is 1
to free products). This finishes our proof.
-

(4.3) PROPOSITION: Suppose G 03A0*Gi and H Hi are two free
products of groups satisfying:
(a) For each i ~ 1, each of the groups Gi and Hi is non-trivial, noncyclic, and indecomposable (with respect to free products); and
(b) there exists an i(O) &#x3E; 1 such that Gi(o) is not isomorphic to any Hj
for j ~ 1.
Then: G is not isomorphic to H.
=

=

this can be easily deduced from Kurosh [K], see pages 26shall include a quick sketch of a proof as follows: Suppose for

Although
27,

we

convenience of notation that

i(O)

=

1 and G

=

Gi = n* Hi.
Il*
i~1
i~1

By the

Kurosh Subgroup Theorem (cf. [K, M]), G1 c hHjh-1 for some j and h
in G; similarly Hj c gGig-1 for some i and g in G. Use the fact that each
conjagate of a factor intersects any other factor in the trivial group to
deduce that Hj ~ gG1g-1, i.e., i = 1. Now G 1 ce (hg)G1(hg)-1 implies
that hg is in G 1, since x G 1 x -1 intersects G 1 in 1 or x is in G 1 (a general
fact!). Thus, hg g 1 and g h g 1 for some g 1 in G 1. It follows that
Hj C gG,g-1 = h-1g1G1g1-1h h-’Gl ~ Hj, i.e., Gl is isomorphic to
Hj. This is a contradiction to hypothesis (b) and our proof is finished.
a
We now have all the ingredients to prove our main results:
=

=

(4.4) THEOREM: If Hypotheses (4.1)
uncountable collection of 03C01-disjoint

are

satisfied,

arcs

in

then there exist

S", where S" is

as

an

in

Hypotheses (4.1).
PROOF: Let X denote the set of all subsets of the set N of positive
For each 039B~N we have constructed an arca, and an n-cell
such
that
A039B is tamely embedded in the boundary of the crumpled nB,
S" - Int B039B, and 03C01(Sn - A039B) ~ 03C01(Sn - B039B) ~ n 1 (C, - AA)
cube Ci

integers.

=

~

fl* Gi where

Gi

=

nl(S" - Bj(i»)

is

indecomposable (see Proposition

and preceding discussions); although we have only discussed the
when 039B is infinite, the case when 039B is finite can be easily deduced
from our discussions. Now, if ll and A’ are two distinct subsets of N,
then the fundamental groups 03C01(Sn - A,) and 1tl(sn - A,,) are neces-

(4.2.5)
case
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The collection of arcs {A039B:039B~N}
uncountable collection of 03C01-distinct arcs in S". This finishes

sarily distinct by Proposition (4.3).
forms
our

an

proof..

THEOREM: If Hypotheses (4.1) are satisfied for some Sn with
then
there exists an uncountable collection of 03C01-distinct arcs in Q.
n ~ 5,

(4.4.1)

PROOF: We refer to the proof of Theorem (4.4) for notation. Consider
the uncountable collection {A039B : 039B c- XI (given in the proof of Theorem
(4.4)). We now construct an uncountable collection {039B:039B~N} of 1tldistincts arcs in Q as follows.
For each A in N, C039B~C039B ~ Sn by Proposition (3.1.8), and thus
Id

JOO( CA) is homeomorphic to Q by Proposition (3.8.1). We equate JOO( CA)
with Q and set Â039B e(A039B) where e is the embedding given in (3.8).
It follows from the proof of Proposition (5) of [Dl] and [AP, L] that
1tl(Q - Â039B) ~ 1tl(C A - A039B). Our proof is finished since 1tl(sn - A039B) ~
a
03C01(C039B - A039B).
=

(4.4.2)
tinct

arcs

COROLLARY: There exists
in S" with n ~ 5.

an

uncountable collection

of 03C01-dis-

PROOF: Observe that for each

integer n ~ 5, the collection {Ai}~i=1 of
arcs given by Proposition (3.6.1) satisfies Hypotheses (4.1). Therefore,
the corresponding collection {A039B:039B~N} of arcs in S" has the required
properties.
For each n ~ 6, the collection {A’i}~i= 1 of arcs given in (3.7) also satisfies Hypotheses (4.1), and thus we have another uncountable collection
{A’039B:039B c- XI of 03C01-distinct arcs in S". (We prefer this collection since the
presentations of groups 0393’n are more manageable than the presentations
of groups In)-

(4.4.3)
distinct

COROLLARY: There exists

arcs

in

an

uncountable collection

of

1tl-

Q.

proof is finished by observing that each of the collections
{Â039B:039B~N} and {Â’039B:039B~N}, constructed as in the proof of Theorem
(4.4.1) corresponding to the specific collections {A039B:039B~N} and
{A’039B : 039B c- XI given in the proof of Corollary (4.4.2), satisfies the required
properties.
·
The next three results can be derived easily by thickening the arcs of
Corollary 4.4.2 to k-cells or k-spheres tamely embedded in the boundary
of the appropriate n-cell arising as in (4.4).
PROOF: Our
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(4.4.4) COROLLARY: For n ~ 5 and k ~ {1, ... n} there exists
countable collection of 03C01-distinct k-cells in Sn.

(4.4.5) COROLLARY: For n ~ 5 and k ~ {1,..., n
countable collection of 1t 1 -distinct k-spheres in 5’".

