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Projective modules

over

clean orders

by
K. W.

Roggenkamp

1. Introduction

We shall

use

the

following notation:

K = algebraic number field
R = Dedekind domain with quotient field K
A = f inite dimensional semisimple K-algebra
R-order in A.
G
=

A G-lattice is a unitary left
and torsion-free over R.

category of G-lattices.
N means, that M, N E C (G

C(G)
M

v

G-module, which is finitely generated

=

) lie in the same genus (cf. [7] )

V(M) = {N: N ~ M}, M ~ C(G).
Following Strooker [12], we call a projective G-lattice P faithfully
projective, if G is a direct summand of pn, the direct sum of n
copies of P, for some natural number n. And we shall say that G
is a clean R-order, if every special projective G-lattice (i.e., P is
special projective, if KP is a free A-module) is faithfully projective.
In the first section we shall show that projective modules over
clean orders in simple algebras have similar nice properties as
projective modules over group rings of finite groups (cf. [13]),
the prototypes of clean orders. In the second section we shall
show that for lattices over maximal orders, a con j ecture of Roiter
[11] is true, if the skewfields of the simple components of A are
not totally definite quaternion algebras. Finally, in the last section
we shall extend a result of Swan [15] : If G’ is an R-order in A,
contained in the clean R-order G, and if Po(G ) denotes the Grothendieck group of the special projective G-lattices, then we have
an

2.

epimorphism

Projective

modules

_

over

clean orders in

In this section we shall assume that A is
and that G is a clean R-order in A.
185

a

simple algebras

simple K-algebra,
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Moreover, in the first half of this section we assume that R is
discrete rank one valuation ring with quotient field K.
2.1 LEMMA. Let M and N be

projective

a

G-lattices. Then

PROOF. Let L be the irreducible A-module. Assume

Pick

a

positive integer t

Then M’ and N’

are

such that Li" is

projective G-lattices,

a

free A-module. Put

such that

hence M’ and N’ are special projective G-lattices, therefore they
are G-free (cf. [12], 3.10) on the same number of elements, hence
M’ gig N’. Since locally cancellation is allowed, we get M ~ N.
The other direction of the lemma is trivial.
q.e.d. 2.1
2.2. LEMMA.

projective

Up to isomorphism

there is

only

one

indecomposable

G-lattice.

PROOF. Let {ei} be a full set of indecomposable orthogonal
idempotents in G. Let e be one of these idempotents. If P is an
indecomposable projective G-lattice, we shall show: P ~ Ge,
which will prove the lemma.
Again let L be the irreducible A-module. Then

W.l.o.g. we can assume r =1= s, since otherwise the statement would
(2.1). Assume r s. Pick two positive integers s’, t’

follow from
such that

is

a

free

&#x3E; s’. Let R* be the completion of R.
R* P and R* Ge into indecomposable R* G-lattices :

A-module, then r’

Decompose
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From

(2.3)

and

(2.4)

we

conclude, using (2.1):

so by (2.5)
Since the Krull-Schmidt-theorem is valid for R* G-lattices,
n’, and we conclude, that there is
get nr’ = n’ s’, i.e. n
R* G-lattice X*, such that

Since KP Et) V ~ Ae

is

a

G-lattice, such

(r

s),

for

some

we
an

A-module V,

that R* X ~ X*. Hence

we

get from (2.6)

i.e.

Since Ge

was

assumed to be

If

&#x3E; s,

we

now r

give

a

indecomposable, X = (0),

similar

proof, using

the fact that P

indecomposable.

q.e.d.

Now let us return to the global situation, where R is
domain with quotient field K.
2.7 LEMMA. Let A

thus

a

was

2.2

Dedekind

(D )n, D a field of finite dimension over K.
in D, then G is maximal, i f C C G,
C
is
the
R-order
maximal
Il
and G contains a primitive idempotent of A.
=

primitive idempotent. Then e is in every
Rp ~R G = Gp, R p being the localization of R at the prime p.
Since G is maximal if and only if Gp is maximal for every prime p,
it suffices to prove the lemma for G p, and we shall omit the
PROOF. Let e be the

index p.
Ge is irreducible, hence S(Ge)
EndG(Ge) is an R-order in D.
Moreover from (2.2) it follows that Ge is faithfully projective,
i.e. (cf. [12], 1.5; [1], A.6)
=
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Since S(Ge) C C C G, we have C
S(Ge) (cf. [9], lemma 14).
But Ge is a S(Ge)-lattice, hence G is a maximal R-order in A
=

q.e.d. 2.’i

(cf. [1], 3.6).
There exists
G-lattices.

