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Chain transformations in Mayer chain complexes
by
Sze-tsen Hu
New Orleans

1. Introduction?)

The development of topology in the last two decades has been
marked by the important role played by the obstruction methods
in the theory of continuous maps and that of fibre bundles. Owing
to some intrinsic difficulties of both theories, the obstruction
methods have been successfully applied so far only to yield various
particular results. There are drawbacks to the general solution
of the extension and -classification problem in both theories
named above.

In a recent paper [2] 2) Eilenberg and MacLane have used the
obstruction method to study the chain transformations of abstract
complexes with operators, whence they deduced their celebrated
determination of the n-th cohomology group of a space X by means
of homotopy invariants under the hypothesis that = (X) =0
(1< g < n). For chain transformations, the drawbacks mentioned
disappear and the obstruction method works satisfactorily to
produce general theorems with proofs much simpler than the usual
homotopy arguments which are familiar to topologists in this
field. This confirms the old belief that homology arguments should
be easier than homotopy ones and hence more elegant.

The object of the present paper is to establish a general theory
of extension and homotopy classification of chain transformations
by means of the obstruction methods. To make our investigations
as general as possible, we consider Mayer chain complexes with a
group W as operators and their equivariant chain transformations.
By taking W to be the group which consists of a single element,
one can easily deduce as corollaries the corresponding assertions

1) This work was done under contract N7-onr-434, Task Order III, Navy
Department, Office of Naval Research, U.S.A.
2) Numbers in brackets refer to the bibliography.
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for complexes without operators. Both materials and arguments
are purely algebraic throughout the paper. No topology will be
considered in the sequel.

The sections 2—7 are preliminary. A brief account of the
definitions and constructions for Mayer chain complexes ana-
logous to those of closure finite abstract complexes given by
Eilenberg [1] will be sketched.

The main part of the theory is stated in §§ 8—14 with Theorems
11.7 and 14.7 as our main theorems. Most of the notions and results
are suggested by the analogous ones given by the author in his
work on continuous maps in topological groups, [4].

In § 15, a number of special cases are given. The most interesting
particular case might be the analogue of Hopf’s classification
theorem [8; 7] and the generalization of Steenrod [6]. In § 16, the
induced homomorphisms on the groups defined in § 9 are defined
for a given equivariant chain transformation. These will be found
useful when one considers the topological invariance of the groups
and invariants introduced here if the Mayer chain complex consists
of the chain groups of a finite polyhedron. In the last section we
take up the most important case of an augmentable abstract

complex.
2. Mayer chain complexes with operators

First of all, let us recall briefly the definition of a Mayer chain
complex, [5, p. 684], as follows.

A Mayer chain complex M = {C,, 0} consists of the following
two entities:— (i) a sequence of abelian additive groups C,,

(g=...-,—1,0,1,...); and (ii), for each C,, a homomorphism
(2.1) 0:C,—>C,

satisfying

(2.2) 00 = 0.

The groups C, = C,(M) are called the (integral) chain groups and
their elements, the (integral) chains. The homomorphisms @ are
called the boundary homomorphisms. The index ¢ is called the
dimension.

When there is no danger of ambiguity, we shall use the same
symbol 9 to denote the boundary homomorphisms in various Mayer

chain complexes.
Let M, and M, be two Mayer chain complexes and let v be
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a collection of homomorphisms, one for each dimension ¢

(2.8) T : C (M) - Cy(M,).
v is called a chain transformation ©: M, - M, if
(2.4) 70 = Or.
More precisely, consider the following diagram

*Co(M,) > Coa(M,)

T T
\
Co(M,) > Coa (M)

Condition (2.4) means the two homomorphisms of C,(M,) into
C.-1(M;) that can be derived from the diagram are equal.

Given chain transformations v; : M, - M, and v, : Mg — M,,
the composite transformation 7,7, : M; — M, is readily defined.

Let W be an abstract group written multiplicatively. Following
S. Eilenberg [1, p. 880], we shall say that W operates on the Mayer
chain complex M (on the left) or that M is a Mayer chain complex
with operators W, provided for every w ¢ W a chain transformation
w: M — M is given such that for every chain ¢, e C (M)

(2.5) wy(1016,) = (0910, )C,
(2.6) 1le, = Cqe

Conditions (2.5) and (2.6) imply that for every w ¢ W and each
dimension ¢, the homomorphism w is an automorphism of C,(M)
onto itself, i.e.
(2.7) w: C, (M) ~ Cy(M).

If we, = ¢, for all w e W and all chains c,, then we say that W
operates simply on M.

3. The integral homology groups

For the sake of completeness, we shall recall the usual defini”
tion of the (integral) homology groups of a Mayer chain complex
M = {C,, 9}.

A chain ¢, e C,(M) is called a cycle if dc, = 0. The set of all
g-dimensional cycles of M is denoted by

Z,=Z(M).
Being the kernel of boundary homomorphism 9 : C, - C,_;»

Z, is a subgroup of C,.
A chain ¢, € C,(M) is called a boundary if there exists a chain
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Co41 € Copr(M) such that ¢, = 0c,,y. The set of all g-dimensional
boundaries is denoted by

B, = B,(M).

Being the image of C,,; under the boundary homomorphism a,
B, is a subgroup of C,.

The following inclusion is an immediate consequence of (2.2):
(3.1) B (M) C Z(M)

The quotient group

H, = H/(M) = Z,(M)|B/M)

is defined to be the g-dimensional (integral) homology group of the
Mayer chain complex M.

4. Segregated subcomplexes

Let M ={C «(M), 9} be a Mayer chain complex with operators W.
A Mayer chain complex My = {C,(M,), 0o} is called a sub-
complex of M if for each dimension ¢

(4.1) Co(My) C Co(M).

(4.2) 0y = 0| Co(M).

Conditions (4.1) and (4.2) imply the following inclusion:
(4.3) 9(Co(My)) C Coa(Mo)-

A subcomplex M, of M is said to be segregated (with respect
to W) if, for each w ¢ W and each dimension ¢, the automorphism
w: C,(M) ~ C,(M) maps C,(M,) into itself, i.e.

(4.4) w(Co(My)) = Co(Mo)-

For a segregated subcomplex M, of M, we shall also consider W
as a group of operators of M,,.

There are two trivial segregated subcomplexes of M; namely,
M itself and the subcomplex 0 defined by

C,(0) =o0.
The following special segregated subcomplexes of M are of im-
portance in the sequel.
For any given integer n, let us denote by M" the subcomplex
of M defined by
Co(M), = n),

(4.5) Co(M™) ={0’ (g > n).
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M™ is obviously segregated and will be called the n-dimensional
skeleton of M.

Now let M, be a given segregated subcomplex of M. Let us
denote by M" the subcomplex of M defined by

7 — | CdM), (g =m),

.9 S A
The segregatedness of M, implies that of M". Since obviously
we have for each dimension ¢

(4.7) CG(M—n) = Ca(Mo)U Ca(Mn)’
we shall use the following notation:
(4.8) M* = MyL M".

5. The cohomology groups

For the sake of convenience, it seems better to define in
sufficient details some of the cohomology groups of a Mayer
chain complex M with operators W modulo a segregated sub-
complex M.

Let G be an abelian additive (discrete 3)) group with W as a
group of operators (on the left), that is, for every ge G and
w e W the element wg ¢ G is defined and

w(g + &) = wg + wgy, w(w,g) = (wawy)g, 1 = ¢g.

The group C¢M, G) of g-dimensional cochains of M over G is
defined to be the group of homomorphisms of C, (M) into G, i.e.
CYM, G) = Hom (C,(M), G).

The coboundary homomorphism

(5.1) é:CY(M, G) - C*HY(M, G)

is defined by taking, for every f e CY(M, G) and each c e C,,(M),
(5.2) (8f)e = 1(@e).

Clearly, (2.2) implies

(5.8) 46 = 0.

Remembering that C,(M,) is a subgroup of C,(M), we define
the group CYM, Mg, G) of g-dimensional cochains of M modulo
M, over G as the subgroup of C¢M, G) which consists of the
cochains fe CY(M, G) such that ceC,(M,) implies f(c) =0.
(4.8) implies that
(5.4) 6(C(M, My, G)) C C*Y (M, M, G).

3) Cohomology over a topological coefficient group can be defined in an obvious

way; however throughout the present work we shall not consider topology in the
coefficient groups.
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A cochain f e C(M, G) is called a cocycle if 6f = 0. The set of
«:: g-dimensional cocycles is denoted by Z¢(M, G). Being the
kernel of the coboundary homomorphism (5.1), Z¢(M, G) is a
subgroup of C%M, G). A cochain f e CY(M, G) is called a coboundary
if f = dp for some ¢ e C*}(M, G). The set of all g-coboundaries

“is the subgroup BY(M, G) = 6C*-(M, G). Further, (5.8) implies
the following inclusion
(5.5) BY(M, G)C ZY(M, G).
The quotient group
HY(M, G) = Z¢(M, G)/|BY(M, G)
is defined to be the g-dimensional cohomology group of M over G.

