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Boundary value problems in diffraction theory
and lifting surface theory

by

J. Boersma

§ 1. Introduction

The present paper deals with a number of boundary value
problems in diffraction theory and wing lifting surface theory
with special reference to circular disks and apertures and to slits.

The problems of the diffraction of an incident wave (scalar or
electromagnetic) by a circular disk, circular aperture, strip or
slit have received considerable attention during the last decades.
For a survey of the various methods of solution the reader is
referred to the review articles of Bouwkamp [8] and of Hoénl,
Maue and Westpfahl [19]. In this paper we are especially in-
terested in low-frequency expansions for the field quantities, valid
when ka or kb is small, where k is the wave number, a is the radius
of the disk or aperture, 2b is the width of the strip or slit. These
expansions will be obtained from Fredholm integral equations
of the second kind, the kernels of these integral equations being
small when ka or kb is small.

The reduction of the scalar diffraction problem for a circular
disk or circular aperture to Fredholm integral equations has been
performed by several authors. We mention Magnus [84], Jones
[23], Bazer and Brown [2], Bazer and Hochstadt [38], Heins and
MacCamy [17], Noble [41], Collins [9e, f] and Williams [51].

Bazer and Brown [2], Bazer and Hochstadt [8], Collins [9e, f]
start from certain integral representations for the transmitted or
scattered wave. These integral representations which contain an
unknown function, are designed to satisfy all conditions of the
problem but one. The latter condition leads to a Fredholm in-
tegral equation of the second kind for the unknown function. A
related integral equation with the same kernel was derived before
by Jones [28], using a very complicated method. The above-
mentioned integral representations may be considered as generali-
zations of similar representations exploited to solve some problems
in potential theory, compare Love [31], Green and Zerna [14],
Collins [9]. In an appendix to [8b] Bazer and Hochstadt show
their integral representations to be related to a representation for
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axially symmetric solutions of the wave equation due to Bate-
man [1].

The central feature in Heins and MacCamy’s [17] method of
solution is the fact that an axially symmetric solution of Helm-
holtz’ equation is determined uniquely by its values on the axis
of symmetry according to a representation due to Henrici [18].
Combining this representation with the Helmholtz representation
for the total wave, Fredholm integral equations are derived with
a Jones-type kernel. These integral equations are, however,
different from those stated by Bazer and Hochstadt [8]. Heins
[16] applied the same method of solution to the diffraction of a
normally incident plane wave by a soft circular disk.

The Fredholm integral equation derived by Magnus [34]
contains a kernel completely different from the kernel obtained
by Jones [23]. The back-ground of the difference between the
integral equations with kernels of Magnus-type and of Jones-
type has been discussed by Noble [41].

Williams [51] formulates the diffraction problems for a soft or
rigid circular disk in terms of Fredholm integral equations of
the first kind. By means of a general method, presented in [50],
these equations are reduced to Fredholm integral equations of the
second kind, the kernels of these integral equations being small
when ka is small. In the case of an axially symmetric incident
wave, these kernels will again be of Magnus-type or of Jones-type.

The Fredholm integral equations derived by Bazer and Hoch-
stadt [8] and by Heins and MacCamy [17] suffer from the dis-
advantage of containing a number of arbitrary constants which
must be solved afterwards from a system of linear equations.
On the contrary, the integral equations stated by Williams [51]
do not contain such arbitrary constants. In § 2 of this paper we
present a modification of Bazer and Hochstadt’s method leading
also to Fredholm integral equations, in which no arbitrary
constants occur. These integral equations are however completely
different from those derived by Williams. The modified method
has been elaborated for the case of plane-wave excitation.

Finally, we mention some other methods of solution, leading
to low-frequency expansions and presented by Bouwkamp [5],
Magnus [383], de Hoop [20]. Bouwkamp [5] treats the diffraction
of a plane normally incident wave by a circular aperture in a soft
screen. The problem is formulated in terms of an integro-dif-
ferential equation for the aperture field. This equation is ex-
panded in powers of k leading to a recursive system of integro-



[3] Boundary value problems in diffraction theory 207

differential equations which may be solved. Magnus [33], de Hoop
[20] reduce the same diffraction problem to infinite systems of
linear equations by means of Levine and Schwinger’s variational
principle. These infinite systems are investigated especially for
small values of ka.

The first rigorous solutions to the problem of the diffraction
of a plane electromagnetic wave by a conducting circular disk
were presented by Meixner [85], Meixner and Andrejewski [37],
the latter solution being the simplest. Meixner and Andrejewski
[87] derived the scattered wave from an electric Hertz vector.
The components of this Hertz vector were represented by series
containing products of spheroidal wave functions. Low-frequency
expansions for the solution of the present diffraction problem were
given by Bouwkamp [6] for the special case of normal incidence.
Bouwkamp derived a pair of Fredholm integral equations of the
first kind for the currents induced in the disk. These equations
were expanded in powers of k leading to a recursive system of
integral equations, which could be solved. Similar methods were
presented by Grinberg and Pimenov [15], Eggimann [11] for the
case of an arbitrary incident wave. Kuritsyn [27] applied Grinberg
and Pimenov’s method to the special case of plane-wave excitation.

A reduction of the electromagnetic diffraction problem to
Fredholm integral equations of the second kind was performed by
Lebedev and Skal’skaya [28], Lur’e [82], Benkard [4], Williams
[52].

Lebedev and Skal’skaya [28] consider the diffraction of a plane
normally incident electromagnetic wave by a circular disk. The
scattered wave is derived from a magnetic Hertz vector. The two
non-zero components of this Hertz vector are expressed as
Hankel transforms containing certain unknown functions. The
boundary conditions in the plane of the disk lead to dual integral
equations for these unknown functions. These equations are
solved by expressing the unknown functions in terms of new
unknown functions satisfying Fredholm integral equations of
the second kind. The kernels of these integral equations are of
Magnus-type and will be small when ka is small. Lur’e [32]
extended Lebedev and Skal’skaya’s method to the case of
arbitrary plane-wave excitation.

Benkard [4] also treats the diffraction of a plane electromagnetic
wave by a conducting disk. His method consists in decomposing
the vector wave equation in cylindrical coordinates into a sequence
of independent pairs of equations which are solved by means of the
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method presented by Heins and MacCamy [17]. Williams [52]
reduces the electromagnetic diffraction problem to well-known
scalar diffraction problems treated in [51].

In § 8 of this paper we present another method of reducing
electromagnetic diffraction problems for the circular disk to
Fredholm integral equations of the second kind. We only treat
the case of plane-wave excitation. Starting from the formulation
of the diffraction problem as presented by Meixner and Andrejewski
[87], we substitute Bazer and Hochstadt [8]-type integral represen-
tations for the components of the electric Hertz vector. The
boundary condition on the disk will lead to Fredholm integral
equations of the second kind for the unknown functions occurring
in the integral representations. When ka is small, these integral
equations may be solved by iteration yielding low-frequency
expansions in powers of ka for the solution. According to Meixner
and Andrejewski [37] the boundary conditions on the disk will
contain certain unknown coefficients which follow from the edge
condition. In our method of solution a direct application of the
edge condition to the Hertz vector leads to simple formulae for
these unknown coefficients. The present method has been worked
out in detail for the case of normal incidence. Expansions in powers
of ka were derived for the scattered field on the disk and in the
wave zone and for the scattering coefficient. The presented results
have been checked in the following independent manner. Starting
from the formulation of the problem as presented by Lebedev
and Skal’skaya [28], the components of the magnetic Hertz
vector are represented by suitable integrals of the Bazer and
Hochstadt [8]-type. The unknown functions involved in these
integral representations are derived to satisfy Fredholm integral
equations of the second kind. For small values of ka these integral
equations have been solved by iteration, leading ultimately to
low-frequency expansions for the scattered field on the disk and
in the wave zone and for the scattering coefficient.

Finally, we remark that a similar method may be presented for
the case of an arbitrary incident wave. The materials for this
method are the formulation of the diffraction problem as presented
by Meixner [86] and the integral representations due to Bazer and
Hochstadt [3].

The problems of the diffraction of a two-dimensional scalar wave
by a slit in a soft and in a rigid screen may be solved rigorously
in terms of Mathieu functions, compare Morse and Rubenstein
[39]. Low-frequency expansions to the solutions of these problems
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in the case of a plane normally incident wave were presented by
Sommerfeld [48], Bouwkamp [7], Miiller and Westpfahl [40].
These authors formulate the diffraction problems in térms of an
integro-differential equation or of a Fredholm integral equation
of the first kind for the field in the slit or its normal derivative.
This equation is expanded in powers of kb, leading to a recursive
system of integral equations which may be solved. An extension
of this method to the case of an obliquely incident plane wave,
is due to Millar [38].

Another approach to the above-mentioned problems was made
by de Hoop [21]. Assuming plane-wave excitation, de Hoop
formulated variational principles for both types of two-dimen-
sional diffraction problems, similar to Levine and Schwinger’s
principles as corrected by Bouwkamp [7]. By means of these
principles both diffraction problems were reduced to infinite
systems of linear equations. Expansions in powers of kb and
log kb were derived for the solutions of these systems.

Jones and Noble [24] consider the scattering of a plane wave
by a soft strip. A rigorous result in terms of Mathieu functions is
derived for the scattering coefficient. Expanding this result for
small values of kb, the uncommon character of the expansion is
made clear.

In § 4 of this paper a new method is presented, which reduces
the diffraction problems for a slit in a soft and in a rigid screen
to Fredholm integral equations. For that purpose we state integral
representations. for the transmitted wave similar to the integrals
presented by Bazer and Brown [2], Bazer and Hochstadt [3].
These integral representations which contain an unknown func-
tion, are designed to satisfy all conditions of the problems but
one. The latter condition leads to a Fredholm integral equation
of the second kind for the unknown function, the kernel of this
equation being small when kb is small. In the latter case the
integral equation may be solved by iteration yielding an expansion
in powers of kb and log kb for the unknown function. The present
method has been elaborated for the case of plane-wave excitation.
Expansions were derived for the far fields, the transmission coef-
ficients and the fields in the slit.

It may be remarked that the problem of the diffraction of a
two-dimensional electromagnetic wave through a slit in a con-
ducting screen is equivalent to the scalar diffraction problems
treated above. Two cases must be distinguished according to the
electric vector of the incident wave being polarized parallel or
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perpendicular to the edge of the slit. In the case of parallel polariza-
tion the electric field has only one component which vanishes on
the screen. In the case of perpendicular polarization the magnetic
field has only one component, the normal derivative of this
component being zero on the screen. Hence, these two cases
correspond to the scalar diffraction problems for a slit in a soft
and in a rigid screen respectively.

The boundary value problems in lifting surface theory, treated
in this paper, deal with aerofoils of circular and elliptic planform
in incompressible and compressible flow. The problem of the
determination of the pressure distribution, forces and moments
on an aerofoil of circular planform in steady incompressible flow
has been solved by Kinner [25], van Spiegel [44]. Both authors
formulate the problem in terms of a velocity potential and an
acceleration potential, these potentials being solutions of Laplace’s
equation. According to linearized aerofoil theory the normal velocity
and the normal acceleration are prescribed on a circular disk, which
replaces the aerofoil. Introducing oblate spheroidal coordinates,
Laplace’s equation may be solved by separation of variables.

Kinner [25] defines two kinds of solutions of Laplace’s equation
viz. potential functions of the first kind and of the second kind.
The potential functions of the first kind are everywhere finite
and will vanish at the edge of the disk. The potential functions
of the second kind become infinite at this edge, while their normal
derivative is zero on the disk. The acceleration potential is now
represented by a combination of these potential functions in such
a way, that the following conditions are satisfied. First, the normal
velocity on the disk corresponding to the combination should
have the prescribed value. Secondly, the acceleration potential
should remain finite along the trailing edge of the disk according
to the Kutta condition. The equations following from these con-
ditions, are reduced to an infinite system of linear equations,
which has been solved by truncation to a finite system. However,
Kinner performed the reduction in an unsuitable way, this fact
being the real cause of the discrepancies between Kinner’s [25]
and van Spiegel’s [44] results. When the equations are reduced in
the same way as a similar pair of equations occurring in § 5 of
this paper, Kinner’s results for lift and moment are in complete
agreement with van Spiegel’s values.

Van Spiegel [44] states a representation for the acceleration
potential consisting of a regular term and a singular term. The
regular term vanishes at the edge of the disk and yields the
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prescribed normal acceleration on the disk. The singular accelera-
tion potential is expressed by an integral containing Green’s
function of the second kind for the boundary value problem and
an unknown weight-function. This integral is designed to be zero
along the trailing edge and to be infinite along the leading edge
of the disk, while its normal derivative vanishes on the disk. The
stated representation will satisfy all conditions of the problem
with the exception of the requirement of the prescribed normal
velocity on the disk. Expanding the weight-function in a Fourier
series, the latter condition leads to an infinite system of linear
equations for the Fourier coefficients. The infinite system, which
has a dominating diagonal term, has been solved by truncation
to a finite system. No investigation has been made concerning
the validity of this procedure and concerning the convergence of
the Fourier series for the weight-function.

In § 5 of this paper we present another method of solution to
the boundary value problem stated above. First, we determine
the regular part of the velocity potential. This regular part is
finite everywhere and its normal derivative on the disk agrees
with the prescribed normal velocity. A differentiation of this
regular velocity potential with respect to the coordinate in the
flow direction yields the corresponding part of the acceleration
potential, which will become infinite at the edge of the disk.
Secondly, we determine the singular part of the acceleration
potential. This singular part becomes infinite at the edge and its
normal derivative on the disk will vanish. The actual determination
of these potentials is performed using suitable integral representa-
tions of the Bazer and Hochstadt [8]-type. The correct acceleration
potential is now given by the sum of the derivative of the regular
velocity potential and the singular acceleration potential, provided
that the following conditions are satisfied. First, the acceleration
potential should remain finite along the trailing edge according
to the Kutta condition. Secondly, the normal velocity on the disk
corresponding to the singular acceleration potential should be zero.
The equations following from these conditions, have been reduced
to a pair of infinite systems of linear equations. It has been shown
that these infinite systems may be solved by a truncation to
finite systems of linear equations. A further investigation of these
infinite systems has revealed various properties for their solutions.
Using these properties, the hitherto formal reduction of the
boundary value problem to infinite linear systems may be per-
formed once more in a rigorous manner. The final results presented
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for lift, moment and induced drag are of a simpler form than the
corresponding formulae stated by van Spiegel [44]. Numerical
results have been derived for a number of prescribed downwash
distributions on the wing.

Recently, Levey and Wynter [29] treated the special case of a
plane circular disk at a finite angle of attack in steady incom-
pressible flow. Their method, which also leads to an infinite
system of linear equations, is related to Copson’s [10] method
for the problem of the electrified disk.

Schade [42], Krienes and Schade [26] extended Kinner’s theory
to the problem of the harmonically oscillating circular wing in in-
compressibleflow. Thesame problem wastreated by van Spiegel [44],
but only the case of low frequency was elaborated. Following the
same method as for the steady case, the Fourier coefficients of the
weight-function were expanded in powers of the reduced frequency,
taking into account only the terms of zeroth and of first order.
Both terms were derived to be solutions of infinite systems of linear
equations. Similar expansions were stated for lift and moment.

In § 6 of this paper we examine the more general problem of a
harmonically oscillating elliptic wing in compressible flow. The
shape of the elliptic planform is connected with the Mach number.
In the case of a Mach number zero, the present problem will
reduce to the problem of the oscillating circular wing in incom-
pressible flow. After a suitable transformation of coordinates the
transformed velocity potential and acceleration potential will
satisfy Helmholtz’ equation, while the normal derivatives of these
potentials are prescribed on a circular disk. Hence, the transformed
problem may be solved by a similar method as presented in § 5.
The final equations, following from the Kutta condition and the
requirement of the prescribed normal velocity on the disk, are
expanded in powers of the reduced frequency, taking into account
only the first two terms of these expansions. The resulting
equations are reduced to infinite systems of linear equations.
Similar expansions, containing two terms, are presented for lift,
moment and induced drag. The general formula which is given
for the induced drag acting on an aerofoil in unsteady compressible
flow, is believed to be new. Numerical results have been derived
for some simple modes of oscillation.

Finally, we remark that the solutions of the above-mentioned
boundary value problems in lifting surface theory are especially
of interest for checking the accuracy of approximation methods,
compare van Spiegel [44], Zwaan [58].
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§ 2. Diffraction of a scalar wave by a circular aperture

2.1. In their papers [2], [8] Bazer and Brown, Bazer and
Hochstadt treat the problem of the diffraction of a harmonic
scalar wave by a circular aperture in an infinite plane screen.
The screen coincides with the plane 2 =0, the aperture is defined
by0 < p < a,0 = ¢ < 2m, 2z =0, where p, ¢, 2 denote cylindrical
coordinates. The primary wave is given by u(p, ¢, 2), incident
from 2 << 0. Two different problems can be distinguished according
to the screen being perfectly soft or perfectly rigid. The cor-
responding diffraction problems are referred to as the first and
second boundary value problem respectively. A time dependence
of the form e—i“! is assumed throughout.

According to Bouwkamp [8] the diffraction problems may be
formulated in the following way. In the case of the first boundary
value problem the total field is given by

u(p, @, 2)—u(p, @, —2) + D1(p, p, —%), (3 = 0) }
By(p, 7, %), (== 0)

where @,, to be defined for z = 0 only, has the following prop-
erties:
(i) @, is a solution of Helmholtz’ equation, A4D,+k2®, = 0,
when z > 0;
(ii) @, = 0 on the screen i.e. when 2 =0, p > a;
(iii) @D, satisfies Sommerfeld’s radiation condition at infinity;
(iv) 09,/0z = 0u/0z in the aperture i.e. when 2 =0, 0 < p < a;
(v) @, is everywhere finite;
(vi) grad @, is quadratically integrable over any domain of three-
dimensional space, including the edge of the aperture.

In the case of the second boundary value problem the total
field is given by

(2‘1) ul(p$ (Pa Z) = {

_ u(p, @, 2)+ulp, ¢, —2) — Py(p, @, —2), (= 0):
¢2(p’ P, z)9 (Z 2 0)

where @,, also defined for z = 0 only, has similar properties to

D, except that (ii) and (iv) should be replaced by

(ii)" 09,/0z = 0 on the scrzen i.e. when 2 =0, p > a;

(iv)" @, = u in the aperture i.e. when 2 =10, 0 < p < a.
Bazer and Brown [2] assume the incident wave to be axially

symmetric, whereas Bazer and Hochstadt [8] assume an excitation

of the form,

(2.2) uy(ps @, %)

(2.8) u(p, @, 2) = u!™(p, 2) cos m(p—p™), m =0,1,2,....
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Hence, Bazer and Brown’s problem corresponds to Bazer and
Hochstadt’s case m = 0. Bazer and Hochstadt state the following
integral representations for the functions @, ,(p, ¢, 2),

D1,5(ps 9, 2) = P{")(p, 2) cos m(p—p'™)

(2.4) n (1 0 )mf exp (ikV p?+(z+iat)?)
= p —_—— — e
popl J_1  V p24(z+iat)?

valid for 2 = 0. The unknown functions f{™(¢) and f{™(¢) are
required to be odd and even functions of ¢ respectively, to be
regular functions of ¢ for |t| < 1+4, A arbitrary small and
positive, and to satisfy the conditions,

(2.5) d*f"}(1)/dt* =0, for k=0,1,... m—L.

The functions @{")(p, z), as given by (2.4) satisfy all the con-
ditions of the problems with the exception of the aperture con-
ditions (iv) and (iv)’. From these conditions Bazer and Hoch-
stadt derive Fredholm integral equations of the second kind for
the functions f{")(¢). The kernel of these integral equations is small
when ka is small, in which case the equations may be solved by
iteration yielding expansions in powers of ka for the functions
{")(t). However, the integral equations and hence also the solutions
contain m arbitrary constants. These constants have to be solved
from a system of m linear algebraic equations following from the
conditions (2.5). In practice the solution of the integral equations
is therefore only possible for small values of m. We remark that
in their later paper [8b] Bazer and Hochstadt avoid this diffi-
culty and determine the functions f{"}(¢) in another way without
solving a system of linear equations.

