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0. Introduction

In a private communication to J.-P. Serre [8], J. Tate indicates how
one can construct elliptic curves with good reduction everywhere
over certain imaginary quadratic number fields. A full account may be
found in [7]. However, the discriminants of these number fields are
rather large. In the course of trying to construct an elliptic curve with
good reduction everywhere over an imaginary quadratic number field of
small discriminant, we came across some interesting Diophantine
equations, the solutions of which are related in a certain way to elliptic
curves defined over O(V -13). The choice of the field Q(v=ï3) is based
mainly on the fact that the existence of a curve E/K with good reduction
everywhere over the imaginary quadratic number field K, implies that
the class number of K is greater than one (cf. [7], p. 16).

In the remainder of this introduction we suppose that K =

O(N/-13). Let EI K be an elliptic curve defined over K. Select a

Weierstrass model for EIK with coefficients in the ring of integers OK
of K. If A denotes the discriminant of this model, then

where c4 and c6 are well-known expressions in the coefficients of the
Weierstrass model (cf. [3]). If II is a fixed finite set of prime ideals of
(JK and if the only prime ideal divisors of 2l are elements of II, then
there are only finitely many curves for which (0.1) holds true. These
curves have good reduction outside II. This is essentially Shafare-
vich’s theorem. Moreover, Weierstrass models for these curves can
be eff ectively computed from the solutions of the equations (0. 1) . The
main difliculty lies in solving (0.1) in the unknowns c4, c6 and the

exponents of the prime divisors of à.
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To narrow the field of search, that is to reduce the problem to an easier
one, we assume that II = {p} where p is the integral prime ideal above 2.
Now if (x, y) EA2 K is an affine point with integral co-ordinates on the
elliptic curve En/K given by

then (x, y) + (x, ) is a point on E,,10. Here " + 
" denotes addition on

the curve and "-" is complex conjugation. The group En(Q) is known
and for each P E En(Q) with intégral co-ordinates, the point (x, y)
may be Tecovered from

In particular, if En(Q) is finite, we can find all solutions (x, y) of (0.2)
in this way. We should mention here that Siegel’s celebrated theorem
on integer points on curves [6] shows that (0.2) has at most finitely
many solutions (x, y, n) where x and y are required to be co-prime.
From experience we learn that most solutions of (0.2) usually come

from the choice P = 0, the neutral element of the group En(Q).
Starting from (x, y) + (x, ) = 0, we find that je = x and y = -y. The
transformation x--x, y-y*B1-13 leads to the Diophantine equa-
tions

in rational integers x, y and n (n &#x3E; 0). These equations we plan to
solve completely; the resulting solutions give rise to Weierstrass

models of elliptic curves EIK with good reduction everywhere, with
the possible exception of the prime p above 2. For full details of this
process we refer to [7]. In table 2 on the next page, Weierstrass
models of the 28 elliptic curves (8 "old" curves defined over Q, and
20 "new" ones), constructed as indicated above, are given. Un-
fortunately, all 28 curves have bad reduction at p. Because of the

restrictions imposed - not all solutions of (0.2) necessarily come from
the choice P = 0, and moreover a curve with good reduction outside
{p} does not necessarily have a Weierstrass model with coefficients in
OK and discriminant divisible by powers of p only since CK is not a
principal idéal domain - we cannot infer that table 2 is complete in the
sense of giving all curves Elk with good reduction outside ipl. In a
forthcoming paper we hope to fill this gap.

Siegel’s theorem tells us that (0.3) has at most finitely many



331

TABLE 2. Weierstrass models for the elliptic curves E/K
corresponding with the solutions of x3 - 13y2 =r2" 33(see also

Table 1).

DEFINITION: A solution (x, y, n) E Z3 with n 0 of (0.3) is called

basic iff

It is obvious that a solution is either basic or results from a basic

solution in the above indicated way.

Firstly, we note that any solution (x, y, n) satisfies n == 0 (mod 3).
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Indeed, this is an immediate consequence of x3 == 0, ± 1 or ±8 (mod
13).

In the f ollowing sections we shall therefore study the Diophantine
equations

with x, y, m E Z and y, m &#x3E; 0.

We intend to prove the following

THEOREM: The Diophantine equation (0.4) has precisely nine basic
solutions. They are given in table 1 below.

TABLE 1. Basic solutions of the Diophantine
equations x3 - 13 y2 = r2n 33.

1. Two Lemmas

In this section we shall state and prove two lemmas, which play an
essential part in the proof of the theorem.

LEMMA 1 : The Diophantine equation

has the solutions (x, n) = (1, 1), (11, 5) and no others.