2.8 LEMMA.

projective

only

one

genus

of indecomposable

(2.1) we are finished, if we can show: P, Q
indecomposable projective G-lattices =&#x3E; KP - KQ. Assume

PROOF. Because of
are

the contrary. Let L be the irreducible

W.l.o.g.

we can assume s

Then for every

prime p

A-module,

&#x3E; t.
we

have

where is an indécomposable idempotent in Gp. Since KPp ~ KP
KQp ~ KQ, we have s p &#x3E; tp for every p. But that would
imply that Q p is a direct summand of P p for every p, thence P
decomposes (cf. [3]). So we have arrived at a contradiction.
q.e.d. 2.8
most
of
the
in [3],
these
results
one
can
statements
Using
prove
§78, (cf. [13]).
and

2.9 LEMMA. Let M be a

projective G-lattice,

in G. Il I is any
natural numbers n, such that

idempotent

non zero

e an

indecomposable

ideal in R, then there exists

a

and
PROOF. Let M be a projective
potent e in G, such that

M

v

Ge(n) for

G-lattice, then there is

some

natural

an

idem-

n.

This follows from Lemma 2.8 by looking at the indecomposable
components of M. Now we apply [11], Lemma 1, to embed M in
Gen such that I+ann((Ge)n/M) = R.
2.10 LEMMA. Let M be a projective G-lattice, I a non zero ideal
in R, and e an indecomposable idempotent in G. Then there exists
a finite number of indecomposable projective lattices Mi in G,
such that
and
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PROOF. In the proof
of interest for itself:

we

need the

following statement,

which is

2.11 CLAIM. Let i(G) denote the Higman-ideal of G (cf. [3]).
Then a G-lattice M is projective i f and only i f we can embed M
into Gen for some n, such that

If M is projective, the statement follows from
(2.9). Conversely, if i(G)+ann(Gen/M) R, then M v Gen, (cf.
[7J), hence M is projective.
q.e.d. Claim
Now let ltl be projective, then the proof of (2.10) is the same
as in [3], 78.8, using Gen instead of F’.
q.e.d. 2.10

PROOF

OF CLAIM.

=

2.12 THEOREM. Il M is a projective G-lattice, I a non zero ideal
in R, and e an indecomposable idempotent in G, then there exists
a projective indecomposable lattice M’ in G, and a natural number n,
such that
and

PROOF. We can use the proof of [3], 78.9, if we can show:
Let M1, M2 be indecomposable projective lattices in G, such that

then there exists
such that

an

indecomposable projective

G-lattice

Ma,

By [11], Prop. 5, since Ml v Ge, and since M2 is a faithful G-lattice,
we can find M3 , such that
It is easily checked that M3 is projective, and by (2.9) we can
embed M3 in Ge in the desired form.
q.e.d. 2.12
If the Krull-Schmidt-theorem is valid for G-lattices, one can
characterize clean orders in terms of idempotents.
2.13 LEMMA. Let G be an R-order in the semisimple finite dimensional K-algebra. Assume, that the Krull-Schrrtidt-theorem is valid
for G-lattices. Il there exists an idempotente in G, such that Ge is
an indecomposable faithfully projective G-lattice, then G is a clean
R-order in A.

PROOF. We shall show: If P is an indecomposable projective
G-lattice, then P ~ Ge. This will prove the lemma. Since P
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is projective, there exists a projective G-lattice X such that
P ~ X ~ G". But Ge is faithfully projective, hence
for

some

G-lattice Y.

Since the Krull-Schmidt-theorem is valid, and since Ge is indecomposable, we get G gig (Ge)r, hence

But P

valid,

was

so

indecomposable,

and the Krull-Schmidt-theorem is

P ~ Ge.

q.e.d.

3. On the gênera of lattices

over

2.13

maximal orders

Let A be a semisimple finite dimensional K-algebra and B a
maximal R-order in A. By # V(M), M E C(B) we denote the
number of non-isomorphic B-lattices in the genus of M. Roiter
[11] stated the following conjecture:

As we showed in [10], this conjecture is not true in general. If
S is any R-order in some semisimple finite dimensional K-algebra,
we denote by h(S) the number of left ideal classes in S (an ideal
in S is an S-lattice I, such that KI gig KS). h(S) is always finite
by the Jordan-Zassenhaus-theorem (cf. [16]). If M ~ C(B),
we write

The

following
(cf. [2]):

lemma is

easily proved, using

the Morita-theorerns

3.2 LEMMA. Let B = 1 ~ Bi the decomposition of B into
maximal R-orders in simple algebras. Il Ei is an irreducible Bilattice, then

KM contains every irreducible A-module
exactly once. Moreover # V(03A3 E9 Ei)
rj h(S(Ei)).
(Q) We shall say that A satis f ies (Q), if none of the skewfields
in the simple components of A is a totally definite quaternion
We have

equality, i f

=

algebra.
LEMMA. If A satisfies
maximal R-orders in A.