In the following we present a modification of Bazer and Hoch-
stadt’s method leading to Fredholm integral equations of the
second kind for the functions f{"}(¢)/(1—#)™, in which no arbitrary
constants occur. However, the kernels of these integral equations
will be more complicated than the kernel of Bazer and Hoch-
stadt’s equations. In sections 2.2, 2.8 we treat the first and
second boundary value problem respectively, while in section
2.4 the modified method is elaborated for the case of plane-wave
excitation.

Finally, for reference we quote Bazer and Hochstadt’s formulae
describing the behaviour of ®{"}(p, z) and its derivatives near
the edge of the aperture. In a point with coordinates p = a4 cosy,
z=240siny, d > 0,0 <y < =, the following expressions hold for
small values of 4,

Ar}(t)dt cosm(p—g™),
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( m4(m)
om — 2V24"h" (1) ( ) sin 3y-+0 [f],
a, a.

iamtl dm

S\FOB™ /2 dnfm(1) . o\
. 0 - i ol (°)',
(2.6) (a) % g g St [(a ]

(6)% 1 0™ V2 dmf{™ (1)
| \a/ & oy T damtt dim

o\ ¥
cos 3y+0 [ - ],

24/2d™f™ (1) /6\} )

am™ +1 dtm

INY V2 A1) S\
2. - = — 1 -1 |
(2.7) (a) 20 amit gm0 ?HO[ a) ]

S\P1OOL /2 dmfM(1) 8\
-} = y+0 (=) |.
(a) 6 oy  amtr  am sin g7+ [(a) ]

2.2. According to Bazer and Hochstadt [3] the aperture con-
dition (iv) for the first boundary value problem leads to the
equation,

(1 i)mﬂfp/a exp (ux\/miz_)_) 4/ (1)

0 V(pla)*—

mi1 p1 VB (ala)
(1 d ) + fp/asmh\(/t2 t(p/‘(l;))/ )%)

where we introduced the following abbreviations,

tf™ (8)dt = u{™(p)

(2.9) & = ka, u{™(p)=(1/p™)0u™ (p, 0)/z.

Opposite to Bazer and Hochstadt we continue the first integral
in the left-hand side of (2.8) over the complete interval [0, 1]. At
the same time we make the substitutions,

(2.10) (pla)t = 1—n, 2 = 1§,

then we obtain the relation,

d\™* (7 cosh (xVn—¢)
(&) fo*—v;;“—_“;"—”f)df
d \™* (lexp (iaVE—n)
(2.11) - exp LtV s —7)
() P
+ T @)

Qm+2
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where
(2.12) F(&) = f{"(V1-¢§)/2.

The square root vV &—g in the right-hand side of (2.11) is defined
in the following way,

(2.18) VE_y= VE—n, when £ > n,}

iVn—&, when £ <.

In accordance with this definition we use the notation f{ for the
integral, denoting that the path of integration has an infinitesimal
indentation passing above the point & = .

Let the right-hand side of (2.11) be called G(7n), then the
equation (2.11) can be solved by means of the convolution
theorem for Laplace transforms. Owing to (2.5), (2.12) F(&) will
contain a factor &™, hence the first m derivatives with respect
to n of the integral in the left-hand side of (2.11) vanish for
n = 0. A formal application of the Laplace transformation to
(2.11) yields,

(2.14) v pmth e 1P F} = &G}
where
(2.14a2) Q(F} = [T et F(t)dt.

Inversion of &{F} from (2.14) leads to the solution,

(2.15) F(n)=(1//a)(2/a)"} [} (n—u)"4] (V' —p)G(u)dp.

([18], form. 4.9(39), 4.14(80) were used). The present reduction
is only valid when the Laplace transforms &{F} and &{G} exist.
However, it can easily be shown by substituting (2.15) into (2.11),
that the solution (2.15) is certainly correct on the conditions
stated for f{™(t).

In (2.15) we substitute G(u) as given by (2.11). The first term
of the resulting expression may be reduced to

v (o R VRN Y e

o (]
(2.16) , [@( di )’”“ f: ‘ﬂ’_(_’\}:__‘_/itf‘) F(f)d&]

= (=1)™1(i/y/m)(2fa)"+H(ddn) [} M (o & m) F(£)dé;
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where

M(x; &, 7)

. d\mtt iV E—p
(217) =(d§) +! (—p ], (o« Vi — ﬂ)e————Xpijf_i ”)dﬂ.

The function M («; &, i) is determined in the following way. First,
when & > 7 we start from Lommel’s expansion (cf. [47], § 5.22),

exp (zoc\/?——,u) s n__ot Hél)(a\/g)

Viep 2 (-
1/7a 2 1 fou) " HYy(ay/E)
-5 55 05) Taa

valid for 0 < u < £. Substituting this expansion into (2.17), a
term by term integration yields the result,

a\™+E
M &) = (—1Hiva ()
(2.18) 2 H(l) ( \/5)
o0 f a
. r=20 n%m+%r+i‘]m+r+g(tx'\/ ) —E%—;}_?g—,

where we used [47], form. 12.11(1), 8.6(10). The result (2.18)
may be simplified by a differentiation with respect to «. Using
[47], form. 3.2(6), 8.6(9) we obtain the derivative,

& pres & oy
af2)mt}

(2.19) (/2) H(l)l( \/5)

= (=1)"iy/m ], (a7 )—TL%T%—-

From (2.18) one can easily derive,

M(a; &, n)
(x/2)m+t

_ (_1)m+1 =) 1 (n)m+r+§-
w0 VT Sombr+3\E

- el A @)

From (2.19), (2.20) we obtain the result,

(=1)™ for\m+i VE—/1
M (a; &, —
(2.21) = Va (2) {log’\/é'-i-\/ﬂl

+ 5 (O w2 ).

(2.20)
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The case £ < 7 may be treated in a similar manner, leading to the
same result (2.21) enlarged with a term (—1)™i4/7(a/2)m+1.
Substituting (2.21) into (2.16), we are led to

(—1)™#(if /) (2[ay™+h(d]dn) [ M (s & 7)F(£)dE
(2.22) m
n+- ff() H‘”)ds fN ; & ) F(§)dE,

where

HY,
(2.23) N(a; £, 17) = Ef n§m+}]m+*(u\/ ) mgéi‘j—g/g) du.

The integral sign § denotes that the Cauchy principal value of
the corresponding integral is meant. It may be remarked that the
integral (2.28) can be determined explicitly. However, the ex-
pression (2.28) is more suitable for expansion in powers of «.

Ultimately, the relation (2.15) leads to the following equation,

(2.24)

AU

_ (=1)"t/ma?t2
o 44/2 am—%

j"(n W ] (o 7= ) P (aV T — ) du
— i f N(os & n)F(£)de

Now we make the substitutions
(2.25) E=1—s, n=1—1, p=1— ut

After some elementary calculations we obtain the following
singular integral equation for the function

(2.26) gim(s) = fi"(s)/(1—s2)™,
(2.27)

1 gi"(s) ds

1 S—1 \/1—g?

_ (—1 )m+1 i\/n q2m+2
A/2am=H(1—2)mih

j (w—e2)im=tj, (aVut—2) ul™ (au) u du

—{—mf K(a; s, t)g™(s) \/ld =
—s
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valid for —1 <t < 1, where
K(a; s, )

(2'28) ]m+§(u V1— )

et (s HE /1) s
[

The equation (2.27) is of a well-known type and is often called
the aerofoil equation. Its explicit solution may be quoted from
Tricomi [45] leading ultimately to the following Fredholm
integral equation of the second kind for the function g{™(t),

(2.29) gm(t) = H™ (1) — _:;f K™ (a; s, t)gi™(s) \/fS_SZ,

valid for —1 <t < 1, where

—1 m g 2m—+2 1 1
=S L

(2.80) aV 27 am-t J_1s—1 (1—s2)m

. [ ' (u2—s2)%m—i]m_%(a\/u2——sz) ‘"‘)(au)udu]
I

(2.81) K™ (x;8,t)= f G (u, t)(1—sPm+HHY) L (uV/1—s?)usdu,
0

U J iy (uV1—12) dr

2.32) GM(y,t) =1 ¢ Imrt\®V T 47
( ) G 1) =3 1 (—r2)imt g

The arbitrary constant C, occurring in the solution of the aerofoil
equation, is equal to zero, because g{™(¢) is an odd function of .

It can easily be shown that the function K{™(«; s, ¢) is a con-
tinuous function of s for —1 < s < 1 and an odd regular function
of ¢ for all values of £. When « is small, K{™(«; s, ¢) will be of
order «2. Assuming that the function u{™(p) is an even function
of p, regular for |p| < a(1+4), 4 > 0,1) (cf. Bazer and Hoch-
stadt [8]) it follows, that the function H{™(¢) is an odd function
of ¢, regular for |t| < 14+4. When « is sufficiently small, the
Fredholm integral equation (2.29) will have a unique continuous
solution g‘""(t), which will be an odd function of ¢{. Moreover,
because the integral occurring in (2.29) is an entire function of

1) In all practically important cases this assumption is fulfilled. Introducing
rectangular coordinates x = p cos ¢, y = p sin ¢ the assumption is equivalent to the
functions u(z, y, 0), du(z, y, 0)/0z (cf. (2.8)) being regular for 2?+y* < a*(14+4)3,
compare Heins and MacCamy [17].
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t, the function g{™(t) will be regular for |f| < 1+A4. Hence the
corresponding function f{™(t) satisfies all the required conditions.

2.3. For the second boundary value problem, the aperture
condition (iv)’ leads to the equation,

(1 d) f”/“exp iV (pJa)*—12) £ (t)dt

(2.85) p dp/ Jo V(pla—t2
' 2 (1 d\™ [ sinh («VB—(p[a)) .,
2 (t)dt= (2m) ’
(P dp) f,,/a Vo (play (t)dt = uf™ (p)
where
(2.34) ug"(p) = (1/p™)u™(p, 0).

Again we continue the first integral in (2.88) over the complete
interval [0, 1] and make the substitutions (2.10),

d\™ (" cosh (oc\/n_——.f)
— T Y R
(dn) fo e e
Iy _d_m lexp(ia\/é_—_ﬁ)
(2.85) _z(dn) ﬁ——*——vé___n F(&)dé&
__ 1 \m+1542m+1
+A( 1)2m+:“ u @Vi-7),
where
(2.36) F(&) = fi™(V1—&)[(2V1—E).

Denoting the right-hand side of (2.85) by G(%), the equation
(2.85) can be solved by means of the convolution theorem for
Laplace transforms, yielding

E(n)
(237)  _ (1/a/m)(2/0)m~H(d/dn) [ = =t] o ylaV ' — )Gl dp

Substituting G(u) as given by (2.85) into (2.87), the reduction
may be performed in a similar manner as for the first boundary
value problem. Ultimately we arrive at the following singular
integral equation for the function

(2.38) g (s) = i (s)/(1—s*)m,
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1 g(m)
§ 8" () V1—s%ds

1 $—t

( —1 )m+1 '\/ﬂ a?mt1g

/2 am¥(1—¢2)m—% [(1 —tz)im_*]m_%(aﬁSE)ugm)(a)

(2.39) .
— [ @e—yint g, («Var—a) (d/du)u(”"(au)du]
]

1
+ai| K(as, t)g™(s)V1—s2ds,
-1

valid for —1 < ¢ < 1, where
K(a;s,t)
(2.40 1— _
) =1 * Inog(uV1—8) *(uz\/m t)( 1—s?)in~tHY)  (uV1—s*)utdu.
o (1—2)

The aerofoil equation (2.89) can be solved according to Tricomi
[45], leading to the following integral equation for g{™(t),

(2.41)

("‘)(t) H(m) (t )

— 12

c i —
(m) (m) —g2
e )f K™ (a3 5, 1)gi™ (s)V/1—s%ds,

valid for —1 < ¢ < 1, where

—_ (_l)ma2m+l 1 g ds
(m)(gy — v 7 — .
H2 (t) n’\/%[_ a’"—* _ls—t (1___82)m—1
(42) [(1~82)*’"'*fm—g(°ﬂ/1—sz)ué’"’(a)

— (uz—sz)im 1], }(a\/uz—.s* (d)dw)ui™ au)du],
Isl

(2.48) K{™(a; s, t) =f G{™ (u, 8)(1—s?)im—1HQ) (uV1—s?) udu,
(1}

1 J ey (uV1—12) rdr

2.44) G™(u,t)=1 Im P\ - T
( ) 2 (u ) 2 . (1___7.2)4}m—1- r—t

C is an arbitrary constant. According to (2.41) the function
g™ (t) will be defined for ¢t = 41, provided that the following
condition is satisfied,

(2.45) C = —HAM(1)+( z/n)f R (a3 5, 1)gt™ (s)V/1—s% ds.
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Substituting (2.45) into (2.41) we obtain a Fredholm integral
equation of the second kind for the function g{™(t), viz.

- i
(246) (1) = BPO—— [ Ko s, 0 (6)VI=s%ds,
T J1

valid for —1 <t <1, where
(_l)ma2m+1 1 s d.S'

wVom o=t J_ys—t (1—s)™

(2.47) . l:(l —s?)im—} ]m_i(oc\/ITsz)u‘z'”)(a)

H (1) =

[ (uz—sz)%m—i]m_i(a\/uz—32)(d/du)u(2’"’(au)du] ,
[l

(2.48) K{™(035,1) = f G (u, £)(1—s2)bm—HE) (Y 1— ) udu,
0

1 ]m~i(u\/f——ré) rdr

(m) — 1 —_— S
(2.49) Gy™(u,t) = 2 (1 _1-2)5‘"”‘* r—t

-1
It can be shown that the function K{(«;s,t)V1—s? is a
continuous function of s for —1 < s <1 and an even regular
function of ¢ for all values of . When « is small, K{™ («; s, t) with
m =1 will be of order «2, whereas K{(«; s, ¢) is of order a.
Assuming that the function u{™(p) is an even function of p,
regular for |p| < a(1+4-4), 4 > 0, (cf. Bazer and Hochstadt [3])
it follows, that the function H{™(t) is an even function of ¢,
regular for |t| <1+ 4. Hence, similar to the first boundary value
problem, when « is sufficiently small, the integral equation (2.46)
will have a unique continuous solution g{™ (), this function being
even in ¢ and regular for || < 1+4.

2.4. The present method of solution has been elaborated for
the case of an obliquely incident plane wave described by the wave
function

(2.50) u(p, g, 3) = exp {ik(p sin y cos g2z cos y)}.

This wave function can be expanded in a Fourier series yielding
the following expression for the mth mode of the incident wave,

(2.51)  u™(p, 2) = i™¢,, J,,(kp sin y) exp (ikz cos y),

where ¢, = 1, ¢,, = 2 when m = 1. Substituting the corresponding
values of u{™(p), u{™(p) into (2.80), (2.47), the integral equations
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(2.29), (2.46) can be solved by iteration, when « is sufficiently
small. Expansions in powers of « up to relative order «f have
been calculated for the functions f{")(t). However, these ex-
pansions being rather lengthy, we only state the following partial
results,

&,(—12)™a™*1 sin™ y cos y

fro = 2 ST a1
2mt— (2m+1)82 . mi-+13
o w2 _ ~2 2
(2.52) [t * amt2)emi3)  © "7 emt2)@mts)
-+ ;}t a36m,0t—]—0(a4):|, for m=0,1,2,...,
" __1: mam+1 Inm
m(t) = 7)1(2m)!sm Y am(1—gym
2m— (2m—1)¢? R m-+12
. w2 — w2 2
(2.58) [1 “am—2)em+1) " Y emy1)emte)
— ;7: a36m'1+0(a4):| , for m=1,2,8,....

Kronecker’s symbol §6,, , is defined by 4, , =1 when m = n,
0, » = 0 when m 3 n. The function f{") () can better be determined
by means of the original method of Bazer and Hochstadt [3].

According to Bazer and Hochstadt [8] the following formulae
hold for the transmitted wave at a large distance from the aperture
and in the aperture:

(2.54) &{")(R sin 0, R cos ) ~ A(l""z)(O)eikR/R,

where

1
(2.55) A{™(0) = —2(ik sin O)™ f sinh («f cos 6) ™ (¢)dt,
0
1
(2.56) A{™(0) = 2(ik sin O)WJ cosh (at cos 6)f™ (t)dt,

0

valid for 0 < 6 < =/2 and large values of R;

) T

(m) = 2P
(2.57) 9™ (p,0) = ia (P dp/ J,. \/m
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(2.58) 225, 0) 2,,,,.(1 d)"'“ f cosh (aV#*— (pla)?)

2 p dp pla  VE—(pla)? 4 )

valid for 0 < p < a. Substituting the expansions (2.52), (2.58)

into these formulae we obtain the following results,

(2.59)

Al (9) = 22m+2¢ m!(m—+1)!a(siny sin6)™ cosy cos O
v n(2m+1)1 (2m+38)!

-[l o (2m—1)4-(2m+1)(sin? y —cos2 0)

a2m +2

+ — oc36 +0(a4):| y
In

(2m—+1) (4m+10)
(2.60)
2m+2 Vol : m
AL (0) = 22m+2¢,,m!(m4-1)!a(sin y sin ) om
n(2m)! (2m+2)!
A\ (<in2a o2 ,
) [1—a2 (2m+41)+ (2m—1)(sin2y—cos26) _ ﬂa"dm 1+0(a4)],
(2m—1)(4m—+6) ’
(2.61)
2mHe, i™+lm!sin™y cos y p\™
D™ (p,0) = — m m+1()
i, 0) 2(Zm+1)! a
3+ (2m+1)e? ) 8—2¢2 27 ]
1 g2 2 w36 0(at) |,
[ T ) emt9) S omiis T g™ met0()
(2.62)
oD{™ (p, 0) 2"He, imm!sinmy p)"" 1
_ — a — —
oz na(2m)! (a £
1+ (2m—1)e? . 1—262 44 ]
ol 1—a2 — a2sin? — 438 O(ot
[ Y em—)amt2) T amrz  op® omrTO(E)

where &= V1—(p/a)®. The results (2.59), (2.61) hold for
m=0,1,2, ..., while (2.60), (2.62) are valid for m = 1, 2, 8,

The transmission coefficients "} are given by (cf. Bazer and
Hochstadt [3]),

m[2
(2.63) ) = 2f |4{")(6)|2 sin 0 d6/(e,, a? cos y).
0

Starting from the complete expansions for fi"(t) up to relative

order of, the following results were derived with respect to £",
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g £,{22"*2m ! (m4-1)!}3 sin®™ y cos y it
t n2{(2m+1)1}2{(2m+38)!}?
[1 . { 4m?+-2m—8 sin? y}
“N@m+1)Emt5)2 " 2m+5
32m8 +144mB+24mt—156m3+1236m2+41758m —3811
(2m—1)(2m~+1)%(2m+5)3(2m—+7)?
8m3+82m?+4m—53 . g
sin? y
(2m—+1)(2m+5)3(2m+7)
m-+3
ind 0(a8) |,
+ (2m+5)2(2m—+17) s y} +0( )]
m _ em{22™+2m! (m4-1)!}3 sin?my o
2 n? cos y{(2m)!}2{(2m+2)!}?
[l . { 4m24-6m 44 sin2 y}

“N@m—1)2m+3) ' 2m+s
82m®+-144m5+1836m*—864m>—960m?—758m —213
(2m—38)(2m—1)2(2m+8)3(2m+5)2

8m34-82m24-40m-+19
(2m—1)(2m+38)3 (2m+5)
m-+2
ind O(ab
+ GrTenas 7] o),
these expansions being valid for m =0,1,2,... and m=1,2,8,...
respectively.

