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ON THE LIMITING DISTRIBUTION OF NON NEGATIVE
ADDITIVE FUNCTIONS

H. Daboussi

Let A be a set of positive integers and let for N =2

A(N)= ne;m’ 1.

Let N, be the smallest element of A.
Let f be an arithmetic function and define for N = N,

1
Fna(t) = AN) ,,?%?4 L

When A is fixed, or A= N¥*, the set of positive integers, we write
simply Fy(t).

We say that f has a limiting distribution of the set A if there exists
a non-decreasing function F satisfying lim,. . F(t) =0, lim,_,,. F(t) =
1 and, at every continuity point, t, of F, Fy(t) tends, when N - +o, to
F(1).

Erdés and Wintner [2] showed that an additive function f (i.e.
f(m-n)=f(m)+ f(n) for every coprime m and n) has a limiting
distribution on the set of all integers if and only if the following series
converge

f) [f()! 1

(&<t P i<t P g1 P’

Katai [3] proved that if these series converge, then the additive
function f has a limiting distribution on the set {p + 1 | p is prime}.
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102 H. Daboussi [2]

Elliott [1] proved that if f(p) =0 for every prime p and f(p") = f(p)
if r=1 and if f has a limiting distribution on the set {p + 1} these
series converge. We shall be concerned in the following with non
negative additive functions (i.e. f(p") =0 for every prime power p").

THEOREM: Let A be a set of positive integers satisfying
(i) for every d €N*,

. 1
Ll_rg A(N) dln,;sN !
nEA

exists and is equal to w(d)/d.
(ii) o is a multiplicative function satisfying

33 o)

r=2

Let f be a non negative additive function satisfying

f(p)o(p) _(‘L(_p_)z ©
0<%)s1 p +l<%p) p *

then f has not a limiting distribution on the set A and more precisely

lim Fn(t)=0 for every t.
N+

CoROLLARY 1: If A={p+1} and if f is a non negative additive
function satisfying

fp) 1
=+t or — =0
OS%SI 14 lgp)l’

then f has not a limiting distribution on A and limy_. Fx(t) =0 for
every t.

This corollary contains Elliott’s resuit.
COROLLARY 2: Let A be a set of positive integers such that

lim inf % >0.
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If f is a non negative additive function and if

f) 1
——==4x or — =+
05%)51 p lgp)p

then f has not a limiting distribution on A and limy_. Fna(t) =0.

PROOF OF THE COROLLARIES: Corollary 1 is immediate by remark-
ing that for every

that is w(d)=—L-

1 1
1 tends to —= e))

" AN, o(@

d|p+1

dEN

where ¢ is Euler’s function.
For the proof of Corollary 2, let

__1_
FN,A(t) - A(N) n?%EIA 1

and

1
FN(t)zﬁ 1.

n=
f(n)=t

From the theorem with A = N* we see that limy_. Fy(t) =0. As
N
FN,A(t) = m FN(t)

we get lim Fy 4(t) = 0 for every t.

ProOF oF THE THEOREM: We first remark that

o)1=’ _
§p:——~p +00.

This is easily deduced from the following inequalities:

(-1et=1-e'<t if0=st=<1
(I-1/le)=1-e'=1 ift>1

and the hypothese on f.
For y =2, define the non negative additive function f, by
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n_ [f(P?) ifp'=y . r
fHp) = { if pr >y for every prime power p’.

Let gy=e»*u where p is the Mobius function. Clearly g, is
multiplicative, g,(p") = e »*”— e »*™ which shows that |g,(p")| =2
and that g,(n) = 0 except on a finite set of integers S,, say.

Let IT, =Y, 5% w(n). Then one sees easily that

(1=e"wp) | ¢ &@o (@)
l;[< p ;z:zj p’ )

Asz(l—_e"w_ m,=0.

p =2
Now, as e ™ = ; g,(d) we have

1 n
AN & ¢S ggy(d)A(N) 2!

n€EAd|n
and so
1w _ 5 &(d)o(d) _
lim 2N A(N),,< € 25y I,
neA

Remarking that

e =T] e <[] e7®" = ¢~H®

p'ln plin
p'=sy
we obtain
lim —— 1 e ™ <7
Nox A(N) n< 4
neA

and by taking the limit when y - we get

—-f(n) _
L‘i’iA(N)n< e =0
neA
As
1 —f(n)=-r° —x
AN) 2 e \ e *dFy(x)

neA
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and for every t
fo " e dFw(x) = e 'Fu(t)
we obtain
L@o Fn(t)=0

and so the theorem.
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