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CUTTING THE LOSS OF DERIVATIVES FOR
SOLVABILITY UNDER CONDITION (%)

BY NICcOLAS LERNER

ABSTRACT. — For a principal type pseudodifferential operator, we prove that condi-
tion (¢) implies local solvability with a loss of 3/2 derivatives. We use many elements
of Dencker’s paper on the proof of the Nirenberg-Treves conjecture and we provide
some improvements of the key energy estimates which allows us to cut the loss of
derivatives from e 4+ 3/2 for any ¢ > 0 (Dencker’s most recent result) to 3/2 (the
present paper). It is already known that condition (¢)) does not imply local solvability
with a loss of 1 derivative, so we have to content ourselves with a loss > 1.

RESUME (Diminution de la perte de dérivées pour la résolubilité sous la condition (¥))

Pour un opérateur de type principal, nous démontrons que la condition (¥) implique
la résolubilité locale avec perte de 3/2 dérivées. Nous utilisons beaucoup d’éléments de
la démonstration par Dencker de la conjecture de Nirenberg-Treves et nous limitons
la perte de dérivées a 3/2, améliorant le résultat le plus récent de Dencker (perte de
€ + 3/2 dérivées pour tout € > 0). La condition (¥) n’impliquant pas la résolubilité
locale avec perte d’une dérivée, nous devons nous contenter d’une perte > 1.

1. Introduction and statement of the results

1.1. Introduction. — In 1957, Hans Lewy [25] constructed a counterexam-
ple showing that very simple and natural differential equations can fail to have
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560 LERNER (N.)

local solutions; his example is the complex vector field Lo = 0y, + 0., +i(z1 +
ix2)0z, and one can show that there exists some C* function f such that
the equation Lou = f has no distribution solution, even locally. A geometric
interpretation and a generalization of this counterexample were given in 1960
by L. Hérmander in [10] and extended in [11] to pseudodifferential operators.
In 1970, L. Nirenberg and F. Treves ([29, 30, 31]), after a study of complex
vector fields in [28] (see also [26]), refined this condition on the principal sym-
bol to the so-called condition (), and provided strong arguments suggesting
that it should be equivalent to local solvability. The necessity of condition (1))
for local solvability of pseudodifferential equations was proved in two dimen-
sions by R. Moyer in [27] and in general by L. Hérmander ([13]) in 1981. The
sufficiency of condition () for local solvability of differential equations was
proved by R. Beals and C. Fefferman ([1]) in 1973; they created a new type of
pseudodifferential calculus, based on a Calderén-Zygmund decomposition, and
were able to remove the analyticity assumption required by L. Nirenberg and
F. Treves. For differential equations in any dimension ([1]) and for pseudod-
ifferential equations in two dimensions ([18], see also [19]), it was shown more
precisely that (¢) implies local solvability with a loss of one derivative with
respect to the elliptic case: for a differential operator P of order m (or a pseu-
dodifferential operator in two dimensions), satisfying condition (¢), f € Hf .,
the equation Pu = f has a solution u € Hf:gm_l. In 1994, it was proved by
N.L. in [20] (see also [16], [24]) that condition (1)) does not imply local solvabil-
ity with loss of one derivative for pseudodifferential equations, contradicting
repeated claims by several authors. However in 1996, N. Dencker in [4], proved
that these counterexamples were indeed locally solvable, but with a loss of two
derivatives.

In [5], N. Dencker claimed that he can prove that condition (¢) implies local
solvability with loss of two derivatives; this preprint contains several break-
through ideas on the control of the second derivatives subsequent to condi-
tion (v) and on the choice of the multiplier. The paper [7] contains a proof
of local solvability with loss of two derivatives under condition (¢), providing
the final step in the proof of the Nirenberg-Treves conjecture; the more recent
paper [6] is providing a proof of local solvability with loss of € + % derivatives
under condition (¢), for any positive €. In the present article, we show that
the loss can be limited to 3/2 derivatives, dropping the € in the previous result.
We follow the pattern of Dencker’s paper and give some improvements on the
key energy estimates.

Acknowledgement. — For several months, I have had the privilege of ex-
changing several letters and files with Lars Hormander on the topic of solv-
ability. I am most grateful for the help generously provided. These personal
communications are referred to in the text as [17] and are important in all
sections of the present paper.
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LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 561

1.2. Statement of the result. — Let P be a properly supported principal-
type pseudodifferential operator in a C° manifold M, with principal
(complex-valued)® symbol p. The symbol p is assumed to be a C*° ho-
mogeneous(? function of degree m on T*(M), the cotangent bundle minus the
zero section. The principal type assumption that we shall use here is that

(1.2.1) (z,8) € T*(M), p(x,§) = 0= I¢p(z,&) # 0.

Also, the operator P will be assumed of polyhomogeneous type, which means
that its total symbol is equivalent to p + > j>1Pm—j where pi is a smooth

homogeneous function of degree k on T*(M).

DEFINITION 1.2.1 (Condition ()). — Let p be a C°° homogeneous function
on T*(M). The function p is said to satisfy condition (¢) if, for z = 1 or 1,
Im zp does not change sign from — to + along an oriented bicharacteristic of
Re zp.

It is a non-trivial fact that condition (¢) is invariant by multiplication by
an complex-valued smooth elliptic factor (see section 26.4 in [14]).

THEOREM 1.2.2. — Let P be as above, such that its principal symbol p satisfies
condition (). Let s be a real number. Then, for all x € M, there exists a

_3
neighborhood V' such that for all f € H; ., there exists u € Hfotm 2 such that
Pu=finV.

Proof. — The proof of this theorem will be given at the end of section 4. O

Note that our loss of derivatives is equal to 3/2. The paper [20] proves that
solvability with loss of one derivative does not follow from condition (1), so we
have to content ourselves with a loss strictly greater than one. However, the
number 3/2 is not likely to play any significant role and one should probably
expect a loss of 1+e¢ derivatives under condition (). In fact, for the counterex-
amples given in [20], it seems (but it has not been proven) that there is only a
“logarithmic” loss, i.e., the solution u should satisfy u € log (D) (H5+m_1).

Nevertheless, the methods used in the present article are strictly limited to
providing a 3/2 loss. We refer the reader to our appendix A.4 for an argument
involving a Hilbertian lemma on a simplified model. This is of course in sharp
contrast with operators satisfying condition (P) such as differential operators
satisfying condition (¢). Let us recall that condition (P) is simply ruling out
any change of sign of Im(zp) along the oriented Hamiltonian flow of Re(zp).
Under condition (P) ([1]) or under condition (¢) in two dimensions ([18]),

(I)Naturally the local solvability of real principal type operators is also a consequence of
the next theorem, but much stronger results for real principal type equations were already
established in the 1955 paper [9] (see also section 26.1 in [14]).

(D Here and in the sequel, “homogeneous” will always mean positively homogeneous.
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562 LERNER (N.)

local solvability occurs with a loss of one derivative, the “optimal” loss, and
in fact the same as for 9/0z;. One should also note that the semi-global
existence theorems of [12] (see also theorem 26.11.2 in [14]) involve a loss of
1+e€ derivatives. However in that case there is no known counterexample which
would ensure that this loss is unavoidable.

REMARK 1.2.3. — Theorem 1.2.2 will be proved by a multiplier method, in-
volving the computation of (Pu, Mu) with a suitably chosen operator M. It
is interesting to notice that, the greater is the loss of derivatives, the more
regular should be the multiplier in the energy method. As a matter of fact, the
Nirenberg-Treves multiplier of [30] is not even a pseudodifferential operator in
the S?/Z,l/Z class, since it could be as singular as the operator sign D,,; this
does not create any difficulty, since the loss of derivatives is only 1. On the
other hand, in [4], [23], where estimates with loss of 2 derivatives are handled,
the regularity of the multiplier is much better than S? /2,120 since we need
to consider it as an operator of order 0 in an asymptotic class defined by an
admissible metric on the phase space.

N.B. — For microdifferential operators acting on microfunctions, the suffi-
ciency of condition () was proven by J.-M. Trépreau [32] (see also [15]), so
the present paper is concerned only with the C'*° category.

1.3. Some notations. — First of all, we recall the definition of the Weyl
quantization a of a function a € S(R*"): for u € S(R"),

(1.3.1) (a"u)(z) = // 62”(1_3’)5@(% ;— y,{)u(y)dy

Our definition of the Fourier transform @ of u € S(R™) is 4(€§) = [ e~ 2" *Su(x)dx
and the usual quantization a(z,D,) of a € S(R?") is (a(z, Dy)u)(z) =
[ e¥meCa(x, £)a(€)dé. The phase space RY x RE is a symplectic vector space
with the standard symplectic form

(1'3'2) [(.T,f), (yﬂ?)] = <§ay> - <77,.T>.

DEFINITION 1.3.1. — Let g be a metric on R?", i.e., a mapping X — gx
from R?" to the cone of positive definite quadratic forms on R?”. Let M be a
positive function defined on R?".

(1) The metric g is said to be slowly varying whenever 3C > 0, Ir > 0,
VXY, T € R?",

gX(Y — X) < r? = C_lgy(T) < gX(T) < CQY(T)-

(2) The symplectic dual metric g7 is defined as g% (1') = sup,, (y=1[T} U]
)1/2

) > 1.

The parameter of g is defined as A\g(X) = infr.0 (9% (T)/9x(T)
we shall say that g satisfies the uncertainty principle if inf x Ag(X
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LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 563

(3) The metric g is said to be temperate when 3C > 0, AN > 0, VX, Y, T €
RQn’
g (e g N
9%(T) < Cg(T) (1 + g% (X = Y)) .
When the three properties above are satisfied, we shall say that ¢ is
admissible. The constants appearing in (1) and (3) will be called the

structure constants of the metric g.
(4) The function M is said to be g-slowly varying if 3C > 0, 3r > 0, VX,Y €

}RQn7
. MX)
Y - X)<r? ct < <C.
9x ( )<t = S S
(5) The function M is said to be g-temperate if 3C' > 0,IN > 0, VX, Y €
}RQn7

<C(1+g%(x -v)".

M(Y)
When M satisfies (4) and (5), we shall say that M is a g-weight.

DEFINITION 1.3.2. — Let g be a metric on R?" and M be a positive function
defined on R?". The set S(M, g) is defined as the set of functions a € C>°(R?")
such that, for all [ € N, supy [|a)(X)| 4x M(X)~! < 0o, where a®) is the I-th
derivative. It means that VI € N,3C;,vX € R?" VT,...,T; € R?",

D (X)(T1,... ) < GM(X) [T gx (@)

1<5<1

REMARK. — If g is a slowly varying metric and M is g-slowly varying, there
exists M, € S(M,g) such that there exists C > 0 depending only on the
structure constants of g such that

. M.(X)
1.3. X e R < <C.
(1.3.3) VX € , < MX) <C

That remark is classical and its proof is sketched in the appendix A.2.

1.4. Partitions of unity. — We refer the reader to the chapter 18 in [14] for
the basic properties of admissible metrics as well as for the following lemma.

LEMMA 1.4.1. — Let g be an admissible metric on R?>". There exists a se-
quence (Xi)ren of points in the phase space R®*™ and positive numbers ro, No,
such that the following properties are satisfied. We define Uy, U, U™ as the
gk = gx, balls with center X;, and radius 1o, 2ro,4rg. There exist two families
of non-negative smooth functions on R®™, (xx)ren, (Vr)ken such that

ZXk(X):L suppxx C Ug, =1 on U}, suppyy C US™.
k
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564 LERNER (N.)

Moreover, xi, Vi € S(1, gr) with semi-norms bounded independently of k. The
overlap of the balls US* is bounded, i.e., (cn Up* # @ = #N < No. More-
over, gx ~ g all over U* (ie., the ratios gx(T')/gx(T) are bounded above
and below by a fized constant, provided that X € U*).

The next lemma in proved in [2] (see also lemma 6.3 in [22]).

LEMMA 1.4.2. — Let g be an admissible metric on R*" and Y, xx(z, &) =1
be a partition of unity related to g as in the previous lemma. There exists a
positive constant C' such that for all u € L?(R™)

- 2 w, (12 2
C™H lullz2(gny < Z Xk ull 2@y < Cllullzzgn
k
where a® stands for the Weyl quantization of the symbol a.
The following lemma is proved in [3].

LEMMA 1.4.3. — Let g be an admissible metric on R*™, m be a weight for g,
Ui and g as in lemma 1.4.1. Let (ax) be a sequence of bounded symbols in
S(m(Xk), gk) such that, for all non-negative integers I, N

_ - N _
sup  |m(Xk) 1agcl)(X)Tl(l + g7 (X — Uk)) 9x(T) l/2| < 4o00.
keN,TeR2n

Then the symbol a =, ai makes sense and belongs to S(m, g). The important
point here is that no support condition is required for the ay, but instead some

decay estimates with respect to g°. The sequence (ay) will be called a confined
sequence in S(m, g).

2. The geometry of condition ()

In this section and also in section 3, we shall consider that the phase space is
equipped with a symplectic quadratic form T’ (T is a positive definite quadratic
form such that I' = T'?, see the definition 1.3.1(2) above). It is possible to find
some linear symplectic coordinates (x,¢) in R?" such that

P(,6) = @O = Y a2 +&.

1<j<n

The running point of our Euclidean symplectic R?" will be usually denoted by
X or by an upper-case letter such as Y, Z. The open I'-ball with center X and
radius r will be denoted by B(X,r).
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LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 565

2.1. The basic structure. — Let ¢(¢, X, A) be a smooth real-valued func-
tion defined on Z = R x R?" x [1,+00), vanishing for |t| > 1 and satisfying

(2.1.1) VkeN, sup "8§qHFA71+§ =y, < +o0, i.e., q(t,-) € S(A, A7),
(2.1.2) s>t and q(t, X,A) > 0= q(s,X,A) > 0.

NOTATION. — In this section and in the next section, the Euclidean norm
I'(X)'/2 is fixed and the norms of the vectors and of the multilinear forms are
taken with respect to that norm. We shall write everywhere | - | instead of |||
Furthermore, we shall say that C is a “fixed” constant if it depends only on a
finite number of 7, above and on the dimension n.

We shall always omit the dependence of ¢ with respect to the large parameter
A and write g(t, X) instead of ¢(t, X, A). The operator Q(t) = ¢(t)* will stand
for the operator with Weyl symbol ¢(t, X). We introduce now for ¢ € R,
following [17],

(213) X-i-(t) = UsSt{X € RQnaq(S’X) > O}a
X_(t) = Usse{X € R, q(s, X) < 0},
(2.1.4) Xo(t) = X_ (1) NXL ()¢,

Thanks to (2.1.2), X, (#),X_(¢) are disjoint open subsets of R?"; moreover
Xo (), Xo(t)UX4 (t) are closed since their complements are open. The three sets
Xo(t), X4 () are two by two disjoint with union R?" (note also that X (¢) C
Xo(t) UX(t) since Xo(t) UX,(t) are closed). When ¢ increases, X, (¢) in-
creases and X_ (t) decreases.

LEMMA 2.1.1. — Let (E,d) be a metric space, A C E and k > 0 be given.
We define Wa,(z) = k if A = @ and if A # &, we define ¥y ,(x) =
min(d(:c,A),fi). The function W4, is valued in [0, k], Lipschitz continuous
with a Lipschitz constant < 1. Moreover, the following implication holds:
Al C A CE = \I/Ah,l€ > \I/Ag,n-

Proof. — The Lipschitz continuity assertion is obvious since z — d(z, A) is
Lipschitz continuous with Lipschitz constant 1. The monotonicity property is
trivially inherited from the distance function. o

LEMMA 2.1.2. — For each X € R?", the function t — U (1), (X) is de-
creasing and for each t € R, the function X — Wy, 4 (X) is supported in
X4 (1) = X_(t) UXo(t). For each X € R®", the function t — Uy 4 .(X)
is increasing and for each t € R, the function X — Wy (4 .(X) is sup-
ported in X_(t)¢ = X4 (t) U Xo(t). As a consequence the function X
U (1), (X)Ux_(4),x(X) is supported in Xo(t).
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566 LERNER (N.)

Proof. — The monotonicity in ¢ follows from the fact that X, (¢)(resp. X_(¢))
is increasing (resp. decreasing) with respect to ¢ and from Lemma 2.1.1. More-
over, if X belongs to the open set X4 (t), one has Ux, () .(X) = 0, implying
the support property. O

LEMMA 2.1.3. — For k > 0,t € R, X € R*", we define'®
(2.1.5) O’(f,X, H) = \Ifxi(t)ﬁ,{(X) — \I/XJr(t)’,{(X).

The function t — o(t, X, k) is increasing and valued in [—k, K], the function
X — o(t, X, k) is Lipschitz continuous with Lipschitz constant less than 2; we
have
ot X, ) = min§|X—X_(t)|,l<a) zfX € X4 (b),
—min(|X —X;:(¢), k) if X € X_(¢).
We have {X € R?",o(t,X,r) =0} C Xo(t) C {X € R*™,¢q(t,X) =0}, and

(2.1.6) {X € R*™, +q(t,X) >0} C Xo(t) C {X € R*",+0(t, X, k) > 0}

C{X eR* +o(t,X, k) > 0} C {X € R*", £q(t, X) > 0}.
Proof. — Everything follows from the previous lemmas, except for the
first, fourth and sixth inclusions. Note that if X € X (t), o(t, X, k) =
min(] X —X_(¢)|, k) is positive (otherwise it vanishes and X € X (¢t)NX_(¢) C
X () N (X_(t) U Xo(t)) = @). As a consequence, we get the penul-
timate inclusions X;(¢t) C {X € R o(t,X,x) > 0} and similarly
X_(t) c{X € R*",o(t, X, k) < 0}, so that

{X € R, o(t, X, 1) = 0} € X, (£)° N X_(£)° = Xo(t),

giving the first inclusion. The last inclusion follows from the already established

{X eR*™ q(t, X)) <0} CX_(t) Cc {X e R*",o(t, X,k) <0}. O

DEFINITION 2.1.4. — Let ¢(t, X) be as above. We define
(2.1.7) Solt, X) = a(t, X, AY?)

and we notice that from the previous lemmas, t — do (¢, X) is increasing, valued
in [~A'/2, A1/?], satisfying

(2.1.8) 1Bo(t, X) = 8o(t, Y)| < 2|X — V|
and such that
(2.1.9) {X e R¥™ 5o(t, X) =0} C{X € R*™ ¢(t,X) = 0},

(2.1.10) {X € R*™ +q(t, X) > 0} C{X,+d0(t, X) > 0} C{X, +q(t, X) > 0}.

