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On shifting iterated convolutions II

by

A. J. Stam

1. Notations and Results

By P, Q, R and the same letters with indices attached, we
dénote probability measures on the Borel sets of the real line.
The convolution of any two finite signed measures M and N on
the Borel sets of the real line will be written MN, iterated con-
volutions being written as powers. The inequalities

where ||M|| denotes total absolute variation, will be used repeat-
edly.

The probability measure degenerate at a is denoted by Ua.
Occasionally we will write I for Uo. If P may be written in the
form

it will be called a lattice distribution. If moreover P is non-

degenerate, the largest c for which (1.3) holds, is called the span.
The pk will be called the probabilities of the lattice distribution.

For absolutely continuous P unimodality is defined here as the
existence of e such that a probability density of P is nondecreasing
on (- oo, 03BE) and nonincreasing on (e, ~). For a lattice distribution
unimodality will mean that the sequence {pk} in (1.3) is non-

decreasing for k ~ ko and nonincreasing for k h ko for some ko.
In a preceding paper, Stam [7], henceforward cited as I, the

author studied the set Lo consisting of those a for which

From the notations introduced above it follows that UaPn is
the n-fold convolution of P shifted over a distance a. It was
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shown (I, theorem 2) that Lo = ( - co, + ~) if and only if some
pm has an absolutely continuous component.
In I also a weaker form of (1.4) was considered, viz.

for every absolutely continuous Q, which holds for every a if
P is not a lattice distribution (I, theorem 5).
The subject of this paper is the order of convergence in (1.4)

and (1.5), if present, the dependence on a and questions on
uniformity with respect to Q in (1.5). The following results will
be obtained.
A necessary condition for convergence of prescribed order in

(1.4) and (1.5) is derived (theorem 7). If a e Lo, then

Ilpn-Uapnll ~cn-1 2 (theorem 2). If pm for some m has an

absolutely continuous component and if P has finite absolute
moment of order 2+03B4 for some 03B4 e (0, 1], then (theorem 3)

where a2 is the variance of P. A similar theorem holds for lattice
distributions (theorem 4).

If P has infinite second moment, the situation is more complex.
It will be shown (theorem 8) that under the condition

with t5 &#x3E; 0, y &#x3E; 0, B &#x3E; 0, if pm for some m has an absolutely
continuous component and P has a finite moment of some posi-
tive order,

for any oc &#x3E; 03B4. A similar result holds for lattice distributions

(theorem 9). The condition (1.7) is necessary for (1.8) with oc = 03B4.

In special cases, e.g. if all P" are unimodal, the above results
may be sharpened (theorems 5 and 6).

In section 5 the relation (1.5) will be studied. It will turn
out (theorems 10 and 11) that the convergence in (1.5) cannot
be uniform with respect to Q and the order of convergence
cannot be independent of Q, except when a e Lo. However, the
results for absolutely continuous P extend to (1.5) for non-
lattice P, for suitable Q arbitrarily close to Uo in the sense of weak
convergence (theorem 12).
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In section 6 (theorem 13) it will be shown that if some Pm

has an absolutely continuous component and

for a single a, then under certain conditions on the sequence {bn}

for every a e ( - oo, +~).
We say that P contains Pl, if

with 03B1 &#x3E; 0, 03B2~ 0, cc+p = 1, P, P1 and P2 being probability
measures. If pm for some m contains P1, the convergence to zero of
||PnR-UaPnR|| is at least of the same order as ||Pn1R-UaPn1R||,
if certain mild conditions are satisfied (theorem 1). This fact,
an extension of I, lemma 5, will play an important rôle in our
proofs.

2. Comparison of orders of convergence

In theorem 1 below we have to restrict ourselves to convergence
of order h-1n, with b n = f(n), the function f on [1, oo ) satisfying

The condition (2.1) and the choice of 1 as left endpoint of the
domain of f are inessential.