-

1}

there exists an

(4.4.6) COROLLARY: For k ~ 1 there exist uncountable
03C01-distinct k-cells and of 1t 1 -distinct k-spheres in Q.
(4.4.7)

A

an

un-

un-

collections

of

Our Method. The following steps lead to the
uncountable collection of 03C01-distinct arcs in Q (or in

Summary of

construction of

an

sphere):
Step I. Choose an admissible collection {Hni}~i=1 of homology nspheres (many such collections exist; for instances, two are given in this
paper).
Step II. Construct a collection {Ai}~i=1 of 1tl-distinct arcs in Sn+k,
a

with k ~ 2 but fixed, associated with the

collection {Hni}~i=1; see Section

3.

Step

III. Use the collection

{Ai}~i=1

an uncountable collection {A039B:039B~N} of 03C01-distinct arcs in sn+k with k as above, see
Section 4.
Step IV. Use infinite inflations to construct an uncountable collection
{Â039B:039B~N} of 03C01-distinct arcs in Q corresponding to the collection
{A039B:039B e N} of Step III; see (3.8).

to construct

(4.5) Some Applications to Decomposition Spaces. Fix an integer n ~ 5.
Sn039B and QA denote the quotient spaces of 5’" and Q obtained by
identifying the arcs A039B and Â039B to a respective point. Let p039B : Sn ~ Sn039B and
q039B:Q ~ Q039B denote the quotient maps. It follows from [AP, L] that
03C01(Sn039B - {x0}) ~ 1tl(sn - AA) where {x0} = p039B(A039B), and similarly, 1tl(QA{yo}) ~ 03C01(Q - ÂA) where {y0} q039B(Â039B); furthermore, 1tl(sn - {x})
1 for any x ~ xo and 1tl(QA - {y})
1 for any y ~ yo. In summary:
Let

=

-

=

=

THEOREM: The uncountable collection of decomposition spaces
{Sn039B: Il e N} has the following properties: (a) Each Sn039B is a generalized nmanifold with 03C01(Sn039B - {x0}) ~ 1tl(sn - A039B) and 03C01(Sn039B - {x}) 1 when
x ~ Xo, and (b) Sn039B is not homeomorphic to Sn039B’ whenever A ~ A’.

(4.5.1)

=

THEOREM: The uncountable collection of decomposition spaces
{Q039B : 039B~N} has the following properties: (a) Each QA is an absolute retract with 03C01(Q039B - {y0}) = 03C01(Q - ÂA) and 03C01(Q039B - {y})
1 for y ~ yo;
and (b) QA is not homeomorphic to Q039B’ whenever A ~ A’.

(4.5.2)

=
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Much more can be said about decomposition spaces of this type
(since these decompositions are the simplest, i.e., there is exactly one
nondegenerate element which is an arc); see [L] where other references
may also be found.
A space X is said to be rigid if and only if the group of homeomorphisms of X is the trivial group, i.e., X has no homeomorphism other than
the identity. Decompositions can be used to construct rigid spaces with
additional properties; see [R, S2]. In the present setting, we construct
some rigid spaces as follows. For any infinite subset {039Bi:i ~ 1} of JV
find a collection of arcs {Bi:i ~ 1} in Q (or S" with n ~ 5) such that
1rl(Q - Bi) : 1rl(Q - Â039Bi) (or 03C01(Sn - Bi) ~ 03C01(Sn - A039Bi)) for i ~ 1, the
arcs {Bi:i ~ 1} form a null collection of pairwise disjoint arcs, and their
union is dense in Q (or S"). It is easy to find such a collection and we
omit details. Let G
G({039Bi:i~ 1}) denote the decomposition of Q (or
Sn) whose nondegenerate elements are the arcs B1, B2, .... The associated decomposition space Q/G (S"/G) is clearly rigid; consider the
fundamental groups of (Q/G - {point}) or (S"/G - {point}). The space
Q/G is an AR ; this can be easily deduced from a theorem of Lelek (cf.
[B], see page 213). Also, S"/G is a generalized n-manifold [W]. In summary, we have the following:
=

(4.5.3) THEOREM: There exists an uncountable collection W(Q) of topologically distinct (infinite dimensional) rigid compact absolute retracts such
that, for any X and Y in W(Q), X x Y ~ Q (in particular, X x X ,: Q for
all X E b(Q)).
PROOF: This is immediate from the discussion above and from
Theorem 5 of [T].
·
THEOREM: There exists an uncountable collection b(Sn) of topodistinct (compact) rigid generalized n-manifolds with n ~ 5 such
X x y Z Sn x Sn for any X and Y in n(Sn) (in particular,
X Z Sn x Sn, for any X in W(Sn» and (b) X x S1 ~ S" x S1.

(4.5.4)
logically
that (a)
X

x

PROOF: Consider the collection W(Sn) of rigid generalized n-manifolds
described above. By work of C.D. Bass [BA] each product X x Y has
the Disjoint Disks Property, and then by the Cell-like Approximation
Theorem of R.D. Edwards [E] X x Y ~ Sn x Sn. The additional fact
that X S1 ~ Sn x Sl follows from a result of D.V. Meyer [ME]. ·
(4.6) Concluding Remarks. After A.V. Arhangel’skii [AR] asked
whether there exists a nonhomogeneous compactum X whose product
X x X is homogeneous, J. van Mill [VM] gave an infinite dimensional
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example with

this property;

our

Theorem

(4.5.3) provides uncountably

many similar examples. Furthermore, our Theorem (4.5.4) provides uncountably many finite dimensional examples with this property, thereby

question posed by van Mill [VM]. The present versions of
Theorems (4.5.3) and (4.5.4) were added following suggestions of the
referee, whom we wish to thank for pertinent remarks.
answering

a
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