(3)When the distances of X to both X (t) are less than x, we have o(t, X, k) = | X —X_ (t)| —
X — X4 (1))
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LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 567

LEMMA 2.1.5. — Let f be a symbol in S(A™, A=1T") where m is a positive real
number. We define

_ ) e
(2.1.11) AX) =1+ max (|f9X)F7).
JEN
Then f € S(A™,A7IT") and the mapping from S(A™, A='T") to S(A™, A7) is
2

Zm—j

continuous. Moreover, with v = maxos<j<am ;
JEN
norms of f, we have for all X € R?",

(2.1.12) 1< A(X) <147A.

, where the v; are the semi-

The metric \™1T is admissible(def. 1.3.1), with structure constants depending
only on . It will be called the m-proper metric of f. The function A above is
a weight for the metric \™'T' and will be called the m-proper weight of f.

Proof. — The proof of this lemma is given in the appendix A.3. O

LEMMA 2.1.6. — Let q(t, X) and 6o(t, X) be as above. We define, with (s) =
(1+ s2)1/2,

(21.13)  p(t, X) = (So(t, X))* + A2 (8, X)| + A2 x (8, X) .

The metric p=1(t, )T is slowly varying with structure constants depending only
on a finite number of semi-norms of q in S(A, A'T). Moreover, there exists
C > 0, depending only on a finite number of semi-norms of q, such that

MEX) oy x - vP),

(2.1.14) pl X) < €A, T

and we have
(2.1.15) AY2q(t, X)) € S(u(t, X)>2, =t (¢, 1),
so that the semi-norms depend only the semi-norms of ¢ in S(A, A='T).
Proof. — We notice first that
1+ max(|AY2 ¢ (¢, X)1, |AY 2% x (8, X))

is the 1-proper weight of the vector-valued symbol A'/2¢.(t,-). Using the
lemma A.2.2, we get that 4~ 'T is slowly varying, and the lemma A.2.1 provides
the second part of (2.1.14). From the definition 2.1.4 and (2.1.1), we obtain that
u(t, X) < OA + (3o(t, X))2 < O'A and AY2ql (1) € S(u(t, X) = (1, T).

We are left with the proof of |[AY2¢(t, X)| < Cp®/%(t, X). Let us consider
fi(t, X) the 3/2-proper weight of A'/2¢(t, X):

A(t,X) =1+ max IAY240) (¢, X) |77,
7=0,1,2
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where all the derivatives are taken with respect to X; if the maximum is realized
for j € {1,2}, we get from Lemma 2.1.5 and (2.1.15) that

[A12q(t, X)| < Jilt, X)*/2 = (1 -+ mae [A1/249) (1, X)|757)
J=1, v ]
<1+ mfgu(%’%)(%ﬂ'))% < (2u(t, X))*/?,
J=1,
which is the result that we had to prove. We have eventually to deal with the
case where the maximum in the definition of i is realized for j = 0; note that
if (t, X) < Cp, we obtain
[AY2q(t, X)| < filt, X)P* < €3 < G5 ult, %),
so we may also assume fi(t, X) > Cy. If Cy > 1, we have Cy < p(t,X) =
1+ (AY2]q(t, X)|)% entailing
(1= Cq Dt X) < [AV2q(t, X)[F < flt, X).

Now if h € R?" is such that |h| < ru(t, X)"/? we get from the slow vari-
ation of the metric 7~ 'T', that the ratio f(t,X + h)/u(t, X) is bounded
above and below, provided r is small enough. Using now that A/ 2q(t,-) €
S(E/2(t,-), i~ (t,-)T), we get by Taylor’s formula

1
A2q(t, X + h) = A 2q(t, X)+AY2q/ (8 X)h+ 5 A2 (8, X)h?+ 05|k /6),
so that

- 1, 0~
AV2lq(t, X + )| = A2g(t, X)| = f(t, X)[h| = S|Pt X)'? = 3Bl /6
2 3
> AL/2 - a 3/2 r N
> A2q(t, X)| = filt, X)2 (r + 5 4707 )
—_————
=e(r)
This gives AY2|q(t, X + h)| > AY2|q(t, X)| — e(r)pi(t, X)3/2, lim, g e(r) = 0,
so that, for r,Cy ! small enough,
~ 1
A 2q(t, X + D) > (1= Cg )2 — e(n) i, X)*? > 5
As a consequence, the I-ball B(X,rp(t, X)'/?) is included in X4 (t) or in
X_(t) and thus, in the first case (the second case is similar) |X — X (¢)| =
0, |X — X_(t)] > ra(t,X)"2, (otherwise |X — X_(t)] < ra(t, X)"? and
@ # B(X,rat, X)Y?) N X_(t) € X4 (t) NX_(t) = @), implying that, with a
fixed g > 0,
50(t5 X) > min(Al/Qa Tﬁ(t7X>1/2) 2 Toﬁ(t, X)1/2 > T0|A1/2q(t7X)|1/35

so that, in both cases, |AY/2q(t, X)| < ry?|do(t, X)|> < ry2u(t, X)3/2. 0O

i(t, X )*2.
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LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 569

LEMMA 2.1.7. — Let q(t, X), o(t, X), u(t, X) be as above. We define,
(2.1.16) V(E, X) = (Bo(t, X))? + [AY2q} (6, X )p(t, X) 122

The metric v=1(t, )T is slowly varying with structure constants depending only
on a finite number of semi-norms of q in S(A,A7'T'). There exists C > 0,
depending only on a finite number of semi-norms of q, such that

(2.1.17) V(t, X) < 2u(t, X) < CA, ’;((i );)) <C(+|X Y],

and we have
(2.1.18) AV2q(t, X) € S(u(t, X) V20t X), v(t, )T,
so that the semi-norms of this symbol depend only the semi-norms of q in

S(A,AIT). Moreover the function u(t, X) is a weight for the metric v(t,-)~'T.

Proof. — Let us check the two first inequalities in (2.1.17). From |AY2¢/| <
w(t, X) < CA, established in the previous lemma, we get
V(t, X) < (8olt, X))? + ult, X) < 2u(t, X) < 2CA.

We introduce now the weight p.(t,X) as in (1.3.3) so that the ratios
i (t, X)/1u(t, X) are bounded above and below by some constants depending
only on a finite number of semi-norms of q. That weight . (¢, X) belongs to
S(p, p=iT) = S(ps, p; 'T). We notice first that

A2 (quy V2Y 2 < A2 i R+ Oy A 2 <
< Co| A2 P 4 Co A P V2 A 2B
< O2|A1/2q/’u—1/2|2 + Cg|A1/2qu71/2|.

Since we have also (9

|A1/2qlu—1/2| ~ |A1/2qlu*—1/2| < |A1/2(q,u;1/2)’| n |A1/2qu;1|

<AV (qu Y| 4 A 2 2 (A2 g P

<1

~

we get that
(2.1.19)

(t, X) = 1+ max(|AY2ql (1, X)pt, X) 722, A 2q(t, X)u(t, X))

is equivalent to the 1-proper weight of the symbol AY2q(t, X)p.(t, X)~/? in
S(p, n~1T). As a consequence, from the lemma A.2.2; we get that (0+(50)?)~'T
is slowly varying.

(1) Below, the inequality a < b means that a < Cb where C is a constant depending only on
a finite number of semi-norms of g. The equivalence a ~ b stands for a <b and b < a.
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> We need only to prove that
(2.1.20) |AY2q(t, X)) p(t, X)"V/2| < Cw(t, X).

In fact, from (2.1.20), we shall obtain v(t,X) < D(t,X) + (5o(t, X))? <
(C + 1)v(t, X) so that the metrics (7 + (Jp)?) 'T and v~'T are equivalent
and thus both slowly varying (that property will also give the last inequal-
ity in (2.1.17) from Lemma A.2.1). Moreover, from Lemma 2.1.5, we have
AY2q(t, X)pa(t, X)7V/2 € S(w,77'T), so that

p1i=k/2 for k < 2,
since AY/2qu; /2 eS(v;,v7IT") and v <v,

pl=k2 <p1=k2 for k> 2
~ ALz, =12 -1
since A 2qu. "“€S(pu; n~'T) and v Sy,

A2 (qu ) ®) S

~

/2 1/2

which implies that A1/2qu:1 € S(v,v~T"); moreover, we have puy'~ €
S(,ui/Q, v~1T) since, using v < p, we get
1/2 1-k 1
()0 € '3 S a2,
entailing A'/2q € S(u'/?v,v=T), i.e., (2.1.18). On the other hand, y is slowly
varying for v~ 1T, since
X — Y| < v(t, X)Y2(< pt, X)Y?) implies |X — Y| < p(t, X)Y/?
and thus p(t, X) ~ u(t,Y), which proves along with (2.1.14) that u is a weight
for v~
> Let us now check (2.1.20). This inequality is obvious if |[AY2qu=1/?| <
|AY/2¢ ui=1/2|2. Note that if 7(t, X) < Cp, we obtain |[A/2qu=1/2| < Cy < Cov
so we may also assume v(t,X) > Cp. If Cy > 1, we have Cy < D(t, X) =
1+ (AY2?|q|="/?) entailing
(1—CyMo(t, X) < |AY2qu | < o(t, X).
Now if h € R?" is such that |h| < r7(t, X)/2, we get from the slow variation
of the metric 71T, that the ratio v(t, X + h)/v(t, X) is bounded above and

below, provided r is small enough. Using now that A1/2q,u;1/2 € S(v,v711),
we get by Taylor’s formula

AV2q(, X + hyps P (8, X+ h) = A 2q(t X P (8 X) + ()it X),
lim, ¢ €(r) = 0, so that, for r, C’gl small enough,

IAY2q(t, X + h)ps P (8, X + h)| > (1= Cyt) — e(r))T(t, X) > =5(t, X).

N | =

As a consequence, the T-ball B(X,r7(t, X)'/?) is included in X, (t) or in
X_(t) and thus, in the first case (the second case is similar) | X — X, (¢)] =0,
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|X —X_(t)| > rv(t, X)¥/?, implying that, with a fixed ro > 0,

So(t, X) > min(AY2 1o (t, X)V2) > roi(t, X )1/2
> 1oAY 2q(t, X)u(t, X)7/2V2,

so that, in both cases, |[A'/2q(t, X)u(t, X)~1/2| < Co|do(t, X)|> < Cov(t, X).
The proof of the lemma is complete. O

We wish now to discuss the normal forms attached to the metric v=1(¢,-)[’
for the symbol ¢(¢,-). In the sequel of this section, we consider that ¢ is fixed.

DEFINITION 2.1.8. — Let 0 < 71 < 1/2 be given. With v defined in (2.1.16),
we shall say that

(1) Y is a nonnegative (resp. mnonpositive) point at level ¢ if §o(¢,Y) >
riv(t, )2, (resp. 8o(t,Y) < —rv(t,Y)'/?).

(2) Y is a gradient point at level t if |AY2¢h(t,Y)u(t,Y) /22
v(t,Y)/4 and 6o(t,Y)? < riv(t,Y).

(3) Y is a negligible point in the remaining cases |[A'/2q} (¢, Y )u(t,Y)
v(t,Y)/4 and §o(t,Y)? < r?v(t,Y). Note that this implies v(¢,Y)
1+72v(t,Y)+v(t,Y)/4 <1+ v(t,Y)/2 and thus v(¢,Y) < 2.

v

—1/2|2

IN A

Note that if Y is a nonnegative point, from (2.1.8) we get, for T € R?",
T <1,0<r<r/4

So(t,Y + 1M 2(4,Y)T) > 6o(t,Y) — 2r 2 (1Y) > %V1/2(t,Y)

and from (2.1.10), this implies that ¢(¢, X) > 0 on the ball B(Y,rv'/2(t,Y)).
Similarly if Y is a nonpositive point, ¢(t, X) < 0 on the ball B(Y,rv/2(t,Y)).
Moreover if Y is a gradient point, we may assume that B(Y,rv/2(¢,Y)) in-
tersects {X,q(t, X) = 0}, otherwise it is included either in {X,q(¢, X) > 0}
or in {X,q(t,X) < 0}; as a result, there exists a point Z € B(Y,rv'/%(t,Y))
such that ¢(¢, Z) = 0. The function

(2.1.21) F(T) = A1/2q(t, Y + (e, Y)T)u(t, Y)Y 2, 7))

satisfies for r; small enough with respect to the semi-norms of ¢ and
¢o, Co, C1, Co fixed positive constants, |T'| < 1, from (2.1.18),

FO)] = A 2q(t, Y)u(t,Y) " 2u(t, Y) 7

< AY21/2,00 "t XY — Z| < Cor3
< |7 Xgl[égZ]IQ(, | | < Cory,

[f(T) = r1co,  [f(T)] < Cor?.
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The standard analysis (see our appendix A.6) of the Beals-Fefferman metric
shows that, on B(Y,r1v'/%(t,Y))

(2.1.22) q(t, X) = A2 2 (8 Y)W 2 (8, Y )e(t, X) (L, X),
(2.1.23) 1<eeS(1,v(t,Y) D), BeSw(t, )2, u(t, V) '),
(2.1.24) B, X) =v(t, Y)'2(X1 + at, X)), € Sw(t, V)2, u(t,Y)'T).

LEMMA 2.1.9. — Let q(t, X) be a smooth function satisfying (2.1.1-2) and let
t € [-1,1] be given. The metric g; on R*" is defined as v(t, X)~'T' where v
is defined in (2.1.16). There exists o > 0, depending only on a finite number
of semi-norms of q in (2.1.1) such that, for any r €]0,ro], there exist a se-
quence of points (Xy) in R?", and sequences of functions (xi), (¥x) satisfying
the properties in the lemma 1.4.1 such that there exists a partition of N,

N=FE,UE_UEyUEy

so that, according to the definition 2.1.8, k € Ey means that Xy is a non-
negative point, (k € FE_:X) nonpositive point; k € FEg:X) gradient point,
k € Eoo:X) negligible point).

Proof. — This lemma is an immediate consequence of the definition 2.1.8, of
lemma 1.4.1 and of lemma 2.1.7, asserting that the metric ¢; is admissible. O

2.2. Some lemmas on C?2 functions. — We prove in this section a key
result on the second derivative f¥ , of a real-valued smooth function f(¢, X)
such that 7 — if(t,z,£) satisfies condition (). The following claim gives a
good qualitative version of what is needed for our estimates; we shall not use
this result, so the reader may skip the proof and proceed directly to the more
technical Lemma 2.2.2.

CLAM 2.2.1. — Let f1, fo be two real-valued twice differentiable functions de-
fined on an open set Q of RN and such that f;i ' (R%) C f5 '(Ry) (ie., fi(z) >
0 = fa(z) > 0). If for some w € Q, the conditions fi(w) = fo(w) =
0, dfi(w) # 0,df2(w) = 0 are satisfied, we have fi(w) > 0 (as a quadratic
form).

Proof. — Using the obvious invariance by change of coordinates of the state-
ment, we may assume fi(x) = x7 and w = 0. The assumption is then for
r = (z1,2') € R x RV=1 in a neighborhood of the origin

fQ(O):O,de(O):O, 1 >0:>f2(1'1,1'/) > 0.

Using the second-order Taylor-Young formula for fo, we get fa(z)
L5 (0)z,z) + e(z)|z|?, limy—oe(z) = 0, and thus for T = (T1,71"),|T| =
p # 0 small enough, the implication T3 > 0 = (f5(0)T,T) + 2¢(pT) >

Consequently we have {S, (f5(0)S,S) > 0} D {S,S1 > 0} and since the larger

L,
0.
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set is closed and stable by the symmetry with respect to the origin, we get
that it contains also {9, S1 < 0}, which is the result f4/(0) > 0. O

REMARK. — This claim has the following consequence: take three functions
fi, f2, f3, twice differentiable on 2, such that, for 1 < j < k < 3, f;(z) >
0 = fr(x) > 0. Assume that, at some point w we have fi(w) = fa(w) =
fa(w) =0, dfi(w)#0,dfs(w) # 0,df2(w) = 0. Then one has f§(w) = 0. The
claim 2.2.1 gives f§(w) > 0 and it can be applied to the couple (—f3, —f2) to
get —f§ (w) > 0.

NOTATION. — The open Euclidean ball of RN with center 0 and radius r will
be denoted by B,. For a k-multilinear symmetric form A on RY, we shall
note ||A| = maxyp—1 |AT*| which is easily seen to be equivalent to the norm
max|p, |=...— |1 |=1 |A(T1, ..., Tk)| since the symmetrized Ty & --- @ Ty can be
written a sum of k™ powers.

LEMMA 2.2.2. — Let Ry > 0 and f1, f2 be real-valued functions defined in
Br,. We assume that fi is C?, f2 is C3 and for x € Bg,,

We define the non-negative numbers p1, p2, by
(222) p1=max(|f1O)[2,1/(0)]),  p2 = max(f2(0)[3,1/3(0)]7, £ (0)]),

and we assume that, with a positive Cp,

(223) 0< p1, p2 < COpl < Ry.
We define the non-negative numbers C1,Csy, Cs, by
(2.2.4)
1

Cr =14 Collfillpe(pry > Co=4+ g2 ey, Cs=Ce+dnCy.
Assume that for some ko € [0, 1], with koCy < 1/4,
(2.25) o1 = £1(0)] >0,
(2.2.6) max (| f2(0)['/*, | £3(0)['/) < k2 £3(0)],
(2.2.7) B(0,k3p2) N {x € Bg,, fi(z) > 0} # @.

Then we have

(2.2.8) |15(0)_] < Csk2p2,

where f3(0)— stands for the negative part of the quadratic form f3(0). Note
that, whenever (2.2.7) is violated, we get B(0,k3p2) C {x € Bg,, fi(z) < 0}
(note that k3pa < pa < Rg) and thus

(2.2.9) distance(0,{z € Br,, f1(z) > 0}) > k3p2.
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Proof. — We may assume that for x = (z1,2’) € R x RN~ p; = [f(0)| =

52:(0,0), 3(0,0) = 0, s0 that

(2.2.10) Fu(e) 2 110) + pres — ]

Moreover, from (2.2.7), we know that there exists z € B(0,k3p2) such that
f1(2) = 0. As a consequence, we have 0 < f1(2) < f1(0)+ p121 + 3 || /1]l K30
and thus

1
(2.2.11) fi(@) = pray = prspe = 5 1l (2] + K23)-

On the other hand, we have
1 1
Fa(@) < f2(0) + f5(0)z + 5 f3(0)2” + g 172"l [

1 1
< w3 + mapalel + ¢ 1F3 o 2l + 5 £5(0)2

and the implications, for |x| < Ry,
1
(2.212)  pra1 > prsspe + 5 1l (12 + £203) = fi(x) > 0=

1 1
fo2) 20= —3 7 (0)a? < K3p3 + K3p3la| + g 12"l .