LEMMA 1. Under (2.1)-(2.4) zve have

for some positive constants rand c.
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PROOF. The relation (2.5) follows from

The relation (2.5) then becomes

From (2.1)-(2.4) it follows that ry is finite, nonnegative and
nondecreasing. From (2.8)

which implies (2.6 ). Finally, by (2.4) and (2.6)

LEMMA 2. Il the function f satisfies (2.1)-(2.4),

’with 0  03B1  1 and P = 1- ex, is bounded with respect to n.

PROOF. By (2.4) and (2.6)

where m is a natural number. Therefore

.and

which is bounded with respect to n.
Under (2.1) and (2.2) the condition (2.4) is necessary in order

that lemma 2 holds for all a e (0, 1): If n-1  x ~ n, we have
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where

THEOREM. 1 Let M be a f inite signed measure on the Borel sets
o f the real line, and let bn = f(n), n = 1, 2, ..., where f satis f ies
(2.1)-(2.4). If pm for some m contains Pl and

for n ~ oo, then

for n ~ 00. A similar conclusion holds if 0(l) is replaced by o(1).
PROOF. Putting pm = Q, we have by (1.1) and (1.2)

If bk||Pk1M||~ c  oo, k = 1, 2, ..., then bnllQnMIl is bounded
in n by (2.7) and lemma 2. If limk~~bk||Pk1M||=0, then
limn~~ bn||QnM|| = 0 by (2.7), lemma 2 and the Toeplitz theorem
(Loève [4], § 16.3, p. 238).
Now let n = hnm+d, with hn integer and 0 ~ d  m. Then by

(2.4), (2.6) and (1.2)

from which our assertions follow.

3. Convergence of order n-i in (1.4)

THEOREM 2. If a e Lo,

PROOF. If a e Lo, we have ||Pm - UaPm||  2 for some m, so
that by I, lemma 3

with 0  oc ~1, 03B2 = 1-03B1. Since

(see I, lemma 6), our assertion follows from (1.2) and theorem 1
with M = I-Ua.
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If P has finite second moment, ||Pn -UaPn|| cannot converge to
zero faster than n-l, since, if ç is the characteristic function of P

and {1-exp (iuna)}~n(un) ~ cn-1 2 en-i for Un = vn-l. (Cf. theorem 7
below).
To obtain sharper results, but of less general application than

theorem 2, we need the following lemma.

LEMMA 3. Let P have finite absolute moment of order 2+03B4 with
0  t5 ~ 1, and let N be the gaussian probability distribution with
the same first momentu and variance a2 as P. Then

for every e e (0, 1 203B4).
PROOF. It is no restriction to take li = 0. Let Pn and q n be

the probability densities of PNn and Nn+1, respectively. Then

with

Denoting by cp the characteristic function of P and by yn the
Fourier transform of gn, we have by Parseval’s formula

Since IYn(u)1 | ~2An and there is d &#x3E; 0 with

(see Loève [4], § 12.4, p. 199),

with 0~03BB1.
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From the relation

given in Feller [1], section VII.1, we find

n= 1,2,....

Since PNn is the probability distribution of the sum of two
independent random variables with distributions P and Nn, we
have

So with (3.4) and Markov’s inequality

If we take A n = n1 203B4-v, our assertion follows from (3.1), (3.3),
(3.5) and (3.6).

THEOREM 3. Il pm for some m has an absolutely continuous
component and i f the absolute moment of order 2+03B4 of P is finite
for some 03B4 with 0  t5  1,

f or every e e (0, 1 203B4).
PROOF. It is no restriction to assume that P has zero first

moment. Let N be the gaussion probability distribution with
zero first moment and the same variance u2 as P. We choose Q
to be absolutely continuous with zero first moment, finite variance
03C42, characteristic function D(u) E L, and probability density
belonging to L2. Then the densities pn of PnQ and qn of NnQ
also belong to L2. We have for a &#x3E; 0,

with

where
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By Chebychev’s inequality

By Parseval’s formula

where 03B3n is the Fourier transform of gn.
To estimate T2(n) the following identity between complex

numbers is needed:

k=0,1,..., n-1; n=1,2,...