3.3

f or

(Q),

then Roiter’s

conjecture

is true

191

be the set of mutually
idempotents of B. If A satisfies

PROOF. Let

primitive

As in

{ei}

[7], (cf. [6],

Satz

1)

one

shows

Now the statement follows from
3.5 COROLLARY.

Il

A

orthogonal central
(Q), then (cf. [4])

easily
q.e.d.

(3.4).

satisfies (Q), M, Nl, N2 E C(B),

3.3

such that

then

PROOF. The

hypotheses imply,

that for each ei,

If we can show that for every ei, eiN1 ~
the corollary, since B is maximal. Hence
is simple. Since locally we can cancel,
statement were not true, and let

Nl , N2, ···, Nk
in the

same

genus

as

be the

non

eiN2,

we

we

have

have

proved

that A
Assume the

we can assume

N1 ~ N2.

isomorphic B-lattices,

N1.

Obviously all these B-lattices lie in the same genus as N1 (9 M.
Now let X E V(N1 Et) M), then X ~ N’ ~ M’, N’ v NI, M’ v M.
Since A was assumed to be simple, all the B-lattices are faithful,
hence by [11], Prop. 5, we can find Ni E V(N1), such that
This proves the claim.
Since A satisfies (Q ),

we

conclude from

(3.4)

hence no two of the Ni E9 M can be isomorphic.
The following lemma was proved by Jacobinski
weaker conditions:

q.e.d. 3.5
[6] under

3.6 LEMMA. Assume that A satisfies (Q); let G be an R-order
in A and B a maximal R-order in A containing G. Il M, N are
G-lattices such that M v N, then
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B considered

as

G-lattice.

(i) If M ~ B ~ N ~ B, then BM ~ B -= BN E9 B;
(3.5) BM ~ BN.
(ii) Conversely: Assume BM ~ BN. Since B is a faithful

PROOF.
hence by

G-lattice, there is

Since B
From

E, E is

v

(3.7)

we

a

G-lattice E

v

B such that

B-lattice, hence BE
now get
a

since BN - BM, this

=

E.

implies (3.5)

hence E gig B.

q.e.d.

4. Grothendieck groups of

3.6

spécial projective modules

Let A be a semisimple finite dimensional K-algebra, and G a
clean R-order in A. By P0(G) we denote the Grothendieck group
of the special projective G-lattices. Let G’ be an R-order in A,
contained in G; then we have a map

from the category of special projective G’-lattices into the category
of special projective G-lattices, which induces a homomorphism
of abelian groups:

where

[P’j

denotes the class of P’ in

4.1 THEOREM.

f

is

P0(G’).

epimorphism.
PROOF. Let P be a special projective G-lattice; we have to show
[P] E im f. Since G is clean, P is locally free, i.e. P v F, F G"
for some natural n. Let .F’
(G/)n, then G Q9G’ F’ ~ F, hence
an

=

==

This

that G ~G’, F’ and P lie also in the same genus as
G’-lattices, hence (by [11], lemma 1) we can embed P into
G 0G,F’ (as G’-lattice), such that
means
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and such that the hypotheses of [11], lemma 2 are satisfied;
I o {r E R : rG C G’}. We write U for (G ~G’ F’)/P. Since F’
is a free G’-lattice, it is a faithful G’-lattice, hence by [11], lemma
2, there exists a G’-l attice P’, P’ v F’, such that F’IP’ - U.
Since P’ v F’, P’ is a special projective G’-lattice. Therefore
we get an exact sequence of G’-lattices:
=

where

(U)+I0
Proposition (5.2), to
ann

R. Now
conclude

we can

=

proceed as

in

[15], proof of

hence

q.e.d. 4.1
REMARK. This extends
4.2 REMARK. With the

a

result of Swan

same

[15].

argument we

can

prove the follows-

ing :
.

Let G’ C G be any two R-orders in

A, then

we

have

an

epi-

locally

free

morphism
where

Pf(G)

denotes the Grothendieck group of the

G-lattices.
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