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Metrical problems concerning continued fractions *
by
C. de Vroedt

§ 1.

A) Let 0 be a real number (0 =< 0 < 1).
We expand 0 in the continued fraction:

(1) 0 = {a,, a5, a3, ...} =

with integer partial quotients a, = 1.
For irrational 6 we define the sequence of functions 6, as
follows:

0, = 0

(2) 1 1
01 = — — | =
n+1 07‘ [on]
([«] means the largest integer < «).
From the definition of the function 0, it follows that:

(8) Gy = [51—] :

B) The first known metrical problem concerning continued
fractions is due to Gauss. If m,(z) (0 < « <;n = 0) denotes the
measure of the set of those 6 for which 0, < 2, Gauss asserts:

. __log (1+x)
) Jim ma(@) = —jogz

In 1928, R. Kuzmin [38] has given a proof of (4) including an
estimate of the remainder which is important for further develop-

* Nijenrode lecture.
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192 C. de Vroedt (2]

ments. It is to be remarked that in 1929 P. Lévy, independent
of Kuzmin’s proof, published another one.

In later years A. Khintchine [2], using Kuzmin’s result, proved
among other things the following theorem:

Let f(p) be a nonnegative function of the positive integer p
such that f(p) < K pt—* (K and B being positive constants). Then
for almost all 6 we have:

1
~ - log {1+
(5)  lim = 3 fa) =3 /(p) | ”"’“)}-

Nooo IV n=1 =1 log 2

Putting in this theorem f(z) = log #, Khintchine proved:

(6) lim\"/al-az...aN=ﬁ{1+

N-ooo j)=1

}]og pllog 2

p(p+2)

for almost all 6.

§ 2.

A. Let f(z) be a real function on 0 < # < 1. Let D be a division
of the interval <0, 1) with dividing points zy(=0), ;, z,, . . ., Zp
(=1).
Further put
g, = sup f(z)—Iinf f(z)

where both, sup and inf, are to be extended over the closed
intervalz, <z < 2,,,.
Then

P-1
(7) ¢(D) = zo%(%ﬂ—%)
oo
denotes the “oscillation of f(z) for the division D”.
In our thesis [4] we proved the following theorem:
Let D, be the division of <0, 1) with dividing points

1 2
h§(= 0), h’lc (= -2—,‘:), hg (——" —2—k) 9 e o oy h’zck(= 1).

Let f(z) be a real function on 0 < z < 1, such that for the se-
quence {D,} of divisions D, of <0, 1) the corresponding oscilla-
tions satisfy

(o<}

k=1
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Then for any couple of integers M = 0, N = 1 we have:

1( M+N 1 f(2) 2
9 I‘L“f{ (e,,—f—————dx)}dGSKN,
( ) 0 ”=%+1 f( ) ° (1_I_m)10g2 = 1

K, being a constant depending only on f(z).

B) We give a sketch of the proof. From the conditions imposed
upon f(z) it follows that f(z) is bounded and that, without loss
of generality, we may limit ourselves to the case f(z) > 0. There-
fore:

(10) 0<f(z) < B

and if we put:
1
f 1@ —p
o (1+z)log 2
we have:
(11) 0< P <B.
Working out (9) we get:

s f (/(6,)— P)2d0
(12) * M4N-1 M+

t2 3 5 [N(10.)=P)(f(0n)—P)dD.

n=M+1 m=M42

Now:
M+N pr1
(13) > [ 6)-Pra s BN
n=M+1J0
and
M+N 1
(14) S [ (10.)-P)(f(en)—P)d0 < BN.
n=M+1J0
m=n+1

Further we have:

[Fue-P6.)—P)a0

(15) 1 1 1
= [ 16.)160a—P [ 10,120~ P [F16.a04-22
1] (1] 0
If
m,(z) & mE{; 0, < a},
R. Kuzmin [8] proved:
dm,@) 1

= sde V™
dx (1+4z)log 2 T ode
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with |6] < 1, whereas 4 and « are positive constants.
Now it is easily shown that

m  H0.)0 = j @) ) 4y _ .y 5,455

with |4,| < 1.
As the series Yo, eV converges we get:

s s ( Pf £(6,)d0— Pf £(0,, )d0-|—P2) -

n=M+1 m—-M+3

(18) m>n
M+N-2 M+N

2> (—=PY)+46,K,N
n=M+41 m=M+3
m>n

with |d,] < 1, whereas K, is a positive constant.
In order to estimate

M+N—2 M+N
> [ rodre.
n-—M+1 m=M+3
we define:
(19) k = [3(m—n)].

Then we can prove:

(20) Jo 10)16)0
= (P+8,ABe™*V™ %) p+8,ABe*V" - 28;0(k))
where ¢(k) means the oscillation of f(z) for the division D,.

Because of our choice of k£(19) and of the condition (8) imposed
upon f(z) we get:

M+N 2 M+N M+N—2 M4N

(21) > [re, S S (P)+aKN
n—M+1 m=M+3 n=M+1 m=M+3
m>n m>n

with |dg| < 1, whereas K is a positive constant.

Combination of (12), (13), (14), (15), (18) and (21) proves
our theorem.

C) On the result (9) we apply a theorem of I. S. Gal and J. F.
Koksma [1] (Theorem III with S = theset0 <6 < 1,9(N) =N
and p = 2). Then we get:

Let f(2) be a real function on 0 < 2 < 1, satisfying the condition
(8). Then for almost all 6 we have: ‘

(22) 30, o(N# log® o2 N),

_f 1—|—w) log 2
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§ 3.

Shortly, in Indagationes Mathematicae, we will publish a note
in which we shall prove the results (9) and (22) for functions
satisfying somewhat weaker conditions.

As applications then we will get the following refinements
of the results (5) and (6) of A. Khintchine.

1) Let f(p) be a nonnegative function of the positive integer
p such that f(p) < Kpt—~# (K and B being positive constants).
Then for almost all 6 we have:

1
log ‘1 + —}
N oo P
(28) 3 f(a)—N 3 f(p) PP+ _ ) i togiten vy,
n=1 p=1 log 2
2) For almost all 6 we have:
(24)
bad 1
Yoy ay o — T (14 ot earss = ov-logmam ),
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