One proof of (3.11) makes use of the relation

with 1(x) = x". By the substitution t = (y-x)i in the integral,
binomial expansion of the factor {x03C4+y(1-03C4)}n-k-1 in the in-
tegrand and application of the formula for the beta function (3.11 )
follows.

Applying (3.11) to (3.10) we find

with

By Parseval’s formula and (3.8)
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So from (1.2), theorem 2 (cf. I, theorem 2) and lemma 3

To majorize W n we need the inequality

which follows from (3.8), the relation

(Feller [1 ], Ch. II. 12, no. 7; Netto [5], (§ 156, (11)), and the
existence of d &#x3E; 0 with

(Loève [4], § 12.4, p. 199),

for some a &#x3E; 0 (Loève [4], ibid.), and

by the Riemann-Lebesgue lemma. So, since D(u) ~L1, we have

From (3.12), (3.15) and (3.16a)

We may take An = n03C1 with p so large that by (3.9)

Then we may take k so large that 1+1 203B4(k+1)-p ~ 2, say, so
that from (3.17)
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From (3.7), (3.18) and (3.19) it follows now that

Since Pm has an absolutely continuous component, Pm contains
Pl with probability density belonging to L2. By estimates

analogous to (3.7), (3.9) and (3.10) with A n = n, making use
of the fact that 1- ~(u)~ t’t’2.u2 for u - 0, we may show that

so that by theorem 1 with M = (I-Ua)(I-Q)

In the same way

Finally

Our assertion now follows from (1.1), (3.20), (3.21), (3.22) and
(3.23).
The lattice versions of lemma 3 and theorem 3 are as follows.

LEMMA 4. Let P, Q and R be lattice distributions restricted to the
integers, R being nondegenerate with span 1. Il P and Q have the
same first and second moments and have finite absolute moments
of order 2+03B4 for some 03B4 with 0  03B4  1,

f or every ~ e ( 0, 1 203B4),
PROOF. First assume that R = 1 4U-1+1 2U0+1 4U1. Let pln)

and qk(n) be the probabilities of PRn and Q R n, respectively. Then
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where

and

In the same way as (3.6) we derive

By the estimate for the tail of a binomial distribution, given in
Feller [1], Ch. VI.3:

and by Stirling’s formula and (3.26) it may be shown that

for any ce e (0, 1).
By Parseval’s relation

where ~, 03C8 and y are the characteristic functions of P, Q and R,
respectively, and

From (3.25) and (3.28)

Our assumptions on the moments of P and Q imply the existence
of dl &#x3E; 0 with

(Loève [4], § 12.4, p. 199). Since x(u) = cos2 ju,

with 03B1 &#x3E; 0, da &#x3E; 0, and
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Therefore, with d = min (d1, d2)

For R = 1 4U-1+1 2U0+1 4U1 the lemma now follows from (3.24),
(3.27), (3.29) with (3.26). To prove the general case we note
that, since R has span 1, there is m such that Rm contains

Uh(1 4U-1+1 2U0+1 4U1) for some integer h. The lemma then follows
from theorem 1 and what was shown above.

THEOREM 4. I f P is a lattice distribution with span c, and the
absolute moment o f order 2+03B4 o f P is finite. f or some 03B4 e (0, 1],

i = 1, 2, ..., n = 1, 2, ....
Here Q2 denotes the variance o f P.