A cochain f e CY(M, G) is said to be equivariant if it satisfies
(5.6) - flwe) = wf(c)
for all w e W and all ¢ e C,(M). They form a subgroup C{(M, G)
of CY(M, G). It follows easily that
(5.7) CY(M, G) C CH*(M, G).

Setting CY(M, My, G) = CY(M, My, G) N CY(M, G), we shall
define:

Z3(M, My, G) = ZY(M, G) NCIM, M,, G),
BY(M, M,, G) = 6C*Y(M, M,, G).
It follows from (5.8), (5.4) and (5.7) that
BY{(M, M,, G) C Z{(M, M,, G).
The quotient group
HYM, My, G) = Zi(M, My, G)[Bi(M, My, G)

is called the g-dimensional equivariant cohomology group of M
modulo M, over G. When M, = 0, it is called the g-dimensional
equivariant cohomology group of M over G, denoted by HY(M, G).

6. Chain transformations

We shall return to the concept of a chain transformation as
defined in § 2. Let W be a group of operators for two Mayer chain
complexes M and N. Let M,, N, be segregated subcomplexes
respectively of M, N. By a chain transformation

(6.1) v (M, M) - (N, N,)

of the pair (M, M,) into the pair, (N, N,), we understand a chain
transformation 7 : M — N such that =C,(M,) C C,(N,) for each
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dimension g. The chain transformation (6.1) is said to be equi-
variant if Tw = wt for every we W.

Now let (6.1) be an equivariant chain transformation and let
G be an abelian additive group with W as a group of left operators.
For each cochain f € C/(N, G), we define a cochain t*f e C(M, G)
by taking for each ¢ e C, (M)

(6.2) (z*)(e) = f(ze).
Obviously the correspondence f — t*f defines a homomorphism
(6.8) t*: CYN, G) > CY(M, G)

for every dimension g. The following relations are easily verified:

t*CYN, Ny, G) C CYM, M, G),
t*CI(N, G) CCY(M, G), 1% = o1*.
These imply that z* induces homomorphisms of the groups of
equivariant cocycles and coboundaries of N modulo N, over G

into the corresponding ones of M modulo M, over G. Conse-
quently we obtain homomorphisms:

0 : HY(N, N,, G) - HY(M, M,, G).

7. Chain homotopies

Two chain transformations v: M — N and ¢ : M — N are said
to be chain homotopic if, for each dimension ¢, a homomorphism

(7.1) D : C (M) - Cypa(N)
is given in such a manner that for each c e C (M)
(7.2) 0Dc¢ = tc — pc — Dac.

The collection D of homomorphisms (7.1) is called a chain homo-
topy between v and g, denoted by D : 7 ~ p.

If the chain transformations v and ¢ map C,(M,) into C,(N,)
for each dimension g¢, i.e.

(7.8) ©:(M, My) - (N,N,), o:(M,M,)— (N, N,),

then 7 and g are said to be chain homotopic relative to {M,, Ny}
provided that there exists a chain homotopy D : T ~ ¢ satisfying
for each dimension ¢

(7.4) DC,(M,) C Cg1a(No)-

Such a chain homotopy D : v ~ p will be called a chain homotopy
relative to {M,, N,}, denoted by D : v =~ ¢ rel. {M,, N,}.
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A chain homotopy D : 7 ~ g rel. {M,, Ny} is said to be equi-
variant if for every w e IV and each c e C (M)

(7.5) Drwe = wDe.

Now let D : v =~ p rel. {M,, Ny} be an equivariant chain homo-
topy between two equivariant chain transformations 7 and g in
(7.3). For cach dimension ¢, we define a homomorphism

(7.6) D*:CYN, G) - C*YM, G)

by taking for each fe CY(N, G) and each ce C,_,(M)
(7.7) D*f(e) = f(De).

Condition (7.2) implies that

(7.8) OD*f = v*f — o*f — D*4f.

If W operates on the left of G, then D*f is equivariant if f is
so. Formula (7.8) implies that if f is an equivariant cocycle then
T*f — p*f is an equivariant coboundary dD*f. Hence the chain
transformations 7 and g have the same effect on the equivariant
cohomology groups; i.e. ¢ = g? for every dimension gq.

8. Obstructions

Throughout the sections 8—15, let 3/ and N be two Mayer
chain complexes with W as a group of operators for both M and
N, and let M be a segregated subcomplex of M. According to § 4,
the subcomplex

M" = M,L M"
is segregated for every integer n.

All the chain transformations and the chain homotopies con-
sidered in the remainder of the paper are equivariant with respect
to the group W of operators; therefore, we shall occasionally omit
the descriptive word ,,equivariant”’ when there is no danger of

ambiguity.
For each dimension ¢, we shall denote by
(8.1) n:Z (N)— H,/N)

the natural homomorphism (with kernel B,(N)) of the integral
cycles onto the homology classes. W operates on the left of H,(N)
in an obvious way and

(8.2) wy = nw.

Now let 7 : M — N be an arbitrarily given equivariant chain



[9] Chain transformations in Mayer chain complexes 259

transformation. For each chain ceC, ,(M), we have
dceC,(M) = C,(M").

Then the chain 7dc € C,(IN) is well-defined. Since 9td9c = v0dc = 0,
tdc € Z,(N). Hence we obtain a homomorphism

(8.8) I =570 : C,y(M) - H,(N).

LemMma 8.1 Each equivariant chain transformation v : M — N
determines as in (8.8) an equivariant cocycle I7e Z+ (M, My, H,,(N)),
called the obstruction of <.

Proof. According to (8.8), I2*'e C*+}(M, H,(N)). For each
we W and every ceC, (M), we have

Iz"'we = nrdwe = nrwde = Nwrdc = wnyrdc = wiztle.

This implies that I2*! e C7*'(M, H,(N)). Next, foreach ce C,,,(M,)
the chain 7c € C, ,(N) is defined and tdc = 0vc ¢ B,(N). Hence
we have I2*'¢ =51dc =0, i.e. 17" e C"*Y(M, M, H,(N)). Last,
for each ce C, (M), we have

(817 )e = 12*Y(0c) = nrddec = 0.
Hence I3*' € ZtY(M, H,(N)). This completes the proof that
e Z2*Y(M, My, H,(N)). Q.E.D.

Let 7 : M* - N and ¢ : M* — N be two given equivariant chain
transformations with ¢ =n and r = n. Let 7, = 7| M and
ox = 0| M"L Let D: 7, ~ g, be an equivariant chain homo-
topy defined on M1 into N, (see § 7).

For each ceC,(M), oceC, (M) = C,,(M"1). Then the
chain 7¢ — pc — D0dc of C*(N) is well-defined. Further, it follows
from (7.5) that

d[rc — g¢c — Doc] = tdc — pdc — dDIc = 1*dc — p, dc — dDac
= 040c + Dddc + 0DIc — g, dc — dDdc = 0.

Hence v¢ — pc — Ddc € Z,(N) and we obtain an operator homo-
morphism

(8.4) E=vr—p—Do:C,(M)—> Z,N),
whence we deduce a homomorphism
(8.5) & = yE : Co(M) — H,(N).

LemMA 8.2. Each equivariant chain homotopy D: 7, =~ o, of two
equivariant chain transformations v and @ determines as in (8.5)
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an equivariant cochain & e Ch(M, My, H,(N)), called the ob-
struction of D.

Proof. According to (8.5), &5eC™(M, H,(N)). For each
we W and every ceC,(M), we have

Ewe = nEwe = nrwe — nowe — nDowe
= wnrc — wygc — wnDoc = wnEc = wéPe.

This implies that &3 e C% (M, H,(N)). Next, for each ¢ € C,(M,),
the chain Dc e C,,(N) is defined and it follows from (7.5) that

Ec = 1¢ — gpc — Doc = t4¢ — py¢ — Ddc = 0Dc € B,(N).

This completes the proof that &3 e C3(M, My, H,(N)). Q.E.D.
LEmMMA 8.3 If the equivariant chain transformation v: M™ - N
has an equivariant extension v’ : M"' — N, then I"*' = 0.
Proof. Suppose that = has an equivariant extension
7' : M**! — N. For each ceC,,,(M), we have

1dc = v'0c = d7'c € B,(N).

Therefore I3*'¢ = nvdc = 0. This proves that 17! = 0.

LeMMA 8.4 If 7, 0 : M"—N be equivariant chain transformations
and D:7v| M*! ~ | M" be an equivariant chain homotopy,
then

(8.6) o8 =17 — 1o,

Hence if T and o have equivariant extensions t', o' : M*+1 — N,
then &3 e Z2(M, My, H,(N)).
Proof. For each ceC, (M), we have

(883 )c = &pdc = nEde = nrde —nede — DA = lzle — Iz*e.

This proves that 8ff = I7*' — 3*'. The last assertion of the
lemma follows from (8.6) and Lemma 8.3 Q.E.D.