The presented results constitute an extension of the solutions
given by Bazer and Hochstadt [8], Williams [51]. Williams
treats the complementary problem of the diffraction of a scalar
wave by a perfectly soft or a perfectly rigid circular disk. Fol-
lowing quite a different method Williams reduces both boundary
value problems to Fredholm integral equations for a pair of

unknown functions. These functions can be shown to be pro-
portional to our functions

tm(dftde){f™ (t)/t} and t™(d[tdt)™f™ (t).

(2.64) + oc4{

(2.65) + ot {

sin? y

§ 3. Diffraction of a plane electromagnetic wave
by a circular disk

3.1. In the present paragraph we treat the diffraction of a
plane electromagnetic wave by a perfectly conducting circular
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disk. Introducing rectangular coordinates z, y, 2 and cylindrical
coordinates p, @, 2 connected by @ = p cos ¢, y = p sin ¢, the
circular disk will be determined by 0 < p <a, 0 < ¢ < 2m,
z=0.

We start from the formulation of the diffraction problem as
given by Meixner and Andrejewski [87]. Let a monochromatic
plane-polarized electromagnetic wave, denoted by (E¢, H')
impinge upon the disk. The vectors E?, H' will show a time
dependence e, this factor being omitted in what follows. The
wave number % is given by k = w+/eu, where ¢ and u are the
dielectric constant and the magnetic permeability of the medium
surrounding the disk.

Both the incident wave (Ef, H!) and the scattered wave

(E®, H*®) are derived from electric Hertz vectors II* and II*
respectively viz.

(3.1) E = (1/e)rotrot I, H = —iw rot 11,

where rationalized Giorgi units have been used. These Hertz
vectors may be chosen in such a way that their z-components
vanish. The Hertz vector for the total wave will be denoted by
I = IT I,

According to Meixner and Andrejewski [87] the boundary
condition

(3’2) Etiang_*"E:ang =0

on the disk, leads to the following conditions for the components
of 11,

(8.8) II,= 0U|owx, II, = 0U|0y, when 2 =0, 0 < p=a

where

(3.4) U= 3 U,Jnlkp)em.
The unknown coefficients U,, will follow from the edge condition.
From (3.8), (8.4) the following Fourier series can be derived for

I1,, on the disk,

(65) M= (2) 3 (Una—Un o) ulkple™,
(86)  II,= (ik/2) 3 (UnpatUn s n(kp)e™.

m=—0o0
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Next we expand the Hertz vectors II* and II* in Fourier series
with respect to ¢,

(o]
(8.7) I (p, ¢, 2) = 3 II.%(p, 2)e™
Mm=—00
where the vectors IT;* will have the components (I7}2, IT;;s, 0).
The functions IT%,(p, 2), IT%,(p, ) are now required to satisfy
the following conditions:
(1) I, II;,, are solutions of Helmholtz’ equation, viz.

#@ 18 &
st btk — )H:,., =0
(3P2+ o TR P2 '

(ii) oII,, |0z = OII%, [0z = O when z = 0, p > a; this condition
follows from the functions IT,,, I3, being even in 2;

mz

(iii) I13,,, IT;,, satisfy Sommerfeld’s radlatlon condition at infinity;

(v) I+, = (k/2)(Umii—Um_1) ] m(kp) } when z = 0,
H:””+H:;'v = (¢k/2)(Ums1+Un-1) I m(kp) 0=p=a;

(v) Meixner and Andrejewski [87] present the following edge
condition for the Hertz vector II°: Near the edge of the disk the
components IT; and IT remain finite. Further, in a point at
distance 6 from the edge the expansion of IT? cos ¢+ 1T sin ¢ in
powers of 6 does not contain a term with 6. Hence, IT,,,, I},
remain also finite near the edge of the disk, while the sum

(3'8) —1 a:+ m+1 z :n—l,v+iﬂ:n+1.v’

considered in a point at distance ¢ from the edge, has an ex-

pansion in powers of 6 which does not contain a term with 6t.
In analogy with Bazer and Hochstadt’s [8] second boundary

value problem, we introduce the integral representations,

()dt,

1 3)|m|J‘1 exp (’Lk’\/m) (1,2)
-1

(8.9) Fhd(p, 2) = lml(p % Vot (atial)

19 )""'J‘l exp (ikV p*+(3+iat)?)

|m|
(8.10) Gp(p,3)=0p (P ap \/m

gm(t)dt’

valid for 2 = 0, where m is an integer. For 2 < 0 we define
FoP(p, 2) = F¥(p, —2), Gu(p, 2) = Gplp, —2). The unknown
functions f3?(¢), g,(t) are required to be even functions of i,
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to be regular for |t| < 1+4, 4 > 0 and to satisfy the conditions,
(8.11) d¥-®(1)/dt* = d*g,,(1)/dt* =0, for k=0, 1, ..., |m|—1.

The functions F{'®(p, z), G.(p, ) have to assume the following
boundary values,

(8.12) Fl¥(p,0) = — I}, , (p, 0), Gn(p, 0) = Ju(kp),

valid for 0 < p < a. Using the method described in § 2, section
2.8, the conditions (8.12) lead to Fredholm integral equations
of the second kind for the functions "2 (¢)/(1 —2)™, g.(t)/(1 —t2)™.
When « = ka is sufficiently small, these integral equations may
be solved by iteration yielding expansions in powers of a for the
above-mentioned functions. We remark that g, () = (—1)"g_n(t)
as follows easily from (8.12).

From (8.12) and the condition (iv) it is obvious that IT},,
I}, are represented by

(8.18) [T, (p, ) = F(p, 2) + (%/2)(Unss—U1)Gu(ps 2),
(8.14) IT,(p, 2) = F®(p, 2) + (i%/2)(Ups1+Unm—1)Gum(p, 2)-

It can easily be shown that the functions IT,, IT;, as given by
(8.18), (8.14) satisfy the conditions (i) to (iv) and the first part
of (v). Using formula (2.7), expansions in powers of é can be
derived for II, . considered in a point with coordinates
p=a+dcosy, g=20dsiny, d >0, 0 <y < xn near the edge of
the disk. When these expansions are substituted into (8.8), the
term with 6% may be set equal to zero in agreement with the
condition (v), yielding the following explicit results for the
coefficients U,,,

2ka g, = D{/(l) (2)} + D{f(1)+’bf(2) ,
kUm{asz_lgm—l‘"—Dm-Hg +l}

(8.15)F = —a2Dm-1{fl1) i@ y_pmrffl 4 if % (m = 1)
U_m{a2Dm—l g—m+1_D + g—m—l}

| = @D Aif B 3 D, —ifE, 1} (m 2 1)

where D = d/dt and the omitted argument of the various derivatives
must be taken equal to 1. Hence, the diffraction problem is es-
sentially solved.

According to Bazer and Hochstadt [38] the functions F{}'?(p, 2)
and G,(p, z) assume the following asymptotic values at large
distances from the disk,
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FL3(Rsin 0, R cos ) ~ A% (0)e*R|R,

@ie) | .
Gnu(Rsin 6, Rcos ) ~ B,(0)e*R[R,

where

AL(6) = 2(ik sin )™ | " cosh (ot cos )/ (¢)dt,

(8.17) 0
{B,,,(o) = 2(ik sin 6)/m! f . cosh (at cos 6)g,,(t)dt,

valid for 0 < 6 =< z and large values of R. From (8.17) expansions
in powers of « can be derived for the functions A% (), B,(0).
Using (8.7), (8.18), (8.14), (8.16) similar asymptotic values
can be stated for IT:, IT; valid at a large distance from the disk.
Now we introduce spherical coordinates r, 0, ¢, defined by

(8.18) & =rsin 6 cos ¢, y = rsin 0 sin ¢, 2 = r cos 0.

Then the components of II® in spherical coordinates considered in
a point (R, 6, @) are represented by the following asymptotic
values,

oo
1 1 . 42 . 402
I "’% > [A( ) +A£n-)§-1 _zA'fnll +1‘A£n-))—1

(3.19) 2 [Ann
+ kU {Bp_y— Bpy1}1e®(e*F[R) sin 6,
(8.20) Iy ~% > [AD, 4+ A0, —iAR +iAR),
+ kUm{Bm—l_ Bm+1}]eim¢(eikR/R) cos 0,
@21y Mo~ 3 [ARL —id + AR, +42,

+ kU p{ Bp—1t Bpya}1e™?(e"F[ R),

where the argument 6 in A'?(0) and B,,(8) has been omitted.
From (8.1) the leading terms of the components of the scattered
field in the wave zone can be derived, viz.

E*~H'~0,

3.22 N I
O\ By Vitle Hy e (1) Ty, Eys—V e Hy e (R2e) T3,
Hence in the wave zone the scattered field behaves as an outgoing
transverse spherical wave. Low-frequency expansions in powers
of « follow from the corresponding expansions for 44 (6), B,,(0).

The scattered energy E,, is found by integration of Poynting’s
vector over a sphere with radius R and taking the limit for
R — oo. Using (3.20), (8.21), (3.22) we obtained



230

(8.23)
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E, = lim gve/ f f {|E3|*+|E%|} R sin 6 dg d6

nk4 4
- f [ 3 AR+ AR, —iAR, +idD,

+ kU p{Bp1—Bun1}|? cos® 6 + z [sAG), —iAi,fil

m=—00

+ AR + AR +ikU p{B 1+ By i }2] sin 6d6.

The scattering coefficient, 7, is defined as the ratio of the scattered
energy and the incident energy with the disk’s area as basis.
By means of (8.23) a low-frequency expansion in powers of «
may be derived for z.

Finally we state the following formulae for the scattered field
on the disk. On the positive side of the disk the components of
E*, H* in cylindrical coordinates are given by

(3.24)

(3.25)

(3.26)

(8.27)

H'=0, E

H, = (ik/+/1e)(8]02){—IT% sin o IT: cos ¢}

koo [aF‘“1<p,0) OF, (p, 0)
VHIE meoo o0z oz
0P, (p,0) . OFE, (p,0)

0z 02

kU, {aGm—l(P, 0) + aGm+1(p’ 0)}] eime,
03 o2

HY, = (—ik/+/uz)(8]2){IT%, cos ¢+ IT:, sin ¢}

k3 [aF“n(p,O) L (p.0)
VHE mE oo 0z 0z
3F(2)1(p,0) + zaFg-){-l (p,0)
oz 03
L RU, :3Gm—l(P’O) . 3Gm+1(P’O),] gimo,
o3 0%

¢ = —E, = —E; cos p—E; sin ¢,
E, = —E, = E, sin p—E; cos ¢,

E; = (ilk)/u]e[(1/p)(9]0p)(pH)—(1/p)(8]09)H} ],

where we used (8.1), (3.2), (8.7), (8.13), (38.14).
The current density I and the surface-charge density o induced
in the disk are related to the scattered field on the disk, viz.
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(3.28) I, = —2H;, I, =2H, ¢ = 2E],
where Hj, H;, E; are given by (8.24), (3.25), (3.27).
Low-frequency expansions in powers of « to the scattered field
on the disk can be derived from the following relations due to
Bazer and Hochstadt [3],
(1,2) |m|
aFm (p,O) P' |(1 d) +
0% pdp
fl cosh (oc\/t2 pla)?) LD
pla »\/t2 (p/a) m
9G .(p, 0) 1 d\/m+
Crmps 0) _ g pim I( )
0z pdp
J'l cosh (oc\/t2 (pla)?)
pla \/tz (p/a)2

(t)ds,
(3.29)

tg,(t)dt,

valid for 0 < p < a.

Concerning the plane incident wave (E£¢, H*), Meixner and
Andrejewski [87] distinguish two cases according to the electric
vector E* being polarized perpendicular or parallel to the plane of
incidence of the wave. For these two cases the foregoing results
may be simplified considerably.

3.2, In this section the presented method is worked out in
detail for the special case of a normally incident plane wave with
rectangular components,

(8.80) Ei={—E, 0,0}, H = /eu{0, —E, 0}e'*:,
The corresponding Hertz vector II* will have the components,
(8.81) IT;, = (—eE[k?)e'*, IT, = 0.

Hence it follows from (8.7), (3.9), (8.12) that all functions f:%(¢)
are equal to zero except the function f{" (). According to (8.15)
the only coefficients U,,, which do not vanish, are given by

e
agy(1)—Dgy(1)

So the only functions to be determined are f (¢), go(¢), gs(t)-
By means of the method of Bazer and Brown [2] the following
Fredholm integral equations can be derived for the functions

5" (1): (),

(3.32) kU, = —kU_,
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(8.33) f"(t) ——Iicosh at 4 — 1 M,«l) (s)ds,
k 7'[7, t—s
1 & _
(336 sl =+ S———mh (“(t ) gy(s)as,

7Tl t—s

valid for —1 =t =< 1. The integral equation (8.83) was solved
by Hurd [22] yielding an expansion in powers of « for f{! (t) up
to and including terms of relative order a!2. The integral equation
(8.84) is identical with Bazer and Hochstadt’s [8] equation for
their function f{)(¢) in the case of plane-wave excitation with
y = n/2. These authors derived an expansion in powers of « for
the function f¥(¢) up to relative order «5. We extended this ex-
pansion up to relative order «8. A Fredholm integral equation
for the function g,(z)/(1—12?)? follows from (2.46) with m = 2
and ul (p) = J,(kp)/p? to be substituted into (2.47). The same
integral equation holds for the function f¥ (¢)/(1—#2)?, occurring
in section 2.4, when y = /2. An expansion in powers of « was
derived for the function f{¥ (t) up to relative order «f.

From the expansions for the functions f{! (t), g,(t), gx(t) up to
relative orders o8, o8 and «f respectively, corresponding results
were found for the scattered field at a large distance from the
disk and on the disk and for the scattering coefficient. These
results were in complete agreement with the expansions stated
by Bouwkamp [6]. Later on we extended the previous results by
calculating one further term in the expansions of f!(¢), go(¢),
g.(t). Adding this term we obtained expansions for the scattered
wave in the wave zone and the scattering coefficient, containing
one extra term with respect to Bouwkamp’s results. However,
the latter expansions will not be presented here, because in section
8.8 still more extensive results will be derived.

3.3. In this section we present another solution to the diffraction
problem in the case of normal incidence. Following the formulation
of the problem as given by Lebedev and Skal’skaya [28] the
incident wave (Ef, H') and the scattered wave (E® H*) are
derived from magnetic Hertz vectors *II* and *II° respectively, viz.

(8.85) E = iwrot *II, H = (1/u) rot rot *II.

The Hertz vector *II' corresponding to the incident wave (8.80)
will have the rectangular components,

(8:86)  *IT =0, *IT, = (—Ev/alk?)e™, *II; = o.
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According to Lebedev and Skal’skaya the components of the
Hertz vector *II* may be represented by

(8.87) *[1, = 0, *IT; = D(p, z), *II; = ¥(p, z)sin ¢

where the functions @(p, 3) and ¥(p, 3) are required to satisfy
the following conditions:
(i) @(p, 2) and ¥P(p, 2) sin @ are solutions of Helmholtz’ equation,
hence,

2 10 0 . 2 10 0 "
( - +3z2+k) (3P2+P3P+3Z2+ )W 0;
(ii) @ = 0, 0¥/dz = 0 when 2z = 0, p > a; this condition follows
from the functions @ and ¥ being odd and even in 2 respectively;
(iii) @, ¥ satisfy Sommerfeld’s radiation condition at infinity;
(iv) 0®/oz = C—E/(tw), ¥ = Cp, when 2 =0, 0 =p <a; C
is an arbitrary constant which will follow from the edge condition;
(v), the edge condition prescribing the behaviour of the magnetic
Hertz vector *II* in the neighbourhood of the edge of the disk
has the same form as the edge condition for the electric Hertz
vector; therefore, according to Meixner [86] the edge condition
can be formulated in the following way: Near the edge of the
disk the components *IT;, *II,, *II; remain finite. Further, in a
point with coordinates (p, ¢, ), where p = a4 cos y, 2 = d sin y,
0 >0, —n =<y = =a, the expressions

0 0
™ (*IT; cos p+*I1I; sin (p)—%*H‘, *I]'—{—g(*H‘ cos ¢-+*IT; sin ),
14

will have an expansion in powers of d, in which no term with 6%
occurs. Hence, for the functions @ and ¥ the edge condition will
read: @ and ¥ remain finite near the edge of the disk. In a point
with coordinates (p, ¢, 2) as stated above, the expansions of

(8.88) ooy —3V¥, o¥|oy+3P
in powers of 4 do not contain a term with 6%.
Similar to Bazer and Hochstadt [8] we introduce the following
integral representations for @ and ¥,
E\ 1 : 2 iat)?
(8.89) ®(p, z) = (c _ ,_) f exp (kY pt+ (siat)?)
/)y AV p24(3+iat)?
190 ) fl exp (ikV p*+ (z+1at)?)
dp V p2+ (3 4dat)?

f(t)at,

g(¢)dt,

(8.40) ¥(p,2) = cp(
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valid for 2 = 0. For 2 < 0 we state P(p, 2) = —DP(p, —2),
Y(p, 3) = ¥(p, —=z). The unknown functions f(¢) and g(¢) are
required to be odd and even functions of ¢ respectively and to
be regular in ¢ for |t| < 144, 4 > 0. Moreover g(t) must satisfy
the condition g(1) = 0.

It can easily be shown that the representations (8.39), (8.40)
satisfy the conditions (i) to (iii) and the first part of condition (v).
The conditions (iv) will lead to Fredholm integral equations for
the functions f(¢) and g(¢)/(1—t?). Using the method of Bazer
and Brown [2] the following integral equation will hold for the
function f(t),

a . 1M1
(8.41) f(t) = —= sinh ot + ;z;'f_l

sinh (a(t—s))
— si e
mik

i (s)ds.

The same integral equation holds for Bazer and Brown’s [2]
function f,(¢) in the case of normal plane-wave incidence. These
authors derived an expansion in powers of a for their function
f1(¢) up to relative order «!°%. A Fredholm integral equation for
the function g(t)/(1—¢2) follows from (2.46) with m =1 and
ud (p) =1 to be substituted into (2.47). Solving this integral
equation by iteration, we obtained the following expansion

for g(t),

(3.42)
ad 1 ) 4 2 £ s
£) = ——(1—£) [1—a2|= — 2} = Zospaals 2 —}
¢(t) o )[ * {3 6} o X T {15 30 T 120
i (68 op 7 16\ 4 #
)
225 45 315 ' 8122 815 ' 840 5040
i7{216 46t2+t4}+8{(62+ 416)
=% 1225 1575 " 630) " * \\2835 T 202572

_(29 L8 )t2+ AL }+0(a9)]
5670 = 4057* 2268 45360 @ 362880 )

Using formulae (2.6), (2.7), expansions in powers of é may be
derived for @, ¥ and their derivatives in a point with coordinates
p=a+dcosy, z=90siny, d >0, 0=y =<xm. When these
expansions are substituted into (8.88), the term with 6} must
be set equal to zero in agreement with the condition (v), leading
to the relation,

_E af(1)

(5.48) =0 ) +ig ()
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where a prime denotes differentiation. Substituting the ex-
pansions for f(t) and g() into (8.43), we obtain the value of the
coefficient C, viz.

E 2 4i 2 186i
C= — —|1420214 g3 2 g8 5
iw[ T3 T T1% T 135
5.44) (2 32) 0r 8
(3. (315 o122) * T 21n”
2 32
— 8 1 0(e?)].
+(2835 25n2)a +0(« )]

According to Bazer and Hochstadt [8] the functions @ and ¥
as given by (8.89), (8.40) assume the following asymptotic values
at large distances from the disk,

®(Rsin 0, R cos 0) ~ A(0)e'*B|R,

(8-45) { Y(Rsin 0, R cos 0) ~ B(0)e*E/R,

where

A(0) = —2{C—E[(io)} | : sinh (at cos 0)f(2)dt,

(8.46) 1
{B(G) = 2Cil sin 6 [ cosh (at cos 0)g(t)ds,
valid for 0 < 0 < = and large values of R. Low-frequency ex-
pansions in powers of « for the funciions A(6), B(6) can be
derived from (8.46).
Using spherical coordinates in accordance with (8.18), the
components of *II* considered in a point (R, 6, ¢) are represented
by the following asymptotic values,

(8.47) *[I¢ ~ {A(0) sin 6+ B(0) cos 6} sin ¢ e**E|R,
(8.48) *[T4 ~ {A(6) cos 6— B(0) sin 6} sin ¢ e**B|R,
(8.49) *IT% ~ A(6) cos ¢ e™*E[R.