PROOF. We assume c = 1, to which the general case is reduced
easily. To find a suitable probability measure that plays the same
rôle as N in the proof of theorem 3, we choose the integer m so
that M03C32 ~ 2 and write Q = UbPm, where b is chosen so that Q
is restricted to the integers and

The parameters p &#x3E; 0 and p E (0, 1) of a negative binomial
distribution B now may be determined in such a way that B
has the same first moment and variance as Q, the pertinent
equations being

where af 1-P.
Now, ak(h) and bk(h) denoting the probabilities of Qh and Bh,

respectively,

with
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By Chebychev’s inequality

By Parseval’s relation

where yh(u) dl Ik chk exp (iuk) and 03C8 and fl are the characteristic
functions of Q and B, respectively. In the same way as (3.17) was
derived from (3.10), it may be shown that

h &#x3E; k+2,

with 0  À  1. Instead of lemma 3 now lemma 4 should be used,
whereas the relation |03C8(u)|~ 03BB  1, d ~ jul ~ 03C0 follows from
the fact that Q has span 1; see Gnedenko and Kolmogorov [2],
§ 14, corollary 2 to theorem 5. From (3.31), (3.33) and (3.34)
by taking Mn = [ha] with ce sufficiently large, and then taking k
sufficiently large,

The probabilities

of Bh satisfy

Therefore

with

By evaluating the terms in the right-hand side of (3.37) with
Stirling’s formula, using (3.38), we may show that

so with (3.30)
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From (3.35) and (3.39)

Finally, let n = hm+r, h integer, 0 ~ r  m. Then

Denoting by pk(r) the probabilities of P’’ we have

Since Q has span 1, the set Lo for Q contains 1 by I, theorem 3,
so that ||Qh-U1Qh||~03B1h-1 2 by theorem 2 and ||Qh-UiQh||~03B1|i|h-1 2
by (1.1). Therefore

and with (1.2)

The theorem follows from (3.41), (3.40) and (3.43).

THEOREM 5. I f P is absolutely continuous with f inite variance 03C32
and P" is unimodal, n = 1, 2, ...,

PROOF. It is no restriction to assume that P has zero first
moment. Let p(n) denote the density of Pn. The unimodality of
P" implies the existence of b. with

so that

Let Q be any probability measure with finite absolute first
moment and characteristic function belonging to L, and let q(n)
be the density of P"Q. Then by (3.44)



215

Now P contains a uniform distribution Po. By (3.44) applied
to Po, since all P" are unimodal (cf. Wintner [9], pp. 30, 32),

P(n)0(x) denoting the density of PO. By writing p(n)0(x) as a Fourier
integral and noting that the characteristic function of Po for
u - 0 behaves as exp (-03B1u2) for some a &#x3E; 0, it may be shown
that

Then by a derivation analogous to that leading to (3.42)

We have

where y e Li and 99 are the characteristic functions of Q and P.
To every e e (0, 1) there is d = d(8) with

Applying these relations to (3.47) we find

Since this holds for every a e (0, 1), it follows from (3.46) that

On the other hand
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It was shown by Shepp [6], that

so that

The theorem follows from (3.48) and (3.50).

THEoREM 6. Il P is a lattice distribution with span c and finite
variance a2, and Pn is unimodal, n = 1, 2, ...,

PROOF. The proof is analogous to that of theorem 5. Taking
c = 1 we have for some ln

q being the characteristic function of P and p(n)k, k = ...-1, 0,1, ...
the probabilities of pn. The right-hand side now may be maj orized
without the intervention of an extra distribution Q. The lattice
analogon of (3.49) also is due to Shepp [6].

4. Convergence faster than n-1 2.

THEOREM 7. Let h be a continuous and strictly increasing function
on [l, 00 J with

whereas the inverse function h-1 on [l, ~) satis f ies



217

Then a necessary condition that

f or some R and some a &#x3E; 0, is the existence of y &#x3E; 0, t5 &#x3E; 0 with

Here q; is the characteristic function of P and

PROOF. We have to show that under (4.5)

If this were not true, there would be a sequence uk~ 0 with

and 03B5k - 0, since 199 (u) | is even. We may assume 0  uk~ 1,
0 ~03B5k  1, k = 1, 2,....
Take A and B fixed with

There is k0 and a sequence {nk} of integers, such that nx - + ~
and

To prove this, we note that there is kô with

To every k ~ k¿ there is a single integer nk ~ 2 with

Since Uk + 0, we have nk t oo. From (4.11)