9. The presentable and the regular subgroups

Throvghout the present chapter, let us denote by 2 the set
of all equivariant chain transformations 7 : M — N. Obviously
2 form an abelian group with functional addition as the group
operation. Similarly, for each integer n, let 2" denote the group
of equivariant chain transformations v : M" — N.

LemMa 9.1. The correspondence v — I3*' induces a homo-
morphism

(9.1) w,: Q2" —> H*Y(M, My, H,(N)).
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Proof. According to Lemma 8.1 every chain transformation
7€ Q" determines an obstruction I}*'e Z2*Y(M, My, H,(N)).
I7*! represents an element w,(7) of the equivariant cohomology
group H»Y (M, M,, H,(N)). To prove that w, is a homomor-
phism, let 7, 0 € 2" and c e C,,,(M). Then

Iyihe = n(x + )de = n(vdc + dc) = nrde + nede = I3 + I3*e.

This implies that w,(7v 4+ ¢) = w,(7) + w,(e). Q.E.D.
The image w,(2") will be called the presentable subgroup of
HYY(M, My, H,(N)), denoted by

Pyt = P (M, My, H,(N)).

The elements of P?*' are called the presentable elements of
H»™Y(M, My, H,(N)). For each v e Q" the element w,(7)e p;*
is said to be presented by z; and 7 is called presenter of w,(7).

A chain transformation 7 € 2% is said to be regular if ¢ € C,(M,)
implies 7¢ = 0 for each dimension ¢. The regular chain transfor-
mations 7 € 2" form a subgroup 27 of Q"

The image w,(f2!) will be called the regular subgroup of
H™Y(M, My, H,(N)), denoted by

R = RyH M, My, H,(N)).

The elements of R?*' are called the regular elements of
HYY(M, My, H,(N)). Each v e} is called a regular presenter of
w,(7) € R**. Clearly we have R}* C P;*'. We shall use the
following notation:

:+1 — ];H-x( M, My, H,(N)) = P;'+1/R:'+1.

Now let A" denote the set of all triples (7, o, D), where
7, 02 and D: 7| M1 ~p|M"! is an equivariant chain
homotopy defined on M*-1. For any two triples (7, ¢, D) and
(', @', D’) of 471, we define the homomorphisms 7 + 7', ¢ + ¢,
D + D’ by adding the functional values. Obviously z + 7’ and
@ + o' are equivariant chain transformations of M into N and

D+D':r+t’|_ﬂ—l”—1:‘g+g'|ﬁ”"
is an equivariant chain homotopy defined on M"-1. We define
(e D)+ (v,¢, D)= (v + 7, ¢ + ¢, D+ D).

Under this addition, the set A"! of triples (7, o, D) form an
abelian group.
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LeMMA 9.2. The correspondence (z, o, D) — &}, induces a homo-
morphism
(9.2) fn : A%1 > HY(M, My, H,(N)).

Proof. According to Lemma 8.2, every triple (7, 9, D) e 41
determines an obstruction cochain &p, € C}(M, My, H,(N)). By
Lemma 8.4, &} is a cocycle and hence represents an element
Ho(7, 0, D) of H}(M, My, H,(N)). To prove that u, is a homo-
morphism, let (7, ¢, D), (7, o', D’) be any two triples of A1
and ceC,(M). Then

Bipe=n(t+1v'—o—o —D0—D0)c
=n(t—e—Dd)c + n(v' — o' — D'0)c = &f¢c + &5 c.
This implies that x, is a homomorphism.

The image u,(4""!) will be called the presentable subgroup of

H*(M, M,, H,(N), denoted by

Be = BH(M, Mo, H,(N)).
The elements of P} are called the presentable elements of
H}(M, My, H,(N)). For each triple (7, g, D) ¢ 4*, the element
Ba(T, 0, D) e P is said to be presented by (z, 9, D) is called a
presenter of u,(z, 0, D).

A triple (7,9, D)e 4”1 is said to be regular, if T =0 =p
and ¢ € C,(M,) implies D¢ = 0 for each dimension ¢. The regular
triples of A"-! form a subgroup 47 of A1

The image u,(477') will be called the regular subgroup of
HYM, My, H,(N)), denoted by

R, = R(M, My, H,(N)).
The elements of R, are called the regular elements of
HXM, My, H,(N)). Each triple (7, o, D) € 477" is called a regular
presenter of u,(7, 0, D) e R2. Clearly R? CPB;. We shall use the
following notation:

e = J(M, My, H,(N)) = B2/ R,

10. Free operators

Following Eilenberg-MacLane [2, p. 55], we shall say that W
operates freely on C (M) if (i) C,(M) is a free abelian group and
there is a collection {c,} of chains ¢, € C,(M) such that the totality
of the chains wc,, for all w e W and all ¢, € {c,} constitute a set
of free generators of C (M); the collection {c,} itself is called a
W-base of C,(M).
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W is said to operate freely on the pair (C,(M), C,(M,)), if it
operates freely on C, (M) with a W-base {c,} such that {c,} NC,(M,)
constitute a W-base of C,(M,). We denote

{c%} = {ca} N Cc(MO)’ {L‘;} = {Ca} / CG(MO)'

Lemma 10.1 If W operates f7eely on the pair (C (M), C,(M,)),
then the totality of the chains uc for all we W and all cy € {c }
constitute a set of free genemtms of a subgroup C,(M) of C (M )s
and C,(M) is the direct sum C,(M,) % C,(M), of C(M,) and
C,(M).

“Proof. The free generators wc,, (we W, ¢, € {c }) generate a
subgroup C,(M). It remains to prove that

C,(M) = Cy(M,) & Co(M).

Since {cx} = {cp }U {c 1, we have Co (M) = C(M,) + C;(M). Now
let ¢ e C(My) N C, (M ). It follows from our definition that

c= ‘Zlazccﬂ Zai w; Cy,s
where the coeffncnents a; and a; are integers. Since the chains
w,cg, and w, cy are free generators of Co(M) and *) {c§} L {cy} =[1,
this implies that ¢ = 0. Hence C,(M,) N C;(M) = 0 and the sum
is direct. Q.E.D.
CoroLLARY 10.2. If W operates freely on the pair (C (M),
C,(M,)), then W operates freely on both C,(M,) and C,(M).

11. Extension of chain transformations

LEmMA 11.1. Assume that W operates freely on (C,.,(M),
C,.1(M,)). An equivariant chain transformation v : M™ — N has
an equivariant extension v’ : M"* — N if Izt = 0.

Proof. Assume that 12*! = 0. Since W operates freely on
(Coa(M), C,.1(My)), there is a direct decomposition of the
chain group C,,,(M) as follows:

Cosa(M) = Cppa(My) § Copy(M).
W operates freely on both C,.,(M,) and C,,(M).

Since I7*!=0, the operator homomorphism 70 : C,,(M)—>C,(N)
maps C,,;(M) and hence C, (M) into B,(N). Since W operates
freely on C, (M), the homomorphism 72 | C, (M) can be lifted
to an operator homomorphism t* : C,, (M) - C,;(N) such that

1) Following A. D. WALLACE, we denote by the square [ '] the vacuous set.
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dt*c = 1dc for each c e C, (M), [2, p. 55]. Define an operator
homomorphism z’ : C, (M) — C,,;(N) as follows. For each chain
ceC, (M), there exists a unique pair of chains ¢, e C, (M)
and ¢, € C, (M) such that ¢ = ¢, + c,. We define
T'(€) = 7(co) + T*(cx)-

Immediately we have d7'¢ = 7dc for each c e C,,(M). Hence we
obtain an equivariant extension 7’ : M"**! — N by defining v’ = <
for the dimensions ¢ < n.

LEmMA 11.2.  Assume that W operates freely on (C,(M), C,(M,))
Given an equivariant chain transformation v:M" — N and an
equivarent cocycle 1"+1 = I**! | §&* with &" e C™(M, My, H,(N)),
there exists an equivariant chain transformation o : M — N with
B+t =1 and o | M*! = v | M"L.

Proof. Since W operates freely on (C,(M), C,(M,)), there is
a direct decomposition of C,(M) as follows:

Ca(M) = C,(M,) § CL(M).
W operates freely on both C,(M,) and C,(M).
&reCy(M, My, H,(N)) means that £" is an operator
homomorphism
£&,:C,(M)—~ H,(N)
which maps C,(M,) into zero. Since W operates freely on C.(M),
it follows from a lemma of Eilenberg-MacLane, (2, p. 55] ,that the
partial homomorphism &” | C,(M) can be lifted to an operator
homomorphism
h": Co(M) - Z,(N)

such that zh" = é» | C:(M ). Define an operator homomorphism
E:C,(M)— Z,(N)

as follows: For each chain ¢ € C,(M), there exists a unique pair
of chains ¢, e C,(M,) and c4 € Co(M) such that ¢ = ¢4 + c,.
We define E(c) = h"(c.). Obviously yE = &" and E maps C,(M,)
into zero. Define an equivariant chain transformation ¢ : M*» —~ N
by taking ¢ | M"! = v| M*! and

ole) = ©(e) + E(e)

for every chain ceC,(M). To justify this definition, we note
firstly that E(C,(M,)) = 0 implies the two definitions of ¢ on
C,(M,) agree, and secondly, for each c e C, (M),

do(c) = dt(c) + 9E(ec) = d7(c) = ©(dc) = o(dc)
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because E(c) is a cycle, 7 is a chain transformation, and
e| M = v | M. The obstruction of g is given as follows:
For each ceC, (M)

ly*1(c) = nede = nrdc + nEdc = nrde + £"dc = I+ (c) 4+ 6&"(c).