From (8.85) the leading terms of the components of the scattered
field in the wave zone can be expressed in these asymptotic
values, yielding ultimately the following low-frequency expan-
sions,

(8.50) H! ~ E! ~0,
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(8.51)
o~ —Ve[pEG ~ (K*|u) *II;

4q/¢ 8 552 16 2152 7st
e L i PEIPRE LY [V
3l u 15 16 105 32 ' 128

| 128 {( 175) 12352 99st 1536} .
S —_— = o
4725 672) ~ 128 ' 512 2048
Lo : (1 9317) 1265 385) ,, 1630s% 3108
— —_— — — S —
155925 3272 (1024 872 4096 8192
n 5558 } o + s {1 422 22 ( 532) .
65536 °° 22) *
7312 38552 15755t ,
(1 — ) oc‘} + O(ocs)] sin g e'*R|R,
18375 914 ' 58496
(3.52)

HYy ~ /e[ Ejy ~ (K¥u) *ITt,

41/¢ 8 85?2 16 11s2  8st
e[ () 2O (1
3nl u 15 105 32 128

128 175 6952 855t 558
- { — ) = s
4725 6n2 128 512 2048
n 512 {( 9317) ( 783 385) 9 685s¢  85s8
[ — — s —
155925 32n2 1024 16x2 4096 8192

N 1583} oy 8 1+22( 532) .
65536 “< a1)”

7312 ( 899s? i 5258t
18375 1828 = 58496

+ ) a‘} + O(oc*’)] cos 0 cos ¢ ¢*R|R,
where s = sin §. Compared with Bouwkamp’s [6] results the
expansions (8.51), (8.52) contain three new terms.

Finally we present the corresponding expansion for the scattering
coefficient 7. According to (8.80) the energy incident on the disk

will be given by 14/¢/una?E?. Hence, using (8.28) the following
formula holds for T,

27
(8.58) 7=1im f f {|E4|2+|E5 |2} R? sin 6 do dO/na®E2.

R-o00

Substituting the expansions (8.51), (8.52) we obtain the result,
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128 22 7312 60224 64
T = ot {14+ —a? 4 ol ( — o8
27n? 25 18375 496125 81n?

( 35048192 2464
1260653625 202572

(8.54)

) o8 4 O(alo)] .

The first three terms of (8.54) are given by Bouwkamp [6], the
last two terms of (8.54) are believed to be new.

§ 4. Diffraction of a scalar wave by a slit

4.1. Let 2, y, 2 be rectangular coordinates. An infinite screen
coinciding with the plane z = 0, contains a slit defined by
—oo <2< 0, —b <y <b,z=0. The screen will be perfectly
soft or perfectly rigid. We are now concerned with the diffraction
of a scalar wave u(y, 2), incident from z < 0, through the slit.
Because the incident wave is independent of @, both the soft
screen and the rigid screen diffraction problems will be two-
dimensional. In the sequel these diffraction problems will be
referred to as the first and second boundary value problem
respectively. A time dependence of the form e—**! is assumed
throughout.

According to Bouwkamp [8] the diffraction problems may be
formulated in the following way. In the case of the first boundary
value problem, we have for the total field,

u(y, 2)—u(y, —2) + u(y, —2), (2 = 0)}

(#.1)  w(y =)= {abl(y, z), (z=0)

where @,, to be defined for z = 0 only, has the following properties:
(i) @, is a solution of Helmholtz’ equation, AP,+k*P, = 0,
when z > 0;
(ii) @; = 0 on the screen i.e. when 2 =0, |y| > b;
(iii) @, satisfies Sommerfeld’s radiation condition at infinity;
(iv) 09,/0z = 0u/oz in the slit i.e. when 2 =0, |y| < b;
(v) @, is everywhere finite;
(vi) grad @, is quadratically integrable over any domain of
three-dimensional space, including the edge of the slit.

In the case of the second boundary value problem, the total
field is given by

u(y, 2) +u(y, —2)— Po(y, —2), (2 = 0)}

(*2) 2= {qbz(y, ), =9)
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where @,, also defined for 2 = 0 only, has similar properties to
@, except that (ii) and (iv) should be replaced by

(ii)’ 0P,/0z = O on the screen i.e. when 2 =0, |y| > b;

(iv)) @, = u in the slit i.e. when 2 =0, |y| <b.

We now present integral representations for the functions @,,
@, similar to those stated in the case of a circular opening by Bazer
and Brown [2], Bazer and Hochstadt [8]. For that purpose we
split the incident wave u(y, 2) and the functions @, ,(y, ) in an
even and an odd part with respect to the variable y, viz.

(4'-3) “(y’ z) = u’(y’ z) + uo(y’ z)’
(4.4) ¢1,2(y’ %) = ¢;,2(y’ z) + di‘{,z(y’ 2),

where the superscripts e, o stand for even, odd respectively.
Then the functions @3 ,(y, z), D3 2(y, 2) will be represented by
the following integrals,

45) Ol n)=[ HO(Grwn) % a

h, z(t)

9 -
W) Balyn) =7 f HY (Vg e e) S

valid for 2 = 0. The unknown functions f§ ,(¢), f{ »(t) are required
to satisfy the following conditions:
(1) f%(t), f3(t) are odd functions of ¢; fi(t), f3(t) are even functions
of ;
(ii) all functions are regular in ¢ for |¢{| < 144, 4 arbitrary small
and positive;
(iii)
(4.7) fi(1) = f3(1) = 0.

The square root Vy?-(z-+bt)? is fixed by requiring that,

e"i124/b22 —y?, when bt < —|yl,

(4.8)  lim Vy2+(s+ibt)* ={ Vy>—b*, when —|y| < bt < lyl,
;-o+0 1942 0

e™2V/b2%2 —y2, when bt > |yl

It can be shown that the functions @ ,, @3 , as given by (4.5),
(4.6) are indeed even and odd functions of y respectively and that
they satisfy all the conditions (i) to (vi) listed above with the
exception of the conditions (iv) and (iv)’. In order to verify the
conditions (v) and (vi), the behaviour of the integrals (4.5),
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(4.6) near the edge of the slit may be investigated in a similar
manner as presented in appendix I of Bazer and Brown’s paper
[2a]. It can be proved that in a point with coordinates
y=>b+dcosy, 2=24siny, 6 >0, 0=y <=z, the following
expansions hold for small values of 4,

| o — —2y2 f:(l)(g-)*sin b+o[7).
R e ]
(3% ol

while similar results can be stated for the functions @3, @3 , and
their derivatives.

In the following sections, starting from the conditions (iv)
and (iv)’ Fredholm integral equations of the second kind will be
derived for the functions f{ ,(t), f3 5(t). Successively we treat the
first and second boundary value problem for the case of an incident
wave even in y and odd in y.

Similar to Bazer and Hochstadt [8] we introduce the following
abbreviations,

(4.10)  up®(y) = du™°(y, 0)/0z, uz°(y) = w"°(y, 0).

It is assumed that the functions 4] ,(y) and wuj ,(y) are even
and odd functions of y respectively and that these functions are
regular in y for |y| < b(1+4), 4 > 0.

4.2. For the first boundary value problem with an incident
wave even in y, the condition (iv) becomes,

(4.11) 00;/0z = u(y), when z =0, |y| < b.

Starting from (4.5), the derivative d9;/0z may be represented by

0Py _ 10 e T RHibf()

valid for z > 0. Assuming 0 < y < b, we let 2z approach zero and
make use of (4.8) and [47], form. 8.7(8), 8.71(18). Then the
condition (4.11) leads to the following equation,
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2ibi Vb (1) 2__g2 ﬂ)_
: dyfo HP(BV 0P —F) Zi—
2tb d 1 27 FYEATAT 22 (2 /h)2
h1s) 4222 m{—;Ko(ﬂ\/tz—(y/b))+Ioe(ﬂ\/t Wley))
0 a — i),

valid for 0 < y < b, where 8 = kb. The second integral in the left-
hand side of (4.18) is continued over the complete interval [0, 1].
At the same time we make the substitutions,

(4.14) (yb) =n, # =,

then we obtain the relation,

(ddn) [} Jo(BY n—E)F (§)dé

(415) = (d)dn) §, {(—2i/m)Ko(BVE—n)+Io(BVE—N)}F (£)dE
+ (ib/4)u3(b/7)

where

(4.16) F() = fi(v/E)/2VI=8).

The square root v/ £—7 in the right-hand side of (4.15) is defined by

\/5—7], when & > 7,
e*”/z\/n——é, when & < 7.

In accordance with this definition the notation § is used, denoting
that the path of integration has an infinitesimal indentation
passing below the point & = 7.

Let the right-hand side of (4.15) be called G(7), then the
equation (4.15) can be solved by means of the convolution
theorem for Laplace transforms. A formal application of the
Laplace transformation to (4.15) yields,

(4.17) VE—q= l

(4.18) e~#14n Q(F} = 8{G}

where £{F} is defined by (2.14a). Inverting @{F} from (4.18),
we obtain the solution of (4.15) viz.

(4.19) F(n) = (d)dn) [ 1(BY'n—p)G(u)dp.

([18], form. 4.14(25), 4.16(14) were used). The derivation of
(4.19) is only valid when the Laplace transforms Q{F}, &{G}
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exist. However, by substituting (4.19) into the left-hand side of
(4.15), it can easily be shown that the solution (4.19) is correct
on the conditions assumed for the function fi(2).

Substituting G() as given by (4.15) into (4.19) the resulting
expression will consist of two terms. The first term may be
reduced to

7 - 1 o
(@fan) [ 1o(p V=) [(d/dm )[ ((—2imK(pVE=p)
(4.20) 0 0

+ 1u(BVE—p)| F(e)i| = (d/dn):ﬁM(ﬂ; &, ) F(§)de
where

M(B; &) = (—2i[n)Ko(BVE—n)+Io(BVE—7)

I (By/n){(2if)Ko(By/E)—~To(BY/E)}

fﬂjl(f/\;n #M){ %y Ko(BVE— ‘,4)-}-10(,8‘/—)}

First we determine M(f; &, n) in the case £ > n. We make use
of Lommel’s expansions (cf. [47], § 5.22),

K
Ko(pVE—p) = 3 7 (2 S

_ v me T
LeVicm =3 r:) (ﬂ?ﬂ) ,(::;/f)

r=0

(4.21)

(4.22)

9

valid for 0 < u-< &, and the integral,

"L(BVn—p) 2\ 2

e ,u'd‘u——-r! (—) 17%'.[ (/3'\/"7)“"—77', r=0,1,2,...,
o Vo—n B . ;
which follows by an expansion of the Bessel functions I,, I, in
power series. Another application of the expansions (4.22) will

then yield the result,

(.28) M(B; &, 17)
4.23 K I

Differentiating this expression with respect to B, using [47],
form. 8.71(5), (6), we obtain,
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(4.24)  (0[0B)M(B; &, m) = mAI (Bv/n){(2i[m)Ko(Bv/E)—Io(Bv/E)}-
From (4.28) it follows easily that

(4.25) M(0; ¢, 1) = (~i/ﬂ)°2:;(n/5)'= (i/z) log (1—n/§).
Hence we finally obtain the representation,
M(B; & n) = (i/=) log [1—n/&|

+ [} L/ ) {(2ilm) K o(un/E)—To(un/)}du.

In a similar manner it can be shown that in the case & < 7,
M(B; & n)is given by (4.26) enlarged with a term - 1. Substituting
the result for M(B; &, n) into (4.20), we obtain

(4.26)

1
;1} M(B; & n)F(&)de
(a.27) 170

()4~ §1F(5) dé + f N(B; & n)F(£)de

where
(4.28) N(B; &) = } [7 Lo(un/n){(2i|m)Ko(uy/€)—Io(uy/§)}udu.

The integral sign § denotes that the Cauchy principal value of
the corresponding integral is meant.
Ultimately, the solution (4.19) leads to the following equation,

1F b
S =22 [1pv/ami)

(4.29) - )
+ [ Tp Vi iy i |~ [ N8, P

In the equation (4.29) we make the substitutions
(4.80) E=st n=1=2, u=u

After some elementary calculations we obtain a singular integral
equation for the function fi(¢), viz.

(4.31)
Che) A

+[ 1V aanean) + § K@;s 05 g,
° -1 V1—s?
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valid for —1 <t < 1, where
(4.32) K(Bs s, t) = [0 I(ut)Ky(us)udu.

The integral sign § in (4.81) denotes that arg s in the correspond-
ing integral has to be chosen according to

(4.83) args =0 when s > 0, args = —n when s < 0.

Further, we used [47], form. 8.71(18). The integral (4.82) may
be evaluated explicitly, however the expression (4.82) is more
suitable to expand in powers of f.

The integral equation (4.81) is again the aerofoil equation.
Using the explicit solution of the latter equation as given by
Tricomi [45], we are led to the following Fredholm integral
equation of the second kind for the function fi(t),

sfi(s)
e\ Py
V1—s

1
Wse)  fie) = Hi— 5§ Kilpin )

valid for —1 <t < 1, where
b (! V1—s?

2 1 s—t

Hi(t) =

MEme
(4.35) s
+] Io(ﬂ\/sz—uz)(d/du)u;(bu)du],
0

(4.86) K (B;s,t) = f: Go(u, 1)K o(us)udu,

117 ——
(4.87)  Golu, t) = ff Lowr) A —ar,

4 r—1
Arg s in the right-hand side of (4.84) must be chosen as stated
in (4.83). The arbitrary constant C occurring in the solution of
the aerofoil equation vanishes, because fi(t) is odd in ¢.

For practical calculations the function K,(8; s, t) is replaced by

(4.38)  Ky(B; s, t) = H{EK.(B; Isl, t)-+Kq(B; Isle=™, 1)},

owing to the function f{(s) being odd in s. It can easily be shown
that the function sK,(B; s, t) is a continuous function of s for
—1 < s =1 and an odd regular function of ¢ for all values of ¢.
When g is small, K,(8; s, t) will be of order f2log 8. Similarly,
the function wui{(y) being an even regular function of y for
lyl = b(14-4), it follows that the function H(t) is an odd function
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of t, regular for |t < 14 A4. Finally, when g is sufficiently small,
the integral equation (4.84) will have a unique continuous
solution f;(t), this solution being odd in ¢. Substituting this
function into the integral in the right-hand side of (4.84), this
integral will be an entire function of ¢. Hence, the solution f;(¢)
will be regular in ¢ for |t| < 144 and all conditions, assumed
about the function f;(t), are satisfied.

4.3. Next we treat the second boundary value problem. In the
case of an incident wave even in y, the condition (iv)’ becomes

(4.89) D5 = uj(y), when 2 =0, |y <b.

Assuming 0 <y < b, we let z approach zero in the integral
representation (4.5) for @5. Using (4.8) and [47], form. 8.7(8),
8.71(18), the condition (4.89) leads to the equation,

(4.40)

2f" P 6V yPF—) 2 fz(t 28 g
0 2

wof -3 (WWHIOWW)} _di= i),

valid for 0 < y < b. The second integral in the left-hand side of
(4.40) is again continued over the complete interval [0, 1]. At
the same time we make the substitutions (4.14), then we obtain
the relation,

(4.41)

1 -
[ reva=area

0

1 —_—
= fo {(—2i[7)Ko(BV E—n)+1o(BV E—n)} F (£)dE —Fus(b+/n)

where
(4.42) F(¢) = fi(vE)(2VE1—8))
and the square root V&—nz in the right-hand side of (4.41) is
defined as stated in (4.17).

Denoting the right-hand side of (4.41) by G(5), it is obvious

that the integral equation (4.41) only has a solution if G(0) = 0,
viz.
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(4.48) [} {(—2i[n)Ko(BvV/E)+1o(B/ENIF (£)dE = Jus(0).

We substitute & = s? and use [47], form. 8.71(18), then (4.43)
reduces to

) gy u$(0),

. K
(4.44) o(Bs) = ds =

where arg s must be chosen in accordance with (4.33).
By means of the convolution theorem for Laplace transforms
we derived the following solution to (4.41),

F(n) = (d/dn?) f " I(BV—)Gu

[ f ’W" —#) (u)du],

valid provided that the condition (4.44) is satisfied. Substituting
G(u) as given by (4.41) into (4.45), the first term of G(u) will
yield a contribution,

(4.45)

(4.46)
(d/dn) U ((—2iJm) Ko (BVE—m)-+To(VE—7)} F(€)de
B LBVn—p) , T 2 — —
gl e i [)fo{—;Ko(ﬁx/s—u)+fo(ﬁ«/s—m}F(f)ds]]
1
- (d/dn):l; HI(B; & n)F(&)de

where
M (B; &, n) = (—2i[n)Ko(BVE—n)+Io(BVE—D)
(4.47) ; _ _
+of an V) [ 2 Ro(BVE—i)H1o(8V E=) | .
Vg—p = ’

The function M (B; &, %) is closely related to M(B; &, n) as given
by (4.21).

The further reduction of the solution (4.45) runs along the same
lines as described in section 4.2 for the first boundary value
problem. Ultimately, we obtain the following smgular integral
equation for the function f3(t),
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(4.48)
1 fe ds )
11_;_%) I z [ﬂ[l(ﬂt)u;(o)+(d/dt)u;(bt)
L(BVE—u?) sf3(s)
+t j A= (d/dum(bu)du] + W’ D a®

valid for —1 <t < 1, where
(4.49) E(p;st)=| :Il(ut)Kl(us)udu

and arg s is chosen according to (4.88). The aerofoil equation
(4.48) may be solved, using Tricomi [45] and we are led to the
following Fredholm integral equation of the second kind for the
function f;(2),

sfa(s )
V1—

w0) (0 = BO+C— o f Kl o) S

valid for —1<t<1, where

y 1 —_e2
mi0) = — 5§ 55 ds [ o)+ @ids o)
(4.51) (ﬂv%
+ps f e (d/du)u;(bu)du],

B
(4.52) Ky(Bs 5, 1) = J' G (uy 1)K, (us)udu,

0
(4.53) Gy(u, t) = f I—;(_ﬁ—:) V1—12dr.

-1

C is an arbitrary constant which is to be determined by means
of (4.44).
For practical calculations the function K,(8; s, t) is replaced by

(4.54) K,(B; s, t) = HK,(B; Isl, t)—Kq(B; Isle=™, 1)} sign s,

owing to the function f;(s) being even in s. It can easily be shown
that the function sK,(f; s, t) is a continuous function of s for
—1 =< s <1 and an even regular function of ¢ for all values of ¢.
When Bis small, K,(8; s, t) will be of order 82 From the function
u;(y) being an even regular function of y for |y| < b(1+4), it
follows easily that the function H$(f) is an even function of ¢,
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regular for |t| < 14+4. When f is sufficiently small, the integral
equation (4.50) will have a unique continuous solution f;(¢),
this solution being even in #. Substituting this function in the
right-hand side of (4.50), it is obvious that f5(t) is regular in ¢
for |t| < 14+ A4. Finally, when g is sufficiently small, the con-
dition (4.44) determines the constant C uniquely, as can easily
be shown.

4.4. For the first boundary value problem with an incident wave
odd in y, the condition (iv) reads,

(4.55) 095/0z = ui(y), when 3 =0, |y| <b.

Starting from the integral representation (4.6) for @, the con-
dition (4.55) may be reduced to an equation similar to the
equation (4.13), viz.