Let us take & = kapay with |y| = 1 (note that |2| = kap2 < Rp); the property
(2.2.12) gives, using pa/p1 < Cy,

1
1> k(L4 || Co) = ~ 15 O)* < mapa (44 5 15",

so that {y € SN=1 —f(0)y? < kap2(4 + %Hfé””oo)} O {y € SV"Ly >

ka(1 + || f{'ll Co)} and since the larger set is closed and stable by symmetry
with respect to the origin, we get, with

1
=14 [l Co.Co = 44 315
the implication
(2.2.13) y € SV y1| > kaC1 = —£5(0)y? < KopaCl.

Let us now take y € SV~ such that |y1| < x201(< 1/4). We may assume
Y = Y161 @ Y265, with €7, €3, orthogonal unit vectors and yp = (1 — y3)/2. We
consider the following rotation in the (€7, €3) plane with ¢y = koCy < 1/4,

n_ < cos(2mep) sin(2mep)

— sin(2meo) cos(27reo)) » 80 that |(Ryh| = [y cos(2meo) + g sin(2meo),

and since ¢y < 1/4,
[(Ry)1| > —lya| + (1 — y3)4e0 > €0(V15 — 1) > eg = k201
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Moreover the rotation R satisfies ||R — Id|| < 2mep = 2mk2C1. We have, using
(2.2.13) and |(Ry)1| = r2Ch, |y = 1,
= f2(0)y* = = £ (0)(Ry)* — (£ (0)(y — Ry),y + Ry)
< —f3(0)(Ry)* + |7 (0)]ly — Rylly + Ry|
< Kgp2Ca + 2p2ly — Ry| < kap2Ca + 2p22mkoCl.
Eventually, for all y € S¥~1, we have
(2.2.14) —f(0)y? < kapa(Cy +47C1) = Cskgps.

Considering now the quadratic form @ = f4'(0) and its canonical decomposition

Q= Q4 —Q—, wehave, forally € RN, (Q_y,y) < r2p2C3ly[*+(Q+y,y). Using
now the canonical orthogonal projections Ey on the positive (resp. negative)
eigenspaces, we write y = F,y @ E_y and we get that

(Q-y,y) =(Q-E_y, E_y)
< Cakape| E_y|* + (Q4 E_y, E_y) = Cskapa| E_y|* < Csrapalyl?,
yielding (2.2.8). The proof of Lemma 2.2.2 is complete. O

LEMMA 2.2.3. — Let fi, f2, f3 be real-valued functions defined in Bg,. We
assume that f1, f3 are C2, fy is C° and for x € Bpr,,1<j<k<3,

(2.2.15) fi(x) > 0= fr(z) >0.

We define the non-negative numbers p1, p2, ps by

o1 = max(|f1 (014, 1 £1(0))
@216) — max(|f=0)/%, 20

and we assume that, with a positive Cp,

p2 = max(|f2(0)[3, | £5(0)[2, [ £5 (0)]),

(2.2.17) 0 < p1,p3 and p2 < Comin(py, p3) < Comax(p1, p3) < Rp.
We define the non-negative numbers C1,Cs, Cs, by

C1 = 14 Comax(| /1| o 3y » 155 | e (B )

1
(2218) 02 =4+ g Hfé//”L“(BRO) 5 Cg = 02 + 47T01.
Assume that for some k1, k3 € [0,1], and 0 < k2C3 < 1/2,
(2.2.19) AL <kl f1O)], [ £3(0)]Y2 < ksl £3(0)],
(2.2.20) B(0, i3p2) 0 {x € Bry, fi(x) > 0} £ 2,
(2.2.21) B(0,k3p2) N {x € Bp,, f3(x) <0} # @.

Then we have
(2.2.22)  max(|f2(0)["/3, | £5(0)[*/2) < p2 < k3 " max (| f2(0)[*/3, [ £5(0)]*/?).
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Note that, whenever (2.2.20) or (2.2.21) is violated, we get
B(O,Ii%pg) c {:L' € BRovfl(x) < 0} or B(O,Ii%pg) c {:L' € BR07f3(1') > 0}

and thus
(2.2.23) ) )
dist(0,{x € Bp,, fi(z) > 0}) > K3p2 or dist(0,{zx € Bg,, f3(z) < 0}) > K3p2.

Proof. — This follows almost immediately from the previous lemma and it is
analogous to the remark following the claim 2.2.1: assuming that we have

(2.2.24) max (| f2(0)] /%, | £3(0)['/*) < k2| £3(0)]
will yield | f4(0)| < Csk2p2 by applying lemma 2.2.2 (note that koCy < ﬁg% <

% < 1/4) to the couples (f1, f2) and (—f3, —f2); consequently, if (2.2.24) is

satisfied, we get
max(| f2(0)[ /%, | £3(0)['/?) < ps < max(| f2(0)|"/%, | £5(0)|"/?, Csrizpo)
and since Cske < 1, it yields
(2.2.25) max (| f2(0)['/%, [ f2(0)'/?) = pa,
which implies (2.2.22). Let us now suppose that (2.2.24) does not hold, and
that we have | f4'(0)| < max(|f2(0)[*/2,|f4(0)|*/?). This implies (2.2.22):
max (| f2(0)] /%, 1 130)[2) < p2 < iy max(|2(0)[/°, [ £5(0)]/2).
The proof of the lemma is complete. O

REMARK. — We shall apply this lemma to a “fixed” k2, depending only on the
constant Cs such as kg = 1/(2Cs).

2.3. Inequalities for symbols. — In this section, we apply the results of
the previous section to obtain various inequalities on symbols linked to our
symbol ¢ introduced in (2.1.1). Our main result is the following theorem.

THEOREM 2.3.1. — Let g be a symbol satisfying (2.1.1-2) and ¢, s, v as de-
fined above in (2.1.7), (2.1.13) and (2.1.16). For the real numbers t',t,t", and
X € R?™, we define

1o _ <6O(t/’X)> <6O(t”aX)>
Q31) N X) = S

(2.3.2) R(t, X) = A2(t, X)Y20(t, X) 72 (80 ¢, X)),
Then there exists a constant Cy > 1, depending only on a finite number of

semi-norms of q in (2.1.1), such that, for t' <t <t”, we have
(2.3.3)

" _ _ !
Co_lR(t,X) < N(t/,f”,X) + 50(t aX) 60(taX) 60(taX) 60(t aX)

V(t”,X)UQ l/(t',X)UQ
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Proof. — We are given X € R?" and ¢’ <t < t” real numbers.

> First reductions. First of all, we may assume that, for some positive (small)
Kk to be chosen later, we have

(2.3.4) (Bo(t', X)) < kr(t', X)V2 and  (5o(t", X)) < ru(t", X )12,

In fact, otherwise, we have N(t',t”, X) > k and since from (2.1.14), we have
wu(t, X) < CA where C depends only on a finite number of semi-norms of ¢, we
get from (2.3.2), (2.1.16)

R(t, X) < CY2u(t, X)"Y2(50(t, X)) < CY2 < CY2k"IN( 1", X),

so that we shall only need

255)

to obtain (2.3.3). Also, we may assume that, with the same positive (small) &,
(2.3.6) v(t,X) < kv, X) and v(t,X) < rk?v(t", X).

Otherwise, we would have for instance v (¢, X) > x?v(t', X) and since t > ¢/,

_ _1 (6o(t, X))
X) < A1/2 X)1/2,.-1 ( o0\%
R(ta ) = /j/(ta ) K l/(tl,X)l/Q >0

e ot X)) + |5t X) — 5ol X))
< O < o, X)1/? >

5O(ta X) - 50(t/a X)
V(t/,X)1/2 ’

< 01/2571N(t/,t//,X) + 01/2H71

which implies (2.3.3) provided that (2.3.5) holds. Finally, we may also assume
that

(2.3.7) v(t, X) < w2u(t, X),
otherwise we would have, using that do(t', X) < do(t, X) < do(¢”, X) and the
convexity of s +— V14 s2 = (s),

000 X)) 1 (G, X)) (6, X))
N N AL/2
and this implies, using v(t', X), v(t", X) < CA (see (2.1.17)),
172, 1 00, X)) ~ay2 1 (Go(t”, X))
R(th) <Ok l/(tl,X)l/Q + Ok V(t”,X)l/Q’

which gives (2.3.3) provided that (2.3.5) holds. On the other hand, we may
assume that

(2.3.8) max ((5(t, X)), s/ 2[AY2¢ (¢, X)|/?) < 2ku(t, X)V/2.

R(t,X) <k
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Otherwise, we would have either
1 1
6HX)Y? < 2Nt X)) < =k (L X)Y? < t, X)?
:u(’ ) —2"i <0(a )>—2’€ V(a ) = ,u(, )

from (2.3.7

~ N =

which is impossible, or we would have
from (2.1.16)

1 ~~ 1
plt, X)V2 < SN (1 O[T S A X) e, X0

1
< §M(t,X)1/2, (which is also impossible).
from (2.3.7)
The estimate (2.3.8) implies that, for | k < 1/16,
A" X)) < ult, X) < (Go(t, X))+ |AY2¢ (£, X)| + Alg” (¢, X)|?
l¢"(t, X)I° < wu(t, X) < (do(t, X))+ [AV7¢ (8, X)[ + Alg" (¢, X))
(2.1.13) (2.1.13) < (4K% + 4r)u(t, X) + Alg" (£, X%,
< ( Jult, X) + Alg" (¢, X))
and thus (2:3:8)

1
(2.3.9) Alg"(t, X)P? < p(t, X) < mAM"(f,XﬂQ < 2A¢" (8, X)P%.
This implies that

(2.3.10)
<6O(ta X)>
((60(t, X)) + Alg'(t, X)2pu(t, X)~1) /2
< 212)"(t, X)|.

R(t,X) < A_1/221/2A1/2|qu(t,X)|

> Rescaling the symbols. We sum-up our situation, changing the notations so
that X = O,t/ = ﬁl,t = tQ,t” = tg,lll = l/(tl,O),Z/Q = V(t,O), V3 = l/(t”,O),éj =
do(t;,0), pt; = p(t;,0). The following conditions are satisfied:
(01) < m/ll/Z, (03) < m/;/Z,
vo < K1, v < KPrs, ve < Koo
(02)
(02) + lq'(t2,0)I/1q" (t2,0)
Alg" (t2,0)* < p2 < 2Al¢" (t2,0) %,
k<1/16, Cy>rk"'CV2,

where £ > 0 is to be chosen later and C' depends only on a finite number of
semi-norms of ¢. We define now the smooth functions fi, f defined on R?” by

(2312) fl(Y) = Q(tla Y)A1/2M1_1/25 fQ(Y) = V11/2Q(t25 Y)7

(2.3.11) R(t2,0) < 2|¢"(t2,0)] | < 2|¢"(t2,0)|,
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and we note (see (2.1.1)-(2.1.15)) that || f{'|| . and || f3”]| .~ are bounded above
by semi-norms of ¢; moreover the assumption (2.2.1) holds for that couple of
functions, from (2.1.2).

LEMMA 2.3.2. — We define

(2.3.13) 14 = max((8a), |12 q (t2,0)| /2, (1112 q" (£, 0))).

If max((62>,m1/2|u1/2 q (t2,0)['/?) > 2kuil?, then (2.3.3) is satisfied provided
CO > 3/,‘<L

Proof. — We have either |v)/> 0) < puil? < 1k71(d2) implying

q" (t2,

" 1(0) 1 (0) 106-0

lg" (t2,0)] < ——/ %FJF% i
1 1

which gives (2.3.3) (using R(t2,0) < 2|¢"(t2,0)| in (2.3.11)), provided Cy > 1/k,
or we have

4 (02, )] < 7 < 5 2l (e 0) 2
lq" (t2,0)[?
¢ (t2,0)] — 4,%1/11/2
n (2.3.11)), we get R(ts,0) < 54220 which gives similarly (2.3.3), provided
Co > 1/(2k). ' O

implying so that (using R(tz,0) < 2|q"(t2,0)|?(62)/|¢ (t2,0)]

A consequence of this lemma is that we may assume

max((8a), K/2[11/2¢ (t2,0)/?)

< 26p1}? = 26 max((8a), vy 2q (t2, 0)[/2, [11/* ¢ (£, 0)]),

and since k < 1/4, we get
(2.3.14)
s = 112" (12, 0)|,  max((52), k1211 "%¢ (t2,0)[1/2) < 26[11"%¢" (t2,0).

LEMMA 2.3.3. — The functions fi1, fo defined in (2.3.12) satisfy the assump-
tions (2.2.1-2-3-4-5-6) in the lemma 2.2.2.

Proof. — We have already checked (2.2.1). We know from Lemma 2.1.7 that,
with a constant C' depending only on a finite number of semi-norms of ¢
(see (2.1.18)),

1£1(0) = a(t, A2 P2 < oy,
but we may assume here that C' < 1/2: if we had |f1(0)] > v,’” /2, the function
f1 would be positive (resp.negative) on B(0, 7’01/11/ %), with some fixed 7o > 0

1/2

and consequently we would have |§;] > roul/ But we know that (41) < kv 1/ 2
so we can choose a priori k small enough so that 1] > 7’01/1/ does not occur.
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From (2.3.11), we have (1) < HV11/2, the latter implying f1(0) # 0 from (2.1.16)
since k2 < 3/4 and more precisely

(2.3.15) p1=F(0)] > (1= k)22 > 022,
Moreover we have, from (2.1.18) and vy < kv in (2.3.11),
max(|y /2 (t2, 0)['/2, |11 2¢" (t2, 0)]) < b’ < Cant/?,

with a constant C; depending only on a finite number of semi-norms of ¢ and
thus

(2.3.16) max(| f5(0)['/2, |3 (0)]) < 2C1p1.

Moreover, we have from Lemma 2.1.7, AY/2|q(t, O)|u;1/2 < Cyva, so that with
constants Cy, C'5 depending only on a finite number of semi-norms of ¢, us-
ing (2.3.8), we get

|f2(0)] < 1/11/2021/21\71/2#;/2 < 1/11/2031/2 < C’gl-@Ql/f/Q.

That property and (2.3.16-15) give (2.2.3) with Ry = Cpy, where C depends
only on a finite number of semi-norms of q. We have already seen that the
constants occurring in (2.2.4) are bounded above by semi-norms of ¢ and that
(2.2.5) holds. Let us now check (2.2.6). We already know that, from (2.3.14),

(2.317) [ £0)[1/2 = |v1"2q/ (42, 0)['/2 < 2620/ %q" (1, 0)| = 261/ £/ (0)).
If we have |[1/%q(t2,0)] > k2432 then for |h| < KkM/3uil?, we get, using

v1 S A and Taylor’s formula along with (2.3.13-14),

1 _
Al 1) 2 20852 — AR LR = Ol

— 30212 _y 4/37“2/370/ > 321279 5
= Hiz |\ K K ) k) 2 pyy K77 /2> 0,

provided k is small enough with respect to a constant depending only on a finite
number of semi-norms of ¢; that inequality implies that the ball B(0, x/ 3#}42)
is included in X (t2) or in X_(t2) implying that |5 (t2,0) = d2| > Iil/g,ngQ
which is incompatible with (2.3.14), provided x < 273/2, since (2.3.14) implies
[02] < 2HM}£2. Eventually, we get

(2.3.18) [F20)1 = [ 2q(t2, 0)['/* < V05" = 101 £5(0)]

and with (2.3.18) we obtain (2.2.6) with

(2.3.19) Ko = kY.

The proof of Lemma 2.3.3 is complete. O
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> End of the proof of Theorem 2.3.1. To apply Lemma 2.2.2, we have to
suppose (2.2.7). In that case we get 1/11/2|q”(t2,0),| = [f5(0)_| < Ckaps =
le/6u11/2|q”(t2,0)| i.e.,

(2.3.20) l¢" (t2,0)_| < CkYO|¢" (ta,0)|.

If (2.2.7) is not satisfied, we obtain, according to (2.2.9), (2.3.19) and u12 =
/2y n
Vi |q (t270)|7
o(t1,0) = 01 < 1%l (1, 0)],

which gives $R(t2,0) < |¢”(t2,0)| < m_1/3‘61—}|2 and (2.3.3) provided Cp >

35~ 1/3. If we introduce now the smooth functions F,, F, defined on R?" by
(2.3.21) F(Y) = —q(ts, Y)A2u3 2 Fy(Y) = =i %q(te, V),
starting over our discussion, we see that (2.3.3) is satisfied, provided
(2.3.22) k<Ko and Cy> vk 1,

where kg, are positive constants depending only on the semi-norms of g,
except in the case where we have (2.3.20) and

(2.3.23) 4" (£2,0)+| < O&|q" (£2,0)].

Naturally, since |¢” (t2,0)| = |¢" (t2,0)+|+|¢” (t2,0)—|, the estimates (2.3.20-23)
cannot be both true for a x small enough with respect to a constant depend-
ing on a finite number of semi-norms of ¢ and a non-vanishing ¢”(t2,0) (that
vanishing is prevented by the penultimate line in (2.3.11)). The proof of The-
orem 2.3.1 is complete. O

REMARK 2.3.4. — The readers may find our proof quite tedious, but referring
them to the simpler remark following claim 2.2.1, we hope that they can find
there some motivation to read the details of our argument, which is the rather
natural quantitative statement following from that remark. On the other hand,
Theorem 2.3.1 is analogous to one of the key argument provided by N. Dencker
in [7] in which he proves, using our notations in the theorem,

(2.3.24) R(t,X) SN, t", X) +do(t", X) — do(t', X)

which is weaker than our (2.3.3). In particular, R (and N) looks like a symbol of
order 0 (weight 1) whereas the right-hand-side of (2.3.24) contains the difference
do(t", X)—do(t', X ), which looks like a symbol of order 1/2. Our theorem gives
a stronger and in some sense more homogeneous version of N. Dencker’s result,
which will lead to improvements in the remainder’s estimates. Also, we note
the (inhomogeneous) estimate

ATt X) 2w, X) T2 S N(E A", X)),
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which is in fact a consequence of our proof, but is not enough to handle the
remainder’s estimate below in our proof, and which will not be used: in fact
(2.3.3) implies

A71/2u1/2l/71/2 _ R<50>71
N X) | 6ot X) — ot X) | dolt,X) — ot X)
(Oo(t, X)) w(t", X)V2(do(t, X)) — v(t', X)V/2(o(t, X))
_ NE ', X) 1 1

< N t/ t” X )
~ {dp(t, X)) v(t", X)1/2 + v(t, X)172 ~ (t',t", X)

2.4. Quasi-convexity. — A differentiable function 1 of one variable is said
to be quasi-convex on R if z/J(t) does not change sign from + to — for increasing
t (see [15]). In particular, a differentiable convex function is such that t(t) is
increasing and is thus quasi-convex.