Hence l;*! = I3*! 4 6¢" = I"+1. This completes the proof.

CoroLrARY 11.8. Assume that W operates freely on both
(C.(M), C,(My)) and (C, (M), C,1(My)). The obstruction I3+1
of an equivariant chain transformation v:M" - N is an equi-
variant coboundary modulo M, if and only if there exists an equi-
variant chain transformation v’ : M™' —> N such that ' | M1 =
t| ML,

An equivariant chain transformation v : My — N is said to be
extensible over M if v admits an equivariant extension v’ : M — N.
7 is said to be n-extensible over M if it is extensible over M".

As in § 9, the equivariant chain transformations v : My - N
form an additive abelian group 2, with functional addition as
the group operation. The following lemma is obvious.

LeEMMA 11.4. The extensible (n-extensible) elements of the group
2, form a subgroup € (a subgroup G").

If there exist two integers @ and b, @ < b, such that C (M) =
C.M,) unless a < ¢ < b, then we have obviously

Qy=E*D...DE"D...DE*=E.

Now let 7: M, — N be an equivariant chain transformation
n-extensible over M, and let v’ : M" — N be an arbitrary equi-
variant extension of 7. According to Lemma 8.1 and 9.1, ¢’ pre-
sents a presentable cohomology class

yet! = w,(v') e PYYY(M, My, H,(N)).

TrEoREM 11.5. Fundamental Extension Theorem. Assume
that W operates freely on (C,(M), C,(M,)) and on (C,.1(M),
Coi1(My)). 7 is (n + 1)-extensible over M if and only if y»t! is
regular.

Proof. Necessity. Suppose that v admits an equivariant ex-
tension 7* : "+ — N. Let v’ = v* | M". According to Lemma
8.8, yM! = w,(v"") = 0. Let p = v' — 7"’; then

y:’+l = wn(r’) - wn(t”) = wn(e)’

Since 7’| My =1t =1"| M, ¢ is regular. This proves that
Y2l e REVI(M, My, H,(N)).
Sufficiency. Suppose that y2+! be regular. By the definition of
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regularity, there exists a regular presenter ¢ : M" —~ N of y*+l.
Let v"" = ©" — o. Since g is regular, v"’' | My = 7’| M, = 7. Since

y:'—’-l = wn(T' "‘Q) = wn(t’) - wn(g) = 7:'+l _y:'*'l =0,

the obstruction I*}! is an equivariant coboundary modulo M,
It follows by Corollary 11.3 that there exists an equivariant chain
transformation t* : M"+! — N such that v* | M1 = ¢ | B[*~1.
7* is an equivariant extension of 7. Hence v is (n 4+ 1)-exten-
sible over M. This completes the proof.

LeMMA 11.6. y%F! determines a unique element B,(t) of the
group J"*YM, My, H,(N)) which depends only on ©: My — N.

Proof. y™*! does determine an element 8,(7’) of J*+! by
means of the projection of P**! onto the quotient group J"*!.
It remains to prove that 8,(t’) depends only on 7. Let 7/’ : M*—>N
be another equivariant extension of 7, then ¢ = ' — 7" is
regular. Hence we obtain

Yol — vt = w,(0) € RY*Y(M, My, H,(N)).

This implies that g,(z') = B.(z").

THEOREM 11.7. Assume that W operates freely on (C,(M),
C.(M,)) and (C,.,(M), C,1(My)). The correspondence T — §,(7)
is a homomorphism of " onto J"*Y(M, M,, H,(N)), denoted by

B € — JUHU(M, My, H,(N)),

whose kernel is the subgroup €"*+! of 2,. Hence the quotient group
€n/€"+1 45 isomorphic with J"*Y (M, My, H,(M)).

Proof. Let 7, o: My — N be any two chain transformations
belonging to the subgroup " of 0, Let 7/, ¢’ : M" —~ N be
equivariant extensions of v and g respectively. Then the equi-
variant chain transformation ' + ¢’ : M" — N is an extension
of 7+ 0: M, - N. Obviously, we have

+1 +1 +1
Inhh, = Lt

By projecting these cocycles first into the presentable cohomology
classes and then into the elements in the quotient group J*+! =
= P"*!/R"*1, we obtain

Ba(r + @) = Ba(7) + Bale)

by the aid of Lemma 11.6. This proves that g, is a homomorphism.
Let p e P**! be an arbitrary presentable cohomology class.
Then there exists an equivariant presenter v’ : (" — N of p,
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i.e. y2r! = p. Let v = 7’| M,,. Then v ¢ €" and g,(7) € J7*!is the
element which contains p. Hence g, is onto.

So far we have not used the assumption that W operates freely
on (C,(M), C,(M,)) and (C,1(M), C,.1(M,)). We shall use this
assumption implicitly in what follows. According to the fun-
samental extension theorem, any chain transformation 7e@"
is (n 4 1)-extensible over M if and only if y2*! ¢ R**! for any
equivariant extension 7z’ : M" — N of 7. In other words, 7 is in
€&+ if and only if B,(r) = 0. This completes the proof.

For the remainder of this section, we assume that there exist
two integers a and b, a < b, such that C,(M) = C,(M,) unless
a < g =b. As an immediate consequence of Theorem 11.7, we
have the following

THEOREM 11.8. Assume that W operates freely on (C (M),
Co(M,)) for each q with a < ¢ <b. A necessary and sufficient
condition that every equivariant chain transformation v : My — N
can be equivariantly extended over M 1is that

Jer'(M, My, H,(N)) =0 (@ =n<b)

12. Extension of chain homotopies

Throughout the present section, let 7, o : M — N be two equi-
variant chain transformations.

LemMa 12.1.  Assume that W operates freely on (C, (M), C,.(M,))
An equivariant chain homotopy D :v| M"1 ~ o | M™ has an
equivariant extension D' : v| M™ ~ o | M" if and only if &3 = 0.

Proof. Necessity. Suppose the existence of an equivariant ex-
tension D’ of D. For each ce C, (M), we have

E(c) = 7(c) — ¢(¢) — Doc = dD’c € B,(N).

Hence &3 = »E = 0. Note that the assumption that W operates
freely on (C,(M), C,(M,)) is not used in the proof of necessity.

Sufficiency. Assume & = 0. Since W operates freely on
(C.(M), C,(M,)), there is a direct decomposition of the chain
group C,(M) as follows:

W operates frecly on both C,(M,) and C,(M). Since &8 = yE = 0,
the operator homomorphism E : C,(M) - C,(N) maps C,(M)
and hence C,(M) into B,(N). Since W operates freely on C.(M),
the homomorphism E | C,(M) can be lifted to an operator homo-
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morphism D* : C;(M) — C,,;(N) such that dD*c = Ec for each
chain ¢ € C,(M), [2, p. 55]. For each chain ¢ € C,(M), there exists
_a unique pair of chains ¢, e C,(M,) and c, € C,(M) such that
¢ = ¢y + ¢4. We define an operator homomorphisn D’ : C,(M) —
. Cpn1(N) by taking
D’(c).= D(c,) + D*(cy)-

Immediately we have
dD*(c) = E(c) = 7(c) — o(c) — D(d¢c)

for each chain ¢ € C,(M). Hence we obtain an equivariant exten-
sion D’ : v| M" ~ g | M* of the chain homotopy D by defining
D’ =D for the dimension ¢ < n. This completes the proof.

LemMMA 12.2. Assume that W operates freely on (C,_y(M),
C._1(My)). Given an equivariant chain homotopy D : v| M1 ~
e| M and an equivariant cocycle "= & + Oh"1 with
h"1 e CYM, My, H,(N)), there exists an equivariant chain
homotopy D* : v | M1 ~ o | M" with £pe =&" and D*| M3
—D| M.