L) [ mevamr—) AL

_t2
(4.56) g () [ |- 5 mlvE=tmr)

+ I3V (P j;‘t)tz at = 3 (y),

valid for 0 < y < b. Integration of (4.56) with respect to y
yields an equation which is of exactly the same form as (4.13).
Hence, the method of section 4.2 can be applied leading ul-
timately to the following Fredholm integral equation of the
second kind for the function f{(¢),

sfi(s)

——ds,
V1—s?

(4.57) 12(t) = H3()+CGolB, 1) — nlz)fllKl(ﬂ; 1)

valid for —1 < ¢t £ 1, where

(4.58) H(t)-_—;t ' ‘{9—_
-1

ds [ f I (BVs*— uz)ul(bu)du]

K,(B; s, t), Go(B, t) are given by (4.86), (4.87). C is an arbitrary
constant, which is to be determined by means of the condition (4.7).
The equation (4.56) can also be reduced in a direct manner
similar to the procedures followed in sections 4.2, 4.8. Omitting
the details of the derivation, we only state the resulting Fredholm
integral equation of the second kind for the function fi(¢),
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459) fot) = Bt)Ci— ~ 7 Ky s, 1) L g,
2 J 1 V1—s?

valid for —1 <t <1, where Hi(t), Ky(f;s,t) are given by
(4.58), (4.52). The arbitrary constant C is again determined
from the condition (4.7).

Strictly speaking the integral equation (4.59) is not a common
Fredholm integral equation, because K,(f; s, t) becomes infinite
of order 1/s when s — 0 (cf. form. (4.52)). However, f3(t) being
odd and regular in ¢, this function may be replaced by #f7(t), leading
to a correct Fredholm integral equation for the function f(t).

It can be shown that, if 8 is sufficiently small, the integral
equations (4.57), (4.59) have a unique solution f{(t), satisfying
all the conditions stated in section 4.1.

4.5. Finally we treat the second boundary value problem with
an incident wave odd in y. Then, the condition (iv)’ reads,

(4.60) D} = uy(y), when 2 =0, |y|] <b.

Similar to section 4.4 the following pair of Fredholm integral
equations of the second kind can be derived for the function f;(¢),

B

wen) pio=rgo+c+Lcocupn- L { Kagisn Bl a,
7 -1

V1—g?

won) fO=Hi0+0= 2 Kalpion 0
A V1—s?

both valid for —1 < ¢ < 1, where

(4.63)
ib (1 V1—s?

2 1 s—t

f’11<ﬁ«/§5——1ﬂ>

0o Vs—u?

K,(B; s, t), Ky(B; s, t), G1(B, t) are defined by (4.86), (4.52), (4.53).
The arbitrary constants C and C* occurring in (4.61), are
determined from the condition (4.7) and a condition related to
(4.44), viz.

Hj(t)= — ds [ug(bs)+,8s ug(bu)du] .

! f2(s)
4.64 K, ds = —aC¥*,
ws koo S
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The arbitrary constant C in (4.62) is determined from the con-
dition (4.7).

Again it can be shown, that for sufficiently small values of
the integral equations (4.61), (4.62) have a unique solution f3(¢),
satisfying all the conditions assumed in section 4.1.

4.6. In this section we present special integral representations
for the transmitted field at a large distance from the slit and in
the slit.

Consider a point with coordinates y = Rcosf, 2 = Rsin 6
where 0 < 0 < &. For large values of R the following asymptotic
expansions hold (cf. [47], form. 7.2(1)),

(4.65) VY2t (54-ibt)2 ~ R-+ibt sin 6+0(1/R),

H® (kVy?+ (2+ibt)2) ~ V2/(7kR)

(4.66) . exp (¢kR—pt sin 6—ai/4)+O(1/R}).

Hence, at a large distance from the slit, the functions &5 ,, 99,

as given by (4.5), (4.6) will assume the following asymptotic
values,

4.67 D] 2(R cos 0, Rsin 6) ~ A3 ,(0)e’*%[+/R,

(4.67) D] 2(R cos 6, Rsin6) ~ A3 ,(0)e'*R/4/R,

where

(4.68) A(6) = —2V/2[(mk) et f sinh (Bt sin 6) \/fi“)t a,
0 12

(4.69) 43(0) = 22/ (k) e j:cosh (Bt sin ) f‘"

dt,
2

(4.70) A3(0) = —2V2k/m e/ cos b flsinh(ﬂtsin()) Alt) dt,
0 V1t

(4.71)  A3(0) = 2V 2k/n e/ cos0flcosh (Btsin ) \/fgla)t dt.
0 —12

The following integral representations can be derived for the
transmitted field or its normal derivative in the slit,

1 {4
(472) By, 0) = —2 f /bIO(ﬂ\/W) J;(i)tz dt,
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(4.73) 20 (y,0)/0z = _3;3% L(8VE=)) A(t)ﬂ

v/b

(474) Oy, 0)= —2— f I(pVF= oY) f1<t

o d (2ib d ) )
(4.75) 303(y,0 )/az_—g—(—y-@) f o(BVE—WIbY) =2 _dt,

valid for —b <y <b.

4.7. The present method has been worked out for the case of
an obliquely incident plane wave, described by the wave function

(4.76) u(y, 2) = exp {ik(apy+V1—alz)}

where oy, = cos 0, 0 < 6, = =. According to (4.8) the even and
odd part of u(y, z) are given by

. u’(y, ) = cos (kxoy) exp (V1 —alz),

(477) u°(y, z) = 4 sin (kagy) exp (kV1—o2z).

Substituting the corresponding functions wf ,(y), %] .(y) into
(4.85), (4.51), (4.58), (4.68) the Fredholm integral equations
for the functions f; ,(t), f3 »(t) may be solved by iteration yielding
expansions in powers of § for these functions, the coefficients of
these powers being dependent on log 8. In this manner we cal-
culated expansions up to orders f° and f® for the functions
fi®), () and f;(), fa(t) respectively. By means of (4.68) to
(4.75) similar expansions have been derived for the transmitted
field at a large distance from the slit and in the slit. The various
results, which will not be presented here, are, apart from some
slight deviations, in agreement with Millar’s [88] values.

The transmission coefficients #,, #, for the first and second
boundary value problem are defined to be the ratio of the energy
transmitted through the slit to the incident energy with the
slit’s area as basis. The following formulae hold for ¢, ,,

/2
by = f (143 ,(6)[2+142 (6)[2} 0] (b sin 6,)
(4.78)
— Re [V/7](2F) {42 5(80) 43 5 (6)}1/(b sin 6,).

Substituting the expansions for A3 ,(6), 43 ,(0), we derived the
following expansions for ¢, t,,
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2 A3 2
_ ; (4 . 5 _ ﬁ)
4 32 sin 6, I:l—l—ﬂ ( 2 + 1 2

6

8¢2 7q 109 ) ( ) . 5«3}

4 —_
+h {( ~ 32 T 1536 256) @ 1 192
¢ 277 40l ndg 4891 9z )

(4.79) +ﬂ“{(— —+ 256 6144 + 64 + 294912 1024

+( 3¢2 13¢q 187 _71?_) 2

—

~ et T 256 12288 " a256) ©

(- ot 4 o) - 7“g}+...],

384 ' 6144 4608
n? )
— 2 (2 70
s (n%+44q%)B sin 6, [1+ﬂ (4 2)
. __9_) (q_ -2 ”2) 3;_*0}
+8 {(256 T fe(mitagy) T + * 3
29 q
(4.80) +ﬁ6{(h o216 T 64(n2+4q2))

+(q3 ¢ + + 1 i q ) 2
16 128 512 512 82(ntl4q?)) °

q? 5 nz) X 5%: ]
+( 32 " 88s 128 ™ mmel T

in which ¢ = log (8y/4) and log y = 0.577215 ... (Euler’s con-
stant). The results (4.79), (4.80) are in complete agreement with
Millar’s [88] values. Moreover, the result (4.80) for ¢, was checked

by an independent calculation using the method of Jones and
Noble [24].

§ 5. The circular wing in steady incompressible flow

5.1. Consider an aerofoil of circular planform moving with
constant velocity U in an incompressible and non-viscous medium.
Rectangular coordinates @, y, z with coordinate axes fixed to the
wing are used. The positive direction of the z-axis is taken op-
posite to the direction of motion of the wing; the y-axis is taken
in the spanwise direction. The projection of the aerofoil on the
plane 2 =0 is a circle having radius a with its centre at the origin
of the coordinates.
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Following the formulation of the boundary value problem as
presented by van Spiegel [44], the velocity vector ¢ of the medium
with respect to the 2, y, z-system is derived from a perturbation
velocity potential @, viz.

(5.1) g = U+grad @.

In the same way, the acceleration vector of the medium may be
derived from an acceleration potential ¥. In linearized aerofoil
theory, for the case of steady flow, the potentials @ and ¥ are
connected by the relations,

(5:2) ¥ =Udd|ow, B(z,y,2) = (YU) [* (& y, 2)de.

The acceleration potential ¥ is related to the pressure p, viz.

(5.8) ¥ = (po—p)/Po

where p, and p, denote the pressure in the undisturbed medium
and the density of the medium respectively.

The boundary value problem can now be formulated in terms
of @ and V. The potentials @ and ¥ are required to satisfy the
following conditions:

(i) @, ¥ are solutions of Laplace’s equation, viz.

2o 09 0P
(5.4) 49 = P + o + i 0, AY¥Y = 0;
(ii) @, ¥ are continuous outside the circular disk z =0,
2*+y? =< a?, except that @ possesses a discontinuity across the
linearized wake i.e. the surface determined by z > vV a’—y?,
ly| < a, z=0;
(iii) Y(2, y, 3) = 0 for (z, y, 2) at infinity;
(iv) 090z = w(z, y) for z = 40, 224y? < a?;
(v) grad @, ¥ are quadratically integrable over any domain of
three-dimensional space, including the edges of the circular disk
and of the linearized wake; according to the Kutta condition
the pressure p and therefore (cf. (5.8)) the acceleration potential
¥ must remain finite at the trailing edge of the circular disk.

The downwash distribution w(z, y) will be a given function.
At the present formulation the so-called lifting problem is con-
sidered. From the condition (iv) it is obvious that @ is an odd
function of z. Owing to (5.2) and (ii) ¥ too will be an odd function
of 3 and ¥ = 0, when 2 = 0, 2?+y? > a% The Kutta condition
will determine the discontinuity of @ across the linearized wake.
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We introduce cylindrical coordinates p, ¢, 3 with
(5.5) x=pcosp, y=psing, — 1< o <m

The velocity potential @(p, @, 2) is split into a regular part @res
and a singular part Q"

(5.6) @ = Preef psine,

Concerning ®™&(p, ¢, 2), this function is required to satisfy the
following conditions:

(i) @ is a solution of Laplace’s equation, viz. 4P = 0;
(ii) @™ =0, when 2 =0, p > a;

(iii) @' = 0 for (p, @, 2) at infinity;

(iv) od*8/oz = w(p, ¢), when 2 =10, 0 < p < a;

(v) @' is everywhere finite.

Hence @%8(p, ¢, 2) will be an odd function of z.

Now we expand w(p, ¢) and D*8(p, ¢, z) in Fourier series with
respect to @. It is assumed that the downwash distribution
w(p, ) is even in ¢, hence the Fourier series for w(p, ¢) and
D™8(p, @, 3) may be represented by

(5.7) w(p, 9) = 3 w,(p) cosnp, D™¥(p, ¢, 2) = 3 P¥(p, z) cos ng.
n=0 n=0

The case of a downwash distribution w(p, ¢) odd in ¢ will be
treated in section 5.5. Further we assume that the functions
w,(p)/p™ are even functions of p, regular for |p| < a(1+4) with
A arbitrary small, positive and that the series (5.7) are in fact
finite sums i.e. the functions w,(p) will vanish for n sufficiently
large. For the downwash distributions which are of interest in
practice, these assumptions are certainly fulfilled.

Following Bazer and Hochstadt [8] we state the integral
representation,

1o\t 1a(t)
(5,8) %eg yR) = n (— —) f —_— dt, n= 0, 1, 2, ooy
(p:5) =g P Op/ J 1V pt4(z4iat)?

valid for 2 = 0. For z < 0 we define, %(p, 3) = —DE(p, —2).
Compared with Bazer and Hochstadt’s original integral represen-
tation the wave number £ has been set equal to zero. The unknown
function f,(t) is required to be an odd function of ¢, to be regular
in ¢ for |t|] = 1+4, 4 > 0 and to satisfy the conditions,

(5.9) d*,(1)/dt* = 0, for k =0,1,. .., n—1.
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It can easily be shown that @;® as given by (5.8) satisfies all
the conditions (i) to (v) except the condition (iv), which may be
written as

(5.10) 097803 = w,(p), when 2 =10,0 = p < a.

According to § 2, section 2.2 the condition (5.10) leads to the
Fredholm integral equation (2.29) (m being replaced by =) for
the function f,(t)/(1—#)" with 4{"(p) = w,(p)/p" to be sub-
stituted into (2.80). However, because k has been set equal to
zero, the parameter « and the kernel of the integral equation
will vanish, hence, the function f,(t) can be solved immediately,

_ (=1)"ta"+? a1 ds
fa(t) = 2"n+/n [(n+1}) (1—#) 4_1?—7 (1—s2)"

. [ ' (u2—s2)"—3 EO#—) du:I .

n—1
[l

(5.11)

The result (5.11) being rather complicated, we present another
expression for f,(f). Using Bazer and Hochstadt’s [8] original
method, the condition (5.10) leads to an integral equation for the
function f,(¢). When « is set equal to zero in this integral equation,
it can easily be derived that

gan (L)) L e e,

t ) me)y Ve

The equivalence of (5.11) and (5.12) may be verified in an in-
dependent manner. Finally, according to Bazer and Hochstadt
[38] the velocity potential on the disk is given by

P25 (p, +0) = ia (:: di) fp/a_\/tzf—(ti#a_)—z

S (),
a2+ ) . v/ (pla)e \t di t ’
valid for 0 < p < a, where the latter result has been derived by
integration by parts using the conditions (5.9).
Similar to (5.6) the acceleration potential ¥ will be split
according to

(5.14) P = Ypres Ysine

(5.18)

where ¥ is defined by (compare form. (5.2))
(5.15) Yree = Uodre | o.
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Contrary to its name Y™ becomes infinite at the edge p = a,
g = 0 of the disk. According to (2.6) the following expansion
holds for ¥™(p, ¢, 2) when p =a+dcosy, g =40dsiny, § >0,
—n=y=sm,

© (oD 1 005
pree —= U [{ 2 cos y— — —— sin }cosn cos
2w 755 Y peose

n
(5.16) + — @7F sin ne sin (p]
P

4 2 fa(1)

= Uiy/2 (—Z—) sin 1y cos (p'go prerall np+0(1),

valid for small values of 4. f{"(1), denoting the derivative
d"f,.(1)/dt* can be represented by

a2 rlyntly (au)

moJo V1—u?

(5.17) "M(1) = du,
owing to (5.9), (5.12).

The function ¥P*"(p, ¢, z) is required to satisfy the following
conditions:
(i) WPe¢ is a solution of Laplace’s equation, viz. 4A¥"" = 0;
(ii) P*"& = 0, when 2 =0, p > a;
(iii) 0P*"¢/oz = 0, when 2 =0, 0 < p < a;
(iv) W= becomes infinite at the edge p = a, 2 = 0 of the disk;
Psine js quadratically integrable over any domain of three-
dimensional space, including the edge of the disk.

Ysine(p, @, 2) is expanded in a Fourier series,

(5.18) Pins(p, g, 2) = 3 Wi(p, 2) cos mg.

n=0

Owing to the condition (iv) we modify Bazer and Hochstadt’s
integral representation by stating,

. 8 (1 9\~ 2.(t)
5.19) WinE(p z) = — n(———) —on  dy,
(5:19) e2) = "G o) ) V o2+ (3 t-iat)?

n=20,12...
valid for z =0, whereas for 2 <0 we define ¥;™(p, z) =
—¥;"(p, —z). The unknown function g,(¢) is required to be

an even function of ¢, to be regular in ¢t for || < 1+4,4 >0
and to satisfy the conditions,

(5.20) d*g,(1)/dt* = 0 for k=0,1,...,n—1.
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It can easily be shown that the representation (5.19) satisfies
the conditions (i), (i), (iv). The condition (iii) which may be
written as 0P /dz = 0 for 1 = 0, 0 < p < a, can be reduced to

02 1 2 n rl
hm(_z_*___i_%),,ﬂ(_l__a_) __g”_(t)____dt:o
s-40 \Op* ~ p dp p p 9p) Ja1 Vp24(z+iat)?

hence,

n prl
(5.21)  lim p" (l 3) &l g,
240 pop/ Jiv p2+(z+1iat)?

valid for 0 < p < a, where C, is an arbitrary constant. Ac-
cording to § 2, section 2.8 the condition (5.21) leads to the Fred-
holm integral equation (2.46) (m being replaced by n) for the
function g,(¢)/(1—)" with u{"(p) = C, to be substituted into
(2.47). However, the parameter « being equal to zero, the function
g.(t) can be solved immediately from the integral equation, viz.

(5'22) gn(t) = Cn(l_tz)”

where C, is an arbitrary constant (related to C,). Substituting
this value of g,(f) into (5.19) the resulting integral can be
evaluated explicitly. Introducing oblate spheroidal coordinates
u, n defined by

(5.28) p=aV(1—p?)1+9?), s=aup, —1<u=<1,7=0,

we derived the following formula for P:¢(p, ),

. 7 1—p2\in
5.24 Yins(p, z) = A,U? ——————(—) ,
(5.24) (ps 3) A T

where the dimensionless constant 4, is given by

(—2)r+in!
(5.25) 4, = g O
A proof of (5.24) will not be given here. It may be remarked that
the functions Y:"(p, z) agree with Kinner’s [25] potential
functions of the second kind.
In the plane 2 = 0 and in the neighbourhood of the edge p = a,
% = 0 of the disk, the following special results hold,

; (p/a)"
(5.26) W;"8(p, +0) (o) for0=p<a
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22 1
" a (pla)*{(pla)—1}}’

(5.27) 0W:i™%(p,0)/0z = A for p > a;

(5.28) Y:i¢(a-+4 cosy, dsiny) = A U? (ﬁ) lrsin y+0(1),
V2 a
valid for —n < y < &, 6 sufficiently small, positive. The latter
result can be derived from formula (2.7).
The part &% of the velocity potential @, introduced in (5.6),
will be derived from ¥*"¢ according to (compare form. (5.2))

(5.29) (g, y, z) = (1/U) jjw Peing(£ . 2)dE.

We are especially interested in the normal derivative 99°"¢/0z
on the disk z = 0, 22+y? < a2 Differentiating (5.29) with respect
to 2z and taking the limit for z — 40, assuming 2%+4y? < a?,
the resulting integral will be divergent. However, it can be
shown that the common integral sign may be replaced by the
sign *[ denoting that the finite part (in the sense of Hadamard)
of the divergent integral is meant. Hence, we obtain the result,

_Vaima

(5.80)  80°"%(z, y, +0)/3z = (1/U) " [ QPSE(E, y, 0))0z dE

(o}

where 22432 < a?. Substituting for 0¥="¢/dz its Fourier series
with the nth term given by (5.27), the integration will be performed
term by term. Therefore we consider the integral,

(5.81)

R ( ) % r—1/a2—y2 einw df
="

—  (pla)*{(pla)*—1}}
where p = VE2+y?, ¢ = +a—aresin (y/p) according to y 2 0,
—a < y < a. Introducing p into (5.81) as the new variable,

the resulting integral can be integrated by parts. Omitting the
infinite contribution of the lower limit p = a, we obtain

*d [{pexp (tarcsin (y/p))}—”] dp

R,(y) = (—1)rans j

. dp AV p2—qy? Vopi—a?