By (4.3), as nk ~ oo, there is k0" with
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So from (4.11), (4.12) and (4.13)

with ko = max (kô, k’’0), wich proves (4.10).
Now, if 03C8 denotes the characteristic function of R, it follows

from (4.8) and (4.10a) that for k ~ k0

From (4.7) and (4.4), since Ak &#x3E; 1,

So, since Ak &#x3E; A, 1p(uk) ~ 1 and 03BB(Ak) ~ coAk  coBP by
lemma 1, we have, taking into account (4.9),

in contradiction with (4.5).
An important special case is h(x) = x1/03B1 with 0  03B1 ~ 2. It

follows from theorem 7 that

with y &#x3E; 0, t5 &#x3E; 0 is a necessary condition that

So if P belongs to the domain of normal attraction of a stable
law of order a or if P has a finite absolute moment of order 03B1,

the convergence in (1.4) and (1.5) can be no faster than of order
n-1/03B1.
We note that the convergence may be faster than any power

of n-1. As an example we take P = NQo, where N is any gaussian
probability distribution and Qo has characteristic function f with

Qo is a variant of the probability distribution belonging to no
domain of proper partial attraction, given in § 37 of Gnedenko
and Kolmogorov [2]. Their estimate of the characteristic function
can be taken over immediately, giving
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Since the measure with density function q is symmetric and
unimodal, so are its convolutions (Wintner [9], pp. 30.32) and
so are all P". By relations analogous to (3.44) and (3.47), using
(4.15), one sees that ||Pn- UaPn|| converges to zero at least of
order exp (-cn1 2) with c &#x3E; 0.

The author conjectures that (4.14) in many cases is sufficient
to have convergence of order n-1/03B1 in (1.4) but he succeeded only
in obtaining weaker results, theorems 8 and 9 below. The order
of convergence in (1.5) is considered in section 5.
For the proofs of theorem 8 and 9 the following lemma is needed.

LEMMA. 5. Let Q be a symmetric stable probability distribution with
characteristic function exp ( -Plul«), where 03B2 &#x3E; 0, 0  oc  2. Then

PROOF. Let q and q(n) be the densities of Q and Qn, respectively.
We have

A symmetric stable distribution is unimodal. We refer to Gnedenko
and Kolmogorov [2], appendix 2. The unimodality also follows
from the relation

where g is a probability density (see Bochner [10], section 4.3;
Stam [11] section 7). So

To prove (4.17) we start from (4.18):

where r. = (1+n-1)1/03B1. Since Q is unimodal and symmetric,

which proves (4.17).
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THEOREM 8. Let pm for some m have an absolutely continous
component and let the absolute moment o f P o f some positive order
p be finite. Moreover, let the characteristic f unction q; o f P satis f y

with 03B3 &#x3E; 0, a &#x3E; 0 and 0  03B4  2. Then

for every r  03B4-1.

PROOF. First assume that P is absolutely continuous with
density in L2. Then the density pen) of Pn also belongs to L2.
We have

with

By Markov’s inequality, since it is no restriction to assume

p ~ 1, so that

With Parseval’s formula

where y. is the Fourier transform of gn, so that from (4.22)

From (3.11) with y = 99(u), x = 99(u)s(u), where s(u)=exp(-03B2|u|03B1)
is the characteristic function of a symmetric stable distribution
Q of order ce &#x3E; 03B4,
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From Parseval’s formula and (4.22)

so that by (1.2), (4.16) and (4.17)

With (4.24), (3.16), the estimates

and the fact that 99 e L 2 and lim|u|~~|~(u)| = 0,

with 0 ~03BB1.
Putting oc = 1/r = 03B4(1+~), whereq &#x3E; 0, we have from (4.21),

(4.23), (4.25), (4.26) and (4.27)

By taking A n = nt with 1- pt S -r and then k so large that
t-2/03B4-~(k+1) ~ -r, the relation (4.20) follows.