DEFINITION 2.4.1. — Let 01 : R — R be an increasing function, C; > 0 and
let p1 : R — R;. We shall say that p; is quasi-convex with respect to (C1,01)
if for t1,t2,t3 € R,

(2.4.1) t1 <ty <t3 — pl(tg) < max(pl(tl),pl(tg)) + Ul(tg) — Ul(tl).

When o0, is a constant function and C; = 1, this is the definition of quasi-
convexity.

LEMMA 2.4.2. — Let 01 : R — R be an increasing function and let w : R —
R4. We define
(2.4.2) pr(t) = il (w(t) +w(t) + (") — o (1),

Then the function py is quasi-convex with respect to (2,01).

Proof. — We consider t; <ty < t3 three real numbers. We have
— s / 12 " _ /
prlta)=, b (w(t) +w(t")+or(t") = ou(t)
< . / " AN B /)
<, il (@) et +or(t") o (ta) +or(t) ~ o (V)

+o1(ts) —o1(t1)

< inf (w(t’)+w<t’1’)+w<t’3)+w<t”>+ol<t”>—ol<t’3>+ol<t’1’>—ol(t’>)

/<ty <ty
th <tz<t! +01 (tg)*0'1 (tl)
=p1(t1)+p1(ts)+o1(ts) —o1(t1) <2max(pi(t1), p1(ts)) +o1(ts) —or(tr).

O
The following lemma is due to L. Hérmander [17].
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LEMMA 2.4.3. — Let 01 : R — R be an increasing function and let w : R —
Ry. LetT > 0 be given. We consider the function p1 as defined in Lemma 2.4.2
and we define

249 o= s {n6)-ai)+ 5 [ - i)},

—T<s<t
Then we have

(2.4.4) 2T0,(Or + 01) > p1, and for |t| <T, [O7(t)] < pi(t).

Proof. — We have Op(t) > —pi(t), and

ort)+or0)= s Lor6)+ 5 [ o= o)+ [ i

—T<s<t

increasing with ¢

so that 9;(©r + 01) > %pl. Moreover, from the proof of Lemma 2.4.2, we
obtain for s <r <t that p1(r) < p1(s) + p1(t) + o1(t) — o1(s) and thus

1 t
— dr <
2T |, prr)dr < 5

| n0)dr <19)+ 16+ 01(6) = )

which gives Or(t) < p1(t), ending the proof of the lemma. O

DEFINITION 2.4.4. — For T > 0, X € R?" |t| < T, we define

(0o(t, X))
0= e
(2.4.5) o1(t, X) = do(t, X),

t
n(t,X):/ So(s, X)A™Y2ds + 2T,

-T

where &g, v are defined in (2.1.7),(2.1.16). For T > 0, (t,X) € R x R?", we
define ©(t, X) by the formula (2.4.3)
(2.4.6)

1 t
o, X) = ;:gpq{oﬂs,X) —o1(t, X) + ﬁ/ pl(T,X)drpl(s,X)},

where p; is defined by (2.4.2). We define also
(2.4.7) m(t, X) = do(t, X) + O(t, X) + T 50(t, X)n(t, X).
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THEOREM 2.4.5. — With the notations above for ©,p1,m, with R and Cj
defined in Theorem 2.5.1, we have for T >0, [t| <T, X € R*" A > 1,

(do(t, X))
< <X/l =
(248) 100X < prlt X) < 2355 ol X)] = 18t X))
0
(2.4.9) Gy 'R(t.X) < pi(t,X) < 2T (@(t,X) + al(t,X)),
d
(2.4.10) 0 < n(t,X) < 4T, E(5077) > 02ATY2 0 |l (t, X)| < ATAY2,
d 1 1

2411) T—m > =p1 +6032A" V2> — R4+ 63ZA7V2 > 50)2A71/2,
( ) Tgmzgetd =90, % > 37, o)
Proof. — Tt follows immediately from the previous results: the first estimate

in (2.4.8) is (2.4.4), whereas the second is due to p; < 2w which follows
from (2.4.2). The equality in (2.4.8) follows from Definition 2.4.4. The first
inequality in (2.4.9) is a consequence of (2.4.2) and (2.3.3) and the second
is (2.4.4). The first two inequalities in (2.4.10) are a consequence of |0 (¢, X )| <
A'/2 which follows from definition 2.1.4. The third inequality reads

d : . . _
=7 (Bom) = dom + dorh > dorj = SN2,

and the fourth inequality in (2.4.10) follows from (2.1.8). Let us check finally
(2.4.11): since m = dp + O + T~18on, (2.4.4) and the already proven (2.4.10)

imply T4m > 1p; 4+ 63A~1/2 and (2.4.9)(proven) gives

1 1 1
- 62A_1/2 > R 62A_1/2 — A—1/2 1/2. —1/2 5 62A_1/2
2p1 + 0 - 200 + 0 200 1% v ( 0> + 0
1
> —ATV2(27V2(60) + 03) > e
Z gt TR+ %) 2 g,
from (2.1.17)

A_1/2<60>2,

completing the proof of Theorem 2.4.5. O

3. Energy estimates

3.1. Preliminaries

DEFINITION 3.1.1. — Let T" > 0 be given. With m defined in (2.4.7), we
define for |t| < T,

(3.1.1) M(t) = m(t, X)Wick,
where the Wick quantization is given by the definition A.1.1.
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LEMMA 3.1.2. — With T > 0 and M given above, we have with p1 given in
(2.4.2), R defined by (2.3.2), for |t| < T, A > 1,
d 1 chk
3.1.2) —M(t) > —pi(t, X)Vik 4 — (52 /2
(312) SME) > st %)V 4+ ()
1 chk 1 .
RW]Ck § —-1/2 > S 2 WleA—l/Q.
et 200 ( O) = 23/QCOT(< 0> )
(do(t, X))
3.1.3 O, X)| <pi(t,X) <2—F"7
(3..3) Ot X)| < . X) < 2,7 S
(3.1.4) T 60 (t, X (2, X)| < 4160(t, X)),
(3.1.5) T 8h (£ X (t X)| + T~ dox (£, Xy (£, X)| < 12.
Proof. — The derivative in (3.1.2) is taken in the distribution sense, i.e., the
first inequality in (3.1.2) means that (A.1.5) is satisfied with
1/t
a(t,X)=m(t,X) — 2T/ pl(sts—— 1/2/ So(s, X)?

It follows in fact from (2.4.11). The other inequalities in (3.1.2) follow directly
from (2.4.11) and the fact that the Wick quantization is positive (see (A.1.3)).
The inequality (3.1.3) is (2.4.8) and (3.1.4) follows from (2.4.10) whereas (3.1.5)
is a consequence of (2.1.8), (2.4.10) and Definition 2.1.4. O

LEMMA 3.1.3. — Using the definitions above and the notation (A.1.4), we
have

(3.1.6) O(t,-) x exp 27 € S((do(t,))v(t,-)~*/2.T),
(3.1.7) So(t,-) x exp —27T € S((6o(t,-)),T),

(3.1.8) Sox (t,) xexp—2nT € S(1,T),

(3.1.9) “In(t,) * exp —27L € S(1,T),

(3.1.10) T 'n(t, ) * exp —2nT € S’( -2 ),

with semi-norms independent of T < 1 and of t for |t| < T. According to the
definition 1.8.1, the function X — (0o(t, X)) is a T-weight.

Proof. — The last statement follows from (2.1.8). The inequalities ensuring
(3.1.6—10) are then immediate consequences of the lemmas 3.1.2 and A.1.3. O

3.2. Stationary estimates for the model cases. — Let T' > 0 be given
and Q(t) = ¢(t)" given by (2.1.1-2). We define M (¢) according to (3.1.1). We
consider

(321)  Re(QUOM(H) = QM) + LMOQA) = P(1).
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We have, omitting now the variable ¢ fixed throughout all this section 3.2,

Wick

(3.2.2) P =Re [qw (Bo(1+ T 1)V + qweWick]

[1]. Let us assume first that ¢ = A~/2u/201/2Beq with 3 € S(vY/2,v71T),1 <
eop € S(1,v7IT") and &y = B. Moreover, we assume 0 < T71p < 4, T/ <
4A=12 10| < C(8o)v~1/2. Here A, p, v are assumed to be positive constants
suchthat A>pu>v>1

Then using the lemma A.1.5 with
ay = Beo, m1=(B), az=1+T 'peg' my=v""7
we get, with obvious notations,

Wick w

(5060)Wick(60—1(1+T71n)) —_ (50(1+T7177))WiCk+S(<50>V71/27F)

and as a consequence from the proposition A.1.2(2), we obtain, with
(3.2.3) Bo = Beo, 1m0 =r¢e (1 +T '),
the identity

(5o + S 12,57 0) ) ViR = (80(1+ T 1) ™ + S (o)~ /2, T)"

entailing
w

(So(1+T0)) V' = B ndVick 1 S((do)~1/2,1)".

As a result, we have
=ATY2uM2(50)

QM _ A71/2,LL1/2V1/250U)68U7]8NiCk+ﬂgS(A71/2M1/2V1/2<50>I/71/2,F)w
+ ﬁauS(A_l/2,ll/1/2V1/2<6O>V_1/2,F)w.

=A=1/21/2(50)

This implies that, with yo = 1/supeg > 0, (so that 1 < eg < 5 *)
es(v=12 v,
2R, M72A71/2 1/2.1/2 pw, Wick gw 2R wAfl/Q 1/2.1/2 w . Wick
eQM = v By ng By + e By nrv [ﬂoaﬁo }
+ Re BES(AY 22 (50),T)™
— 2A71/2u1/2yl/260wn(\)/\/ickﬁau + Reﬁg’S(Afl/Qul/QQO),F)w
(3.2.4) > 20ATRUVRUVR By By + BbY + By B

since ng > eg
from n > 0 in (2.4.10)
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with by € S(A=Y2u1/2(5y),T). With the notation A = A=1/2u1/201/2, we use
the identity,
A2 B0 By + B b + b By =

(/2654 A2 (N2 4+ X720 A
so that from (3.2.4), we obtain the inequality
(3.2.5) 2Re QM +b¥ > A~Y2 /21 2y gw g
with by real valued in S(AY2u =20~ Y2A711(50)2,T).

A=1/21/2=1/2 (5,2
Using now (A.1.11), we get, with a “fixed” constant C, that

b11u < CA_1/2/J/1/2V_1/2(1 +62)Wick
_ CA71/2M1/2V71/2 Id +CA71/2M1/2V71/2(6360—2>Wick
< C’A_l/2u1/21/_1/2 1d JrCA—1/2M1/2V—1/2(6(2)>Wick7
and since, from the proposition A.1.2(2), we have
B)V* = (89)" + S(L,v™'T)Y = By B’ + S(1,v '),
the inequality (3.2.4) implies
2R€QM+CA_1/2M1/2V_1/2 Id—f—CA_l/Q,u,l/QV_l/Qﬁowﬁow+
+ S(A71/2u1/21/71/2,1/711—1)w > 2ReQM+bvlﬂ > A71/2,LL1/2V1/2’)’050U)68U,
so that
(3.2.6) ReQM + S(A~Y2yt/2y=1/2 Tyw
> ﬂowﬂau(Afl/Qﬂl/le/Lyo _ C/A71/2u1/21/71/2).

The rhs of (3.2.6) is nonnegative provided v > C’y; ' and since C'y; ' is a
fixed constant, we may first suppose that this condition is satisfied; if it is not
the case, we would have that v is bounded above by a fixed constant and since
v > 1, that would imply ¢ € S(A~Y2uY/2 ') and P € S(A~'/2u1/2,T)*. In
both cases, we get

(3.2.7) Re QM + S(A~Y/2,1/2,=1/2 Tyw >,

[2]. Let us assume now that ¢ > 0, ¢ € S(A=Y2u 20, v71T), yov'/2 < 6 <
7511/1/2 with a positive fixed constant 7. Moreover, we assume 0 < 7715 <
4, T Y| < 4A~Y2|6(X)| < C, O real-valued. Here A, p, v are assumed to
be positive constants such that A > u > v > 1.
We start over our discussion from the identity (3.2.2):
Wick
(3.2.8) P =Re [q“’ ((50(1 +T ') + @) }
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We define
(3.2.9) ap = do(1+T7'n)
and we note that yov'/? < ag < 55 /2

REMARK 3.2.1. — We may assume that '/ > 2C/vy which implies C' <
270v1/? so that

1
(3.2.10) 570y1/2 <ap+0 < (55" + /202
In fact if vY/2 < 2C/yy we have ((50(1+T_177)+9)WiCk S(1,T)v,
A2p=12¢ € S(1,T) and P € S(A~Y2u'2.T)* so that (3.2.7) holds
also in that case.

We have the identity

i . 1/2 < <5 —1.1/2
(3211) q“ (50(1 + T—1n))W k _ qwag\hck with YoV > 4o >0y VT,
laj| < 14.

The Weyl symbol of (ag + ©)Wick, which is
(3.2.12) a = (ap+ O) x 2" exp —27T,

belongs to S;(v*/2,v7'T")(see definition A.5.1): this follows from the
lemma A.5.3 and (3.2.11) for ag * exp —27T" and is obvious for © x 2™ exp —27 T’
which belongs to S(1,T"). Moreover the estimates (3.2.10) imply that the
symbol a satisfies

(3.2.13)

1
S10v'/? < a(X) = / (a0 + ©)(X +Y)2"e >y < (575 + Cyo/2)0 /2.

As a result, the symbol b = a'/? belongs to S;(v*/4,v='T") and 1/b €
S1(v=4, v~IT): we have

271/273/21/1/4 <|b < (570—1 + 070/2)1/21/1/4
and moreover a’ = af, * 2" exp —27L" + O * 2" (exp —27I")’, so that, using

|a'] < 144+ C|2" (exp —27T)'|| 1 (ge2ny = 1,
we get 2|b'| = |a’(X)|a(X)_1/2 < 21/270_1/%’1/401, and the derivatives of a'/?
of order k > 2 are a sum of terms of type

az=ma®) | a%m) with ky 4+ k= K, all kj > 1,

which can be estimated by Cvi=% < Cv~% since m > 1. Similarly

we obtain that b=! € S;(v~'/4,v7'T). From the lemma A.5.2, we have
b = o + SwV2 D) = (ao+0O)Vik + S(v~1/2.T)*, which means
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(ap + ©)WVick = pwpv 44w ry € S(vV/2T), real-valued. Using that 1/b
belongs to S1(v~'/4,v~'T), we write, using again the lemma A.5.2,

1 w 1 _ w — — —
(b+ 5[)71740) (b+ §b 1TO) = pWpw +r8u +S(l/ 1/4V 1/2V 1/4,1—\)w’
which gives,
. 1 w 1 w
(3.2.14) (ap + ©)Vick = (b + 5zflro) (b+ 5zflro) + Sy ).

Note that by = b + %b‘lro belongs to Sl(u1/4, v~1T") since it is true for b and
b~lrg € S(v=3/4T): we get then
S(A71/2#1/2V1/4V71/4,F)
2Re(q" (ao + ©)™'*) = 2b'¢" b +] lq", b ] b5+ Re(g”S (v, T)")
——

S(A=1/21/2,1/2=1/4 T)

so that
(3.2.15) P =b¥q b + S(A~Y2,1/2 Tyw.

Using now the Fefferman-Phong inequality ([8], Theorem 18.6.8 in [14]) for
the nonnegative symbol ¢, we get byq“by = by (¢ + CA‘1/2u1/2V_1)b6” +
S(A=Y2u12y=12 TYyw > S(AY2u/2p=12 T, so that, from (3.2.15) we
get eventually

(3.2.16) Re(QM) + S(A~/2u}/2, 1) > 0.

3.3. Stationary estimates. — Let T > 0 be given and Q(t) = ¢(t)" given
by (2.1.1-2). We define M (t) according to (3.1.1). We consider

1 1
(3.3.1) Re(Q(t)M(t)) = 5Q(t)M(t) + 5M(t)Q(t) = P(t).
We have, omitting now the variable ¢ fixed throughout all this section 3.3,
(3.3.2) P =Re {qw (Bo(1+ T 1)V + qweWick} :

LEMMA 3.3.1. — Let p be the Weyl symbol of P defined in (3.3.2) and 0=
© % 2" exp —27L", where © is defined in (2.4.6) (and satisfies (2.4.8)). Then we
have

(3.3.3)
p(t, X) = po(t, X) = q(t, X) (50(1 FT ') * 2% exp 727TF) +q(t, X)O(t, X),

modulo S(A=1/2p/2=1/2(50),T).
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Proof. — Using the results of section 2.1, we know that the symbol X —
q(t, X) belongs to the class

S(A™Y2u(t, X))V 2u(t, X), v(t, X)7'T)

as shown in lemma 2.1.7. In fact from (2.1.18) we know that ¢ €
S(A=Y2uM 2y =T, and from (3.1.3) and Lemma A.1.3, we obtain, us-
ing Theorem 18.5.5 in [14],

~ o~ 1 ~ B B
a0 = 48 + = {0.6} + S(AT/2 271 2(5),T).

