COMPOSITIO MATHEMATICA

ACHIM ZULAUF
On sums and differences of primes and squares

Compositio Mathematica, tome 13 (1956-1958), p. 103-112
<http://www.numdam.org/item?id=CM_1956-1958__13__103_0>

© Foundation Compositio Mathematica, 1956-1958, tous droits réser-

z

VES.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http:/www.numdam.org/conditions). Toute utili-
sation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1956-1958__13__103_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

On Sums and Differences of Primes and Squares
by

Achim Zulauf

1. Introduction

1.1. This paper is concerned with representations of an integer
¢ in terms of primes p, belonging to given arithmetic progressions
and squares g2 with given coefficients b,, i.e. with representations
of ¢ in the form

s’ s t t
(11‘1) q = Epo'_ z pa+ z |b1|g% - z |b1|g3‘

o=1 o=s"+1 =1 T=t'+1
One or two of the four sums on the right hand side may be
empty, but it is assumed that 0 < s'4t < s+t so that at least
one positive and one negative term are present.

We shall prove that if s+¢/2 > 2 and if ¢ satisfies certain
trivial conditions, then there are infinitely many such represen-
tations of g. Moreover we shall prove an asymptotic formula for
the number N (g, n) of those representations (1.1.1) in which the
-sum of the positive and the sum of the negative terms do not
both exceed n.

1.2. The method of investigation is a gencralization of the
method employed in my paper [12] which, in turn, is a generaliza-
tion of Linnik’s and Cudacov’s modification of the classical
Hardy-Littlewood method in Additive Number Theory (cf.
[93, [2), [5], and [8]).

The notation is as much as possible the same as that of my
paper [12], and results from this paper are quoted as they are
required.

1.3. The special case s = 8, ¢ = 0, i.e. the problem of represen-
tations of ¢ in the form

9 = P1E P2+ Ps
has already been dealt with by J. G. van der Corput [1] who,
however, used his own variant of a method due to Vinogradov
for the proofs. Vinogradov’s method was also employed by H. E.
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Richert [10] for an investigation of the more general case s = 3,
t=0.

The cases s—s" = t—t' = 0, excluded from the present paper,
have been discussed in my papers [11], [12], [18], and [14].

2. Notation

2.1. Let ¢, s, s', t, ', ay, ..., a,, Ky, ..., K, by, ..., by, be
given integers, and

0¢=<s,s=1, 01t =t

w=s+t2=25/2, o =s+/2=1/2 o' =ov—0 =1/2

(a,, K,)=1l{o=1,...8)

7, =sgnb, = +1, or —1, according as v = ¢, or 7 > t'.

2.2. Let p, denote an odd prime number satisfying
pd = Bdad (mOd KG)

where
& = +1, or —1, according as ¢ < s, or ¢ > s,
Let g, denote an integer.
Let ¢’ and ¢'’ denote integers of the form

I’ t
¢ =Xp,+ Xb.g,

o=1 =1

8 t
"= 3 p,+ X |b.lg

o=8"+1 T=t'41
(one or two of the four sums on the right hand sides may be

empty).
2.3. Let n be a sufficiently large integer, and let

N(gn)= 3 1

a'—g"=q
min(¢’,¢"’) Sn

denote the number of representations of ¢ in the form

g =¢—¢", min (¢, ¢") = n.
Let further

vign)= 3  Illegp,
—qd"=q o=

min(¢’,¢"”’)=n
and

;’\(q’ n) = 2 rOH lngq,

—d"=¢ o=1
where

r=el" 0 =gq+q"—lql.
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2.4. Let A’ be a given positive constant, and
A = 24'+4(s+2), 4, = 44+388.

2.5. The symbols 0(..) and ~ refer to the limiting process
n— o0, i.e. r — 1, unless otherwise stated. Instead of g(n) = 0(G(n))
we shall occasionally write g(n) < G(n).

The constants involved in the O-notation may, and usually
will, depend on the parameters defined in subsections 2.1 and 2.4.

2.6. Other notations will be explained at their first appearance.

3. Basic Identity

3.1. Let
Fo(r, a) = ¢(K,) 3 (log p,)r*oe™™
Po
where ¢ denotes Euler’s function.
Let
81, a) = ([b,|/m)% 3 #lvele giuoelor,

97

3.2. On expansion of the integrand we obtain easily

1 i d .
Py(g,n) = Py r-ld fc II F,(r, ey) X 11119,(7‘, o) X e**da

o=1

where

8 t
(8.2.1) P = n ] g(K,) x TT Ib.)*

o=1 =1
and C is an interval of length 2.