Finally, if P’" has an absolutely continuous component, Pm
contains Po absolutely continuous with density in L2. Then p2m
contains Po Pm, the density of POP- belongs to L2 and the
characteristic function of PoP’" satisfies (4.19). The relation
(4.20) now follows with theorem 1.

THEOREM 9. Let P be a lattice distribution with span c, having
finite absolute moment o f some positive order p. Moreover, let the
characteristic function ~ o f P satisfy (4.19). Then

f or every r  t5-1.

PROOF. It is no restriction to assume that P is restricted to
the integers and has span 1. By (1.1) it is sufficient to prove
(4.28) for h = 1.

If the probabilities of P" are denoted by p1n),
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with

From Markov’s inequality, in the same way as (4.23),

With Parseval’s formula

where

From (3.11) with y = ~(u), x = ~(u)s(u), where s(u)=exp(-03B2|u|03B1)
is the characteristic function of a stable distribution Q of order
ex = r-1,

Since |xn(u)|~ 2M. by (4.30),

with 0 ~03BB1.
Now xn(u)(1-eiu)/iu is the Fourier transform of the function

9-(X) = 03A3k C.ki(x-k), where f is the indicator function of the
interval [-1, 0]. So with Parseval’s formula, since Ig.(x)l  1

by (4.30)

where

and Mn, 1 is the signed measure with density function fn,j equal
to the derivative of the probability density qn,; of Qm(j). From
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the unimodality and symmetry of the Q" (cf. the proof of lemma 5 )
and from (4.18)

So from (1.2), (4.33) and (4.17), with a = r-1

Furthermore with 0 ~ ~  1,

This is proved in the same way as (4.27), except that the inequal-
ity |~(u)|~~, 03B5~ |u| ~ |u| ~ 03C0, now follows from the fact that P has
span 1. (See Gnedenko and Kolmogorov [2], § 14, corollary 2 to
theorem 5.)
The relation (4.28) follows from (4.29), (4.31), (4.32), (4.34),

(4.35) and the relation 03B1 = r-1 &#x3E; 03B4, by taking Mn "-J nt with
1-tp  -r and then k sufficiently large.

If P" is unimodal, n = 1, 2, ..., theorems 8 (with absolutely
continuous P) and 9 can be sharpened to r = 03B4-1. The proofs
start from relations analogous to (3.44), (3.47) and (3.51). If

P has a density not belonging to L2, theorem 1 may be applied.
We note that P contains a truncated gaussian distribution Pl.
Then P2 contains PPl, the characteristic function of PPl
satisfies (4.19) and belongs to L2, and the P"Pi are unimodal
by Ibragimov’s theorem [3].

5. The relation (1.5)

First we intend to show that the convergence in (1.5) cannot be
uniform with respect to absolutely continuous Q, unless a e Lo,
and that a similar conclusion holds for the order of convergence
in (1.5).
THEOREM 10. Il the sequence Q1c converges completely (Loève [4],

§ 11.2) to Uo and

uniformly in k, then limn~~||Pn-UaPn|| = 0.
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PRooF. For any finite signed measure M on the Borel sets of
the real line

the supremun being taken over all uniformly continuous f on
(- 00, +~) with |f(x)| ~ 1, - ~x~. So from (5.1),
putting pn-uapn = Mn, we have for n ~ n(03B5)

for all k and all uniformly continuous f bounded by 1.
If any such f is kept fixed, then silice

we may choose t5 so small and then k = k0 so large that

So from (5.2) and (5.3) for n &#x3E; n(s)

for every uniformly continuous f bounded by 1, and therefore also
IIMnll  3e for n &#x3E; n(e).
THEOREM 11. Let {bn} be a sequence of positive numbers with

bn - 00. I f

for every absolutely continuous Q, then

so that a e Lo.
PROOF. Consider the Banach space x of finite complex abso-

lutely continuous measures on the Borel sets of the real line, with
norm defined as total absolute variation. We may identify x
with L 1. Define the bounded linear operators Tn on X into Z by

