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Note

on

approximation theorems
by

Yung-ming

Chen

This note is concerned with three approximation theorems for
a class of definite integrals and sine series with monotone decreasing coefficients. S. Aljanëié, R. Bojanié and M. Tomié [1] have
considered previously the asymptotic value of the definite integral

where f(t) e L(a, b) and L(t) is a slowly increasing function in the
sense of Karamata. In this note, we shall consider the asymptotic
behaviour of definite integrals of a more general type:

~(t) is such that cp(t)/tPl is non-decreasing and ~(t)/tp2 is
non-increasing as t is increasing in (0, oo) for 0 :::;: pl S P2 00.
In another paper [2], Aljani, Bojanié and Tomié have also
considered the asymptotic behaviour of g(x) = If Ân sin nx,
03BBn 0, as x ~ +0, under the condition that Rn An-"L(n), as
n ~ oo. We shall now consider the asymptotic behaviour of the
same series when An is asymptotically defined by a more general

where

l’’J

class of functions.

NOTATION.

By ~(x) ~ [p1, p2], 0 ~ p1 ~ p2 ~ or -~
p1 ~ p2 5 0, we denote the non-negative even function ~(x),
such that ~(x)x-p1 is non-decreasing and ~(x)x-p2 is non-increasing,
as x is increasing in (0, oo). By ~(x)
p1, P2)’ we mean
~(x) [p1+03B5, P2-81 for some e &#x3E; 0. We define ~(x) [Pl, p2&#x3E;,
~(x) (pi,P2] in a similar way. By a(x) ~ b(x) and a(x) x b(x),
x - c, we mean a(x)/b(x) ~ 1 and Kl
a(x)/b(x) K2, respectively, as x - c.
l’’J

l’’J

’°°°°’

l’’J

~(x) [pl, PO, 0 ~ p1 ~ p2 oo, and
1(t) &#x3E; 0, tp1f(t) ~ L(0, 1), tp2f(t) ~ L(1, ~), then 03A6(03BB) ~(03BB)
03BB ~ oo. More precisely, we have
THEOREM 1. If

~
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if
as
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uniformly

oo, where

for 0

It follows that

THEOREM 2. Let

where Â,.

decreases

steadily

PROOF. Since
for some

to zero.

It follows that

where

as x ~

+ 0.

FromAbeFs

transformation, it is easy

It remains to show that

to

see

that
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where

and II
as x ~

n

=

o{1/x~(1/x)},

+0. Hence lg(x)l

§(x) - -2, -1], 03BBn 0, 03BBn ~ ~(n), as
(l/x)~(l/x), as x ~ +0.
(7), together with ~(x) -2, -1], when

PROOF. From
l/n we also have

Write

&#x3E; K(1/x)~(1/x),

+0.

THEOREM 3. If
~ oo, then g(x)

x ~

as x ~

03C4(x)
decreasing.

then 03C4(x)
It follows that

=

x~(x),

~

r--J

-1, 0], since 03C4(x)x1-03B5

is

non-

But since x1-03B503C4(x) is non-decreasing, (1-03B5)x-03B503C4(x)+x1-03B503C4’(x) 0,
and -x03C4’(x) ~ (1-03B5)03C4(x). Substituting this in (10) and it follows
then from (9) that

39
as x ~

1/n - 0, n ~ oo. By slight
readily shown that

modification in

(7)

and

(8),

it may be

Hence

g(x) A (l/x)~(l/x), as x - +0.
Added in proof. The author has just observed that the argument in the proof of Theorem 3 actually gives a more general
result, viz. with ~(x) ~ (-2, -1] replaced by ~(x) ~ -2, 0&#x3E;.
This includes both Theorem 2 and Theorem 3 as particular
cases.
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