PROOF: Let (x, n) be a solution of ( 1.1 ). Put K : = Q(’Bl3). Then
( 1.1 ) may be written as
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Thus

where r, s E 10, 11, a and b are rational integers and E is unit of OK,
the ring of integers of K. Taking norms, we obtain r = 0, s = 1 and
NormKloE = 1.

N ow 17 : = 2 - V3 is a fundamental unit of K. Hence we may take
,E = t with t E {O, 1}. In case t = 0, we have, by comparing the
coefficients of Y3 on either side of (1.2),

and this is impossible. Hence t = 1. Now (1.2) becomes

where the ± signs are independent. Equating coefficients in (1.3) leads
to

and

with independent ± signs.
The right-hand side of (1.4a) is positive definite, whence the +sign

is the correct one. It is easy to check that, in case n = 1, (1.4) is only
possible when a = 2b and b2 = 1. This gives (x, n) = (1, 1).

Considering (1.4a) modulo 3 shows that n has to be odd. Thus
n 3. From (1.4a) modulo 8, we deduce that a is odd and b = 2 (mod
4). Combining this result with (1.4b) modulo 8 shows that we must
have the - sign in (1.4b).

Put a = u, b = 2v then both u and v are odd. In terms of u and v,
(1.4) reads

and

Equation (1.5a) then implies 2"-’ --- 3 (mod 13) and thus n = 5 (mod 12).
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Consider the number field The class number of L

equals 4 and (2) = pp’ with prime ideals
, We write (1.5b) in the form

Because both u and v are odd, (1.6) implies that

because ± 1 are the only units in CL. Now u + v + v0 = ±(3 - )1+3t
gives 0 = 1 + 0 (mod 2) since both u and v are odd. This is clearly
impossible. Choosing the sign of u and v appropriately, we arrive at

Put ç:= 2 + 0, then (1.5) takes the form

It is easily seen that

and we deduce from (1.7) that

and thus uv = 1 (mod 3"+2). Combining this with the second equation
in (1.7) gives
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The implication is that t = 0 (mod 3), since the multiplicative cyclic
group of Z3À is generated by 2 for each À = 1, 2, ...
By means of induction it is then easy to show that T == 0 (mod 3’)

for all À EN. Hence T = 0. This given n = 5, u = v = 1, which leads to
(x, n) = ( 11, 5). This completes the proof of the lemma. D

LEMMA 2: T’he Diophantine equation

has exactly four solutions viz

PROOF: Let f CZ[x, y be given by f(x, y) : = x3 - 91xy2 + 338 y3. The
discriminant of f equals -25133. Let 0 be the real root of f (t, 1) = 0
and put K : = Q( 0). Now w lo+(02 2 + ( e2/26) E OK, the ring of integers of
K and 0=-13- 10w + W2 . Hence K and 0(w) coincide. The

absolute discriminant of K equals -23 13 and the set { 1, cv, W2} is

an 0 K-basis.
Further, we claim that the unit 17:= 17 + 9w £02 is fundamental.

We prove this as follows. Because 17  4, 85 let E : = a + bcv + CúJ2 with
a, b, c E Z be a unit, satisfying

It then easily follows that 0  lcl:-5 2. Checking all possibilities shows
that only c = - 1 satisfies the requirements. This gives ~=ry. Con-
sequently 17 is the unit &#x3E; 1 of minimal size.

Finally, (2) = p’ q with p := (2 + w) and q : := (1S + 8W - eù2). This gives
us sufficient information on the number field K to tackle equation
(1.8) successfully. We note that 11, 0,,wl also is an OK-basis.

Let (x, y) be a solution of (1.8). Then

for some rational integers u and v. This gives the ideal equation

We consider the four cases

separately.
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From (1.9) we have

let a, b, c E Z be given in such a way that

It is easily established that

Considering (1.10) modulo 8, we deduce that 13b = 9c can only be
satisfied if k = 0 (mod 4). There are two possibilities to be considered,
namely

and

It is an easy exercise to check that

In the first case (Il) we have
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From (1.9) we deduce

and thus

In an entirely analogous way (see I), we deduce that k = 0, making
use of

Now we have from (1.9)

and thus u -

modulo 2 that

This implies

Clearly, we have arrived at an impossibility.

Finally, (1.9) gives in this case

Suppose a. b, c E Z are given in such a way that
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Then

As in I, we deduce from (1.11) that k = 0 (mod 4). Making use of

we again find that k = 0. This gives (u, v) = (6, 1).
This completes the proof of the lemma. D

2. The proof of the theorem

Let (x, y, m ) be a basic solution of (0.4). We distinguish between the
following cases, according as m &#x3E; 2, m = 1 or m = 0.