Proof. Since W operates freely on (C,—,(M), C,_,(M,)), there
is a direct decomposition of the chain group as follows:

Caa(M) = C,y(My) 4 Co_(M).
W operates freely on both C,_,(M,) and C,_,(M). k"1 ¢ C*}(M,
M,, H,(N)) means that h"! is an operator homomorphism
ho1: C oy (M) — Ho(N)

which maps C,_,(M,) into zero. Since W operates freely on
C._,(M), the partial homomorphism &*-1| C,_,(M) can be lifted
to an operator homomorphism

ks Coy(M) > Z,(N)

such that yk*! = h*1| C,_,(M). Define an operator homo-

morphism
F: Cn——l(M) g Zn(N)

as follows: For each chain ¢ € C,_;(M), there exists a unique pair
of chains ¢y € C,_;(M,)and cy € C,_,(M)suchthatec = ¢, + c,. We
define F(c) = k" 1(cy ). Clearly nF = h"-! and F maps C,_;(M,)
into zero. Define an equivariant chain homotopy D* : 7 | Mr! ~
¢ | M1 by taking D* | M"-2 = D | M"-% and

D*(c) = D(c) — F(c)
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for every chain ceC,_;(M). That D* is an equivariant chain
homotopy is easily verified. The obstruction of D* is given as
follows: For each ce C,(M)

£3.(c) = nE*(c) = n(tc— pc — D*dc) = n(vc — pc — Ddc + Foc)
— nE(e) + nF(8c) = nE(c) + h*-1(3c) = &3(c) + 8h"-(c).

Hence &3+ = &5 + 6h"1. This completes the proof.

CoRrOLLARY 12.8. Assume that W operates freely on both (C,_,(M),
Co1(My)) and (C,(M), C,(M,)). The obstruction &3 of an equi-
variant chain homotopy D :iv| M"1 ~ o | M"1 is an equivariant
coboundary module M, if and only if there exists an equivariant
chain homotopy D’ : t| M™ ~ o| M" such that D' | M*—2=D | M"-2.

THEOREM 12.4. Assume that D:tv|M"1~o|M" be an
equivariant chain homotopy and that W operates freely on both
(Cana(M), Cpy(My)) and (Co(M), C,(My)). There exists an equi-
variant chain homotopy D' : v| M* ~ ¢ | M"with D’ | M, = D|M,,
if and only if the obstruction &3 represents a regular cohomology
class, i.e. p,(v, 6, D) e R(M, My, H,(N)).

Proof. Necessity. Suppose the existence of the equivariant
chain homotopy D’':v|M"~¢|M" with D'| My =D | M,.
Let D* = D’ | M*1. Obviously

(v, 0, D) — (7, 0, D*) e 4771,
Since g, is a homomorphism according to Lemma 9.2, we have
Bn(T, 0 D) — po(7, 0, D*) € RY(M, M, H,(N)).

Since D* has an extension D’ over M*, it follows from Lemma
12.1 that u,(v, 0, D*) = 0. Hence u,(7, o, D) is regular. Note
that the assumption on free operators is not used in this part
of the proof.

Sufficiency. Suppose that u,(r,0, D) be regular. By the
definition of regularity, there exists a regular triple (0, 0, D,)
such that u,(0, 0, D,) = p,(7, 0, D). Call D* = D —D,. Then
we have (7, g, D¥) = (7, 0, D) — (0, 0, D,) and therefore

La(7, 0, D*) = p,(7, 0, D) — (0, 0, D,) = 0.

This implies that the obstruction 3. is an equivariant coboundary.
By Corollary 12.8, there exists an equivariant chain homotopy
D’:v|M"=~¢|M" such that D’'|M"%=D*|M"*% Since
D, is regular, we have

D’'| My =D*| M, =D | M,—D,| M, =D | M,
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This completes the proof.

Now let D : 7| M, =~ ¢ | M, be an equivariant chain homotopy,
. where 7,0: M — N are two given equivariant chain transfor-
mations. D is said to be extensible over M if there exists an equi-
variant extension D’ : v ~ g. D is said to be g-catensible over M
if it is extensible over 3% Assume that D be (n — 1)-extensible
over M and D* : | M"-! ~ o | 1"~ be an arbitrary equivariant
extension of D over "1, We are going to prove the following

LEMMA 12.5. The cohomology class u,(x, 0, D*) determines a
unique element v (v, o, D) of the group J3(M, My, H (N)) which
depends only on (v, o, D).

Proof. u,(7, 0, D*) does determine an element »,(t, o, D*) of
3% by means of the projection of B, into the quotient group
Qr = P2/Re. It remains to prove that », (7, o, D*) depends only
on (7,9, D). Let D’ : v | M1 ~ g | M*! be another cquivariant
extension of D, then (7. 9, D*) — (7,0, D) € A1, Hence we have

‘ll,,(T, 0 l)*) '— ."n(r’ 9. 1)') € ”{:'

This implies », (7, 0, D*) == » (7, 0. D). Q. E. D.

Assume that there exist two integers a and b, a < b, such that
C (M) = C (1) unless a < q < b, and assume that 1} operates
freely on (C (M), C,(My)) for cach ¢ with a < q¢ < b. The fol-
lowing theorem is an immediate consequence of Theorem 12.4.

TueoreM 12.6.  Every equivariant chain homotopy D : v | My ~
o| My of any two cquivariant chain transformations v, 9 : M -> N
is extensible over M, if

S, Mo, H\(N)) = (a<n=h).

The condition is also necessary as will be seen later.
13. Homotopy of chain transformations

As mentioned at the beginning of § 9, the set of all equivariant
chain transformations of M into .N' form an abelian group £ with
functional addition as the group operation. The zevo clement 0 of
the group Q is the null chain transtormation 0 : M/ > .V defined
by 0(¢) -0 for cach ¢ € C () with every dimension q.

For a given 1€ Q. let us denote by Q(r,) the subset of Q
which consists of the chain transformations reQ such that
t| My - 1y| My Obviously Q(0) is a subgroup of Q and Q(z,)
is the coset ry |- Q(0).

Two chain transformations .0 € £2(r,) arc said to be cqui-
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variantly chain homotopic relative to M, if there exists an equi-
variant chain homotopy D : 7 =~ ¢ such that D | }{, = 0, where
0:7| My~ 0| M, denotes the trivial chain homotopy defined
by 0(c) = 0 for each ¢ e C,(M,) with every dimension ¢. v and
o are said to be equivariantly chain g-homotopic relative to M, if
there is an equivariant chain homotopy D : 7| M* ~ ¢ | M such
that D | M, =o.

The following theorem is an immediate consequence of Lemma
12.5 and Theorem 12.4.

THEOREM 18.1. Any two equivariant chain transformations T,
o of Q(z,) which are equivariantly chain (n — 1)-homotopic relative
to M, dectermine a wunigque element v,(t,p0) = »,(7,0,0) of
Jo(M, My, H,(N)). v,(7,0) =0 if v and p are equivariantly chain
n-homoltopic relative to M,.

Conversely, we have the next theorem which follows from
Theorem 12.4 and the first part of Theorem 13.1.

THEOREM 13.2. If W operates freely on both (C,_y(M), C,_1(M,))
and (C (M), C,(M,)), then v, (1, 0) = 0 implics that T and o are
cquivariantly chain n-homotopic relative to M,.

Assume that there are two integers a and b, a < b, such that
Co(M) = C,(M,) unless a << ¢ < b, and assume that W operates
freely on (C (M), C,(}M,)) for each ¢ with a < ¢ < b. Then the
following theorem is a particular case of Theorem 12.6.

THEOREM 13.3. Any two equivariant chain transformations t,
0 € 2(1,) are equivariantly chain homotopic relative to M, if

(M, My, H,(N)) =0 (@< n=0)

The condition is also necessary as will be seen later.
14. Classification of chain transformation

The relation that two chain transformations 1, 0 € Q(7,) are
cquivariantly chain homotopic relative to M, is obviously
reflexive, symmetric and transitive; therefore, it is an equivalence
relation. The chain transformations of £(7,) are divided by this
relation into disjoint equivalence classes, called the equivariant
homotopy classes relative to M, The classification problem is to
enumerate these classes by means of some convenient invariants.

LemMa 141, The correspondence t ~> T + 1, defines a one-to-
one transformation of 2(0) onto Q(1,); it maps equicariantly chain
homotopic (g-homotopic) chain transformations relative to My into
such and concersely. Hence the same correspondence defines a one-
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lo-one transformation of the equivariant homotopy classes of £2(0)
relative to M, onto those of Q(z,).

Proof. Since £2(0) is a subgroup of 2 and £(z,) is the coset
7o + 2(0), ‘it follows immediately that the correspondence
T -> T + T, is one-to-one and maps £2(0) onto 2(z,). Now for any
two chain transformations 7, g € 2(0), D : v ~ g is equivalent
with D :7 4 19~ o + 75 (D:7|M®~ | Mis equivalent with
D: 74 79| M? ~ ¢ + 75| M?). This completes the proof.

LEMMA 14.2. Those chain transformations of 2(0) which are
equivariantly chain homotopic with 0 relative to M, form a subgroup
£2,(0) of £2(0), and the equivariant chain homotopy classes of 2(0)
relative to M, constitute the quotient group & = £2(0)/2,(0).

