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On the geometric means of an integral function
by

Kuldip Kumar

1.
Let f(z) be an integral function of order p and lower order 4
and

(L1) lim Sup log n(r) _ P
’ r»oo inf log r M

n(r) being the number of zeros of f(z) in |3] =< r. Let G(r) and
85(r) denote the geometric means of [f(z)|, defined as

(1.2) G(r) = exp {21—”‘[) log |f(re‘0)|d0}
and
0
(1.8) gs(r) = exp {; +8i1f f log]f(me’e)]w"dwdﬂl

In this paper we have obtained some of the properties of G(r)
and gs(r). Let

(1.4) N(r) =f M da
o X
and
lim SuP n(r) ¢
1. —_— =,
(1.5) r—oo inf 7P d

Using Jensen’s formula in (1.2), we have

(1.6) log G(r) = log If(0)1+ | jat
0

From (1.1), we have, for any ¢ > 0 and r > ry = ry(¢)

M < n(r) < rfrte
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Using this in (1.6), we have, for almost all values of r > r,
MG (r) < GU(r) < rPTIHEG(r).
Again from (1.5), we have for any ¢ > 0 and r > 7,
‘ (d—e)re < n(r) < (cte)re
Substituting for n(r) from (1.6), we have, for almost all r > r,

(d—e)rP1G(r) < G'(r) < (c+e)rP1G(r).

2.

We shall now obtain some of the properties of gs;(r). We may
write (1.8) as

log gs(r) = (0+1 )f log G(z)2? da.

po+1

Now, using (1.4) and (1.6), we get

(6
(2.1) log gs(r) = 0(1)+ :_11 J‘ N(z)a® dx.

THEOREM 1. Let f(z) be an integral function of order p(0 < p < 00)
and let {(0) #~ 0. Further,

(i) of
lim inf V) _
r—>00 re >
then
lim inf 10g 8s(r) - A(6+1)
r—>00 rP = (p+06+1)’
(i) <f
lim sup&_) -«
r—>00 rP ’
then
lim sup log g5(r) < «(d+1) )
r—>00 re - (P+6+1)

Proor. (i) Since

hmhﬁN”)zﬁ’

r—00 rP
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therefore, for any ¢ > 0 and r > r; = r,(¢), we have

N(’I‘) > (5—8)7‘”,

and so from (2.1)

(B—e)(0+1)
lo r) > 0(1 TP+3+1_7~P+<’+1 7"—8—1.
B8(r) > 0+ £re)
Taking limit on both the sides leads to
lim inf 108 &(r) _ A(6+1)
7—>00 rP - (P+6+1)
(i) If

lim sup N(r) —
r—>00 rfP ’

we have, for any ¢ > 0 and r > r, = ri(e), N(r) < (a+te)?.
Substituting this in (2.1), integrating and proceeding to limits,
the result follows.

THEOREM 2. Let f(3) be an integral function of finite non-integral
order p, and let
lim 12 8:(") — and 1lim 198 G(7)

r—>00 rP r—>00 re

b

then
v(p+d+1) = pu(6+1).

Proor. Since
lim 10g &(r)

7—>00 rP

therefore,

rP(v—e) < log gs(r) < rP(v+¢), for r > ry(e).

Hence,
Wf(l_w log G(z)2’dz = et )L log G(z)2?® dz
(3+1) (U 8 .
- 7'5-5—1 f lOg G(w)w dw, (O < n < g:-!_—‘]_)

To

= 0(1)+ log gs(r)—(1—n)**! log gs{(1—n)r}
> o(1)+9{(p+0+1)yp— - - }r*—e{2—(p+0+1)p+ - - -Jre.
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But,

(0+1) f log G(z)2de < (641) log G(r) f o da
ra"'l - 7'8+1
(1—9)r (1—9)r

(641)n log G(r)
1—(0+41)y

) for—>(6+1)n < 1.
Hence,
log G(r) v{(p+o+1)n— - - H1—(6+1)n)
o oo (5+1)
_e2—(prd+ L)t - -0+ 1)}
(6+1)n.