This implies that Re (¢10) € ¢O + S(A~Y/2u/2,=1/2(64),T). On the other

hand, we know that
w

Re(qﬂ [60(1+ T ') xexp *27TF})

=qw + Z Caﬁq(a)w(ﬁ) + S(Afl/Q,ul/QV*l,F)
la|=|8]=2

so that it is enough to concentrate our attention on the “products” ¢”w’”. We
have

(601 + Tﬁln))” xexp —27 € S(1,T)

and since ¢ € S(A=Y2u'/2 17T, we get a remainder in S(A~'/2u/2.T),

which is fine as long as (6) > cv'/2. However when (6o) < cv'/?, we know

that, for a good choice of the fixed positive constant ¢, the function dg satisfies
the estimates of S(v'/2,v~1T"), since it is the I-distance function to the set
of (regular) zeroes of the function ¢ so that ¢”8) € S(A=Y2u/?y=1/2 1=1T)
which is what we are looking for. However, we are left with

q" (6om * exp —27T)"T~ 1.
Since we have (8o1)" = 64n+264n"+0on" and |64 n+264n'| < CT(v~=1/24A71/2),

we have only to deal with the term

Son” * exp —27" = /50(Y)77”(Y) exp —27'(X — Y)dY

=— /66(Y)77'(Y) exp —27'(X — Y)dY
—_—
<TA-1/2
— /50(Y)77’(Y) d7(X —Y)exp —27T(X —Y)dY.
—_—
<TA-1/2(50)

For future reference we summarize part of the previous discussion by the fol-
lowing result.
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LEMMA 3.3.2. — With the notations above, we have

‘ (50(1 +T71n) x exp —271'1") ‘ < C{dp), ’ ((50(1 +T7 1) xexp —27TF)/ < C,

"
‘(50(1 +T7 1)« exp727rF) < (b)Y,

Proof. — Starting over the discussion, we have already seen that the result is
true whenever (§p) > v'/2. Moreover when () < v'/2, we have seen that
|60] < v=1/2 and T~'|n| < 1; moreover we have already checked |n/| < TA=1/?
and T=Yoyn'| < A™Y2 < w2 as well as |61 * exp —27T| < A1/2(6y) <
<(50>V_1/2. O

Eventually, using the lemma A.1.3, we get that the first integral above is
in S(TA~'/2,T) whereas the second belongs to S(TA~/2(5,),T). Finally, it
means that, up to terms in S(A=1/2u/2,=1/2(5y),T), the operator P(t) has a
Weyl symbol equal to the rhs of (3.3.3). O

We shall use a partition of unity 1 =, x3 related to the metric v (¢, X)~'T
and a sequence (¢) as in section 1.4. We have, omitting the variable ¢, with
po defined in (3.3.3),

P(X) = 3 X)%0(X) [ oY) (14 T 1(¥))2" exp 27X — Y)Y
k
+)xk(X)q(X) / O(Y)2" exp —271(X — Y)dY.
k
Using the lemma A.1.6, we obtain, assuming dyp = dgx, © = Ok, q = g on Uy

(3.34) po = inqk (Sok (1 4+ T~ ) * 2" exp —27T")
k

+ Z X2 qk (O * 2" exp —27T) + S(A~Y/2, /2= 1.
k

LEMMA 3.3.3. — With O, = O, * 2%exp—27l, d = Sou(l + T~ 'n) *
2" exp =27l and qx, xx defined above, we have

(33.5) Y xufardetxr + Y xwlauOxfxe = po + S(A™ 22072 (60), T).
k k

Proof. — We already know that |di| < (0o), |di| S 1, |d}| S (Go)v=Y2, s0
that

(3.3.6) |(grdr)" = qidy, + 24;d), + qrdyl| S ATV ((S0) + w12+ 12 (50))
< A71/2‘u1/2l/1/2<50>.
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As a consequence, we get

> xrtardrtx

k

1 1 —
= >~ (wandi + g Comandik + SO (A2 3o /2),1) )
k

1 —1/2,1/2 —1/2
(xqudﬁM{xk,qkdk})ﬁxwgsm it/ (3)y ™2, Tt

1 1 1
d + — {xr, ud ) — A + — D qudi)
(Xka R {Xk> qedi} ) xn + %:{quk e {xk> qudr} Xk}

k
- Z 4
k
FS(A 2 2oy 1)
since |(Xk¢]kdk)/lxg| 5 A_1/2u1/2((50>+1/1/2+u<60)1/_1/2)u_1 5 <5O>V_1/2A_1/2M1/2-
Using now that xrfqrdilixs is real-valued, we obtain

(33.7) D xwbardrtxr =
k
1
2 _ - —1/2,,1/2 —1/2
;Xk%dk 6.2 ;{{Xkandk}an}‘f'S(A /=0y~ /%,T).

We note now that, using (3.3.6), we have

(3.3.8)  {{xmawd}, xu} = —HE (ardi) € S(A™2u2(80) /2071 T).

We examine now the term

Xtk Ortxe =
1

(Xkaék)ﬁXk 7 {Xk, Qkék} fxr + ST ATV 20 (80) 2 T

i
We have
Re(xk@rOrtxr) € X3arOr + S A2 2u(80) =12 1),

1 ~ . _ _ _
Tin {Xk,Qka} iR+ S V2N~ Y2 20 (50) v~ /2,T).

Since XkﬁQkékﬁXk is real-valued, we get

(3.3.9) > xwbaOrtxn = > xiakOk + S(AT 22 (50)y 2 1),

k k
Collecting the information (3.3.4), (3.3.7), (3.3.8) and (3.3.9) we obtain (3.3.5)
and the lemma. O
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From this lemma and the lemma 3.3.1 we obtain that
(3.3.10)

Re(Q(t)M (1)) = Zx}é’ (qudi + quOr) X} + S(A™Y2ut (o)~ 12, T)v.
k

Moreover the same arguments as above in Lemma 3.3.1 give also that
(3.3.11) Re(gy'dy + qp'O}) = (qudi + qrOr)” + S(A™Y2p 2 (50)p=/2,T)™.

PROPOSITION 3.3.4. — Let T > 0 be given and Q(t) = q(t)¥ given by
(2.1.1-2). We define M(t) according to (3.1.1). Then, with a partition of unity
1 =3, X3 related to the metric v(t, X)~'T we have

(3.3.12)
Re (Q(t)M (1)) = > xi Re(gi'dy + qi O )X + S(A™1 /2 /? (8)v= 12, 1)
k
(3.3.13) Re (Q(t)M(t)) + S(A™Y/2 12 (50~ 1/2, 1) > 0.

Proof. — The equality (3.3.12) follows from (3.3.10-11). According to Lemma
2.1.9, we have to deal with four subsets of indices, F, Fg, Fgg. The classifi-
cation in Definition 2.1.8 shows that section 3.2.[1] takes care of the cases Ey
and shows that, from (3.2.7),

(3.3.14)  for k€ Ey, Re(qld¥ + ¢ OY) + S(A~Y/2ut/2y=1/2 1) > .
Furthermore, the estimate (3.2.16) in section 3.2.[2] shows that

(3.3.15) for k € BEx, Re(qPdyY +qOp) + S(A~V2u/2u=12(5,), 1) > 0.
Moreover if k € Eyg, the weight v is bounded above and

(3.3.16) rdy +qrOr e S(ATV2uM 22 v,

The equality (3.3.12) and (3.3.14-15-16) give (3.3.13). O

3.4. The multiplier method

THEOREM 3.4.1. — Let T > 0 be given and Q(t) = q(t)* given by (2.1.1-2).
We define M(t) according to (3.1.1). There exist To > 0 and ¢y > 0 depending
only on a finite number of vy, in (2.1.1) such that, for 0 < T < Tp, with
D(t, X) = (00(t, X)), (D is Lipschitz continuous with Lipschitz constant 2, as
0o in (2.1.8) and thus a T'-weight),

(3.4.1) %M(t) +2Re (Q(t)M(t)) > Tfl(DZ)WickA—1/2CO.
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Moreover we have with m defined in (2.4.7), m(t,-) = m(t, ) * 2" exp —27T,
(3.4.2) M(t) = m(t, X)Vik = m(t, X)¥, with m € Sy(D,D~?T) 4+ S(1,T).
(3.4.3)  m(t,X)=a(t,X)+b(t,X), |a/D|+ |a'x| + |b] bounded, m >0,

a=30(1+T 1), b=06.

Proof. — From the estimate (3.1.2), we get, with a positive fixed constant Cp,
d 1
—M(t) >
dt () = 2CyT
and from (3.3.13) and Lemma A.1.4 we know that, with a fixed (nonnegative)
constant C1,

(A_1/2,u1/21/_1/2(60>)WiCk + T—l(é(Q))WiCkA—l/Q,

2 Re (Q(1)M(£)) + Cy (A~ Y/2u1/2-1/2(55)) Wik > g,

As a result we get, if 4C1CyT < 1 (we shall choose Ty = m),

d ; i
S M(H)+2Re (QU)M(E)) > ——= (A2 2 =1/2 5y Wick =1 (52) Wik A =172,
dt 4CoT
Using (2.1.17)( p > v/2), this gives
d : 1
—M(t) +2Re (Q(t)M(t)) > T 1AY/2(1 4 §2)Wick (————
which is the sought result. O
4. From semi-classical to local estimates
4.1. From semi-classical to inhomogeneous estimates. — Let us con-

sider a smooth real-valued function f defined on R x R™ x R™, satisfiying (2.1.2)
and such that, for all multi-indices «, 3,

(4.1.1) sup (9507 1)(t, 2, )|(1 +[¢) T = Cup < o0
(I,st)eewm%
Using a Littlewood-Paley decomposition, we have
F(t,8) = f(t2,8)9;(€)?, suppgo compact,
JEN
for j > 1, supp p; C {€ € R, 2971 < |¢] <2771}, sup |98 ¢;(€)[271*) < oo,
Ji€

We introduce also some smooth nonnegative compactly supported functions
¥;(€), satisfying the same estimates than ¢; and supported in 2772 < |¢| < 27F2
for j > 1, identically 1 on the support of ;. For each j € N, we define the
symbol

(4.1.2) q;(t, 2, &) = f(t,2,6)¥;(8)
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and we remark that (2.1.2) is satisfied for ¢; and the following estimates hold:
|(8§‘8ng)| < C’;EA}_W, with A; = 27. Note that the semi-norms of ¢; can be
estimated from above independently of j. We can reformulate this by saying
that
(4.1.3)

qj € S(Aj,Aj*lI‘j), with T';(t,7) = [t|*A; + |7‘|2A;1 (note that I'; = T'7).

LEMMA 4.1.1. — There exists Ty > 0,co > 0, depending only on a finite num-
ber of semi-norms of f such that, for each j € N, we can find D; aI'j—uniformly
Lipschitz continuous function with Lipschitz constant 2, valued in [1,/2A;],
aj, bj real-valued such that

a;(t, X)
414 L 4 | Vxa;(t, X +1b;(t, X)| ) < oo.
ary s ([EED 0l + e 0]) <
X eRr2n
Moreover we have with m; = a; + b;, m;(t,-) = m;(t,-) * 2" exp —2nT,
Q;(t) = q;(t)*,

(4.1.5)
Mj(t) = mj(t, X)Wick(rj) = ﬁlj(t, X)w, with 77~’Lj €S (Dj, Dj_2rj) + S(l, Fj),

(the Wick(T';) quantization is defined in definition A.1.7) the estimate

iMj (t) + 2Re (Q] (t)M] (t)) > T—l (DQ_)Wick(Fj)

4.1.

AT

Proof. — Tt is a straightforward consequence of Definition A.1.7 and of The-
orem 3.4.1: let us check this. Considering the linear symplectic mapping L :
(t,7) — (Aj_l/2t, A;/QT), we see that the symbols ¢; o L belong uniformly to
S(A;, Aj_lFo). Applying the theorem 3.4.1 to g; o L, we find D a I'g—uniformly
Lipschitz continuous function > 1, a, b real-valued such that

a(t, X)

—] IV xalt, X)p, + |b<t,X>|) < oo,

(4.1.7) sup (D(t,X)

JEN,[t|<To
X €R27m

and so that, with m = a + b, m(t,-) = m(t,-) * 2"exp —27Ty, Q) =
(g;(t) o L),

M(t) = m(t, X)Vik = m(t, X)*, with m € Sy(D, D™2Ty) 4+ S(1,To),

WiCk(FO)Afl/Qc
J

(4.1.8) %M(t) +2Re (Q(t)M(t)) > T~ (D?)
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Now we define the real-valued functions a; = aoL™1,b; = boL™, D; = Do L~}
and we have, since I'y(S) = T';(LS),

aj(t,X)
_ Vxa;(t,X bi(t, X
e 19 ka0l + 0.3
a(t,L71X) |a(t, X) - T 1
= |— _— b(t, L7 X
Dt 21X)| R e R
a(t, LX) (¢, X) - LT )
= | —_— b(t, L= X
De.1oX)| TR e e
a(t,L71X)

— = "(t, X b(t,L7'X
B | 1 X, + e, LX)

so that (4.1.7) implies (4.1.4). Considering now m; = a; + b; and for a meta-
plectic U in the fiber of the symplectic L (see definition A.1.7), we have

(4.1.9) M;(t) = mj(tv)()Wick(Fj) = U(mj o L)Wick(To) g+

Thus we obtain

d
7 M;(t) + 2Re (Q;(6)M; (1))
d . .
from (11.9) = U= (m; o L)V<U* 4 2 Re (UU*qj(t)wU(mj o L)W‘Ck(FO)U*)
d . .
—U [E(mj o L)Wiek(To) | 9 Re (U*qj(t)WU(mj o L)ka(Fo)ﬂ U

using m=m oL ] _ U[i(m)Wick(Fo) +2Re ((Qj ° L)w(m)Wick(Fo))} U*

(qoL)W=U*q%U dt
from (4.1.8) > U [Tﬁl (DQ)WiCk(FO)A;l/QCO} U*

from (A.1.16) = T_lUU* (D2 o L_l)WiCk(Fj

— Wick(T'y) , —
=770 AT e

which is (4.1.6), completing the proof of the lemma. O

UUTA; e

We define now, with ¢; given after (4.1.1), M; in (4.1.5)

(4.1.10) M(t)=>" w}”Ajl/QMj )¢y
JjEN

LEMMA 4.1.2. — With M, defined in (4.1.5) and @;,v; as above,
(41.11) Y P M) (1= ) f(1) ¥ € S((€) >, (€)]da]* + (&)1 |d¢ )",
J

(4.1.12) Z 0 M)} (L= ;) ()" € S(€) ™, (E)ldzl + (€) " |de[*)".

J
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Proof. — Since ¢; = 1 on the support of ¢;, we get that, uniformly with
respect to 7,

(4.1.13) (L =9 f@)"0f € S(E)™°, |da* + (&) 2|dg[*)".
Since 771; € S(AY?, Aj|dx|?+AT[dg|?), we get that v, € S((E)Y/2, (€)|dx]>+
(€)~"1dg|?), and consequently o;t;m; € S((§)'/2, (§)ldx|*+(§) 7" |d¢*) so that
(4.1.14)  pjtymyb(1 — ) f(Dte; € SHE) T, (E)da|* + (&) 7'del)
C (€)™, lda]® + |d&|?).

Moreover we have p;(1—1;)m; € S(A;oo,Aj|dx|2+A;1|d§|2) C S(A;, |dx]*+
|d€|?) so that (4.1.13) implies
(4.1.15)  @ifl(1 — y)m;(1 — ;) f(D)dp; € S((€) 7, |dal* + |dg[?)

C (&)™, ()ldxl* + (&) de ).
As a consequence, from (4.1.14) and (4.1.15) we get, uniformly in j, that
(4.1.16) itmii(1 — ;) f()e; € S, (€)|dxl* + (€) " |dg]).

Since ¢;,1; depend only on the variable &, the support condition implies
Py = ¢} and we obtain that from (4.1.16)

Z (1 — ;) f(t)ie;
= D witestmst(l = ) f()eit; € ST, () ldal” + (€)' dg]?),

completing the proof of (4.1.11). The proof of (4.1.12) follows almost in the
same way: we get as in (4.1.16) that

prtitest(1 = ) (1) € SUE) ™, €)ldal? + (€)agP).
Now with @j = gﬁjﬁ(l 7’(/)j)f(t), we have q)j S S(<§>foo, |d;L'|2 —+ <§>72|d§|2) and
from the formula (A.5.5) we have also |(8§‘8?<I)j)(z,§)| < Copn2™(1 + |€ —
supp ¢;|) =" (1 + [¢]), so that
Copn2m27IWN=1if [¢] > 20+2,
(00000, (2,6)] < Copn2im2=IN  if 2072 < |¢] < 2742,
Capn2m27IN=1 if |¢| < 2072,

implying that >, ¢;4m;4®; belongs to S((§) >, [dz|* + (§)~2|d¢[?). O

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



598 LERNER (N.)

LEMMA 4.1.3. — With F(t) = f(t,z,&)", M defined in (4.1.10), M, in
(4.1.5)

%M()—FQRe ZA 1/2 W( +2Re( OGO ))w;!d
ZQRe Dley (03 f(0)"147"7)
+S(<£> >, ()dz]* + (€)M |dg]*)®.
Proof. — We have
9 M(t) + 2 Re(ME ()

= QUGN Pl + 2Re(p¥ M)A PGV F (1))
(4.1.17) ‘
- Zgo}”Mj(t ; ~1/2 ey + 2Re(<pr V2pr J(t)F(t)go;’)
+2Re(py A7 M ()Y, F (1)
On the other hand, we have

2Re(py A, VAN (F (D)) = 2Re (A2 M(8) (v5.£(8) "0 )
+2Re () A M1 - ) F (1))
and since we have also
2Re (VA2 M;(6)[pY, F(1)])

= 2Re(p¥ A2 M;(1)[0Y, (v F(1)"])
+2Re(pP AP ()], (1 —vi) f(1)"]),

we get the result of the lemma from Lemma 4.1.2 and (4.1.17). O
LEMMA 4.1.4. — With the above notations, we have
(4.1.18)

ZRe PPATEMG ()], (0 F())P]) € S((E) 7L (€) |dal? + ()|

Proof. — The Weyl symbol of the bracket [0, (;f ()] is 5= {¢), 1/)j )+

rj, T € S(AJ A 'T';) where (r;) is a confined sequence in S((¢)~', |dz|? +

(€)72]d£|?). As a consequence, we have
SoeuAT M)y € S((€) 7T (€ ldaf? + (€) el
J
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With ¥; = —5= {¢;,¥;f(t)} (real-valued € S(l,Aj_lI‘j)), we are left with

>, AP Re( ;i ()i 0;) which belongs to S((€)~, (€)|dx]? + (£)~]d¢]?).
o

DEFINITION 4.1.5. — The symplectic metric T on R?" is defined as

(4.1.19) Te = (&)dal” + (€)' |d¢[*.