(5.32) vy pra
= _inan+3iJ‘°° (y—iVe—y) " pdp .
dyJ, Vp2—y? \/Pz_az

In (5.82) we make the substitution Vp?—y? = Va2—y? cosh u,
leading to
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R,(y)= ——i"a"+3(d/dy)J‘0°° (y—iVa:—y? coshu)~"1du
(5.33) = —i"a*(d/dy) Q.(y/a—i0)
= —i"a[Q,(y/a)+(ni[2) Py(y/a)],

owing to [12], form. 8.7(12), 8.4(9). Using the real part of (5.81),
(5.83) we obtain the result,

(5.84)
0" (z, y, +0)/02

= —U[ 3 (~1)" 3 0in(0/a) = (312) 3 (~1)" Asni Phnaltla) .

n=0

valid for z2+4y? < a?.

The velocity potential @, as given by (5.6), will solve the
boundary value problem, provided that the following conditions
are satisfied:

(i) According to the Kutta condition the acceleration potential
¥ must remain finite at the trailing edge of the wing yielding the
equation,

(5.85)
oo 2 1 o du
4, cos np+ — cos u"tlw, (au) cos n =0,
2 v+ geose) 2 (au) cos np} et

for —n/2 < ¢ < n/2, which we derived from (5.16), (5.17),
(5.18), (5.28). In the sequel the second term in (5.85) will be
shortly written as Y5>, B, cosnp where B,, like 4,, is dimension-
less.

(ii) oP“¢(x, y, 4+-0)/0z = 0, when a2+4y% < a® Integration of
(5.84) leads to the equation,

(5.36) 3 (~1)"A30 Qan(ya)—(7[2) 3 (—1)*ss1 Pana(yfa) = O

for —a <y <a.

Using the orthogonality properties of the trigonometric func-
tions and of the Legendre polynomials (cf. [12], form. 8.12(18),
(19), (21)) the equations (5.85), (5.86) may be reduced to the
following infinite systems of linear equations,
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(5.87)
4m+-2 _

_8”( 1)A2”+,§o( o 2’"+1(2m+2n+1)(2m~2n+1)_ﬂz"'
4n-+3

T
7 (D g~ Z( 1)n4 ™ 2nt2mt2)(@n—2m+1)

n=0,192"' ’

where g, =2, ¢, =1 when n =1 and

T

/3271 = — 'é' en(—l)"B2n

e m 4m+-2
_,,Eo(_l) Bamsa (2m+2n+1)2m—2n+1)

(5.88)

By elimination of 4,, or A4,,,, we obtain infinite systems of
linear algebraic equations for the coefficients A with even and
odd subscripts, viz.

(5.89) golf.m( —1)" Ay = Baul7, éoﬂgnm( —1 )mA 2m+1 — 7’2n+1/7‘

where n =0, 1, 2,... and

. 2 ﬂ2m 4n—|—3
(5.40)  Yop41 = ;"Z:o tm (2n+2m+2)(2n—2m+1)

The matrix elements 4;,,, 4,,, associated with the infinite systems
(5.89) are found by summation of certain series of a similar type
as occurring in van Spiegel’s thesis [44], section I1.12, viz.

(5.41)

[2n+l{w( +1)—yp(n+3)}—teay’ (n+%)]

] __2_[ 2m-+1
@t [ (2n+2m+1)(2n—2m—1)

2m
— G Gt D=y}, n

{p(n+3)—p(m+1)}
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(5.42)
(0 2 n(4n-+38) 2n+1 , 3\
F=tt0 [(2n+2)(2n+1)2 Ty YYD}
~bn+1),
0 _E _ 2m-+1 3
Kom = 2 [ @nt2m+2)(@n—2m) ")
2m+1
+ Gnramts)@n—amt1) " TY
_ 2n—|—%
(2n+2m+2)(2n—2m+1)w(m+%)
2n+3 3
T (2n+2m+3)(2n——2m)¢(m+2)
_ 4n-+-3 £ m
(2n+1)(2n+2)(2m+1)]’ " ’

where y(2) = I"(2)/I'(z).

5.2. In this section we investigate the infinite linear systems
(5.89). First, we present two theorems concerning infinite systems
of linear equations. These theorems are proved by means of
methods from functional analysis, cf. Ljusternik and Sobolew [30].

THEOREM 1. Let the infinite system S of linear equations,
4D, Gu@, =1, (=1, 2,...) satisfy the following con-
ditions:

(i) 221 Iri| is convergent; (ii) supey,s,... 22y lasl = M < 1.
Then the system S will have a unique solution #,, z,, ... and
3%, lzg] will be convergent.

Proor: The Banach space I, consists of all sequences
® = {m, @,...} with 32, |#,|] convergent. The norm of an
element z of I, is defined by ||z|| = X2, |z,|. We introduce the
operator A, which transforms an element 2 of I, into a sequence
Y Vviz. y = Ax according to y, = >3, a,z,. The sequence y
will be an element of I,, for

(5.48) 2 ly:| = 2 IZ Q| = Z @] 2 el = M 2 ||
=1 i=1 k=1 k=1 i=1 k=1

and the latter series is convergent. The inequality (5.48) can also
be represented by ||y||=||4z|| = M||z||, hence, the operator A
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is bounded with ||[4|| = M. The infinite system S can now be
written as (I44 )z = r, where I denotes the identity operator viz.
Iz = x and r is an element of /,. Owing to ||4|| = M < 1, the
operator (I4A4) will have an inverse operator (I44) (cf. [80],
§ 20) and the system S will have a unique solution in [,
2 = (I+A)'r. Hence the series >, |z, will be convergent.

THEOREM 2. Let the infinite system S of linear equations,
24Dy G, =1;, (1 =1,2,...) satisfy the same conditions
as stated in theorem 1. Then the solution of the truncated system
S of linear equations, z,+>%, @z, =71, ((t=1,2,..., n)
converges to the solution of S when n — oo.

Proor: We introduce the operator 4™, which transforms an
element 2 of I, into a sequence y viz. y = Az according to
Yi= g1 @ (t=1,2,...,n), ;=0 (¢ =n+1, n+2,...).
It is obvious that the operator 4™ is bounded with ||[4(™|| < M.
The truncated system S(® can be written as {I+A™}x =r.
According to theorem 1 this system has a unique solution in I;.

It can easily be shown that the sequence of operators 4™
converges weakly to the operator 4 i.e. for every element z
of I, we have ||{4—A™}z|| -0 when n — . We denote the
inverse operators (I+44)-1, {I4+A™}-1 by B, B™), respectively.
Let z be an arbitrary element of l,, then we have

{I+A™YB—B™}z = —{4A—A"}Bz
and
1T+ 4™ }{B—B™}al|Z(1—M)||{B—B™}a]l,
hence,

(5.44)  ||{B—B™}a||<||{4 —A™)Ba]|/(1—M).

When n — oo the right-hand side of (5.44) converges to zero.
Consequently the sequence of operators B(™ converges weakly
to the operator B and for the solutions of the systems S, S,
which are given by Br, B™r, respectively, we have B"r — Br
when n — oo.

The theorems 1 and 2 will be applied to the systems (5.89),
written in the form,

(1) A3y + 3 (ttmen—Oun) (—1)" A

(5.45) - = Panl(eam), n=0,1,2,...,
(_1)”A2n+1 + zo(lgzm_anm)(_l)mA2m+l

= Yont1/7
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where d,, denotes Kronecker’s symbol and g =2, ¢, =1
when n = 1. Starting from (5.41) and using the inequality,

q q9—p 2—102
(5.46) log=+4 — < y(q)—p(p) < 10g N S
P 2pq vip p 2pg 12p%¢*

valid for ¢ > p > 0, which may be derived from Binet’s second
expression for log I'(z) (cf. [49], §§12.82, 12.83), we proved the
following results,

l:m < )':n+l,n+1 (n 2 1)’ }':zm < }';+1,m+1 (n < m)’

(5.47)
lom > Ay mpr (> m).

It follows easily from (5.41) and the asymptotic behaviour of the
function p(z) (cf. [12], form. 1.18(7)) that

(5.48) lim4;,, =1, lim2, ., =0

=00 - 00

where k is a fixed integer, 7% 0. Further it follows by calculation
that 0 < 43,/2 < 43,. Hence, (5.47) may be supplemented to

0< z':;0/2 < }‘:m < }*:;+1,n+1 <1 ('n = 1),

5.49 {
BA9) e <2 ma <O (M <), Hops> Koy min > O (n > m).

According to these inequalities the following estimate can be made,
[ o
(5.50) z [Aml€n—0nm| = D Aho — > Agm+1—250/2 < 0.5051 .. .,
n=0 n=1 m=1

valid for m =0, 1, 2,.... The upper limit 0.5051 was obtained
from a closed form result for 3%, A%, whereas {—> > ; 45,.} was
estimated upwards.

Similarly we proved for the elements 19,
(.51) 0 <y <2 <Hppun<1(®m=1), 1, <0 (n£m).

The following series appeared to be summable in closed form,

S B —bom] = 1— 20 — 3 A2,
n=0 N =
(5.52) ( n;f» "
__l 'I”m‘i‘? —'FI 1,/ _&]
—n2[ 2m+1 +2"/’ (m+2) .

As the latter result decreases with m increasing, we have

(5:58) sup 3 (12—8yml = = [p()—(1)+y'(})] = 0.1095...

m=0,1,.
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Finally, we consider the right-hand sides of the systems (5.39)
Viz. B, Yani1- According to their definition (cf. (5.85)) the
coefficients B, will vanish for = sufficiently large and

~o (—1)"B,, = 0. Hence, it is obvious from (5.88) that
B2n, = O(1/n?) for n — o0 and X352, |B,,| will be convergent. The
representation (5.40) for y,,,, may be transformed by substituting
B3, from (5.88), yielding

* 4n-+3
Yansr = — 2, (—1)"By, —
(5.54) m=0 (2n+2m+42)(2n—2m+1)
® 7
-7 Zoli’.m(—l)’”BmH + 2 (—1)"Bypy1-

Both series occurring in (5.54) are in fact finite sums. Using the
property 3>, (—1)"B,, =0 and the asymptotic behaviour of
A, for m — oo, m fixed, the first and second sum are of order
O(1/n®) and O[(log »)/n®] for m — oo, respectively. Hence,
>0 ¥2n4a] Will be convergent.

The systems (5.89) satisfy the conditions stated in theorems
1 and 2. Therefore these systems will have a unique solution and
the series >, |Az.l, Dovo |Agnsa] Will be convergent. Further,
these systems may be solved by truncation to a finite system,
the solution of this truncated system being convergent to the
solution of the infinite system.

In a similar manner it can be shown, that even the series
>0 n|Ag,yl and X2, nlogn |4,,,, are convergent. Con-
cerning the coefficients A4,,, the first equation (5.87) with f,,
substituted from (5.88), may be written as follows,

(5.55)
_(=1r e

Aen = 72 20(_1)m(2m+1)(A2m+1+Bzm+1)_an
(=1)" = " (2m+1)3
Tt mgo(_l) (A2m+1+Bzm+l)(2m—|—2n—|—1)(2m—2n+1)’

valid for » = 1. Introducing

(5.56) K = (1/x) zo(_l)m(2m+1)(A2m+1+B2m+l)’
it can be shown that A4,, may be represented by
(5.57) Ay, = (—1)" K2+ Ay,

valid for n = 1, where >3, n|d4,,| will be convergent.
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In a similar manner we proved that there exist constants
L,, L, such that

(5.58)  Agiq = (—1)" Ly(log n)/n3+(—1)" Ly/n*+ 041,
valid for n = 1, where 3%, n?/4,,,,| will be convergent.

5.3. Using the results of the preceding section it can be shown,
that the reduction of the boundary value problem to the infinite
linear systems (5.89), which has been performed in section 5.1
in a purely formal way, is completely correct. First, according
to (5.18), (5.24) the acceleration potential ¥*" is given by

. u ) 1— qu in
(5.59) P = U2 ——— >4, (—2) cos ny.
I o/ 1+7

Owing to the convergence of Y%, |4,| the series in (5.59) will
be uniformly convergent everywhere. Due to the factor u/(u?+7%2%),
¢ will be defined and continuous everywhere except at the
edge p=a, 2 =0 or u =7 =0 of the disk. Further, in each
point not on the edge, the right-hand side of (5.59) may be
differentiated term by term and it can easily be shown, that ¥
satisfies all the conditions stated in section 5.1. The behaviour
of ¥ in a point (p, @, z) with p = a+dcosy, = dsiny,
6 >0, —n <y < n near the edge of the disk, can be derived
from (5.59), using the convergence of Y32, n|Ad;,,;| and
Yoy nldg,| (cf. (5.57)), viz.

2 - o

(5.60) P = %;2- (2) 1"sin %’y,zoA,. cos ng+0 [(g)%]og (Z)] .
Hence, the edge singularity of ¥*" is indeed given by the series
formed by the singularities of Y™ (compare (5.28)) and con-
sequently the equation (5.85) will be correct. Similarly, the
correctness of the limit procedure, leading to the finite part
(5.80) of a divergent integral, and of the resulting equation (5.86),
can be verified. Finally, the reduction of the equations (5.85),
(5.86) to the infinite systems (5.87), (5.89) may be set on a
rigorous foundation.

The velocity vector grad @ becomes infinite at the leading
edge p=a, n/2 < |p| <&, 2 =0 of the wing and along the
edgesz = 0, y = +-a, 2 = 0 of the linearized wake. The following
expansions will hold in the neighbourhood of these edges:
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803w = (U/+/2)(3/a)}sin 3y R(p)+0(1),
(5.61) { 99|dy = (U[+/2)(0]a)"¥sin y R(p) tg ¢+0(1),
00)0z = (—U]+/2)(8/a)} cos }y R(p) sec p+0(1),
valid in a point (p, @, 2) with p =a-+dcosy, n/2 < |¢p| = =,
zg=20siny, 6 >0, —x =y =m;
0|0y = +aUK+/2(6*|a)~%sin $y*+0(1),
{ 0|0z = —nUK+/2(6%|a)~? cos $y*+0(1),
valid in a point (z, y, 2) with 2 =0, y = 4-(a+0* cos y*),

% = 0% sin y*, 6* > 0, —n < y* < 7. R(p) stands for the left-
hand side of (5.85), viz.

(5.62)

(5.68) R(p) = > A, cos np + Y B, cos ng.
n=0 n=0

K is given by (5.56).

The expansion for 0®/ox = ¥/|U follows from (5.16), (5.17),
(5.60). At the trailing edge of the wing 0®/ox will be finite ac-
cording to the Kutta condition (cf. (5.85)). The proof of the
expansions for 0®[dy, 0P[oz, which uses the convergence prop-
erties of the sequences {4,,} and {4,,,;} as stated in (5.57),
(5.58), will not be given here.

5.4. The pressure difference IT between the lower and upper
side of the aerofoil follows from (5.8), viz.

(5'64) H(P: p) = p(P’ P ’—0)_p(Ps Ps +0) = 2p, YI(P: o, + 0)'

A Fourier series for ¥Y(p, ¢, +0) can be derived from (5.13),
(5.15), (5.26),

H(p, @, + =U 2

n=0

[‘P‘egp,-f-)

COS Ny COS @
(5.64a) + —@;‘*(p, +-0) sin ne sin cp]
P

+U=§A (pla)"

—————CO0S N,
"0 V1—(pla)?

valid for 0 < p < a. Integration of the pressure difference over
the wing surface yields the following expressions for the lift L
and the moment about the y-axis, M,,

(5.65) L = f:]:r II(p, p)pdepdp = 4mpyU?a®A,,
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M, = f:ﬂ,, II(p, ¢)p cos ¢ pdpdp

5.66 v
(5:66) = 4mp,U%? [ 2/(aU) | ;u\/l—uz wo(au)du+%Al].

According to Ward [48] the induced drag D, being the a-
component of the aerodynamic force acting on the wing, can be
represented by

(5.67) D = p, f js {}(grad ®)2 cos (n, z)— (8®[dx)(d®[dn)}dS,

where S is an arbitrary surface enclosing the disk z =0,
0 =< p =< a. n denotes the outer normal to S. (n, ) represents
the angle between n and the positive direction of the a-axis.
It can easily be shown that the integral (5.67) is invariant for
changes of S. The vector grad @ being infinite at the leading
edge of the wing and along the edges of the linearized wake, we
choose S to be a surface consisting of both sides & = +0 of the
disk and of an arbitrary part of the linearized wake plus small
tube-like surfaces of radius é which enclose the above-mentioned
edges. The contributions to the integral from the linearized wake
and from the tubes around its edges become zero when é — 0
owing to (5.62). On the tube around the leading edge the following
expansion holds,

(5.68) 0®/on = (—U[4/2)(8/a)? sin {y R(p) sec p+O0(1),

according to (5.61). Taking the limit for 6 — 0, we obtain the
following formula for D,

D = (—2pU) [ [ (p, ¢, +0) wlp, p)pdpdp
(5.69) + poUa? j:ﬂ J:r [3{R(p)}? sec @ cos y
+ {R(p)}? sec ¢ sin? 1yldydep.
The first integral in (5.69) may be determined by replacing
¥(p, ¢, +0), w(p, ) by their Fourier series (5.64a), (5.7). The

remaining integration with respect to p deals a.o. with integrals
of the following type,
* a5 (p, +0) re
[ [unto) [p 2222 i, + o)
0 P
Aoy (p, +0
(5.70) +w,(p) {p —L(fl’;f—) +

Q) i (@)
ant? ant3

(n+1)05(p, +0)] ] dp

= —2na?
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the latter result being derived by substituting power series ex-
pansions for the functions w,(p), w,,,(p), while corresponding
expansions following from (5.12), (5.18), will replace @3%(p, +0),
D%,(p, +0) and their derivatives. The first term of the second
integral in (5.69) will vanish. The second term of this integral
has been determined by substituting for the two factors R(g),

R(p) = 2 > A,,, cos 2mp+2 > B,,, cos 2mep,

(5.71) mo =
R(p) =23 Apnyqc08(2n+1)p+23 By, yycos(2n+1)g,
n=0 n=0

respectively, and using the integral,

(5.72)

m
f cos 2meg cos (2n-+1)psec p dp = :

(=/2)(—1)"*™, when n = m,}
w2

0, when n < m.

The relations (5.71) which are valid for =/2 < |p| = = follow
from (5.85); formula (5.72) can be proved by induction.
Ultimately we derived the following simple formula for D,

o] n
(5.73) D = 2n%pyU%a® 3 (—1)"Agp1q 2 (—1)"Agp-
n=0 m=0
5.5. For a downwash distribution w(p, ) odd in ¢, the boundary
value problem can be solved in the same manner as described
in section 5.1. In the various Fourier series cos np must be

replaced by sin ng. The final equations (5.85), (5.86) will change
into

(5.74)
3 A, sinng +—cosp| 3 urtw,(au) sin ng} —
n SL —— COS u"tw, (auw) sin n =0,
n=1 4 U ¢ 0 n=1 7 '\/1—“2

for —z/2 < ¢ < 7/2, and

(5.75) (#12) 3. (~1)" A3, Pau(yla) + 3 (—1)"Agniz Qonia0]) = C;

n=0
for —a <y < a. C is a constant which disappears at the further
reduction.
Denoting the second term in the left-iand side of (5.74) by
o1 D, sin ng, the equations (5.74), (5.75) can be reduced to the
following infinite systems of linear equations,



268 J. Boersma [64]

(5.76) Z Prm(—1) Ay = ezn/”,"goﬂ:m(_l )" A i1 = Ogpia/7,

m=1

where n =1, 2, 8,..., n =0, 1, 2,..., respectively and

o ) —y(n+ D)~y (nD) .