Proof. For any 7,0€£2(0), D': v~ 0 and D" : o ~ 0 imply
that D' — D" : v— g ~ 0. This proves the first part of the
lemma. For any 7,p0e2(0), D:7~p is equivalent with
D : 7 — o ~ 0. Hence the equivariant chain homotopy classes of
2(0) relative to M, are the cosets of £2,(0) in 2(0). Q.E.D.

Similarly, those chain transformations of 2(0) which are
equivariantly chain g-homotopic with 0 relative to M, form a
subgroup £2§(0) of 2(0). Obviously

2,(0) C 22+1(0) C Q3(0) C 2(0).
Call B? = 28(0)/2,(0). We obtain a sequence of groups
(14.1) GD...D@ D@D,
and obviously we have
(14.2) B9/ ~ 25(0)/28+1(0).

THEOREM 14.8. Every chain transformation v e 1(0) deter-
mines a unique element v,(t) =v,(7, 0) of the group (M, M,,
H,(N)). v,(t) =0 if 1e23(0). The correspondence v — v,(7) is a
homomorphism
(14.3) vai QN0) = SN, My, H,(N)).

Proot. The first two assertions are merely specializations of
those in Theorem 18.1. It remains to prove that v, is a homomor-
phism. Let 7, ¢ € 2577(0). Then there are equivariant chain homo-
topies

D':v|M~1~0|M"!, D":o|M"!~0|M"?

such that D'| My, = 0 = D" | M,. Obviously we have
#n(7, 0, D) + p,(e, 0, D) = p,(v + 0, 0, D" + D”).
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Projecting from B; to the quotient group J?, we obtain
v,(7) + »,(e) = »,(t + o). This completes the proof.

Throughout the remainder of this section, we assume that W
operates freely on (C,(M), C,(M,)) whenever C,(M) # C,(M,).

LeMMA 14.4. Homotopy Extension Lemma. For any two equi-
variant chain transformations t,9 : M — N and any equivariant
chain homotopy D : 1| My~ o | M,, there exist an equivariant
extension ©* : M — N of the partial chain transformation v| M,
and an equivariant extension D* : t* ~ g of D.

Proof. Since W operates freely on (C,(M), C,(M,)), there is
a direct decomposition of C,(M) as follows:

CM) = Co(M,) § Co(M), (¢> a).

W operates freely on both C,(M,) and C, (M ). For every ¢ e C (M)
with each dimension g, there is a unique pair of chain ¢, e C,(M,)
and ¢, € C;(M) such that ¢ = ¢, + c,. We define a collection D*
of operator homomorphisms

D*: Cc(M) g ¢+1(N)

by taking D*(c) = D(c,) and a collection t* of operator homo-

morphisms
1*: C (M) — C,(N)

by taking for each ce C (M)
(14.4) 7*(c) = o(c) + D*(dc) + dD*(c).

To verify that t* is a chain transformation, it is sufficient to
note the following relation

t*dc = pdc + 0D*dc = doc + dD*dc = dr*c

for each c € C,(M). When ¢ € C,(M,), D*¥(c) = D(c) by definition.
Then (14.4) becomes

7*(c) = e(¢) + DI(c) + 9D(c) = (c)
since D : 7| My ~ ¢ | M. It follows from (14.4) that D* : 7* ~ .
This completes the proof.

LEmMMA 14.5. Existence Lemma. For an arbitrary element
e SN (M, My, H,(N)), there exists a chain transformation
7€ 271(0) such that | M™1 =0 and v,(v) =¢.

Proof. Let p: P} — J7 denote the projection of P, onto
the factor group 7. Let { €} be an arbitrary element. Choose
an element &; e P2 such that p(&) = {. Since P} = u,(4"1),
there exists a triple (7, 0, D) € 4" such that u,(7y, 0, D) = &,.
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Applying the homotopy extension lemma to the subcomplex
Mn-1, there exist an equivariant extension 7; : M — N of the
partial chain transformation 7,| M"-! and an equivariant ex-
tension D*: 7, ~ g of D. Call & = u,(7, 0, D). Since D has an
extension D* : 7, ~ 9, u,(73, 0, D) e R? by Theorem 12.4. Let
T=17y— 7, then 7| M"1 =0 and

va(7) = Ppa(Ter 0 D) — pu,(7, 0, D) = p(&) — p(&) = <.

This completes the proof.

THEOREM 14.6. The homomorphism v, in (14.8) maps Q77'(0)
onto J3(M, My, H,(N)) and its kernel is Q7(0). Hence we have
the following isomorphisms:

G168 ~ 271(0)/23(0) ~ M, My, H(N)).

Proof. That », is onto follows immediately from the existence
lemma. Since v,(t) = »,(7, 0), it follows from Theorem 13.2 that
the kernel-of », is 27(0). Q. E.D.

For the following main classification theorem, we shall assume
one more condition, namely that there exist two integers e and b,
a <b, such that C, (M) = C,(M,) unless a < ¢ <b. Then
25(0) = 2(0) and £25(0) = £2,(0). By Lemma 14.1, Theorem
14.6, and a purely group-theoretic argument, we obtain the

THEOREM 14.7. Classification Theorem. The equivariant homo-
topy classes of the equivariant chain transformations 2(z,) relative
to M, are in a one-to-one correspondence with the elements of the
group (direct sum):

3‘:+I(M M Ha+l N) '$' +2(M a+2(N))$'
@ Jo(M, Mo:H (N))-

As an immediate consequence, we deduce that the conditions
in Theorems 12.6 and 13.8 are also necessary.

If My =0, then Theorem 14.7 becomes the following

CoroLLARY 14.8. The equivariant homotopy classes of the equi-
variant chain transformations 2 are in a one-to-one correspondence
with the elements of the group:

STHUM, H, 3 (N)) < S3H3(M, Hyyy(N) @ - . . € UM, Hy(N)),

15. A few special cases

Throughout the present section, we assume that there exist
two integers @ and b, a < b, such that C (M) = C,(M,) unless
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a< g =b. We also assume that W operates freely on (C, (M),
C,(M,)) for each dimension ¢ with a < ¢ < b.

Lemma 15.1. If YM", My, H(N)) =0 for each dimension
q with a < q<n, then R**Y (M, M,, H,(N)) =0 and hence
J*tY (M, My, H,(N)) is isomorphic with P**Y(M, M,, H,(N)).

Proof. Let & ¢ R™ !be arbitrarily given; then there is a regular
presenter v: M" >N, v| My = 0| M, of &, ie. o,(7) =& By
the successive application of Theorem 14.6, we deduce from our
hypothesis of the lemma that there exists an equivariant chain
homotopy

D:v|M*1~0| M

Let ¢=0|M". By Lemma 8.3, I2*!=0. By Lemma 8.4, 6}
=gt — B+t = 12*1. Hence & = w,,(-r) =: 0. This completes the
proof
Define a Mayer chain complex N, with operators W by taking
Co(Ny) = Coy1(N) for each dimension ¢g. Then we have H, (N, )
1+1(N) for every g. We shall use the following notations:

PM, My, H, 1(N)) = BoUM, Mo, Hy(Ny)),
RYM, Mg, Hy((N)) = Re(M, My, H(Ny)),
JoM, Mo, Hy (N))= P{(M, Mo, H,(N))[RY(M, Mo, H, .1(N)).

LemMa 15.2. If JY(M™1, My, H,.,(N)) = 0 for each dimen-
sion q with a < ¢g<n —1, then R)(M, My, H,(N)) = 0 and
hence §3(M, My, H,(N)) is isomorphic with P,(M, M,, H,(N)).

Proof. Let & ¢ R be arbitrarily given; then there is a regular
triple (0, 0, D) € 477! such that u,(0, 0, D) = & Since D : 0 | M1
~ 0| M1, we deduce dDc = — Dac for every ¢ € C,(M"!) with
every dimension g. Define an equivariant chain transformation
7:M"1! > N, by taking ¢ = (— 1)"Dc for each ¢ e C (M"1)
with every dimension ¢. The definition of 7 is justified by the fol-
lowing relation:

drc = (—1)Dc = (—1)*"Dde = ¢, (¢« C,(M")).
It follows from (8.83)—(8.5) and the relations given above that
& = 9B = — D3 = (—1)™7d = (— 1),

Since D | My = 0 = t| M,, I} represents a regular element of
H™(M, My, H,_,(N,)). According to Lemma 15.1 and the hypo-
thesis of the present lemma, I} is an equivariant coboundary of
M modulo M, and hence so is &p. This implies ,(0, 0, D) = 0.
Q.E.D.
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LemMa 15.3. If R®Y M, My, H(N)) = 0 for each dimension
g with n < g < b, then

Bo(M, My, H,(N)) = H(M, Mo, H,(N)).

Proof. Let fe Z3(M, M, H,(N)) be arbitrarily given. f is
an operator homomorphism:

J:C.(M)—=>H,(N); flc) =0 (ceC,(My)+ B,(M)).

Since W operates frecly on (C, (M), C,.(M,)), C,.(M) has a direct
decomposition

C.(M) = C.(M,) b Co(M).