From (5.4), by decomposing M into positive and negative real
and imaginary parts,

So by the principle of uniform boundedness (Taylor [8], theorem
4.4-E)
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so that

for all absolutely continuous probability measures Q.
The relation (5.5) is derived from (5.6) in the same way as

theorem 10 is proved, the principal difference being that a in
the counterpart of (5.3) should be replaced by c1bn-1, so that ko
comes to depend on n.
Theorem 11 shows that for (1.5) there are no counterparts of

theorems 3 and 8 if a 0 Lo, not even if a proportionality constant
depending on Q is inserted. The following, however, can be said.

THEOREM 12. Let P be nonlattice with finite absolute moment of
order 2+03B4 for some 03B4 e (0, 1] and with variance Q2, and let 2 (a)
denote the class o f all absolutely continuous Q with

for every ~(0, 1 203B4). Then 2(a) contains a sequence converging com-
pletely (Loève [4], § 11.2) to Uo; in fact, 2(a) contains all Q with
characteristic functions vanishing outside finite intervals. Il the
characteristic function 99 of P satisfies

!l7 (a) contains all Q with characteristic functions belonging to LI.
PROOF. The proof is similar to that of theorem 3, except that

(3.21) is not needed. Our conditions on Q are sufficient that
(3.16a) continues to hold with 0 ~ 03BB  1.

Theorem 8 may be extended in the same way as theorem 3 is
extended by theorem 12.

6. Dependence on a

We intend to prove the following theorem.

THEOREM 13. Let {bn} be a sequence of positive numbers, such
that for some ro e [1 2, (0)
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Let P have a finite absolute moment of some positive order, let pm
for some m have an absolutely continuous component and let

for some 03B2 =1=- 0. Then

It is noted that if no pm has an absolutely continuous component,
a theorem of this type does not hold for the relation (1.5), at
least not if Lo =1= {0}. For then n1 2||PnQ-U03B1PnQ||~ c  oo for
all Q and some rl =1= 0 by theorem 2. If this would imply
limn~~ sup n1 2||PnQ-UaPnQ||  oo for all a and every absolutely
continuous Q, we would have Lo = ( - oo, +~) by theorem 11,
in contradiction with I, theorem 2.
The following lemma will be used in proving theorem 13.

LEMMA 6. Let S be a stable probability measure o f order oc, sym-
metric about zero.
Then

where c does not depend on Â, a and n.

PROOF. For 03BB = 0 and A = 1 the assertion is trivial. First
assume then, that A is rational, = k/m, 3  k ~ m-3. Putting
Ualm = V, we have
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With (1.1) and (1.2) for À = k/m

Since S = Si, with Si symmetric stable of order ce, we have by
(1.2) and (4.16)

for rational A. For Â irrational (6.5) follows from the fact that
||(I-U03BB03B1-03BBI+03BBUa)Sn|| for fixed n is a continuous function of Â.

PROOF oF THEOREM 13. First assume ro &#x3E; i. From (6.1a) and
(6.2)

Therefore, by theorem 7, the characteristic function 99 of P
satisfies

with y = y(e) &#x3E; 0, t5 = à(1) &#x3E; 0. From (6.6) it may be shown
that

for every r  e  ro. The proof is similar to the proof of theorem
8, the principal difference being that (4.26) is replaced by
V(n) ~ C2n-2/03B1, which is obtained by (4.17) and (6.5).
From (6.7) and (6.1b), by taking r sufficiently close to ro,

for some t9 &#x3E; 0. The theorem follows immediately from (6.8).
If ro = i, we use the relation

that may be derived as follows. Since Pm has an absolutely con-
tinuous component, it contains Pl having a bounded probability
density. Then P2m contains P21 with continuous density and
therefore contains Pg, where Po is the uniform probability
distribution on some interval. Now P.’ satisfies (6.9). This is

proved in the same way as lemma 6, but now (3.45a) is used.
Theorem 1 implies that P satisfies (6.9).
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