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Consider the Dirichlet series

Let ae and a. be the abscissa of convergence and the abscissa of
absolute convergence, respectively, of f(s). If ae
oo, f(s)
aa
represents an integral function.
Let the maximum modulus over a vertical line be as
=

and the maximum term

=

as
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In this paper we obtain a lower bound of m2,k(a, 1(1») in terms
of m2,k(03C3) and a, where m2,k(03C3, f(1») is the mean value of f(1) (s).
the first derivative of f(s), that is

We also study some properties of m2, k(
We first prove the following lemmas.
LEMMA 1.

a).

m2,k(a) is a steadily increasing function of a.

PROOF: We have

the series on the right being absolutely and uniformly convergent
in any finite t-range. Hence integrating term by term we obtain

The term involving T is bounded for all T, m and n so that the
double series converges uniformly with respect to T and each
term tends to zero as T - oo. Thus we get

The series in
so

(1.6) is absolutely and uniformly convergent
again integrating term by term we obtain

m2,k(a)

is

steadily increasing follows

LEMMA 2.

log m2,k(03C3)

PROOF. From

Therefore,

(1.3)

is a

and

convex

(1.4),

we

from

(1.7).

f unction o f
have

a.

and
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which increases with a &#x3E; 03C31, since
of ekUm2,k(a) ([2J, p. 135).

ek03C3I2(03C3)

is

a convex

function

Hence,

LEMMA 3. Il
order A and D

is an integral
oo, then

f(s)

PROOF. We have from

If D

co,

we

function, o f

Ritt-order p and lower

(1.6)

get from (1.2) and (1.8)

Therefore,

Also, since 12(X) is

and

we

get,

on

an

increasing function

using (1.9),

of x,
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Further for h &#x3E; 0

and

we

again get,

on

using (1.9),

and thus Lemma 3 follows.
2
THEoREM 1. If m2,k( a, f(1)) is the mean value of f(1)(s) the first
derivative o f an integral function f(s) other than an exponential
polynomial, then

for

or

&#x3E; 03C30,

where

6o is a number depending on the function f.

PROOF. We have

By Minkowski’s inequality ([3],

Hence,

p.

384)
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Again, using Minkowski’s inequality,

Now take
a

obtain

log m2,k(03C3)/03C3; g(03C3) is a positive indefinitely
function of a for 03C3 &#x3E; ao
03C30(f), in fact log m2,k(03C3)
convex function of a, and so we have

increasing
is

g(o’)

we

=

=

COROLLARY 1. If m2,k(a, f(1)) is the mean value of f(1)(s), the
first derivative of an integral function f(s) other than an exponential polynomial, then
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where p and À are the Ritt-order and lower order of
tively, and D oo.
This follows from Theorem 1 and Lemma 3.

f(s)

respec-

3

THEOREM 2. Let m2,k(03C3, f(r)),
value of f(r)(s), the r-th derivative
than an exponential polynomial.

m2,k(03C3, f(1)

m2 6
for

or

&#x3E; a 0

PROOF:
have

=

max

Writing

(r 1, 2, ···, p), be the mean
of an integral f unction f(s) other
If 03BB ~ 03B4 &#x3E; 0 and D oo, then

(aI’

cr2,

the above

=

...

m2,k(03C3, I(P»)

o-J.

corollary

for the r-th

derivative,

we

Therefore,

Giving r the

values

r

=

1, 2, ···, p,

we

get

4

THEOREM 3. Let m2,k(o, f(p)) be the mean value of f(p)(s) the p-th
derivative of an integral function 1(s) other than an exponential
polynomial. Il Â. &#x3E; ô &#x3E; 0 and D 00, then

PROOF :

Writing (2.1)

for the r-th

derivative,

we

have
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Giving r

the values r

=

1, 2, ..., p and

mul tiplying them,

we

get

Using

Theorem 2,

we

get

COROLLARY 1. If m2,k(03C3, f(p)) is the mean value of f(p)(s), the
p-th the derivative of an integral function f(s) other than an
exponential polynomial, then

where p and À
tively, and D

are

the Ritt-order and lower order of

f(s)

respec-

co.
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