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On the derivative of a G-function
whose argument is a power of the variable

by

P. K. Sundararajan

1

In this paper we have established some formulae on the
N-th order derivative of Gi(fz’|3}). The Mellin-Barnes type

q

integral [2. p. 207] which we have employed is

l n
Hf(b;—S)HT(l-aﬁs)
a...a, 1 jol je1
b.“b)=iﬁ e » @'ds
1ot Te II r(a—b,+s) TI I'(a;—s)

L j=14+1 j=n41

(1J)Gz(m

where an empty product is interpretedas 1,0 <1 < ¢,0=n < p
and the path L of integration runs from —ioco to 4700 so that
all the poles of I'(b;—s), 7 =1,2,...1 are to the right and all
the poles of I'l—a,+s), 1=1,2,...n to the left of L. The
formula is valid for p+¢ < 2(1+n) and |arg z| < (I4+n—3ip—1ig)n.
a,—b,#1R,...for j=1,...,nand h=1,... 1. In the for-
mulae (2.1), (2.2), (8.1), (4.1), (4.8)—(4.5) the conditions men-
tioned as (1.1) are tacitly supposed to be fulfilled. Although the
well known technique is employed, the final result depends on
the fact that in the formula

(1.2) I'(mz) = (27:)‘1”""/2m"'=—1}7"’ﬁ1 r (z+ E) m=2,8...
R=0 m

3, 2+1/m, £+2[/m, . . . are in Arithmetical Progression. The other
formulae used are

—  I'(z+1)
(1.8) (z—1)...(x—N—1) = I’—_—_(z—NTl) ,
(1.4) B(z+1)... (z+N—1) = P(;;V).
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The first formula to be proved is
-‘-liv— f(“x—l)Gln (ﬂ ay ... a,)
(21)dwN a’|by ... b,
. —_— (-—'n)Nmr(ar-l)-NGlu (ﬂ N/T, ce.@— N/,r, Gpprs - ap)
o |by ... b,

provided r < » and the parameters a,, a,, . . . a, are in A.P. with
common difference —1/r.

Proor:
Using (1.1) the L.H.S. of (2.1)

. HF(b —s) TT T(—a,+s)

_ = j=r41
2 11 ra—b,+s) 11 I(a,—s)
L J=141 J=n41
v
ﬁ'HI’(l a,—l—s) p z(1-9ds
=1

using (1.4) and (1.2) we get
— (_,,.)Nmr(al—l)—N

o [ 10— TT ra—a=r ) 11 r0—a,+s)

=1 j=1 J=r41 ( ﬁ )' ds
27t a ? x"
II r(a—b,+s) II I'(a;—s)
L =141 j=n41

L

= (—T)Nw(‘“_l"NG:;( 8 a,—N/r,...a,—N[r,a,,, ... ap)
4

by...b,

provided 7 < n and the parameters a,, a,, . . . a, are in A.P. with
common difference —1/r.
Putting N =1 and s = 1/2 we get

(2.2)
d
2 G (ﬂm'

a,

.o a
Gln r
bl...bq) " (ﬂ‘”

cee a,,)
1 . o o ba
where a,, a,, . ..a, are in A.P. with common difference —1/r.

Putting » = 1 in (2.1) a result of Bhise [1] follows.
Putting » = 1 in (2.2) we get a known result (2. p. 210].

—1/r,. —1/r, a4, -. a,,)
by...b,

+r(a—1) 6L (|
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The second formula to be established is
avy a,...aq,
—_ T G"‘ 12 9)
" (ﬂ b...b,

(8.1)
a,...a,

= (—p N gtV Gt (g
(—r)Na—h W(ﬂw bl+N/r,...b,+N/T,bf+p'-~ba)

provided r < I and the parameters by, b,, . . . b, are in A.P. with
common difference 1/r.
This formula can be derived from (2.1) by using the well-known

property
in al) nl ( 1— b )
Goe (w b, Ce z|l—a,
Putting N =1 in (8.1) we get

d
z G (ﬁw'

i (ﬂw,

a...a,
— 1b, G (par
bl...b,,) ™1 (ﬁ“’

)
(8.2) o

by+-1/ry . byt 11, by - . bq)

where by, by, ...b, are in A.P. with common difference 1/r.
Putting r =1 in (8.1) and (8.2) two results of Bhise [1] follow.

4
The third formula sought to be established is
(4.1)

N
i_. w"(“p-ﬂ-l—l/') Gl” (ﬂ
dz™ x’

al...ap)
by...b,
Bla,.. c Cppy Op_ryq N/T 'ap_N/r)

= er'(aMl—I/r)—NGlﬂ (
z'|by... b

q

provided p—r+1 > n and the parameters a,_,,,,...a, are
in A.P. with common difference 1/r.

Proor: Using (1.1) the L.H.S. of (4.1) becomes
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. 11 I'(6,—s) 1 T(1—a,+s)
=1 j=1

2ni

q —r »
II I'A—b,+s) 11 I'(a;—s) 11 I'(a;—s)
L j=1+1 Je=n4l j=p—ril
N

(4.2)
N ﬂ' :?N a7 (Bo—r+1—1/7—8) do.

Using (1.8) and (1.2) we get after little simplification (4.2) to be
B

— N gt(ap ri1—1/r)-N Gin (— @105+ Gyrs ppia—NIr, -, a”_N/r) .
»a mr

bl..obq

The fourth formula is

dN
LAm—

(4.8)
=N w—r(b.-f+1+1/r—1)G;rrn (ﬂwf

a...4 )
bl ce ba—r! ba—r+1+N/r s bq+N/r

provided ¢—r+1 >1 and the parameters b, ., ...b, are in
A.P. with common difference —1/r.

The proof can be adduced on lines similar to (4.1).

Putting N =1 and # = 1/2 in (4.2) we get

d .. a,...a N nfo,|t--a
“’ZzEG’l’"(ﬁ‘”' b: . b:) =T (“”"*1— 7) Co (ﬁ"’ b; . b:)
(4.4)
—rGin (ﬂw" Qpee oy gy Oy on—1r, .. 0— l/r)
by...b,

Putting N =1 in (4.8) we get

a,...a,

by ... ba)

a,...a,

by ... byys bypsrt 1/rsee.bot 1/7)

a... a,,)
by...b)’
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of this paper.
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