[ 142
'u'm_l+;|:4n+

2m
(2n+2m+41)(2n—2m+1)

677) | diw=] {p(n+1)—y(m-+ 1)

~n +27:;?2n_2m) {w(n+%)—w(m+%)}], n #m,

2 [ dn+1  2n42
Pan =1—— —
7 [2(2n+1)2  4n+3

{v(n+2)—yp(n+4$)}
+ %w'(n+%)],

0 2n+3

Ham =22 [(2n+2m+2)(2n—2m—1)"’
2n—|—%

- (2n+2m-+38)(2n—2m)

2m-+41
(2n+-2m+2)(2n—2m) "
2m--2
| "~ (2n+2m+8)(2n—2m—1)

(n+3%)

(5.78)
p(n+3)

+ (m+3)

w(m—|—2)], n #m,

T
62n+1 = - 5 (“1)"D2n+1
(5.79) o am

",,ZJ‘”'"DM (2n+2m+1)(2n—2m+1)’

4n-+1

2 oo
(5.80) 0,, = — ;mgoazmﬂ (2n+2m+2)(2n—2m—1) )

Similar properties as stated in section 5.2 can be derived for the
infinite linear systems (5.76).

Finally we present the following expressions for the moment
with respect to the z-axis, M,, and for the induced drag D,

a 4 4
(5.81) M, = f f H(p, ¢) psin p pdpdp =~ pyUa* Ay,
0Y -7
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[ m—1
(5.82) D= —2n2p,U? Y (—1)" A 3 (—1)"Agppy.

m=1 n=0

5.6. For some simple downwash distributions numerical results

were derived for lift, moment and induced drag. The infinite
linear systems (5.89), (5.76) were truncated to finite systems
of order 5, 10, 15, . . ., 85. The solutions of these systems showed
a sufficiently rapid convergence to yield accurate values for lift,
moment and induced drag 2).
(i) Downwash distribution, w(z, y) = —aU.
According to (5.85) the coefficients B, are given by B; = —2«/=,
while all other coefficients vanish. The following results were
calculated,

L = 2.81176 pyal?a?, M, = —1.46453 pyaU2a?,
D = 1.25886 pa2U2a2.

(ii) Downwash distribution, w(z, y) = Uz/a.

According to (5.85) the coefficients B, are given by B, = B, =
2/(87), while all other coefficients vanish. The following results
were calculated,

L = —1.464527 p,U%?, M, = —0.689269 p,UZ%a?,
D = 0.878766 p,U%a?.

(iii) Downwash distribution, w(z, y) = Uy/a.

According to (5.74) the coefficients D, are given by D, = 2/(3=),
while all other coefficients vanish. The following results were
calculated,

M, = —0.884786 p,U%?, D = 0.188535p,U%a?.

(iv) Downwash distribution, w(z, y) = Uxy/aZ

According to (5.74) the coefficients D, are given by D, = D3 =
4/(157), while all other coefficients vanish. The following results
were calculated,

M, = —0.1806993 p,U2a3, D = 0.0482754 p,U%a?.

Our results are more accurate than the corresponding values
presented by van Spiegel [44]. The agreement between the
numerical values occurring in M, and L for the downwash
distributions (i) and (ii), respectively is a consequence of the
reciprocity relation, cf. van de Vooren [46].

2) The numerical calculations in sections 5.6 and 6.4 were performed on the
digital computer ZEBRA. The programming was done by Mr. A. van Deemter.
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§ 6. The elliptic wing in unsteady compressible flow

6.1. We consider a wing of elliptic planform which moves with
constant velocity U in a compressible, non-viscous fluid and
performing at the same time harmonic oscillations of small am-
plitude in the transverse direction. Similarly as in § 5 we use
rectangular coordinates z;, y,, %; with coordinate axes fixed to
the aerofoil. The positive direction of the z;-axis is again taken
opposite to the direction of motion of the wing; the y,-axis is
taken in the spanwise direction. Further, we introduce the Mach
number M, given by M = UJc,, where ¢, is the speed of sound
in the undisturbed medium. The motion of the aerofoil will be
subsonic, hence, M < 1. The projection of the aerofoil on the
plane z; = 0 is an ellipse with semi-axes a and a/V'1—M?2 in the
directions of the z,-axis and of the y,-axis, respectively. The
time will be denoted by ¢,.

The velocity vector g of the medium is again derived from a

perturbation velocity potential @, viz.
(6.1) g = U+grad @,.

According to van de Vooren [46] the function D,(z,, y;, 2, ?,)
satisfies the linearized equation,

20, o0, 20, M P26, 180,

(6.2) (1—M?)

—2__ — =
w2 T T i ma, @ OB
Let the equation of the wing surface be given by

(6.8) 2 = &i(@1, Y1, 4y) = 1,0 (@1, Yp)e~h

where » denotes the frequency of the oscillating wing. Then the
linearized boundary condition for @, reads,

(6.4) 00,/0z; = (—ivgy,o+U0g o/ 02y)e " = w,(2y, y,)e"

for 2, = 40, 22+ (1—M?)y} < a?. From the condition (6.4) it
is obvious that @, is an odd function of 2;, whereas @, depends
on ?; through a factor e~*%. Hence, we substitute

(6.5) ¢1(w1, Y15 31> tl) = ¢1,0(m1, Y1» zl)e—ivtl,
leading to the boundary condition,

(6.6) 0D, o/02, = wy(@y, y,) for z; = +0, 22+ (1—M2?)y} < a?.
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Similarly we introduce an acceleration potential,

(6.7 (@15 Y1, 215 1) = P0(@15 Y1, 21 )e "

which satisfies the same equation (6.2). In linearized theory
®,,, and ¥, , are connected by

(6.8) WI,O = _iv¢l.o+ Ua¢1’o/3w1 .
Application of a Lorentz transformation,

r=uaz,y=V1-—M2y,z=V1—M?z,

(6.9)
t = Mz, +co(1—M2)t,,

changes the functions @;, ¥, into @, ¥, viz.

Ql(wv Y15 %15 1)

( y b4 t—Mex
= ¢l 2, ] ’ 2
V1I—M2 V1—M? ¢(1—M?)

while a similar result holds for ¥; and ¥. Then the function
d(z, y, 2, t) satisfies the equation,

0*d n 0*P n P PO

o By o o

(6.10)

) = P(z, y, 2, t),

(6.11)

’

the same equation holding for ¥(z, y, 2, t).
Introducing dimensionless quantities,

(6.12) w = a|U, x = oM[(1—M?),

the functions @, ¥ will depend on ¢ through a factor
exp (—ixt/a). Hence, we write

D(z, y, 3, t) = Dy, y, ) exp (—ixt/a),

(6.18) Y(2, y, 2, t) = Py(a, ¥, z) exp (—ixt|a).

The functions @y(z, y, 2), ¥,(2, y, 2) will be solutions of Helmholtz’
equation,

20, 20, &0, 1

6.14 — @, = 0.
( ) ox? oy? 022 +a2 0

The function @y(x, y, 2) satisfies the boundary condition,
(6.15) 0Dy/0z = w(z, y) for z = 40, x2+y% < a?,
where

(6.16) w(z, y) = w,(z, y/V1—M?) exp (ixMzja)|V'1— M2
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It can easily be shown that @, and ¥, are connected by

(6.17) Yy, = —ik(Ula)Py+UoDy/ox,
where
(6.18) k= o/(1—M?).

Integrating (6.17) we obtain the inverse formula,
(6.19) Bz, y, 2) = (1/U) exp (ikz/a) jjw W, (&, y, 2) exp (—ikE[a)dE.

Finally, for later reference we state the following relation between
D, and D,

Dy,o(15 Y1, 21) = P10 (w’ \/1——M2’ \/1_M2)

= Dy(z, y, 2) exp (—ixMz/a),

(6.20)

while a similar result holds for ¥, , and ¥,.

The boundary value problem formulated in terms of @, and
¥, can be solved in a similar way as described in § 5. The solution
will be presented in the form of a series expansion in powers
of w. Two terms of this expansion have been calculated. It is
obvious that such a solution is only valid for small values of w.

We introduce cylindrical coordinates p, ¢, 2 as stated in (5.5).
The function Py(p, ¢, z) is split into a regular part &5 and a
singular part &7,

(6.21) D, = DEL-Diine,

The function DF%(p, @, 2) is required to satisfy the following
conditions:
(i) Dg® is a solution of Helmholtz’ equation, viz.
ADE (x]a)? Dyt = 0;
(ii) D¢ =0, when 2 =0, p > a;
(iii) D¢ satisfies Sommerfeld’s radiation condition at infinity;
(iv) 0Dy%E/0z = w(p, ), when 2 =0, 0 < p < a;
(v) @Dyt is everywhere finite.

The functions w(p, ¢) and DFé(p, @, 3) are again expanded in
Fourier series with respect to . In this section we confine our-
selves to the case of a downwash distribution w(p, @) even in ¢,
hence, the Fourier series may be represented by

o]

(6.22) w(p, p) = 3w, (p) cos np, By¥(p, p,2) = 3 B¥(p, z) cos ng.

n=0 n=0
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The case of a downwash distribution w(p, ¢) odd in ¢ will be
treated in section 6.3. It is assumed that the functions w,(p)
vanish for n sufficiently large and satisfy the same conditions as
stated in § 5.

According to Bazer and Hochstadt [8] we present the following
integral representation for @3%(p, z),

1a(t)dt,

020) s = (L 1) [ Rl v
pop/ J4 V p2+(z+iat)?
n=20,1,2,..., valid for 2 = 0. For 2 =< 0 we define D}%(p, 2) =
—&¢(p, —z). The unknown function f,(t)is required to satisfy
the same conditions as in (5.8).
The representation (6.23) satisfies all the conditions (i) to (v)
except the condition (iv), which may be written as

(6.24) 0D |0z = w,(p), when 3 =0, 0 < p < a.

According to § 2, section 2.2 the condition (6.24) leads to the
Fredholm integral equation (2.29) (m being replaced by n) for
the function f,(¢)/(1—#)" with w{"(p) = w,(p)/p" to be sub-
stituted into (2.80). The parameter « must be replaced by x.
The kernel of the integral equation being of order »x2 it is clear
that the solution f,(¢) of the integral equation is given by (5.11)
multiplied by a factor {140(x2?)}. The formula (5.12), being
equivalent to (5.11) remains also valid after multiplication by
this factor. Similarly, according to Bazer and Hochstadt [38]
we have,

fa(t)dt

1a

4(p, +0) = 22 (1 _‘i)" r cosh (V2 (p[a)?)

pdel Jya  VE—(pla)
2p” fl —t_(l d)"{f”(t)} dt {1+0(x2)},

=z—'a2"+l pla V2—(pla)? —t—&i t

valid for 0 < p < a, cf. (5.13).
Similar to (6.21) the function ¥y(p, @, 2) will be split according to

(6.26) P, = s e

(6.25)

where ¥ is defined by (compare form. (6.17))
(6.27) Yot = —ik(U/a)Pye+U oD/ o.

Near the edge p = a, z = 0 the expansion (5.16) holds for ¥{®.
The function ¥§"(p, ¢, z) is required to satisfy the same con-
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ditions as the function ¥*"¢(p, ¢, 2) considered in § 5, except that
Piine js a solution of Helmholtz’ equation, 4 V5™ 4-(x/a)*¥g"¢ = 0.
The function ¥;™¥(p, ¢, 2) is expanded in a Fourier series,

(6.28) Poe(p, ¢, 2) = 3. Pi"¥(p, %) cos ng.

n=0

Similar to (5.19) we state the integral representation,

(6.29)

) 0 1 9\" [ exp {¢(x/a)V p*+ (z+1at)?}
Ysing 'y =—p" |- " d ?
wep8) =g (p 3p) L Votariay ° e

n=20,1,2, ... valid for 2 = 0, whereas for 2 =< 0 we define
Ping(p, 2) = —Pi%(p, —z). The unknown function g,(f) is
required to satisfy the same conditions as in (5.19). The represen-
tation (6.29) satisfies all the prescribed conditions except the
condition, 0¥;™/0z = 0 for 2 =0, 0 < p < a. Similar to (5.21),
the latter condition can be reduced to

(6.80) -
; 1 9\" (* exp {i(x/a)V p?+(a-+iat)?)

! i dt =C % ,
s-l»rfop (p 3p) .L Vot (z tiat) ga(t)dt = C, J .(xp[a)

valid for 0 < p < a, where C, is an arbitrary constant. Ac-
cording to § 2, section 2.8 the condition (6.80) leads to the Fred-
holm integral equation (2.46) (m being replaced by n) for the
funection g,(¢)/(1—#2)" with w{"(p) = C,J.(xp/a)/p™ to be sub-
stituted into (2.47). The parameter « must be replaced by .
It can easily be shown, that the solution g,(f) of the integral
equation is given by (5.22) multiplied by a factor {1+0(x?)}.

Substituting this value of g,(f) into (6.29), we state the fol-
lowing results for ¥ and 0¥;"¢/dz in the plane z = 0, viz.

; (p/a)"
. Y‘I:mg y = AnUzt 0 2 )
(6.81) (p, +0) iy {14+0(»*)}
for 0 = p < a,
(6.32)
OWie(p,0)  Urexp (ixV(plap—1) . v
T G (pa){(play—1)t {1—ixV(p/a =1+ 06},

for p > a,
where A4, is given by (5.25). The formula (6.81) follows from
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@ (1 9\" [t exp {i(x/a)V p?+(z+iat)?
e N e =
1 d)"“J‘l cosh (x\/m)
pdp pla Vi— (pla)?
(p/a)” cosh (x\/m)
Vi—(pla)

t(1—t2)"dt

(6.88)  —2C,p" (

=4,U? for 0 = p < a.

The formula (6.82), valid for p > a can be derived by considering
the integral,

L 1 0 exp {i(x/a) \/p2+(z+wt)2}

I =l SR 2\n q
" Pl (p 3P) -L V p*+(2+iat)? o
_Ca . [(L @\ [t exp (ixV (pla):—12) ovm
(634) = [(p dp) L Vo -

! d\ "2 (1 exp (ixV p/a tz) 2)n g
¢ (P dp f—1 \/(p/a) - t] .

Using [12], form. 7.11(3), (9) we obtain the derivative,
(1 d) {exp ('ix\/(p/a)z——tz)}
pdp V (pla):—t?

_ (=2)(3), exp (ixV (p/a)*—t*)
@ ((play—eyHi
valid for § =1, 2, 8,.... Substituting this derivative with

j = n+1, j =n+2 into (6.84) and expanding exp (ixV (p/a):—1t?)

according to

xp (ixV (pla)2—¢2) = exp (zx\/(p/a 1)

L4V (pla)2— 82—V (p]a)t —1}+0(x2)]

(6.35)

[1—i%V (pla)*—82+0()],

(6.86)

the integral I, changes into
% . —
1,= 4,2 Bt (jayo exp (v ol —1)
(6.87) -{1—ix\/(p/a)2—1+0(n2)}

) 1 (l_tz)'n 1 t2(1_t2)u
U (playp—pypa 4T Ent8) | ey )
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The integrals occurring in (6.87) can be evaluated by expanding
the denominator of the integrand in a binomial series, leading
ultimately to the result (6.82). In the preceding derivation we
have avoided to use the common power series expansion for
exp (ixV (p/a)*—1?), because the remainder term of this expan-
sion will become large when p is large. For the expansion (6.36)
this objection does not hold, because {V/(p/a)?—82—V/ (p/a)?—1}
is bounded for p > a, 0 =<t < 1. For the rest no investigation
has been made concerning the dependence on p of the remainder
term in (6.832) and in the resulting expansion for 9%¥;"¢/dz.

According to formula (2.7), the expansion (5.28) multiplied
by a factor {1+0(x2)} holds for %58 in the neighbourhood of the
edge p=a, 2 =0.

The part @3¢ of the function &,, introduced in (6.21), will be
derived from ¥j™ according to (compare form. (6.19))

(6.88) 3"(z, y,2) = (1/U) exp(ikz/a) [*_W3(£, y, 2) exp(—iké/a)de.

The normal derivative 0®;"¢/dz on the disk z = 0, z*+y* < a?
is again represented by the finite part of a divergent integral, viz.

(6.39)
oD (2, y, +0)/0z

= (1/U) exp (ikz/a) " [ :;/““"” OWS™ (£, y, 0)) 0z exp (—iké/a)dE.
Substituting for 9¥y™/0z its Fourier series with the nth term

given by (6.82), the integration will be performed term by term.
Hence, we consider the integral,

R.(y) = J“‘/"”‘“ exp (ixV (pla)?—1 1){1—ixV (pla)?—1}

—eo (pla)"{(pla)*—1}}
- e? exp (—iké[a)dé,

(6.40)

where p = V442, ¢ = 4a—arcsin (y/p) according to y = 0
—a < y < a. Introducing p into (6.40) as the new variable,
the resulting integral can be integrated by parts, yielding

(6.41)
Ry(y) =irams | -

[oo]

exp (ixV{pJa)—1)  exp {i(k/a)V p"—y?}
Vp2—a? (y—iVpr—y?)"Vpr—y?
exp (ixV (pla)P—1 )i exp {i(k[a)V p*—y?} i

+ e S v v
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The first term in the right-hand side of (6.41) must be treated
with some care. The contribution of the upper limit p = oo will
vanish. The contribution of the lower limit p = a will be determined
from the expansion,

exp (ixV (p/a)2—1)/V p?—a?

(6.42) = 1/V p?—a+ix/a+O(V p—a?).

When p —a, the first term of this expansion becomes infinite and
is omitted, hence, there remains only the term ix/a. The integral
in the right-hand side of (6.41) can be reduced in the same
manner as a similar integral examined by van Spiegel, cf. [44],
section II1.3. We obtain the result,

exp {i(k/a)Va*—y?}
( —z\/az——yz)"\/az—y

R,(y) = i"lamtx

(6.43) g
e (a5 )T )
where
I,(x, k)
(6.44) J‘ exp (m\/ pla):—1) exp {i(kja)Vp*—y?} pdp
Vpi—a? y—iVe—g)  Vei—yt

Substituting V/p?—y? = Va?—y? cosh u, (6.44) changes into

* exp {(i/a)V a®—y?(x sinh u+k cosh u)}

(6.45) I,(x, k)= f du.
0

(y—iVa®—y? cosh u)"

The integral (6.45) is certainly defined for n =0,1,2,...,
% =0, k = 0 except for the combination n =0, x =k = 0. It
can be shown, using [12], form. 7.12(17) that the following
expansion holds for I,(x, k) when o is small i.e. when » and &
are small (cf. (6.12), (6.18)),

Io(x, k) = —log {3(x+k)V1—(y/a)? 2}+ =y
(6.46) _
—ixV1—(y|a)?+0(w? log w),

where y denotes Euler’s constant. Similar to van Spiegel, the
recurrence relation,
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(3/3k)[exp (—kyla){(kla)] ,(x, k) +nl 41(x, k)}]
—1/a) exp (—ky|a){(k/a)] o1 (%, k)+(n—1)] (%, k)},

which is validforn = 1, = 0,k = Oexceptforn =1,x =k =0,
may be integrated with respect to k and applied n times, yielding
the representation,

(6.47)

(k[a)] (%, k)41l (%, k)

— n pk k_kl n—-1 k
oas) = [ EI T e (Gt} 2 o, o)
+exp (hyfa) 3 LY

=0

( _7) n—5+1(”,0),

valid for n =1, » = 0, k = 0. The right-hand side of (6.48) is
expanded in powers of w, taking into account only the terms
of order w® and w. Starting from the expansion,

I,(%, 0) = 1,0, 0)+x 3I,(0, 0)/dx+ . ..

(6.49)
= (1/a")Q,—,(y/a—i0)—

% O s
1) (y—iVai—y?)—"H14 ..,

(cf. [12], form. 8.7(12)) where n = 2, we obtain

(k[a) (%, k)+nl ,45(%, k) = (n]a™*)Q,.(y/a—1i0)
(6.50)  +(nky/a"**)Q,.(y/a—i0)—(n—1)(k/a"*)Q,_,(y/a—10)
—(%/a)(y—iVat—y2)"4 ...,

valid for n = 1. Substituting (6.50) into (6.48) and using [12],
form. 8.8(5), 8.4(9) we are led to the following expansion for

R.(y),

R.(y) = —i"a[{Qu(y/a)+(xi[2)Pu(y/a)}
+nk{Q.(y/a)+(=i/2) P, (y[a)}]+ . . .,

valid for n = 1. A prime denotes differentiation with respect to
the argument. It follows easily from (6.48), (6.46) that (6.51)
also holds for n = 0. It can be verified that the remainder term
in (6.51) is of order w? for n = 1 and of order w?log w for n = 0.