3.3. We now dissect C into Farey intervals C, of order T = log“1 n

To each of these intervals C, there corresponds one, and only
one, of the numbers

0 = exp (2nillk) with 1 <k < T, (L k) =1,

and 2zl/k is an inner point of C, (cf. subsection 1.12 of my paper

N '4»1‘[/12] ).
3.4. We thus obtain the formula

8 t

Pi(gn)= 3 L rWl [ ] Fy(r, e,a) x TL 8.1, 7o) X e~ da
e 2m Cqo=1 =1

which henceforth will be referred to as the basic identity. (3,

means, of course, X,_,.r D Where ! runs through all positive

integers less than and prime to k, or any set congruent to this

set to modulus k.)
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4. Lemmas
4.1.1. Let

€0, ) = - — if

and

1 A
E(r, B) = — my—1ym gimP,
W1, B) ) mgl

4.1.2. LemMA 1. When f < = we have

§7(r, ) = E,(r, B)+0(1)

where y is any real number.

Proofs of this lemma were given by Lindeloef ([8], nr. 66)
and Kluyver [7] (cf. also Kloosterman [6], p. 25).

4.2. We now put

B = Bo(a) = a—2allk.

4.3.1. Let d, =d (k) = (K,, k), Q, = Q,(k) a solution of
kz/d, =1 (mod d,), R,(k) = kQ,/d,, and N (k) = +1, or =0,
according as (K, k/d,) =1, or > 1.

For ¢ = exp (2nilk) let

; w( k a,Ry(k)
foo = Noll) 2 () e
Q @ \d,(k)

where x4 and ¢ denotc Moebius’ and Euler’s functions.
4.3.2. LEMMA 2. When a € C, we have

1/):0(7', 0() = Fc(r, Eca)—zpea(r’ 6() «Ln log_A n
where
YeolP> @) = fou 671, £, B)-

For ¢, = 41 this lemma was proved in subsection 2.1.2 of

my paper [12]. When ¢, = —1 the result still holds since we
then have g0 € C,i, and p, = —a, (mod K,) in the sum for F,.
4.4.1. Let

K
Sk, = 2 exp (2niLj*K)
j=1
and '

Goe =K1 Sk 10
4.4.2. LEmMA 8. When a € C, we have

Opc(r, @) = B ,(r, 9, %) —0,,(r, «) K n* T-%
where
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eer(r: tl) = ggr 5—‘/;(,'., 771 ﬂ)'

For n,= +1 and, consequently, b, = |b,| this lemma was
proved in subsection 2.2.2 of my paper [12]. When 7, = —1
the result still holds since we then have 7,2 €C,1 and [b,| = —b

T

5. Approximation

5.1. Using the last three lemmas, we shall now deduce an
approximate formula from the basic identity for 7(g, n). The
deduction is divided into five main steps. We begin by modifying
in three steps the integrals occurring in the basic identity. In the
last two steps, which will follow in section 6, we shall evaluate
the modified integrals.

5.2. First step. In the basic identity we replace the functions
F, and ¢, by w,, and 0,, and estimate the crror which, as is
easily seen, equals

2 o r~14'f UP(r, a)e ™ da + z — Hq'f V& (r, a)e- d
A=1 4T

where
—2

U“) = H y)ea X 1/)9(3-}.+1) X H F (7‘, 8 OL) X ]._I Beu

=s—A+2
-2
V(’1> = H F (r, e,a) X HOW X 09(,_1“) X H G (ry 1y )

T=t—A+2

(for brevity the arguments are shown only if they differ from

(r, a)).

Since
[Fo(r, ega)] = |Fo(r, a)l, [9.(r, n.a)] = [9,(r, a)],
I'/)ga(", “)[ = |fqu§_1(r’ ﬁ)l’ Ioor(r’ a)l = lgeré—l/z(r’ ﬂ)l’

the analysis of section 8 of my paper [12] shows that

'[Ce UD(r, «)lda < n*tlog4n  (A=1,...,53),
.[CQ V&(r, a)lde < n®tlog4'n (A =1,...,1).
Hence
Pi(q, n) = Z%z y—lal . £I1 Vool7> @) X 1liII 0,.(r, &) X e~ da
e (4

+ 0(n®* log ~*'n).
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Putting

o=1

8 t
HO = H fea X I:.[1 ger
we obtain thus .

A 1 . " ;
Pi(gn) =2~ rold T, fc £ (r, B)E" (r, —B)e*"du
e

e

+ 0(n®log ~4'n).

5.3. Second step. Next we change the ranges of integration
from C, to I, = [—n+2xnl/k, +n+2nl/k]. The error thus made
is clearly

<3| [ 1&7(r B)lda
¢ (Ie‘co)
which is
<« T*?logn <« n*tlog™*'n
as was shown in subsection 4.3 of my paper [12] (note that there

is a misprint in formula (4.3.1) of [12]).
5.4. Third step. We now replace the integrands by