With D; given in lemma 4.1.1, we define

(4.1.20) d(t,z, &) = Z% it T, ).

LEMMA 4.1.6. — The function d(t,-) is uniformly Lipschitz continuous for the

metric T in the strongest sense, namely, there exists a positive fixed constant
C such that
(4.1.21)

C*1|d(t,1‘,§) — d(t,y,n)| < min(<§>1/2, <77>1/2)|1, . y| + |§ - 77|

max (()1/2, ()1/2)”
Moreover it satisfies d(t,z, &) € [1,2(€)Y/?]. It is thus a weight for that metric Y.

Proof. — Since the ¢; are nonnegative with Zj go? = 1, we get from
Lemma 4.1.1 that

1= ¢i<> ¢D —d<290 A2 <N pi(6)2(6) 22 = ().
J J

J

Also, we have

d(t,z,§) —d(t,y, 77)
= Zsog i(t2,€) = Dyt y,m) + > Dyt y,m) (956 = ¢;(n)?),

J
so that, with X = (2,¢),Y = (y,n), I'; given in (4.1.3),
ld(t, 2, &) — d(t,y,n)|

< Z ©;(6)22T;(X —Y)V/2 + > 21/291/2|¢ —p|27IC
©;(£)#0 o @ (m)#0
<Z% Y2z =yl + ()2 —nl) + 1€ —n] > 279/

Js
©j (§)#0 or ¢ (n)#0

SOz —y| + ()2 —ml + 1€ — 0l ((©) V2 + () TH3).
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We get thus, if (£) ~ (1),

(4.1.22) jd(t,2,€) — d(t.y,m)| < (€)2|x — yl + (€€ — .
If 270 ~ (€) < (n) ~ 2%, we have
jd(t,,8) —d(ty,m)| < Y (922024 N ()220t
7y (§)#0 Jypi (m)#0
(4.1.23) S 20002 4 9k0/2 o oR0/2 |y — g|27R0/2 () 12 — ¢

Eventually, (4.1.23) and (4.1.22) give (4.1.21), completing the proof of the
lemma. o

Note also that (£) is a T-weight and is even such that

1/2 1/2 |£_ |
(4.1.24) MOV = 0| < a7

LEMMA 4.1.7. — With F(t) = f(t,z,8)", M defined in (4.1.10), M,
n (4.1.5), the positive constant ¢y defined in lemma 4.1.1,
(4.1.25)

d 1C.
ZM(t)+2Re(M(F () > ¢~ 12% )R gw 4 5 ((6)71, 1),

J

The operator M(t) has a Weyl symbol in the class Sy((€)~/2d,d=2Y). More-
over the selfadjoint operator M(t) satisfies, with a fixed constant C,

(4.1.26) MBM(t) < C? Z% A D2y VIR

Proof. — The estimate (4.1.25) is a consequence of the lemmas 4.1.3, 4.1.4 and
4.1.1. From (4.1.10), we get that

) € wasl (D;A;Y2, D72T;) e € Si(d(g)~Y/2,d=2T)".

From the lemma 4.1.1 and the finite overlap of the ¢;, we get

IM(@ull” < ZA Hlew My prul|* =3 AT HeY Myplu, o Mygpiu) =
J
- w w w w - Wick(T;) 4
ZAJ' P U, Mj(@j) M; P u) S Z(‘P]‘ u, (Aj 1Dj2') o Py u),
- —_— S~~~ J
GS(DJQ-,F]')“’ from lemma A.1.4
which is (4.1.26). O
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LEMMA 4.1.8. — Let a be a symbol in S(()~1,Y). Then, with constants
C1,Cy depending on a finite number of semi-norms of a, we have

w _ Wick(T;) w
(@ u,w)| < O ullore < Co S (A;ED2) VD gy o),

J

Proof. — We have, since D; > 1 and the Wick quantizations are nonnegative

ST D) g, o)

J
_1\ Wick(T;) 4 w _ w 2
> AT P g g = (A7) o) ~ ullyare
J J

where H~1/? is the standard Sobolev space of index —1/2. Now, it is a classical
result that

(au,u) = (()2)"a” (()V2)" (&))" u, (&)%) u)

eS(1,T)wCL(L?)

which implies that |(a“u, u)| < |jul/3_1/2. O

THEOREM 4.1.9. — Let f(t,x,£) be a smooth real-valued function defined on
RxR™xR"™, satisfiying (2.1.2) and (4.1.1). Let fo(t,z,&) be a smooth complex-
valued function defined on R x R™ x R™, such that {£) fo(t,z,§) satisfies (4.1.1).
Then there exists Ty > 0,co > 0 depending on a finite number of seminorms of
1, fo, such that, for all T < Ty and all u € CgO((—T, T);S(R”))

1/2
||Dtu + Zf(ta €z, g)wu + fo(ta €z, g)wuHLQ(RTﬂrl) Z COT71 </|u(t)”§{1/2(R") dt)

Proof
(i) We assume first that fo = 0. Using the lemmas 4.1.7-8, we get

(4.1.27) 2Re(Dyu +if(t) u, iM(t)u)

_ w (A — Wick(T;)
> (eoT ™ = Ca) 3ty (A7 D)™ g, w),
J
and from the estimate (4.1.26), provided that
we get
. w w (A —1 2\ Wick(T;) o 1/2
2| Dew + i f () ull p2gns) [Z@j (A;'D3) Pj “’u>} ¢
J
o w (A — Wick(T;)
> o5 D (e (A7 D)) i u,u)

J
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so that, with fixed positive constants ¢, co, using again the lemma 4.1.8

o a1 w /A Wick(T;) 1/2
|De+ (0wl aguniny = 2 [ S5 (47D g, )|

T L&
’ o 1/2
2
= </ () -1/2 @) dt) ;

which is our result. Let us check now the case fo # 0.

(ii) Let us assume that Im(fo) € S({(€)~1,(£)71T). Going back to the compu-
tation in (4.1.27), with (4.1.28) fulfilled, we have

2Re(Dyu +if(1)" + folt)"u, iM(t)u) = 25 Z«o (7103 ™ o, )

+ 2Re(Re(fo () u, iM(t ) )y + 2 Re(Im( fo(£))“u, M(t)u).

From the identity 2 Re(Re(fo(t))"u,iM(t)u) = ([Re(fo(t))”,iM(t)]u,u) and
the fact that, from Theorem 18.5.5 in [14] we have

[Re(fo(t))",iM(1)] € S({€)~/2dd ™1 (&) /%, 1) = S((&) =1, 1)”

we can use the lemma 4.1.8 to control this term by

Wick(T;)
C’Z <,0J 1D2 ( )cp»u,u>.

On the other hand, from our assumption on Im fy, we get that
M(®) Im(fo(1))" € S((€)/2d(€) ™. 1) € S(() 7. 1),

which can be also controlled by C' >~ (¢} (Aj_lD]z)WiCk(Fj )@}Pu, u). Eventually,

we obtain the result in that case too, for T' small enough.

(iii) We are left with the general case Im(fo) € S(1,(£)71Y); we note that,
with

t
(4.1.29) wo(t,z, &) = / Im fo(s,z,&)ds, (which belongs to S(1, (£)7T)),
0

we have

Di+if(1)" + (Re fo(t))” +i(Im foft))"
= ()" Dy 0O £ if (1) + (Re fo(1)”

= (=0 Dyti (1) +(Re fo(1))") (7 (if (1)~ =) tf (e )"
+S5((6) 71 () 7).
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Noting that e*“° belongs to S(1, (¢)~!T), we compute
eotiften = (e0if + o {60, if) )t + S((E) ™, (€7 T)
1 1
= if g (g o (e} 4 (67 (67T

—if o+ 5w S} + SO O,

‘We obtain

(4.1.30)
L =D, +if(t)" + fo(t)”

= (ewo(t))w (Dt +if(t)" + (Re fo(t) + % {f, WO})w) (e—wo(t))w
+S8(&~ ©O7n)”,
and analogously
Lo=D;+if(t)" + (Re folt) + % {f, wo})w FS(E) (i)
= (e—an(t))wL(ewo(t))w.

(4.1.31)

Using now the fact that the symbol Re fo(t) + 5= {f,wo} is real-valued in
S(1,(€)7IT), we can use (i) to prove the estimate in the theorem for the
operator

Lo = Dy +if(t)" + (Re folt) + 5= {f,wo})" +S((&) ™, () 1)*.

We note also that e*0fe™0 = 1 + t25((¢)72,(£)71T) so that, for |¢| small
enough,

(4.1.32) {

From the previous identity and (ii), we get for v € C°((=T,T),> S(R™))

the operators (et“°)™ are invertible in L#(R™) and
their inverses are pseudodifferential operators in S(1, (£)~17T)%.

J e L0y ue) eyt = 55 [ 0O -1t

Applying this to

(4.1.33) u(t)

I
/N
—
@

€
o
=
=
—
g
N———
>
~—
~
—

we obtain

(4.1.34) /||(e o(0) Lv(t)||%2(Rn)dt2T—02/H((e O) ) T o)) g -
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We have

(e I
H*l/Q(R")

= (@12 (@) T (/A (A v(B)| 2 gy
Now the operator ({£)~1/2)%((ewo®))w)=1((£)1/2) is invertible with inverse

(4.1_35) Q(t) = (<€>—1/2)w(ewo(t))w(<€>1/2)w
which is a bounded operator on L?(R"™) so that
(4.1.36) vl o = (|27 ]| o < 190 2y |27 0|2 -

As a result, from the inequality (4.1.34), we get
—w w <5 — - w
/H(e ) Lo(t) |22 (gny dt > 75 / 126) 7 (€)™ 2) v (B) | 22 ey

>3 [ VOl 3 IO —

which is the result. The proof of Theorem 4.1.9 is complete. O

COMMENT 4.1.10. — Although Theorem 4.1.9 is providing a solvability result
with loss of 3/2 derivatives for the evolution equation

at + f(taxag)w + fo(t,$,§)w,

where f, fo are satisfying the assumptions of this theorem, the statement does
not seem quite sufficient to handle operators with homogeneous symbols for
two reasons. The first one is that the reduction of homogeneous symbols in
the cotangent bundle of a manifold will lead to a model operator like the one
above, but only at the cost of some microlocalization in the cotangent bundle.
We need thus to get a microlocal version of our estimates. The second rea-
son is that the function f(¢,x,£) is not a classical symbol in the phase space
Ry xRE x R- xR and we have to pay attention to the discrepancy between ho-
mogeneous localization in the phase space R?"*2 and localization in R?” with
parameter ¢. That difficulty should be taken seriously, since the loss of deriva-
tives is strictly larger than 1; in fact, commuting a cutoff function with the
operator will produce an error of order 0, larger than what is controlled by the
estimate. In the next section, we prove a localized version of the theorem 4.1.9,
which will be suitable for future use in the homogeneous framework.

2. From semi-classical to localized inhomogeneous estimates
We begin with a modified version of Lemma 4.1.7, involving a microlocal-
ization in R2?".
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LEMMA 4.2.1. — Let f(t,xz,§) be real-valued satisfying (2.1.2) and (4.1.1); we
shall note F(t) = f(t,x,€)”. Let M be defined in (4.1.10). We define ¢1 =
co/C?, where cq is given by lemma 4.1.1 and C appears in (4.1.26). Let 1(x,§)
be a real-valued symbol in S(1,(£)71T). We have

(4.2.1) 4 (W M()Y™) 4+ 2Re(p ML) F(t))

dt
> T MM + S((€) 1, 1)".

Proof. — We compute, using (4.1.25) on the fourth line below,

%(wwM(t)ww) + 2Re(v M)W F(t))
= G M + O MU P () + F)5" M)y
= M(1) + 2Re M(OF (D) 0"+ 7 M(1) [0, ()] + [F(1), ] M(£)6"
> T MEME)P® + ey S((&) ™, 1) 9™ +
9 [ M), [97, F@)]] + 0[5, FOIME) - [0, F@)] Mt
= o T MM + e S(() ™, 1)+
- [ M), [0, F) [0 [0 FOl M@ + [0, Fo) [0, M),
Next we analyze each term on the last line. We have

o UM, [0 FO)] € S@e Ao YA = ST

U, WL F()] € S, (€)M, M(t) € Si(d€)~12,d*1)",

o [vn [ PO M@ € S@©=2 1) ¢ S 1) since d <
2(¢)1/2 and

[w“ﬁ W”,F(t)}] € S(E)TLETIT)Y, M(t) € Si(d(€)2,d72T)v,
o [vW, F)] [, M()],€ S(d(&)~12()~ 2=,y = ST

[V, F()] € S(1,()7I0)",  M(t) € Si(d(€)~"/2,d>1)".
We have proven in particular that
(4.2.2) %(WM(t)w) + 2Re(v MY F(t))
= 4 (M(t) + 2Re M F () + S((&) ™, 7).
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Also, we have 4 (" M(t)yh*)+2Re (YU M ()Y F(t)) > ex T~ M(E)M(t)yp*
+ S((&)=1, )%, which is (4.2.1). O

THEOREM 4.2.2. — Let f(t,x,£) be a smooth real-valued function defined on
RxR"xR", satisfiying (2.1.2) and (4.1.1). Let fo(t,z,£) be a smooth complex-
valued function defined on R x R™ x R™, such that (§) fo(t,x,&) satisfies (4.1.1).
We define

L= Dt + Zf(t,$,§)w + fo(t,.’L',f)w.

Let ¥(x,&) € S(1,(6)71Y) be a real-valued symbol. Then there exists Ty >
0,co > 0,C > 0, depending on a finite number of seminorms of f, fo, 1, such
that, for all T < Ty, all u € C°((=T,T); S(R™)), with wo given by (4.1.29),

T ||1/)w (eiwo)wLuHLZ(Rnﬂ)
1/2
2
2y T ([ IO )

1/2

0 ([ 10l dt)l/ > o ([ 10 a0y 0 1)
Proof. — We compute, noting F(t) = f(t, z,€)",
2 Re(Lu, i) M(t)1"u) = <(1/1w/\/l(t)1/1w + 2Re($ M ()" F (¢ )))u, u>
+ <[(Re Folt))™ i Mt W}u,u +2Re (P M) Tm fo(t)“u, ) .
(i) Let us assume that Im(fo) € S((§)~1,(§)~'T). Then we get that

WM T fo(t)" € S(d() €T 1) < S((6) 1)
and since [(Re fo(t))", i "M(t)y*] € S(d(€)~1/2(€)"1/2d~" 1) =S({€) 71, 1),
the inequality (4.1.25) , the identity (4.2.2) and lemmas 4.1.8 — 4.2.1 show that
2 Re(Lu, it M(1))"u) = <(¢wM(t)ww + 2Re(wwM(t)wa(t)))u w)

/ M) u(0) 3 gyt + 2T / [ u®) 1o gy

e / O -

2T [ 107 L0y MU gyt + CT [ ) -

c w G w
> 2 [ M@0 eyt + G [ 1072 ey

As a consequence, we have
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so that, with a > 0,
7 [ (Tat P Lutt) Fageny + 0T IME0 00 ey )
2
T [ ult) a2 ey
C1

o Oy dt+ 3 [ 10 uO ey .

Choosing a < ¢1/2 yields the result

\}

_ w 2 2
72t [ 107 a0l ey dt + CT [ @) sy

Co )
> 2 [ a0l ey
which is a better estimate than the sought one.

(ii) Let us deal now with the general case Im(fy) € S(1,(€)7Y). Using the
definitions (4.1.29), (4.1.31) and the property (4.1.30), we can use (i) above to
get the estimate for Lo, so that with a fixed co > 0

1/2
w 2
(4.24) T |9 Loull 2 (gny +T1/2(/||u(t)||H1/2 Rn)dt)
1/2
> e [ 1 uO s at)
so that

1/2
(4.2.5) T[4 (™) L(e*)" || ya sy + T/ (/ () 17172 gy dt>

1/2
w 2
2 C2 (/ Hw u(t)”H*l/?(]Rn) dt) .

Applying this to u(t) given by (4.1.33), we obtain
(4.2.6)

. 1/2
TH"/Jw(e_wo)wLUHL2(Rn+1) +71/2 (/|((€wo)w) 'U(t)H?{l/Z(Rn)dt)

& ( / ||ww(<ewo>w)1v<t>||%11/2<mdt)1/2-

Using that ((e*0)*)~! is a pseudodifferential operator with symbol in
S(1,(€)71), we obtain, using the notation (4.1.35),

1/2
(4.2.7) T\W(e—wo)WLuHLZ(RM) +CTY/? (/|v(t)|§{1/2(mdt)

> ([ o @), dt>1/201< O] "
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so that, using (4.1.36),

1/2
(4.2.8) Twa(e—WO)WLuHLQ(RM) +CTY/? (/||v(t)|§{1/2(w,)dt)

1/2
2
+a<ﬂmemmwQ

1/2
Cs —1/2\w w, 22 . 1
> (/m&> v uan”m@ﬁﬁ>

1/2
= o ([ 10Ot

which is the result. The proof of the theorem is complete. O

4.3. From inhomogeneous localization to homogeneous localization
In this section, we are given a positive integer n, and we define N = n + 1.

The running point of 7*(RY) will be denoted by (y,7). We are also given a

point (yo;n0) € RY x S¥~1 such that

(4.3.1)

Yo = (yQ;T]o) = (to,.To;To,fo) € RxR"xRxR", with 7 = 0, & € Sn_l,to =0.

We consider F(t,z,&) = f(t,z,§) — ifo(t,x,&), with f, fo satisfying the as-
sumptions of Theorem 4.2.2. Let ¢)o(¢) be a function supported in a conic
neighborhood of & and x¢(7, &) be an homogeneous localization near 7 =0 as
in the appendix A.7 with some positive rq. We consider also a classical first-
order pseudodifferential operator R in RY such that Yy ¢ W FR. We consider
the first-order operator

(4.3.2) L =Dy +i(F(t,z,vo()xo(r,€))" + R.
We have
=Fi(t,z,7,)*

Let 91(€) be a function supported in a conic neighborhood of & and x1(7,¢&)
be an homogeneous localization near 7 = 0 as in the appendix A.7 with some
positive r1 < rp and such that

(4.3.4) suppx1 C {xo =1}, supp(¥1x1) C {¢oxo = 1},
(435) [7T1,T1] x K1 X suppy1x1 C (WFR)C,
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where T} > 0 and K is a compact neighborhood of . Let ¢ (z, £) be a symbol
satisfying the assumptions of Theorem 4.2.2 and let p; € C°(R), such that

(436) suppw C Ky x {1/11 = 1}, suppp1 C [—Tl,Tl].