W opcrates freely on botk C,(M,) and C,(M). The partial
homomorphism f| C,(M) can be lifted to an operator homo-
morphism

¢*: Co(M) - Z,(N)

such ne* =f| C.(N). Define an operator homomorphism
9 : Co(M) - Z,(N)

as follows: For each chain ¢ € C,(M), there exists a unique pair
of chains ¢yeC,(M,) and cy € Co(M) such that ¢ = ¢y + cy.
We define ¢(c) = ¢p*(cy ). Obviously nep = f and ¢ maps C,(M,)
into zero. Define an equivariant chain transformation v : M" —~ N
by taking | M"*! =0 and 7 = ¢ on C,(M). This definition is
justified by ¢(¢) = 0 when ceC,(M,) and dpc = 0 for every
¢ e C,(M). The obstruction of 7 is given by

2+l = 919 = npd = f0 = 0;

hence, by Lemmall.1, 7 has an equivariant extension 7, : M "+1—N.
Since 7,| My=1|My=0, 7, is a regular presenter of the
element w,,,(7;) € R**? = 0. This implies that the obstruction
l:l” is an equivariant coboundary of M modulo M,. According
to corollary 11.8, there exists an equivariant chain transformation
7y : M™? > N such that 7,| M" = 7. By the successive appli-’
cation of the same argument, one can prove the existence of an
equivariant chain transformation t* : M — N with 7* | M" = 1.
Since 7*|M"1=0|M"?, (7*,0,0) is a triple of 41 The
element u,(7*, 0, 0) of P? is represented by the cocycle
nt* = 9t = f. This completes the proof.

THEOREM 15.4. & H,(N) =0 for each dimension q with
a < q < n, then every equivariant chain transformation v : My — N
is m-extensible over M and determines a unique cohomology class
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B.(7) of H**Y(M, M, H,(N)) called the characteristic class of .
B.(t) =0 if and only if T is (n + 1)-extensible over M.

Proof. The hypothesis of the theorem implies the following
weaker conditions:

(15.1) SUM™, My, H(N) == 0. (@< g< n);
(15.2)  J&UM, My, H(N)) =0, (a=g-<n)

We shall prove the theorem by means of (15.1) and (15.2) only.
By means of the successive application of Theorem 11.7,
(15.2) implies that every equivariant chain transformation
7: M, — N is n-extensible over M. Let 7' : M" - N be an ar-
bitrary equivariant extension of t. According to Lemma 11.6, the
obstruction I%*! determines an element g,(r) of J**Y(M, M,,
H,(N)). In accordance with Lemma 15.1, the condition (15.1)
implies that R**Y(M, My, H,(N)) = 0. Hence g,(z) is a single
presentable cohomology class of H?*YM, M, H,(N)). This
proves the first assertion of the theorem. The last assertion of the
theorem is an immediate consequence of Theorem 11.7. Q.E.D.
Taking b = n + 1, we obtain the following corollary which is
an analogue of the Hopf extension theorem for continuous maps.
CoroLLARY 15.5. Ifb=n + 1and H,(N) = 0 for each dimen-
sion q with a < q < n, then every equivariant chain transformation
T : My — N is n-extensible over M and determines a characteristic
cohomology class 8,(t). B,(t)=0if and only if T is extensible over M.
The following theorem is an analogue of the Steenrod classifi-
cation theorem for continuous maps, [6].

THEOREM 15.6. Ifb=n + 1 and H,(N) == 0 for each dimen-
ston q with a < q < m, then the equivariant homotopy classes of the
equivariant chain transformations £(7,) relative to M, are in a
one-to-one correspondence with the elements of the group (direct sum):

HY(M, My, H,(N)) © 3071 (M, Mo, H,3(N)),

where
SN M, My, H, oy (N))=H7 " (M, My, H, 1 (N))[ R (M, My, H,,1(N)).

Proof. The hypothesis of the theorem implies that the fol-
lowing weaker conditions hold:

(15.8) JYM "1, Mo, H,1(N)) = 0, (a<g<n—1)
(15.4) JUM, My, H(N)) =0, (a < qg<n);
(15.5) UM, My, H(N)) = 0, (@>n+1);

(15.6) R*Y(M, My, H,(N)) = 0, (n < g <b).
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We shall prove the theorem by means of these weaker conditions
(15.8)—(15.6).

In accordance with Lemma 15.2, the condition (15.8) implies
that R? =0. According to Lemma 15.3, the condition (15.6)
implies that $? = H® and P**! = H"*!. These and the con-
ditions (15.4)—(15.5) give our theorem as a special case of
Theorem 14.7. Q.E.D.’

Taking b = n and M, = 0, we obtain the following corollary
which is an analogue of the Hopf classification theorem of con-
tinuous maps, [3; 7].

CoroLLARY 15.7. If b = n and H (N) = 0 for each dimension
q with a < g < n, then every equivariant chain transformation
T : M — N is equivariantly chain (n —1)-homotopic with 0 and deter-
mines a unique equivariant cohomology class v,(7) e H*(M, H,(N)),
called the characteristic cohomology class of v, which depends only
on the equivariant homotopy class [t] of t. The association [t] —
v,(T) gives a one-to-one correspondence between the equivariant
homotopy classes of the chain transformations Q2 and the elements
of the equivariant cohomology group H%W M, H,(N)).

For the last theorem of this section, we shall take N = M
and M, = 0.

THEOREM 15.8.  For every integer n > a, the following conditions
are equivalent:

(i) Hy (M) = 0, (a<g<n)
(ii) Hi(M, H(M)) = 0, (a < g<mn)
(iii) Je(M, Hy(M)) =0, (@ < g<n)

Proof. That (i) — (ii) and (ii) — (iii) is obvious. It follows
from (iii) and Theorem 14.6 that the identity chain transformation
¢: M — M is equivariantly chain (n — 1)-homotopic with the
null chain transformation 0. By a standard argument, we deduce
that

H,/(M)= H, (0) =0, (a < g < n)

This completes the proof.

Note that the integer a in Theorem 15.8 has the meaning that
C, (M) =0 whenever ¢ < a. If W operates simply on M, i.e.
we = ¢ for all we W and all ¢ e C (M) with every dimension g,
then the condition that W operates freely on (C (M), C,(M,))
requires only that C (M) be a free group with C (M) as a direct
summand. In this case, H,(M, H,(M)) reduces to the ordinary
cohomology group H!(M, H,(M)) and we shall denote JI(M,
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H,(M)) simply by JY(M, H,(M)). We have the following corollary
of Theorem 15.8.

CoroLLARY 15.9. For every integer n> a, the following con-
ditions are equivalent:

(l) Hq(M) =0, (a <g< n);
(ii) HY(M, H,(M)) = 0, (a<g<m)
(i)  JUM, H(M)) =0, (a<g<m).

16. Induced homomorphisms

Throughout the present section, let L, M, N be three Mayer
chain complexes with the same group W of operators. Let L, C L
and M, C M be segregated subcomplexes. Let

(16.1) v: (L, Ly) > (M, M)

be a given equivariant chain transformation (for definition, see

§ 6).

In accordance with § 6, 7 induces for each ¢ a homomorphism
(16.2) t*:CY(M, G) - CYL, G)

defined by (7*f)c = f(vc) for each f e CY(M, G) and each c € C (L),
where G is an arbitrary abelian additive group with W as a group
of left operators. * maps CYM, M,, G) into CU(L, L,, G), and
CYM, G) into CYL, G). Further, 7*6 = d=*. Hence 7* induces
for each ¢ a homomorphism

(16.8) s H(M, M,, G) — HY(L, L,, G).

Now let 0 : M* — N be any equivariant chain transformation.
Call v = 07| L". 0 determines an obstructions I7+' e Z2+!1(M,
M, H,(N)) by Lemma 8.1, and 0t determines an obstruction
51 e 22, Ly, H,(N)).

Lemma 16.1. The homomorphism t* maps 1§t! into 13!, i.e.
I = oHgtL,

Proof. By the definition of /3!, we have

133 (c) = nbrdc = n09(rc) = 13+ (rc) = v*Ig+!(c)

for every ce C,;(L). This proves the lemma.
THEOREM 16.2. For each integer n, the homomorphism

o+l s HY¥ (M, My, H,(N)) - HiY(L, Ly, H,(N))

maps the presentable subgroup and the regular subgroup into such
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Hence 1°+! induces a homomorphism
iz oYM, My, Ho(N)) — 2L, Ly, Hy(N)).

Proof. That v**!maps P*+! (M, M, H,(N)) into P**Y(L, L,,
H,(N)) is a direct consequence of Lemma 16.1. If § : M* > N
is regular, i.e. 6| My = 0, so is 6v. Hence t%*! maps R**!(M, M,,
H,(N)) into R**Y(L, Ly, H,(N)). This completes the proof.