In the first case (m ? 2), we see immediately that x has to be odd.
For otherwise, (x, y, m ) would not be basic. Write (0.4) in the form

The only possible common prime divisor of the two factors in the
left-hand side of (2.1) is the prime 3. Hence

with A, B E Z, A, B 0 and squarefree (if :# 0), (A, B) = 1 or 3 and
a, b E Z , a, b =--- 0 with ( a, b ) = 1. Since AB (ab)’= 13 y’, we have
AB = 13 in case (A, B) = 1 and AB = 9.13 in case (A, B) = 3. From
the quadratic equation of (2.2), we deduce that

and thus

This gives, because of m ? 2 and the fact that both b and B are odd,



339

that

Hence B - 1 or 5 (mod 8). Since B G(1, 3, 13, 39} it follows that

BE{1,13} and consequently (A, B) = 1. This leaves the two pos-
sibilities

Put K:=Q(p) with The second equation of (2.2)
may be written as

Hence

where 17 is a unit of OK, r, s e {O, 1} and c, d are rational integers.
Taking norms in (2.3) yields:

which implies that we may take 17 = ±1 in (2.3) - every unit in OK may
be written as ± the square of a unit - and (r, s) = (o, 0), ( 1, 0) or (0, 1).

This leaves the following cases to be investigated:

We first consider (2.3.1). Equating coefficients of 1 and p in (2.3.1)
we obtain, taking also the first equation in (2.2) into consideration,

Now c and d are co-prime, because (x, y, m) is a basic solution.
Moreover d is even and c is odd since m 2. If we consider the first
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equation in (2.4) modulo 4, we find 17 == a2 == 1 (mod 4) and hence
q = 1. Then the third equation modulo 8 gives:

Thus m -- 3. Combining the first and the third equation in (2.4) leads
to:

and consequently, 3 a if 3 I 2c + d. However, this gives 3 1 d and
hence also 3 c, a contradiction.
Hence 3 , 2c + d, which implies that 3 d.
Now 2 il d, since 4 d would imply (see (2.5)) that

which is clearly contradictory. Because of (2.4), the third equation,
we deduce that Idl = 6. Then (2.4) and (2.5) yield:

Considering (2.6) modulo 13 shows that m --- 0 or 1 (mod 3). But
then a2 = 3 - (2(,r -1»2 = 3 (mod 7) in case T = 1. But 3 is a quadratic
non-residue mod 7. Hence T = -1 and (2.6) becomes equation ( 1.1) of
lemma 1. Thus (a, m) = (1, 3) or (11,7) and this leads to the solutions

Next we look at (2.3.2). This time we find

The first and the third equation in (2.7) imply that c is odd and d is
even. Also a is odd. Since m &#x3E; 2, we have a2 == -17 (mod 4) and thus
17 = -1. Considering the first and third equation modulo 8, it is an

easy exercise to show that 2 Il d and consequently m = 2. Then
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However 2 and -2 are quadratic non-residues mod 13. It is not

difhcult to show that (2.3.3) can be treated in a completely analogous
fashion, so that no solutions are found in either case.

This completes the discussion of (0.4) in case m &#x3E; 2.

We now wish to solve (0.4) in case m = 1, and again the cases T = 1 .
and T = -1 will be treated separately. First, let T = 1. If

K : = O(V--78), then the class number hK = 4 and (2) = p2, (3) = q2,
where and q are prime ideals. We write (0.4), with m = 1 and T = 1,
in the form

Thus

where r, s E {0,1,2} and % is an integral ideal of K. Taking norms, we
deduce that we may take r = s = 0, in the ideal equation (2.8). Ap-
parently, U3 is a principal idéal, and since (hK, 3) = 1, also 91 is

principal. Put 2t = (a + bY -78) with a, b E Z. We have

and equating coefficients of 1 and

We see immediately that 6 ( a and 2 b. Put a = : 6a, and b = : 2b.,
then from (2.9) we obtain:

Hence al = 1, bl = 0 which leads to the solution

Next, T = -1 in (0.2) with m = 1. Put L : = OCv’78), then hL = 2,
(2) = p2, (3) = q2 and = 53 + 61/78 is a fundamental unit of L. As in
the previous case, we write
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and we deduce, since (hL, 3) = 1 and because of the f actorization of 2
and 3, that

where a, b E Z and E = :t 17 with t = 0, 1 or 2. If we do not specify the
sign of y, it is sufficient to consider only the possibilities E = 1 and

E = n.