We can apply the theorem 4.2.2 to the operator L = D; + i(F(t, x, §)¢0(§))w.
We have, with u € S(RV),

Ty wa(e—wo)w(ﬁ - F - R)PlX?UHB(RnH)

1/2
L oT? ( Sl w0l oo dt) T C< Il s dt)

1/2

1/2
> co (/mexquu(t)ﬂzw(uan) dt) / :
We get then
Ty [ (e70) puxt Lu+ 4 (e7) pa [€. XV Tl 2 o
+T1 [ (e7) " [L, prlxY | o iy
+ T ([0 () Py pixyul| o gy + T1 ([0 (€70)“ Roax'ul| 2 g
+CT 21 ((€)72)" pixtull gy + CUE) ™) prxtull g o)

1/2
(43.7) Zco (/Wwplxlfuﬁil/z(w)dt) :

We assume now that u € S(RY), suppu C {(¢,),[t| < T1/2} and also that p;
is 1 on [~3Ty/4,3T1/4]. We introduce two admissible () metrics on RV,
(4.3.8)

d¢|? dr?
G = |dt]* + |def* + 1| a7}

|d¢|* + |dr|? 2 2

TP+ =T A e T e

(1) The operator [£,x}] has a symbol in S(1,G) which is essentially sup-
ported in the region where |7] ~ |£].

(2) The quantity [£, p1]x¥u = [£, p1]xVPp2u if p2(t) is 1 on [-T4/2,T1 /2] and
supported in [—37}/4,3T1/4] and thus the operator [L, p1]x¥p2 has a
symbol in S((1+ || + [7])7>°, G).

(3) The operator Fj’p1xY is the composition of the symbol Fy € S({£),g)
with the symbol in pifix; € S(1,G) and thus is a priori in S({(£), g);
however, looking at the expansion, and using (4.3.4), we see that it has
a symbol in S((1 + || + |7])7°°, G): it is not completely obvious though
and we refer the reader to the lemma A.8.1 for a complete argument.

(®) The properties of definition 1.3.1 are classical for G and easily checked for g. One can
check also that (1 + [£| 4 |7])® are G-weights and (1 + |£])® are g-weights.
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(4) The operator ™ (e~“°)”Rp1xY is also the composition of an operator
in S(1,g)” with an operator in S({¢,7), G)" ; however, using (4.3.4-5-6)
and the appendix A.8, we see that ¥ (e “°)“Rp;x} has a symbol in
S(A+[El+I7))=>,G).

(5) The operator ((£)°)”p1xY is also the sum of an operator in S({7,&)*, G)
plus a symbol in S((1 + [£] + |7])~>°, G).

We write now, with R; of order —oo (weight (§,7)~>°) for G, Ey of or-
der 0 (weight 1) for G, supported in {(¢t,z,7,€),[t| < T,z € Ki,(1,§) €
supp Vx1, (2,€) € supp ¢},

(439) T wa(e—wo)wplxiu‘cu + EOUHLQ(]RTL+1) + T HRluHL?(R"*l)

1/2
+ CTY " [ull g1 /2 gonery + C lull gr=s/2 s

1/2
w w, |12
2 o (/ 1" p1xi U||H71/2(Rn) dt) .

THEOREM 4.3.1. — Let L be the pseudodifferential operator given by (4.3.2)
and Yy = (yo,no) be given by (4.3.1). We assume that {Yo} C Ay C (WFR),
where Ag is a compact-conic neighborhood of Yy. Then, there exists two pseu-
dodifferential operators ®o, Wy of order 0 (weight 1) for G, both essentially
supported in Ay with ®q is elliptic at Yy, and there exists r > 0 such that, for
all w € SRYN),suppu C {(t,),|t| <r},

(4.3.10)

[ WoLull 2 gmn) + rt/? lull =172y + lJull g-sr2 vy 2 [|Povll g-1/2@a) -

Proof. — Tt is a direct consequence of (4.3.9) since, using the ellipticity of
L in the support of the symbol of Fy, we get Ey = KL + Rz, where K is
a pseudodifferential operator of order 0 such that WFEFK C Ay and Rs is a
pseudodifferential operator of order —oo for G. O

4.4. Proof of the solvability result stated in Theorem 1.2.2. — Let P
be a first-order pseudodifferential operator with principal symbol p satisfying
the assumptions of Theorem 1.2.2 and let (yo,70) be a point in the cosphere
bundle. If p(yo,n0) # 0, then there exists a pseudodifferential operator @ of
order 0, elliptic at (yg, 7o) such that

(4.4.1) [P ullg + llull -y = [[@oull, -

In fact, the ellipticity assumption implies that there exist a pseudodifferential
operator K of order —1 and a pseudodifferential operator R of order 0 such
that

Id = KP* + R, (’yo,?]o)g_fWFR.

As consequence, for @ of order 0 essentially supported close enough to (yo, 7o),
we get &g = PgK P* + &g R with ®oR of order —oo, which gives (4.4.1).
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Let us assume now that p(yo, 7o) = 0. We know from the assumption (1.2.1)
that 0,p(yo,10) # 0 and we may suppose that (9, Rep)(yo,n0) # 0. Using the
Malgrange-Weierstrass theorem, we can find a conic neighborhood of (yg, n0)
in which

ply.n) = (o0 +a(s, 2,¢) +ib(s, z,¢))eo(y, n)
where a,b are real-valued positively homogeneous of degree 1, ey is homoge-
neous of degree 0, elliptic near (yo,70), (s,2;0,() € R x R” x R x R™ a choice
of symplectic coordinates in T*(RY) (N = n + 1), with yo = (0,0),10 =
(0,...,0,1). Noting that the Poisson bracket

{o+a,s} =1

we see that there exists an homogeneous canonical transformation =1, from
a (conic) neighborhood of (yo,70) to a conic neighborhood of (0;0,...0,1) in
RY x RY such that

poZ = (T+iq(t,z,§))(eoE).

Note in particular that, setting 7 = o +a,t = s, (which preserves the coordinate
s) yields
—0rq = {taq} = {Sab}OX = 0.

We see now that there exists some elliptic Fourier integral operators A, B and
E a pseudodifferential operator of order 0, elliptic at (yo,70) such that

AEP*B = Dy +i(f(t,x,&)xo0(T, )" + R,
BA=1d +S, (yo, 7’]0) S Fo(conic neighborhood of (yo,ng)) C (WFS)Ca

where f satisfies (2.1.2), R is a pseudodifferential operator of order 0, and yq
is a nonnegative homogeneous localization near 7 = 0. Using the fact that the
coordinate s is preserved by the canonical transformation, we can assume that
A, B are local operators in the ¢ variable, i.e., are such that

u € CX,suppu C {(t,z) € Rx R",|t| < r}
= supp Bu C {(s,2) e Rx R",|s| < r}.

Using the fact that the operator P is polyhomogeneous, one can iterate the use
of the Malgrange-Weierstrass theorem to reduce our case to AEP*B = L of
the type given in (4.3.2). We can apply the theorem 4.3.1, giving the existence
of a pseudodifferential operator ¥ of order 0, elliptic at =~ (yg, ), essentially
supported in Z71(I'g) such that for all u € C°(RY), suppu C {|t| < r},

[ WoAEP* Bullg + 172 |lull_y jg + lull 35 = |Poull_y s -
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We may assume that A and B are properly supported and apply the previous
inequality to u = Awv, whose support in the s variable is unchanged. We get

r|[WoAEP* BAv|ly + /2 [|Av||_y )5 + [|A0[| 35 > [ BoAv]_y 5,
so that
r [ WoAEP*v[|y + Cr/? |[v]| _y ;5 + Cr [[0]] s
> [[@oAv]|_yjy = Cot |BoAV|| 15,
which gives, for all v € C°(RY),suppv C {y € RN, |y — yo| < 7},
(4.4.2) PPl + 2 ol g + 0l g > B0y o,

where ® = cB®yA is a pseudodifferential operator of order 0, elliptic near
(yo,mo). By compactness of the cosphere bundle, one gets, using (4.4.2)
or (4.4.1),

(44.3) vll_ys <C D [1®oxvll_y 5+ Cllv_,
1<k<I
< Cir|[Pollg+ Car' 2 o]l -y jp + Cr o]y

which entails, by shrinking r, the existence of rq > 0,Cy > 0, such that for
v e CF(RN), suppv C {y € RN, |y —yo| < 7o} = By,

(4.4.4) [oll_1/2 < Co [P0l -

Let s be a real number and P be an operator of order m, satisfying the assump-
tions of Theorem 1.2.2. Let E, be a properly supported operator with symbol
(&)?. Then the operator Eq_,,_sPFj is of first order, satisfies condition (1))
and from the previous discussion, there exists Cy > 0,79 > 0 such that

||UH—1/2 < Co|EsP By —m-svlly, vE CSO(RN>a supp v C Br,.

We get, with x, supported in B, and x, = 1 on B, /3, with suppu C B, /4,

HXTgEersfl)(ro/Q’qul/Q S CO "ESP*ElfmstroEerslero/Qu"0
S Col|EsP*Er—m—s [Xro» Em+sfl]Xr0/2 ullo
S—occ
+ CO|‘E5P* El—m—sEm+s—1 X’l"g/2u ||0
—

=Id +S5—° —u

< Co [P ulls + || Rully,
where R is of order —oo. Since we have

XroEm+s—1Xr0/2u = [XT()) Em-l—s—l]Xro/Q u+ Em+s—1 Xro Xro/Qua
—_————

S§—oo =u
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we get ||ull s < Co||P*ull, + C1 ||ull,,,,_, and, shrinking the support of

s+m—35
u, we obtain the estimate

(4.4.5) [ < Co[|[Pruy,

s+m—%
for u € Cg° with support in a neighborhood of yg. This implies the local

solvability of P, with the loss of derivatives claimed by the theorem 1.2.2,
whose proof is now complete.

Appendix A

A.1. Wick quantization. — We recall here some facts on the so-called Wick
quantization, as used in [21, 22, 23].

DEFINITION A.1.1. — Let Y = (y,n) be a point in R*". The operator Xy is
defined as [2"6727‘—|'7Y|2]w. This is a rank-one orthogonal projection: Yyu =
(Wu)(Y)ry e with (Wu)(Y) = (u, Ty @) 2(rn), Where o(z) = on/de=mlel” and
(Ty.n)(x) = p(x—1y)e?™ (=57 Let a be in L>°(R?"). The Wick quantization
of a is defined as

(A.1.1) aWick:/ a(Y)SydY.
]RZn

The following proposition is classical and easy (see e.g. section 5 in [22]).

PROPOSITION A.1.2

1. Let a be in L>=(R*"). Then aWVik = WHarW and 1Wick = Idy2ny where
W is the isometric mapping from L*(R™) to L?(R?") given above, and a* the
operator of multiplication by a in L?(R?™). The operator ;g = WW?* is the
orthogonal projection on a closed proper subspace H of L?(R*"). Moreover, we
have

(A12) HaWiCkHL(L2(Rn)) < ||aHL°°(R2")7

(A.1.3) a(X) >0 for all X implies a™'* > 0.

2. Let m be a real number,and p € S(A™,A7'T"). Then pVick = p¥ + r(p)¥,
with r(p) € S(A™~1, A~IT") so that the mapping p — r(p) is continuous. More
precisely, one has

1
r(p)(X) = /0 /R (- 0)p" (X +0Y)Y2e 2T (V)onqy qg.

Note that r(p) = 0 if p is affine.
3. For a € L=(R?"), the Weyl symbol of a™Vik is
(A.1.4)
ax2"exp—2nT  which belongs to S(1,T) with k*"-seminorm c(k) ||a|| o -
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4. Let R>t — a(t,X) € R such that, fort <s, a(t,X) < a(s,X). Then, for
u € C}(Ry, L2(R™)), assuming a(t,-) € L (R*"),

(A15) / Re(Dyu(t), ia(t) V' ¥<u()) 1 ndt > 0.
R
5. With the operator Xy given in definition A.1.1, we have the estimate

(A.1.6) ISy 22 (g2 @ny) < 27 FT2.

6. More precisely, the Weyl symbol of Xy 7 is, as a function of the variable
X € R*™ setting I'(T) = |T|?

Ty —Z|2 —2; _ _ _ _Y+2z2
(Al?) e z 1Y =2 e 2in[X-Y, X Z]2n€ 27| X — 5= | )

Since for the Weyl quantization, one has [|a®[|zp2gn)) < 2" lallpgeny
we get the result (A.1.7) from (A.1.6). Note that (A.1.5) is simply a way of
writing that %(a(t)WiCk) > 0, which is a consequence of (A.1.3) and of the
non-decreasing assumption made on ¢ — a(t, X).

LEMMA A.1.3. — Let M be a TI'-weight, i.e., a positive function such that
MX)M(Y)™' < C1+T(X —Y))N (see definition 1.5.1). Then if a mea-
surable function a defined on R?" satisfies for all X, |a(X)| < C1M(X), the

symbol a x exp —27[" belongs to S(M,T) with semi-norms depending only on
C1. More generally, for a polynomial p the symbol A defined by

AX) = /a(Y)p(X —Y)exp—27(X —Y)dY
belongs to to S(M,T).
Proof. — We check first
(A.1.8) (a*2"exp —27T) M (X) = /a(Y)Pk (X —Y)2" exp —27T(X —Y)dY
with a polynomial Py, which gives
M(X) 7 (a* 2™ exp —22T) ) (X))
< Cl/%wk(X —Y)[2"exp —271(X — Y)dY
< Cl/C(1+F(X7Y))N|Pk(X—Y)|2" exp —27T(X—Y)dY = C1C~(k, N, n).

Let us examine A®): it is a sum of terms of type (A.1.8) and thus the above
argument works. O
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LEMMA A.1.4. — Let g be an admissible metric on R?" (see definition 1.5.1)
such that, with I' a given symplectic norm, there exists Cy > 0, ng > 0 such
that

T no
(A1.9)  YX,Y,T, gx(T) < Col(T), zXET; < Co(1+T(X —Y))™.
Y
Let m be a weight for g (definition 1.53.1) such that
m(Y) no
1. —= < — .
(A.1.10) m2) = Co(1+T(Z-Y))

Then, if A € Op(S(m,g)), there exists a semi-norm ~ of the symbol of A such
that

(41.11) (Ao, < ymVko0) = [ m(y) 2yl ay.

R2n

Proof. — Theorem 6.9 in [2] shows that the space H(m!/2 g) is equal to
H(m!/2,T) provided that m'/? is regular. In fact we may assume that m
is regular since it is anyhow always equivalent to a regular weight. Using defi-
nition 7.1 in [2], we check that ¢ is dominated by a strongly temperate metric,
namely the constant metric I'. Moreover the corollary 6.7 and theorem 7.8
in [2] imply

[{(Av, 0)| < 1 A0]lsgm-172. ) IV lgmrr2.g) < V0N F (a2 )
2
= Mol = [ w67l dy.
where (0y) is a partition of unity related to the metric I'. We have, using

the results of this section, (A.1.10) and (A.1.6), with (T)? = 1 + I'(T), for
all Nl, NQ,

/ m(Y) |6ul2 dy
= /// m(Y)<93u/]EZIEZIU,9$2Z2EZZU>deZ1dZQ
]RZn

< ///m(Zl)l/Qm(Zz)l/2 13z, ull [|Ez,ul| (Y — Z1>_Nl<22d;/dzzl>;;20
1dZ2C N, N

= // m(Z1)"2m(Z) "2 || Sz, ul| 1S 2,0l (22 — Z0) N2 dZ1dZsC, v,
< [m@) £zl az.
which completes the proof of the lemma. O
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LEMMA A.1.5. — Let my,mq be two T-weights (see definition 1.5.1) and
ay,az be two locally Lipschitz continuous functions such that |ay(X)] <
my(X), |ay(X)| < ma(X). Then the operator

(A.1.12) ay kiR € (aya0)ViE 4+ Op(S(myma,T)).

Proof. — We use the definition A.1.1 and Taylor’s formula to write

1
QWi Wick _ / / (V) (aa(¥) + / a5 (Y +0(Z~Y))dB(Z ~Y) ) Sy SpdY dZ
0
_ (a1a2)Wick +Rw7
with
(A.1.13) /// a1(YV)ah (Y +0(Z = Y))(Z - Y)e 31V =21«
o2 X =Y. X =Z]on ,—2n|X = YLE|? 1y 07 10

We have, using (5) in definition 1.3.1,

Y+2Z

o2 X =2 1y dzdo

< C’ml mg /// 1+|Y X| ) (1+|Y Z| )N+1/2 —Z|ly—2)?
—2n 252X 1y dZzde

= Cmq (X)ma(X) //(1+|T/2+S|2)N(1+|T|2)N+1/26_%‘T‘2e_2”|s|2deS
= C'my(X)ma(X).

Moreover taking derivatives of R in its defining formula (A.1.13) above leads
to the same estimate for R(®)(X). The proof of the lemma is complete. O

LEMMA A.1.6. — Let (xk) be a partition of unity and (1) be a sequence as in
lemma 1.4.1 for an admissible metric of type A= (X)T', where X is a T-weight
and T' = T7. Let w be a locally bounded function such that |w(X)] < M(X)
where M is a I'-weight. Assume that, for each k, there exist a bounded function
wy, such that w(X) = wk(X) for all X € supp xx and such that for all X € R?",
lwi (X)] < M(X)ANX)No. Then with ©(X) = [w(Y)2" exp —2a1(X — Y)dY,
we have

(AL14)  (X)B(X) = ik (X)TH(X) +1(X), S € SO, 1),
k
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Proof. — We already know from the lemma A.1.3 that X — ©(X) =
Jw(Y)2™exp —27T'(X — Y)dY belongs to S(M,T’). We check now

(A.1.15) xp(X)w(X) = Xk(X)/w(Y)Q" exp —27'(X — Y)dY
= Xk(X)/wk(Y)w(Y)Q" exp —27'(X - Y)dY

) [ (1 = gr(Y ) ()2 exp —22T(X — Y)Y
Y (Y)#1

= xx(X) /wk(Y)wk(Y)Qn exp —27L(X — Y)dY + rp(X).