Since 7 is arbitrary, we get

(2.2) lim inf 108 G(r) - v(pto+1)
r—>00 rP (6+1)

Further,

(1+q)r (I4m)r
0+1 )f log G(z)a® de = MJ log G(z)a’ dz

7-3-}-1 7-3—|—1

_(6+41)

T"‘l‘l

er—i—s{2-}— (p+o-+1)p+ -+ -}rp, for 7 <1,

J log G(z)x?dz < o( (1) +»{(p+0+1)n+ - - 3

but,
5+1) pl+mr
(—r—j—;?—)fr log G(z)a’dz > (6+1)n log G(r),
hence,
log G(r) o+t -} | sl (ptdt Lt )
<ol .
N R e (61 1)7

Therefore we get

lim sup 192 G(r) _ v(p-+0+1)

(2.3) lim v =G0

Combining (2.2) and (2.3), we get the result.

3.

Combining (1.2) and (1.3), we obtain

-1 rr d
?<(:)) — exp [z [ @1 7 o Gl@)dal
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Using (1.6) in this, we get

{ga(r)}luv(r) _ exp {THIN( ) f n(z)e? dw}

(3.1) ¢

Let us set

lim SUP [{ga(r)}l’N"’] _ P
re0 inf [ |G(r) T p

We now prove the following:

THEOREM 3. If {(z) is an integral function of order p(0 < p << )
and f(0) £ 0, such that n(r) ~ ¢(r)rer, where ¢(r) is a positive
continuous and indefinitely increasing function of r and ¢(cr) ~ ¢(r)
as r — o0 for every constant ¢ > 0, then

P=p=exp{ P }

p1+0+1
Proor. Since n(r) ~ ¢(r)r°r we have for any ¢ > 0 and r = 7(¢)
(8.2) (1—e)p(r)yrrr < n(r) < (L+e&)p(r)yr

_6 J ¢ m{’1+3dw <f 6dm < 1+8 f ¢ w)wp1+adw
Now, by Lemma V([1], p. 54),

f¢ ety o PO

for every positive «, and so we get

=) .,
(3.3) m ¢( )/"P +3+1+0 1) <J w’dw
pl(:ngl B(r)retHH110(1),

Again, from (3.2), we have

(1—e) f ¢(x)xPr1dz <f dm < (1+.s)f é(z)xr1de,

giving,

(1_"_‘5_) S(r)rr4+0(1) < N(r) < (1+e)

P1 P1

(8.4) $(r)rPr40(1).
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Combining (8.3) and (8.4) leads to

P )[(178)¢(7)rp1+0(1)] > —! frn(w)w"dw

(P to+1 1+e)p(r)r PN J,
_ —p [(4e)dr)yrto(l)
~ (prFo+1) [ (1—e)g(r)rm } ‘

Taking exponentials and proceeding to limits, we have, since &
is arbitrary and n(r) ~ ¢(r)re1,

limexp [__—1 fr s }= : ! }
oo {r"“N(r) , n(z)z’ de exp oot

THEOREM 4. If f(z) has at least one zero and f(0) = O, then

() elSp=P=1
(ii) P =exp ( _:i)

Proor. (i) Integrating by parts the integral in (8.1), we get

{?((:))}HM') = exP{ rgerl Z‘)f N adm}

Since N(r) is non-decreasing function of r, we get
p=e?! and P =1.
Since n(r) is non-decreasing function of r, (3.1) gives

{ga(r)}””"” —n(r) }
G(r) (6+1)N(r))

> exp !
But we know ([2], p. 17) that

lim inf n(r) <1
r—>00 N('r) ="

1/N(r)
lim sup [{é«'ﬁ‘l} :] > exp (—11) )
r—>00 G(’r) - 0+1
I wish to express my sincere thanks to Dr. S. K. Bose for his
guidance in the preparation of this paper.
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