Let E = 1 in (2.10). As before, see (2.9), we find immediately that
a = 6 and b = 0. This gives the solution

If E = lq in (2.10), we find by equating coefficients, noting that again
a = 6a,, for some rational integer ai,

The last equation of (2.11) has the following solutions (al, b) = (3, -2),
(-4, 3) and (35, - 26). We also note that ai and b do not have the same

parity.
The substitution

transforms the third equation of (2.11) into

We stress that the substitution used is not unimodular, so that the
number of solutions (u, v) of (2.12) could be different from the
number of solutions ( a1, b ) of equation (2.11)3. In fact, we have to
solve (2.12) under the condition that u and v have the same parity.
(See also the remark at the end of this section.)
Lemma 2 supplies the answer to our question. The solutions (u, v)

of (2.12), where u and v have the same parity, are (u, v) = (2, 0), (5, 1)
and (-11, 1 ). This gives the following basic solutions of (0.4):
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Finally, we are left to solve (0.4) when m = 0. We first deal with the

and q are prime ideals. From (0.4) with m = 0 and T = 1, it follows that

and thus

with rl, r2, s E {O, 1, 2} and integral idéal %. On taking norms in (2.13)
we see that ri + r2 = 0 (mod 3) and s --- 1 (mod 3). Hence ri + r2 = 0 or 3
and s = 1.

We shall treat the three possibilities in turn.

We have

Since (hF, 3) = 1, we deduce that q% is a principal ideal, say q2f =
(la + lb’B/-39) with a, b E Z and a == b (mod 2). Inserting the expres-
sion for q% in (2.14) and equating coefficients, gives

It easily follows that a = 6 and b = 0. Hence, the corresponding basic
solution is

Since y is odd in this case, we have

Now pi belongs to the same ideal class as (qW)’, for
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The prime ideal pi 1 is non-principal. However, piq% is principal,
because hF = 4 and thus piq2f belongs to the same idéal class as (q2f)4
which is the principal one. Put p,q _ ((a + bV-39)/2) with a, b E Z
and a = b (mod 2).

Since 1’1 1 = ((5 + Y -39)/2), we obtain from (2.15) in integers of F,

Note that the units i.e. ± 1 may be absorbed in the cube.

We have, equating coefficients in (2.16):

Then elimination of y
from the equations (2.17) yields:

which implies the impossible congruence

In this case we have the ideal equation

the conjugate of which is

This equation shows that we are in the same situation as in case

(2.13.2). This means that no further solutions of (0.4) with m = 0 and
T = 1 are found.

Finally we consider equation (0.4) with m = 0 and T = -1. Put

G’:= Q(X/39), then hG = 2, (2) = p’, (3) = q2 and q : = 25 + 4V39 is a
fundamental unit of G.
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As before we have

and thus

with r, s E{0,1,2} and integral ideal U. Taking norms we find that
r = 0 (mod 3) and s = 1 (mod 3). Hence we may take r = 0 and s = 1 in
(2.18). Multiplication by q2 yields:

and consequently qU is a principal ideal, since (q%)’ is principal and
(hG, 3) = 1. Put qçà = (a + bV39) with a, b E Z. Then we have in

integers of G:

with E = :t: TI t, t E {O, 1, 2}. Since 17 2 = 17’17 ’-3, where q’ denotes the

conjugate of 17, and since ±1 may be absorbed in the cube, we only
need to consider È = 1 and E = n.

Equating coefficients of 1 and 1/39 in (2.19) in case E = 1, gives

We see immediately that 3 I a. It is a small step to deduce that a = 3
and b = 0. This leads to the basic solution

When E =n, we have

We find that

and it follows that 3 a and 3 b: Inserting a =: 3a, and b =: 3b, in
(2.20) yields the impossible congruence
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This completes the proof of the theorem. D

REMARK: In [5] and [2] Nagell and Delaunay show that a binary
cubic with negative discriminant represents 1 in at most 3 distinct

ways with a few exceptions, in which there are 4 or 5 such represen-
tations. Now solving (2.11)3 i.e. the third equation of (2.11) (the cubic
involved does not belong to any of the exceptional classes), is the

same as solving two equations of the type f (x, y) = 1, where the two
f s are binary cubics belonging to different classes. It is clear from the
above proof that one of these cubics represents 1 only once and that
the other represents 1 twice. So neither achieves the maximum

possible number of representations of 1. Consequently, the ap-

plication of the result mentioned above does not bring us any closer
to solving (2.11)3 completely. This is the reason why we have chosen
to solve equation (2.12) (or rather ( 1.8)), given by a cubic inequivalent
to the cubic of (2.11 )3, but with the advantage of determining all

solutions in one go.
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