Now let 6, o : M — N be equivariant chain transformations and
D:0|Mr1~po|M"' be an equivariant chain homotopy
defined on M*-1, The triple (6, o, D) determines an obstruction
& e Z%(M, My, H,(N)). Call Dv = Dz | L*. Then Dv: 6v | L
~ o7 | L1 and the triple (07, ot, Dt) determines an obstruction
£y € Z3(L, Loy Ho(N)).

LEMMA 16.8. -The homomorphism t* maps & into &, i.e.

B'l’ = 7*53'
Proof. By definition of £}, , we have

£po(c) = nb(c) — ner(c) — nD7d(c)
= n6(zc) — ne(ve) — nDI(zc)
= {p(ve) = v*&p(c)

for every ceC,(L). This proves the Lemma.
Analogous to Theorem 16.2, one can prove the following
THEOREM 16.4. For each integer n, the homomorphism

7o : Hy(M, My, H,(N)) > HJ(L, Lo, H,(N))

maps the presentable subgroup and the regular subgroup into such.
Hence 1* induces a homomorphism

75 Jo(M, My, H,(N)) > Js(L, Lo, H,(N)).

17. Augmentable abstract complexes

Following Eilenberg (1, p. 879], let K be a collection of abstract
elements ¢, called cells. With each cell there is associated an
integer ¢ = 0 called the dimension of o,. To any two cells g,44,
o, € K there corresponds an integer [o,,, : o,] called the incidence
number. K will be called a (closure finite) abtsract complex provided
the incidence numbers satisfy the following conditions:

(17.1) Given 0,41, [0g41 : 0, 7 O only for a finite number of g-
cells a,;

(17.2) Given g,y and 6,3, X (0441 : 0410 : 0,4] = 0.

%,
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The g-cells o, are taken as free generators of an abelian group
Cy(K), the group of (integral) g-chains of K. The boundary operator
0 is a homomorphism.

(17'3) d: CG(K) g Cq—l(K)’ (q > 0)9
defined for each generator o, as

(17.4) da, =02 [0g : 0g1]0q s

-1
Condition (17.1) justifies the definition (17.4) and condition (17.2)
implies that 99 = 0.

For each integral 0-chain ¢ == X a,0% € Cy(K), define I(c) = Xa,.
The abstract complex is said to be augmentable if I(d¢) = 0 for
every c e Ci(K). All abstract complexes considered hereafter in
this section are assumed to be augmentable.

For a given augmentable abstract complex K, let us define
a Mayer chain complex M = My as follows: Take C,(M) = C,(K)
for each ¢ = 0; define C_;(M) to be the additive group of integers;
and let C,(M) = 0 for every ¢ < — 1. For the boundary homo-

morphisms
0: Co(M) - Coy(M),

we extend those of K by defining dc = I(c) e C_,(M) for each
ceCy(M) and dc = 0 for every c e C,(M) with dimension ¢ < 0.

We shall say that W operates on the augmentable abstract
complex K (on the left), provided that W operates on the as-
sociated Mayer chain complex My in such a way that we = ¢
for every c e C_y(My) and every we W.

Assume that K be an augmentable abstract complex with
operators W and M = M. We shall use the following notation:

(17.5) H(K) = Hy(M)

for each dimension g, where H (M) is defined in § 8. It is easy
to see that the group Hy(K), defined by (17.5), is the usual
reduced 0-th homology group of K.

Let M, denote the (— 1)-dimensional skeleton M-1of M = M.
For an arbitrary abelian group G with left operators W, we denote

HYK, G) = H{(M, M,, G)

for each dimension ¢, where HY(M, M,, G) is defined in § 5.
It is easy to see that, for each ¢ = 0, the group H{(K, G), defined
by (17.6), is exactly the same as defined by Eilenberg, [1, p. 383].

Now let K’ be another augmentable abstract complex with
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operators W and M’ = My.,. We shall use the following notations: .
TV, H(K')) = J2 (M, My, H (M),
SMK, H,(K')) = §(M, My, H,(M')).

and similar notations for the presentable and the regular subgroups
of § 9.

Since both C_;(M) and C_,(M’) are the group of integers, we
can identify M, with My C M’. This gives an identity chain
transformation

e My —> M’

which is obviously equivariant. K is said to have index = n with
respect to K’ if ¢ has an equivariant extension ¢* : " — M.

In the remainder of the present section, we shall assume that
W operates freely on K, i.e. IV operates freely on C,(K) for each
q = 0.

THeorEM 17.1. The following statements are cquivalent:—-

(1) K has index = n with respect to K'.

(i1) Every chain transformation v : My -> M' has an equivariant
catension v* : M* — M'.

(i) JOUK, H(K')) = 0 for every q < n.

Proof. (i) — (ii). Since both C_,(M ) and C_;(A{") are the group
of integers, 7 : My — M’ is determined by the integer ¢ = (1),
namely, v == a.. Hence 7 has an equivariant extension
v* = a@* : M" — M’'. That (ii) and (iii) are equivalent follows
from successive application ol Theorem 11.7. Q.E.D.

The following theorem is an immediate application of § 11.

Turorem 17.2. If K has index = n with respect to K’', then the
obstruction I, determines an element (not depending on the choice
of *) y"Y(K, K’) of J"*Y(K, H,(K")). K has index = n + 1 with
respect to K' if and only if y**{(K, K') = 0.

THeorveM 17.8. If K has index = n with respect to K', then the
group J"*Y(K, H,(K")) is cyclic and is generated by z"+1(K, K').

Proof. By Theorem 17.1, every chain transformation v: M—M’
is n-extensible over 3. Denoting by Qg the group of all chain
transformations 7 : My —~ M'. Then Q4 is a free cyclic group with
i: M, — 3" as a generator. According to Theorem 11.7

JiPUK, H(K) = JyHH L Mo, H (M) = 8,(2,),
and x" YK, K’) == 8,(¢) by definition. This proves the thcorem.

Now let Kj, denote the standard associated complex with
operators 11, [1, p. 3941, Then Ky is augmentable; 11 operates
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freely on Kyy; and H (K ) = 0 for every dimension ¢ in the sense
of (17.5), [2, p. 60].

An augmentable abstract complex K is said tohave rank =n
if K}y has index = n with respect to K. We shall use the notation

T (W, Ho(K)) = Jo*H (Ky, H,(K)).

The following corollary is an immediate result of the Theorem
17.1—17.8.

CoroLLARY 17.4. K has rank =n if and only if JtY (W,
H,(K)) =10 for each q <n. Then K determines an element
1K) = g (Ky, K) of J*Y (W, H,(K)) called the (n + 1)-
dimensional characteristic element K, and the group J**\(W, H,(K))
s cyclic with y"*1(K) as generator.

As before, let M = M and denote by L the corresponding
Mayer chain complex of the abstract complex Ky,. Let Ly = L-!
and My = M1 Since both C_,(L) and C_,(M) are the group of
integers, we may identify L, with M,. Let

t:Ly—> M, j:My—>L

denote the identity chain transformations, which are clearly
equivariant. Let us use the notation:

So(K", Hy(K)) = Je(M", My, H,(M)), (g <n)
TueorEM 17.5. If J*Y (W, H (K)) = 0 = JY K", H,(K)) for
every q < n, then both © and § are equivariantly n-extensible over L
and M respectively. For arbitrary equivariant extensions
t*:L" > M, j¥:Mr > L

of i and §, the composed chain transformations j*i* | L"~! and
i*j* | M1 are both equivariantly chain homotopic with the iden-
tities relative to Ly = M.

The above theorem is an easy consequence of the Theorems
11.7 and 13.1 under the hypothesis of the theorem together with
the fact that H (L) == 0 for every dimension g.

Following Eilenberg [1, p. 393], we adopt the notation

HY(W, G) = HY(Ky, G)

for each dimension g and every coefficient group G with W as
left operators. According to § 6 and § 7, Theorem 17.5 gives
immediately the following

CoroLLARY 17.6. If J@ (W, H/(K)) = 0 = J(K", H,(K))
for every q << n, any equivariant evtension 1% : L" — M induces
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isomorphisms of HY(K, G) onto Hi(Ky, G) and of H,(K) onto

H(K) for every q < m; hence

(17.6) HYK, G) ~ H(W, G), 0=¢<n),

(17.7) H/(K) =0, (0=g¢g<n).
‘THEOREM 17.7. The following statements are equivalent:

(i) JHU W, Hy(K)) = 0 = J{(K", H/(K)), (0=g<n)

(i) H,K)=0o, (0=g<n).
(iii)  H@Y (W, H(K)) =0 = HY(K, H,(K)), (0=g<n)
(iv)  HY(K, H,(K)) =0, 0=g<n)

Proof. That (i) —» (ii) follows from Corollary 17.6. That
(ii) — (iii) and (iii) - (i) is obvious. If we take W to be the
group consisting of a single element 1, then (iii) becomes (iv).
Hence (ii) and (iv) are also equivalent. Q.E.D.

Tulane University.
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