Ey(ry B) Ey(r, —B)e=™
with error
(¢ = Ep) + E(E — By)
— (= E ) — B, e
which, by Lemma 1, is
< |&(r, B)1%

since 0’ = w—1/2, 0"’ = w—1/2, and |&(r, B)| = |&(r, —B)| > 1.
Now

+=
[ e pyean = [ 7 (5 4 ) iomap
IQ —-n \N
<<,nw—3/2f (1 _i_yz)%—wlz d‘}’l(( nw—3/2
0
since w—1/2 = 2. By formula (4.1.4) of my paper [12] we also
have that
(5.4.1) II, < k™% < o8,
The total error made in the third step is therefore

< ,nm—slz z I”el < nw—3/2 z k—9/4
e

e

<<nm—3/2 z k—5/4 < nw—3/2 < ,na)—l log“"n.
k=T
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5.5. Collecting the results of subsections 5.2, 5.8, and 5.4, and
noting that e = p~l¢~%, we obtain the approximate formula

(5.5.1) Pi(g, n)

1 - —- -
= 3oL, [ B ) Bl —B) e df

e

+ 0(n*!log ~* n).

6. Singular Series

6.1. Fourth step. We now proceed to evaluate the integrals
occurring in (5.5.1). On multiplying the series defining =, (r, §)
and E_.(r, —f), we obtain easily
+n

I(o") (") %t r""'f By, B)Eur(r, —p)e dp

(<]

_ z o'-1 , 0’1 ,m+ms—|a|
— my;, ma=1 my my et
my—ma=q

= 3 (m+g)" (mtgy)” 127

where ¢; = (lg1+9)/2, g = (lg|—q)/2.
Now, as m — o0,

(-4, (m+-g)* ™ = m®™% + 0(m®™?)

and hence
3 (mtq) (mtgg)” o
= 3 m*2r2m 4 0 (I me 3 rm)
m=1 m=1
= l(w—1)E, (% 0) + 0(E, 5(r% 0))
= I(w—1)(n/2)"" + 0(n"?),
by Lemma 1.

But, by (5.4.1),
PRV ARN S-S W LR P B
e e

k=T
The approximate formula (5.5.1) gives therefore

Two— w—1
(6.1.1.) Pi(g, n) = f(a% (%) gg—ane

+ 0(n®log ~'n).
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6.2. Fifth step. Finally we extend the range of summation to
infinity, i.e. we replace
2= 2 2'by 23
[ 1SkE<T UEk) k=1 U(k)

The error thus made is, by (5.4.1), obviously
P ,nw—l z z' k—9l4 < ,nw—l z k—5/4

k>T Uk) k>T
& ,nw—l T——l/4 < nw—l lOg —A’ n.

Putting
(6.2.1) &(q) =k_zl l(Zk) eI, (e = exp (2xil/k))
we obtain thus
o _ T(o—1) (ﬁ)w_l o1 -4
(6.2.2) Pé(q,n) = —bﬂl’(w’)l"(w") 2 S(q) + 0(n“tlog =% n).

6.3. The series ©(q), known as singular series, has been discussed
in my paper [18]. Here the following remarks may suffice.

An integer q is called suitable, i.e. suitable for representation
in the form

s t

(6.3.1) 4=9—9¢"= 2P+ 2 be,
if four trivial, but rather complicated, conditions are satisfied
by ¢. For suitable integers ¢ we have

©(q) > o,
and it follows therefore from (6.2.2) that
. I'w—1) (n)"’—l
6.3.2 y ~ — .

For non-suitable integers, however, we have ©(g¢) = 0. But these
are of no interest since it can be shown by elementary methods
that a non-suitable integer ¢ is either not representable at all
in the form (6.8.1), or ¢—e,.plk is suitable in the above sense
for representation in the form

z 80p0 + Zb‘l'gf

oF#o* T
where o* and p¥ have certain well-defined values (cf. subsection
8.2 of my paper [13]).

7. Theorem.

7.1. With the notation, and under the conditions, of section 2
we have the following
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THEOREM. The integer q can in an infinity of ways be represented
in the form
s t
(7.1.1) g=q—q¢" = Zleapa + 2 b.g;
o= T=1
provided that s-+t/2 > 2 and that q is suitable in the sense of sec-
tion 6.8.
Moreover, if N(q, n) denotes the number of representations (7.1.1)
with the restriction min (¢', ¢'') =< n, then, as n — oo,
1 @-1

n L

P o ) o—1) 2@ logrn
where P ts defined by (3.2.1) and &(q) by (6.2.1).
7.2. Proof of the theorem. Putting

B,= 3 > fIlogpa

a'=m+(la]+2)/2 ¢’=m+(la|—a)/2 o=1

N(g, n) ~

we can write
#(gyn) = 3 B,e "M, v(g,n) = 3 B,,.
m=1 m=1
By a well known Tauberian theorem (cf. Hardy [4], Theorem
108) it follows thus from (6.83.2) that for suitable ¢

I'(w—1) 1 o1
(g, n) ~ mr) &(q) 1—1@ n.
This proves the theorem since it is an easy deduction that
N(g, n) ~ (log n)=*»(g, n)
(cf. subsection 5.1 of my paper [12]).

University College, Ibadan.
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