Splitting (6.51) into a part even in y and a part odd in y, the
even part leads to the following expansion for d®{*¢(z, y, +0)/0z
on the disk 22+y? < a?,

(6.51)
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oD8(z, y, 4-0)/0z = —U exp (ikz/a)

[ 3 (-1 40n{Ointula) L nik Pyo(yfe)}

n=0

(6.52)

oo

_”go ( —1 )”A2n+1{(n/2)P;n+l(y/a)
—<2n+1>z‘k92”+l<y/a)}] +

The function @,, as given by (6.21), will solve the boundary
value problem, provided that the following conditions are satis-
fied:

(i) According to the Kutta condition the pressure must remain
finite at the trailing edge of the elliptic wing. The same con-
dition holds for the acceleration potential ¥, and for the function
¥,, the latter remaining finite at the ‘trailing edge” p = a,
¢l = ®/2, 2 = 0 of the circular disk. This condition leads again
to the equation (5.85).

(ii) oD;¢(x, y, +0)/0z = 0, when z2-+y® < a? Integration of
(6.52) yields the equation (cf. [12], form. 10.10(15)),

nnik

an+1
(6.58) — 3 (—1)"dynsy [(n/2>Pz,,+1(y/a)

n=0

2 (1) Aa [ Qunlyle)+ 5o, Panialyla)—Pans/e)}

2n+-1)ik
— R Quealvle)—Quatvla}] = o,
for —a<y<a.

The second termin (5.85) will be written shortly as >35> B, cos ng.
Then the coefficients B, may be expanded in powers of w. As-
suming that the expansions consist of only one term, of order w?,

we substitute
(6.54) A, = AQ +ikAD

where A, A} depend on w only through a factor /. The
equations (5.85), (6.53) may be split by collecting terms con-
taining the same power of k,

0o o
2 AP cosnp+- 3 B, cosng =0, for —a/2 < ¢ < n/2,

n=0 n=0

3 (<142 Quulyla)—(x/2) 3 (~1" A2 Ponalyfe) =0,
for —a<y<a,

(6.55)
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Y A cosnp = 0, for —n/2 < ¢ < 7[2,

3 (11 AR Qw0 ~(312) 3 (~1) A Pania(yle)
(6.56) = __n,go( 1)nAg334 +1{P2n+1(y/a)— P, 1(y/a)}
_é(—l)nAé‘i.’ﬂ Zni; {Oaniz(y/a)—Qsn(yla)},

for —a<y<a.

Similar as in § 5 the equations (6.55), (6.56) may be reduced to
infinite systems of linear equations, viz.

(6.57) 3 nn(—1)"Af = pillm, Z Bom(—1)"Af0 11 = Vidalm
m=0 m=0

where n =0, 1,2,..., 2 =0, 1. 2%,, 2,, B, ¥, are given

by (5.41), (5.42), (5.88), (5.40), the latter formula with g,,

replaced by A%, Similarly we have,

n n n n+1
Wi = 21 o —(—1ea, 2
658 +3(—1rdf,

m=0
) (4n+8)(4m+-2)
(2n+2m—+2)(2n+2m+4)(2n—2m—1)(2n—2m~+1)’

4m -2
W _ (1)
(6.59) B, Z Yam41 (2m+2n+1)(2m—2n+1)

If the expansions of the coefficients B, contain more than one
term, each of these terms may be treated in the manner described
above. The final results for the coefficients 4, will follow by
superposition.

The solutions of the infinite linear systems (6.57) will have
similar properties as stated in section 5.2. Using these properties
it can be shown, that the vector grad @, becomes infinite at the
“leading edge” p = a, n/2 < |p| = &, 2 = 0 of the circular disk
and along the edges # =0, y = 4a, 3 = 0 of the “linearized
wake”. In the neighbourhood of these edges the expansions (5.61),
(5.62) hold for the derivatives of @,, the expansions (5.62) being
multiplied by a factor exp (ikz/a).
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6.2. For the original problem of the oscillating elliptic wing
moving in a compressible medium, the pressure difference I7
between the lower and upper side of the aerofoil is given by
(cf. (5.64))

(6.60)
I(zy, y,) = 2po Py (21, Y1, +0, ;) = 2po Py,0(@1, Y1, +0)e4
= 2p¥o(2, y, +0) exp (—ixMz[a)e~"",

according to (6.20). p, denotes the density of the undisturbed
medium. A Fourier series for ¥Yy(p, ¢, +0) can be derived from
(6.25), (6.27), (6.81). Replacing the function exp (—ixMz/a) by
the first two terms of its expansion, viz. {1 —ixMz/a}, we obtain
approximate values for the lift L and the moment about the
y,-axis, M,

L= 2P03_M‘f Y1, 0(@15 ¥y, +0)dz, dy,
Zy
4mp, Uate—h

V1—M?
.fluVI —u2 wo(au)du-—%'ikMzAl] ’
0

(6.61) [Ao + ;% ik(1—M?2)

M, = 2Poe,_mljf ¥1,0 (@15 Y1, +0)2ydzy dy,
21

4mp, U2ade—*4 I:.,2 J'l
N ———— | — | uV1—uwy(au)du+t3iA4
'\/1-——M2 U 0 0( ) % 1

(6.62) . )
+ 5o k(1—2M?) f . V1 —u? w, (au)du

— §ikM2A,— ZikM2A 2],

where Z; denotes the elliptic disk 224 (1—M?2)y? < a?, 2, = 0.

We now derive a general formula for the induced drag acting
on a three-dimensional aerofoil in compressible flow. Similar to
Ward (cf. [48], § 4.6) we consider an arbitrary aerofoil moving
with a velocity U in a compressible medium in a direction opposite
to the positive direction of the z-axis, where 2, y, z will be rectan-
gular coordinates with coordinate axes fixed to the aerofoil. ¢
represents the time. The velocity vector of the medium, denoted
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by u, is derived from a velocity potential @, u = grad @. In-
tegration of the equation of continuity and the equation of
motion, viz.

(6.68) dp/ot+div (pu) =0, pdu/ot+p(u-grad)u+gradp =0

(p, p are the density of the medium 3) and the pressure, respectively)
over an arbitrary volume V, bounded by a closed surface S,
inside which there are no sources, yields

©68) [[ ton+otu—Upn-mas + [ ofortpru—unar = o,

where n denotes the outer normal to S. Let S consist of the surface
of the aerofoil, 2*, any surface S;, which completely encloses
the aerofoil and a surface o*, which lies close to both sides of the
wake between Z* and S;. Since p is continuous across the wake
and u'n=¢-n on Z*, where ¢ denotes the velocity of the
aerofoil due to the oscillation, we obtain the following expression
for the aerodynamic force F acting on the aerofoil,

F = [[.pnas
= —[[,. pu—U)g-nas — [[  p(u—Uu- ndS
=] fsl {pn+p(u—U)u - n}dS
—[1},, diottow—unav,

where V, is the volume contained between S; and 2*+o*. The
normal # is directed outward from the volume V,, hence for
2*, n is the inward normal.

The formula (6.65) will now be linearized. Introducing a
linearization parameter ¢, it is assumed that the distance of both
sides of the aerofoil to the plane z = 0 and the velocity ¢ are of
order ¢. The velocity potential @ and the velocity vector u are
expanded with respect to &,

® = Uz+ B+ By+ - .. u = Uto+og+ - .
vy = grad &y, v = grad @y,

(6.65)

(6.66) {

where the subscripts I, II refer to terms of order ¢ and &2 respec-
tively. According to Ward [48] §§ 1.8, 1.9 the functions @,

?) Only in this section the symbol p stands for the density of the medium.
In the other sections p denotes the cylindrical coordinate as given by (5.5).
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&, satisfy linear partial differential equations, the boundary
conditions being prescribed on both sides z = 4-0 of the surface
Z, which is the projection of Z* on the plane 2 = 0. In fact &,
is the common perturbation velocity potential, which satisfies
an equation similar to (6.2). @;, @, are discontinuous across
Z+a, where o is the projection of o* on the plane z = 0.

From (6.66) and Bernoulli’s equation (cf. van de Vooren [46],
form. (2.2)) the following expansions can be derived for p and p,

— oD oD
PP { —+4U- vl}_{—_a;—i—g'gll_'_%yl'yl

Po ot
6.67
( ) 1 (0D;\2 1U003¢1}+
sal) —al gt
0D,
(6.68) P—Po__{‘g“'i‘U vl}+
where
(6.69) wr=v;—(U/c3)U - vy.

¢ denotes the speed of sound defined by c¢? = dp/dp. A subscript
0 refers to values assumed in the undisturbed medium.

Substituting the expansions (6.66), (6.67), (6.68) into (6.65),
we first collect the terms of order &, yielding

B(D 3

It can easily be derived that the w-component of Fyis glven by

oD
(6.71) (FD. = —po L Pt cos (n, 2)d

where n is the inward normal to Z* and (n, 2) denotes the angle
between 7 and the positive direction of the z-axis. It is obvious
that the result (6.71) is of order &2

Secondly the terms of order ¢ are collected yielding Fy;. It
can easily be shown, that the z-component of Fy; is given by

o,

bl
(Fu)e = “Poffz‘ aa:f”’_"ds_Pof )

(6.72) + poﬂ {%yx * Wy cos (n, 2) —%ﬂwl n} ds

2z —

220, aqbI ) ar_bl)}
Uf {atz L at(‘ﬂ dv.
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The latter result may be simplified. Let the equation of 2* be
given by z = g(z, y, t), both for the upper and lower side of the
aerofoil. Then we have on X*,

(6.78) g-n = F0g/ot, cos (n, z) = +0g/ox

where the upper and lower sign refer to the upper and lower side
of Z*, In (6.78) »n will be the inward normal to X*. Substituting
these results the integrals over 2* and o* in (6.71), (6.72) may
be replaced by integrals over 2 and o, the errors being of order
3. Similarly, ¥V, may be taken as the complete volume enclosed
by the surface S;. Using the oddness in z of the function &,
we ultimately obtain the following result for the induced dzag D
i.e. the sum of (F;), and (Fy),,

(6.74)

D—-——— Yw ‘F dd 2
I+ @ y+ Po Ttiot 3w 3z
2

ouf ol e

— _¢ {(1 Mz)acos (n, z) + %’COS (n, y)

a¢ 2000 . 00 2P
- , as —dV,
+ g s (@ z)}] + f” {azz T % 3w3t} v

where we introduced the downwash w and the acceleration
potential ¥ given by

w = dg|ot+Udglox, ¥ = 0®|dt+Udd|ox.

In (6.74) the subscript I in @; has been omitted. # is the outer
normal to S; and M = UJc,. 2+, ot are the upper sides z = 40
of 2Z'and ¢. Owing to the function @ satisfying an equation similar
to (6.2), the formula (6.74) for D will be invariant for changes
of S, as can easily be shown.

For the oscillating elliptic wing in compressible flow, as con-
sidered in section 6.1, the induced drag is given by (6.74) with a
subscript 1 to be attached to @, ¥, w, g, 2, y, %, t. 2+, ot change
into 2, of i.e. the upper side 2, = 40 of the elliptic disk 2}
and of the linearized wake ¢, within S,. The complete linearized
wake is determined by @, = Va2 —(1—M2)2, |y,| < a/V1—M?,

= 40.
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According to (6.8), (6.4), (6.5), (6.7) the equation of the wing
surface, the downwash, the velocity potential and the acceleration
potential contain a complex time factor e=**. Only the real part
of the corresponding functions has a physical meaning. Therefore,
in order to calculate D, all complex quantities in (6.74) must be
replaced by their real parts. This replacement can be performed
using the identity Re w, - Re w, = 4 Re(w,w,~+w,®,), valid for
any two complex numbers w,, w, where Re stands for real part
and a bar denotes that the complex conjugate quantity is meant.

Application of the Lorentz transformation (6.9) to the integral
(6.74) changes the surface S, into a surface S enclosing the
circular disk 2, w2+y2' < a? 2z =0. The singularities of the
vector grad @, being the same as in the incompressible case, the
surface S is chosen as stated in section 5.4. Omitting the details
of the derivation, we present the following final result, similar
to (5.69),

(6.75) D = Re {DWe-2vt D}

where

(6.76)

DV = (—Po/U)ff Yoz, y, +0)w(z, y) exp (—2ixMz/a)dzdy
twp, ’

pPT [, #ut@ 9, +0)ea(o,y) exp (—ixMafa) dady
+ %poU’a”f" fﬂ [3{R(¢)}? sec ¢ cos y
n/2J —-m
+ {R(p)}? sec ¢ sin? 1y] exp (—2ixM cos ¢)dyde,

(6.77)
D@ — (—Po/U)ffz Po(z, y, +0)w(z, y)drdy
__tem (g _
a\/m _[J;; !{!o(w, Y, +0)g0(ms ?/) exp ('L%Mw/a)dmdy

+ 1m0 " |7 QiR)Esec p cosy
+ R(g)|* sec g sin® §y] dydg,

where R(g) denotes the left-hand side of (5.85). The function
&(z, y) is defined by

(6.78) 81,0(21, Y1) = g1,0 (@, y/V1—M?) = gy(z, y).
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Expanding the exponential functions, the formulae (6.76), (6.77)
may be reduced in a similar manner as stated for (5.69). Ul-
timately, expansions in powers of w are obtained for DWW, D@
consisting of two terms. However, these general results cor-
responding to an arbitrary mode of oscillation of the wing, are
of a very complicated form. Therefore it is easier to perform the
above-mentioned reduction after having substituted concrete
values of gy(z, ¥), w(z, y), Po(z, y, +0), R(p) into (6.76), (6.77).

6.3. For a downwash distribution w(p, ¢) odd in ¢, the boundary
value problem can be solved in the same manner as described in
section 6.1. In the various Fourier series cos ng must be replaced
by sin ng. It can easily be shown that the Kutta condition again
leads to the equation (5.74). Denoting the second term of (5.74)
by 332.D,sinng, the coefficients D, may be expanded in
powers of w. Let these expansions consist of only one term, of
order ', then we make the substitution (6.54) where AL, AY
depend on w only through a factor w’. The equations (6.55),
(6.56) will now change into

,

> AV sinng+ Y D, sinng = 0, for —n/2 < ¢ < n/2,

n=1 n=1

(n12) 3 (<1 AR Pafyla)+ 3 (~1)" A Qunalyle) =
for —a <y <a,

(6.79)

> AV sinng = 0, for —nf2 < ¢ < 7/2,

n=1

(n/zél (—1)" A Py, (y/a)+ éﬂ (—1)"42,10s0s1(y/a)

(6.80) 2n

= 3 (—1)" 42 1 (Quna(0/a)—Qans(yla)}

o n_'_%
—_ —1)r4W©
nﬂgo( l) 2n41 4n+3

{P2ni2(y/a)—Py,(yla)}+C,,
for —a<y<a.

C, and C, are constants which disappear at the further reduction.
Similar as in § 5 the equations (6.79), (6.80) may be reduced to
infinite systems of linear equations, viz.

(=] oo
(6.81) Elﬂfm.( —1)mAg) = 057, 3 pom(—1)" A0 = 60 /s
m=

m=0

wheren =1,2,8,...,n=0,1, 2, ... respectively and ¢ = 0, 1.
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Boms Hams Oy, 08) are given by (5.77), (5.78), (5.79), (5.80),
the latter formula with 6,,,,, replaced by 6{, ;. Similarly we have,

n—}% nt
O = | —(— 1A, T2 (1) AR, 4n+§3’
(6.82) + 3 (—1)ma
m=1
(4n+1)4m

" (2n+2m)(2n+2m+2)(2n—2m—1)(2n—2m+1)"

2 & m
6.83 Wa=——23 65 .
(6-83)  dania n ,,Zl ™ (2n+2m-+1)(2n—2m-+1)
Similar to (6.61), (6.62) the following expansion holds for the
moment about the z;-axis, M,

M, = 2p0e“‘m‘jf£ Y1,0(@15 Y1, +0)y,dz,dy,

4npyU%ad3e—"

(6.84) S(—IT%)

2
A+ —tk(1—-M?2
[ 4+ g ik1—212)
1
| wV1—u? w,(au)du—2EikM “A,] .
0

The formulae (6.75), (6.76), (6.77) for D, D), D® remain valid
provided that R(p) stands for the left-hand side of (5.74).

6.4. For some simple modes of oscillation numerical results
were derived for lift, moment and induced drag. The infinite
linear systems were solved in the same manner as stated in
section 5.6.

(i) Vertical translation, z, = dae—"".
According to (6.4), (6.16) the ‘“downwash distribution” w(p, ¢)
is given by

10U A
(6.85) w(p, ) = — ——— {1+1xM(p/a) cos ¢}.
Vin { (p[a) cos g}
Hence the coefficients B, read,
B, = 2wxM A , B = — 2twA ’
8zV1—M? aV1—M?
(6.86) Sl A
B, = X7 ~L =0 for n = 8.

2 Vit
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The following results were calculated,

)

ivpyUta? |
L= Aeale
twpoU?a® » i 9
M, =2 4e vt;{—1.4«64«53— s (0-18478--0.49019 M2) ,
D = Re {DWe-tt} 1 D@
1) _w2p0U2 a? 2 e 2
D® = — e A 10.77645+ — - (0.202646-+-0.547084 M*)
wip,Ua?
D® = —0.77645 L% 43
7 1—M?

(ii) Rotation about the y,-axis, 2, = Bz,e~"4.
According to (6.4), (6.16) the “downwash distribution” w(p, ¢) is
given by

UB
(687)  wlp, ) = ———r {1+ (ixM —iw)(pla) cos p).
Hence the coefficients B, read,
2(txM —1 2B
BO = ﬂ—‘—z‘—w_‘—)—B' ’ Bl =
8nV1— M? aV1—M?
(6.88) B 5
B,=——(—zf———19~)—, B, =0 for n = 8.

8xV1—M?

The following results were calculated,

poU?a® o
L=f—2 Be“"‘l{ —2.81176-+ —— (8.76504—4.39858 M*) ,
M, = ’l’ ‘f]; Be—tt ‘1 46458+ —— (0.87405—0.19908 M2)>
D — Re {D(l)e—'zivh}_i_D(z)
o Ua i
pw=b—" poU%at by {o 620484 —— - (—2.744754-2. 30929M2)}
poU?a?

D = 0.62943 B2,
1—M?
(iii) Rotation about the a,-axis, 2, = Cy,e~"h,
According to (6.4), (6.16) the “downwash distribution” w(p, ¢) is
given by
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toUC

(6.89) w(p, ) = — 1— M2

{(p/a) sin g+3ixM (pla)? sin 2¢}.

Hence the coefficients D, read,

. 4oxMC D. — 2iwC
1T 15n(1—M2) T 8a(1—M2)’
(6.90)
4ooxMC

= — e, =0 f > 4.
Dy T52(1—117) D, =0 for n =

The following results were calculated,

__twpyU?a®
T (1= M2y
D = Re {D(l)e—2ivt,}+D(2)’

) %
Ce—irt {0.884-786 + 1—w11ﬁ (—0.852239-+0.361899 M2 )},

2 Uz 2 y
D — %"—A—pi)z c? {0.098126 +1 “‘I’W (0.001698 40025944 Mz):,
D® — —0.098126 2P~ 2 (s
(o)

In the special case M = 0 our results for lift and moment agree
with van Spiegel’s [44] values. It has been verified that the lifts
and moments for the translational vibration (i) and the rotational
vibration (ii) satisfy the reciprocity relation, cf. van de Vooren [46].
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