We have F(Uk — (U]:)C) = infp(T)<1§p(S)F(Xk + To)\(Xk)l/2T — Xk —
M X1)Y?2r08) and thus T(Uy, — (U;)¢) > M(Xp)r2. Since 9, is equal to 1 on
Uy (notations of section 1.4) we obtain from (A.1.15)

I (X)Ir < Cyun(X) exp =T (U — (UF)°) < Gy gt (X)NX) ™Y
and thus ), r, € S(A™>°,T"). We obtain
XEW = Xk (1/)ka x 2™ exp 727TF) + 7y
= X (wk * 2" exp —27T) + xi (Wi (Vi — 1) % 2" exp —27T) + 1y,

and applying again the same reasoning to the penultimate term above, we get
for Y € (U})° and X € Uy, that I'(X —Y) > A(X)rd the following estimate
for the integrand

exp —T(X — Y) exp —mA( Xy )re x M(Y)A(Y)No
< CMXMX)N (1 +T(X —Y))Noexp —aT'(X — Y) exp —mA( Xy )rg
< O'M(X)MX)N (1 + (X — X5)) ™ exp fgr(x ~Y)exp —mA(Xy)r2
< C"M(X)MXe )N exp fgr(x —Y) exp —mA(Xp,)r
< "M (X)MX)* N0 exp %F(X — V) exp —mA(Xp,)r2
which yields the result. o

DEFINITION A.1.7. — Let I be a symplectic quadratic form on R"™ x R", i.e.,
a positive definite quadratic form such that I' = T'“(see definition 1.3.2(2)).
There exists a unique linear symplectic mapping A such that for all X = (z, &),
D(AX) =3 cjc, 27 + & Let U be a metaplectic transformation in the fiber

of A. Then for a € L>°(R?"), we define

(4.1.16) ™D = /a(Y)2" (exp —27T(- — Y))"dY = U(a o A)Viku™,
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REMARK A.1.8. — Note that since U is uniquely determined up to a factor
of modulus one, that definition is consistent. We remark also that, defining for
X € R?", &(X) = 2" exp —27['(X), we have ®(AX — AY) = 2" exp —27|X —
Y'|?, which is the Weyl symbol of Xy (definition A.1.1). From the Segal formula,
we have, with a metaplectic U in the fiber of A

(X — Z) = UD(AX — Z)“U*

and thus we can justify the equality in formula (A.1.16) since
/a(Y)Q”(exp —270(X —Y))"dY = /a(AY)(I)(X — AY)"dY =
/a(AY)U(I)(AX — AY)U* = /a(AY)UEyU*dY = U(a o A)Vicky~,

REMARK A.1.9. — We can also notice that the definition above is consistent
with the fact that Wick and Weyl quantization coincide for linear forms: if a
is a linear form, we have

(A1.17)  aVikD) = U(a 0 A)VIKU* = U(a 0 A)PU* = UU*a®UU* = a®.

Also, it is easy with the formula (A.1.16) to check that the results of section A.1
on the Wick quantization can be extended, mutatis mutandis, to the Wick(T")
quantization.

A.2. Properties of some metrics. Proof of the remark following def-
inition 1.3.1. — Using a partition of unity related to the slowly varying g,
as in [3], we define M, (X) = [pon M (Y )y (X)|gy|'/2dY. It is a simple matter
left to the reader to check that M, belongs to S(M, g) and satisfies (1.3.3).

LEMMA A.2.1. — LetT be a positive definite quadratic form on R such that
I' =T and let gx = ANX)7'T be a metric conformal to T such that g is
slowly varying and infx A(X) > 1. Then the metric g satisfies gx(T) <
Cogy(T)(1+T(X —Y)), ie.,

AY)

(A.2.1) ) S C(1+T(X -Y)),

>

implying that g is admissible.

Proof. — Since g is slowly varying, we may assume, with a positive ro, gy (Y —
X) > r2, which means T'(Y — X) > r2\(Y) and using A\(X) > 1 we get
AMY)/AX) < rg*T(Y — X). O
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LEMMA A.2.2. — LetT be a positive definite quadratic form on R such that
I =19 and let gx = MNX)7'T be a metric conformal to T'. Assume that
AMX) = d(X)? 4+ X\ (X) with a function d uniformly Lipschitz continuous (with
respect to T') and Al_lf slowly varying with Ay > 1. Then the metric g is slowly
varying.

Proof. — Let us assume that |[X — Y[? < 73(d(X)? + A\ (X)). If d(X)? <
A1 (X), using the fact that ] 'T is slowly varying, we can choose 7 small enough
so that A1 (X) < C1A1(Y) and thus

A(X) < 200 (Y) < 2010(Y).
If d(X)? > A\ (X), we have, with L standing for the Lipschitz constant of d,
272N X)Y? < d(X) <d(Y) + LIX = Y| < AY)Y2 4 LrA(X)/?

so that, for r < we get A(X) < 8A(Y).

1
23/2[ 41

REMARK A.2.3. — It is a simple exercise left to the reader to show that (1)
in Definition 1.3.1 is satisfied whenever there exists ro > 0,Cy > 0 such that
for all X,Y, T € R*, gx(Y — X) < r implies gy (T) < Cogx (T).

Taking this remark into account, we complete the proof of the lemma. O

A.3. Proof of Lemma 2.1.5 on the proper class. — All norms in this

proof are taken with respect to the constant quadratic form I'; so we omit the

index everywhere and denote ||-|p by |- |. Since for all j € N, |9 (X)| <
2

yjAm_%, we get 1 < A(X) < 1+ Amaxogj<om 3,7 = 14+9A < (1 +9)A
JEN

and (2.1.12). For 0 < j < 2m, we have from the definition of A, the estimate

|FO)(X)| < A(X)™ 2, and for j > 2m, we can use

(i—2m) m) (G—2m)

_ =2
SyATT 2 (4y)

IFO(X)] < 9 A™"2 = A~

so that f € S(A™, A71T") with a j-th semi-norm less than 1 for j < 2m and less
(G=2m)

than v;(1 +~)7 2z  forj >2m.

Let us now prove that A~!T is slowly varying. Let us assume that | X —Y|? <
r?X\(X). Using Taylor’s formula, we get for the smallest integer N > 2m
(N =—[-2m]) and 0 < j < 2m,

rN=J

(N —3)!

. ) !
PO < 3T TP FAX)Y A
I,j+l<2m :

MNX)N=9)/2,
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2m—j—1
2

-
+
=2
=
-

so that |f(j) (X)| < Zl,j+l<2m AY) AMX)

and

1FO X))

i

2m—j  2m—j—l 2m—j i Tl 2m—N N—j
< Y 0TI X)) EE A A
l,j+l<2m :

2m — ] —1 2m—j rl l 2m—j Tl
< E —AY) T ANX) T
Y 2m —j ) l!+2m—j (X) !
l,j+l<2m

N-—2m 2m—j T

+nv(1+7)7 AMX) 2

implying

= p(r) a polynomial in r

; m—j 2m —j — 17!
(9) < Y2QJ 7'7_
L N e D |

Lj+i<2m
2m—j e Nozm NI
D (Y e

’ 2m — g 1!
1<l,j+1i<2m

= ¢(r) goes to zero with r.

Assuming then that j was chosen so that A(X) = 1 + |f) (X)) M{J‘, we get

2m—j

() + M) T elr))

so that there exist rg > 0,Cy > 1, depending only on the N first semi-norms
of f, such that for r < rg, we have

A(X) <1+ (AY)

X — Y2 < r2ACX) = A(X) < CoA(Y),

and thus r < 79,|X — Y2 < r2C; ' A(X) = Cy'MX) < A(Y) < CoA(X),
which is the property (1) in Definition 1.3.1. The property (2) in that definition
is obviously satisfied since A\(X) > 1. Moreover, we get a stronger property
than (3) from the Lemma A.2.1 above in this appendix.

A.4. Some a priori estimates and loss of derivatives. — In this section,
we prove that when a factorization occurs in an abstract setting, it is possible
to limit the loss of derivatives to 3/2 (the loss is always counted with respect
to the elliptic case). Let us study the model-case

L =D;+iAgB1, A€ Op(S?),B; € Op(S')

TOME 134 — 2006 — N°© 4



LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 621

with real-valued Weyl symbols such that Ay > coA™ T, Bl > 0. We compute,
using the notation

1/2
lull = ([ laa) . ol =lolle. E= @D, ol =supu(o,

2Re(Lu, iByu) = (By(t)u(t), u(t)) + 2 Re(AoBiu, Byu) > 2coA~" || Byul*.
As a consequence, for suppu C [-T, T,
2 Re(Lu, iBiu) + 2Re(Lu, iH(t — Ty)u)
> coA | Byul? + |ul% + | AY?Byu||® + 2Re(AY? Byu, iHr, AY )
> oA | Byull” + [ul3 (1~ sup [ Ao () T)

1
(for T small enough) > C()A_1 HBlu||2 + §|U|§o,

so that cg 'A || Lul|® + coA™" || Bru|® +2 || Lul| |ul] > coA™" || Brul|® + L[ul% and
thus )
(cg A+ 1) || Lul® + T|ul?, > §Iulio

entailing for T < 1/4, (cg'A + 1)[|Lul® > 1|u|%, which gives |Lu| >
A~Y/2 ||lu||, an estimate with loss of 3/2 derivatives.

The next question is obviously: how do we manage to get the estimate
Ag > A71?7 Assuming Ag > —CA~!, we can always consider instead Ag+ (C +
1)A=t > A~!; now this modifies the operator L and although our estimate is
too weak to absorb a zeroth order perturbation, it is enough to check that the

energy method is stable by zeroth order perturbation. We consider then
D +iAgBy + S +iR, Ay>A"' S RecOp(S?.

Inspecting the method above, we see that S will not produce any trouble, since
we shall commute it with B, producing an operator of order 0. The term
produced by R are more delicate to handle: we shall have to deal with

2(Ru, Byu) 4+ 2(Ru, Hr,u).
The second term is L? bounded and can be absorbed. There is no simple
way to absorb the first term, which is of size ||Byull||u| which is too large
with respect to the terms that we dominate. However we can consider the
L?-bounded invertible operator U(t) (which is in Op(S Y) and self-adjoint) such
that U(0) =1Id and U(t) = —U(t)R(t) so that
L=D;+iR+iA¢B1+S=U(t)""DU(t) +iA;B1 + S
=U@t) " (Dy+iAoBy + S)U(t) — U(t) " [iAoB1 + S, U(t)]

—U@)! (Dt +iAgBy + S+ [U(t),iAgBy + 5] U(t)’l)U(t).
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Now the term [U(t), iAOBl]U(t)_l has a real-valued principal symbol in S°
and amounts to a modification of S, up to unimportant terms of order —1. The
term [U(t), S]U(t)~" is of order —1 and can be absorbed. We have proven the
following lemma.

LEMMA A.4.1. — Let A > 1 be given. We consider the metric G = |dz|* +
A72]dE]? on R™ x R™. Let ag(t,x,€) be in S(1,G) such that ap(t,z,&) > 0. Let
bi(t, z, &) be real-valued and in S(A, G) such that

(bl (ta Z, 6) - b(S, €, 5)) (t - S) Z 0.
Let r(t,x,€) be a complez-valued symbol in S(1,G). Assuming that ag,b1,ro
are continuous functions, there exists a constant C > 0 depending only on the
semi-norms of the symbols ag, b1, 1o, such that, for allu € CL([-T, T, L*(R"))
with CT <1,
CllLull pagnsry = A2 ful pa gy

A.5. Some lemmas on symbolic calculus. — Let g be an admissible
metric on R?™ and m be a g-weight (see definition 1.3.1). Then, at each point
X € R?", we can define a metric gg( by taking the geometric mean of gx, g%
so that in particular

(A.5.1) 9x < gk = (d%)” < 6%

We define

(A.5.2) h(X)= sup g¢gx(T)
gk (D=1

and we note that whenever g° = A\2g we get from the definition 1.3.1 that
g% = N\yg and A, = 1/h.

DEFINITION A.5.1. — Let [ be a nonnegative integer. We define the set
Si(m, g) as the set of smooth functions a defined on R?" such that a satis-
fies the estimates of S(m, g) for derivatives of order < [, and the estimates of
S(m, g*) for derivatives of order > [ + 1, which means
gx (T)k/? if k<1,
[ESIE
1a® (X)TH < Crm(X) x 4 95 (DF2h(X)5 i k=141,
with h(X) = sup gx (7).
gk (1)=1

Note that since h < 1 and g < hgt, we get S(m,g) C Si(m,g). If g =
AMX)™ Ty, where A(X) is positive (scalar) and I'x = I'%, then gg( =Tx and
a belongs to S;(m, A7'T") means

la®) (X)|r, < Cim(X) x

MNX)7F2 i k<,
ANX)™V2 i E>141.

Moreover, if g = ¢, then for all [, S(m, g) = S;(m, g).
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LEMMA A.5.2. — LetT be a positive definite quadratic form on R such that
[ =17 and X be a T-weight. Let b be a symbol in S1(A™,\71T'), where m is a
real number. Then bib — b? € S(A\>™~1T)

Proof. — We have (bib)(X) = eXpiﬂ[DXl,DXZ](b(Xl) ® b(XQ))\XFXQ:X SO

that using Taylor’s formula with integral remainder for s — e° yields
1
(bub)(X) :b(X>2+/ exp Z7T9[DX1 y DXZ]dGiTF[DXI , DX2]b(X1)®b(X2>|X1:X2:X.
0

Since ¥ € S(A™~1/2T) and

expim[Dx,, Dx,](a1(X1) ® az(X2))
= exp ’L'7T[DX1971/2,DX2971/2](G1 (9_1/2X191/2) ® a2(9_1/2X291/2))|X1:X2:X
= expin[Dy,, Dy,](a1(0"/%Y1) ® a2(0"/?Y2)) v, —y,—p-1/2x
= ((a106"*)8(az 0 6"/2)) (67172 X),
we get that, if a; € S(A\™,T), we have a; o §1/2 € S(A\™i 0T) so that the
symbolic calculus for the metric T (observe that it is admissible for # bounded)
gives
(a1 0 0Y2)t(az 0 6/2) € S(N™+™m= g)
which implies ((a1 o 01/2)d(az 0 0/2)) 0 §=1/2 € S(A™+™m2 T'). Applying this

to the integral above gives the result of the lemma. O

LEMMA A.5.3. — Let T be a positive definite quadratic form on R?™ such that
I' =179 and X be a I'-weight. Let ]l € N,y € R and a be a locally bounded
function defined on R?™ such that

¥j€{0,....1},  [aD(X)] < OAX) E.
Then the function a * exp —27L belongs to Sy(A*, \71T).

Proof. — We use the formula (axexp —27T)(X) = [a(X =Y ) exp —271(Y)dY
to obtain the estimate for the derivatives of order < [: we get for k <1

k
2

7/\(‘){7}/)#7 exp —2m
/ )\()Qu*% p—27T(Y)dY

[SIEd

|(a % exp —2aT)®) (X)| < COAN(X)*

E
2

< OXX)™ /(1 + (V)N 3l exp —27T(Y)dY = C/A(X)* %,

and for k > 1 we have (a * exp —27T)*) = (a() % (exp —272T)* D) yielding
immediately the result. O
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Let us recall the composition formula in the Weyl quantization, with the
symplectic form [,] given in (1.3.2). We have a*b® = (afb)¥ and, for X € R?",

(A5.3) (afib)(X) =2 //Rzn - a(Y)b(Z)exp —4din[X - Y, X — Z]dYdZ

_ o2n // a(Y + X)b(Z + X) exp —4in[Y, Z]dY dZ.
R27 xR2n

‘We note also that
(A.5.4) (afib) = a'tb + afd’.

Moreover, if a is a function only of &, we have

(afb)(z, &) = 2°" /R _a(mb(z, Qe e timemE = dydndzdg

= 2" / a(n)b(z, §)e” T ETDE=2) dnd,
R2n

=2" / (14 Dy /4N a)(mb(z, &)1 + & — =)~ Ne D) dyd;
R2n

=2 [ (DY )01+ €=l (1 + D2/
(b(z,6)(1 + |o — z|2)7N)674i“(£7’7)(zfz)dndz

so that with N > E(n/2) +1
(A.5.5)
< G D} o0 _ ~N/2 _
[(agb)(x, )] < max fla™ L max [[67]| (1 +[€ — supp al)=Ze(n, N)

A.6. The Beals-Fefferman reduction
LEMMA A.6.1. — Let F: R — R be a C? function such that
(A.6.1) 16|F(0)] < F'(0)%,  [[F"|lLoem) < 1.

We set p = |F'(0)|/4. Then there exists to € [—p/2,p/2] and e € C*(R) such
that

(A62) for [t < p, F(H) = (t—to)elt), Sp=e(t) = p [¢lloeqe < 1.
Proof. — Assume first that F'(0) = 0 and F’(0) = 4p. Then, for |t| < 2p,
F(t) =te(t), 6p=>e(t)>4p—2p=2p,[le'|Lom) < 1.

Now if F(0) > 0 and F'(0) = 4p, F(—£) < p? — 2dp+ £ < 0, so that, for
some tg €] — p/2,0[ we have F(to) = 0. Using what was done above, we have
for |s] < [P (to)]/2.

F(s+to) = (s +to)eo(s), 3|F'(to)l/2 = eo(s) = [F'(to)|/2, lleglloew) < 1.

TOME 134 — 2006 — N°© 4



LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 625

But since
[F'(to)] _ 1 p,_Tp Y
AN S 2y By 2 g LL_P 2P
;o g)=g ad poo=T2p
we have on [ty — %, to + %] which contains [—p, p],

27
F(t) = (t—to)e(t), [to] < p/2, 8p > Tp >e(t)>Tp/4>p, €| pem < 1. O

LEMMA A.6.2. — Let F:R? — R be a C? function such that
(46.3) 2 F(0)] < [VEO)2, "]l ry < 1.

We set p = ||[VF(0)||27°. There emists two C' functions o : RI™L —
[~5p,5p] and e : R — [7p,70p], a set of orthonormal coordinates
(z1,2") € R x R¥1 such that for max(|z1],]2’]) < p,

(A64)  Fo)= (0 +a(e))e@), ¢lim@n <1 llo|imgs < 1.

Proof. — We can choose the coordinates so that VF(0) = 671“1(0);1. Then for

0
|2'| < p, we have |F(0,2')] <276F19p2 4 p25p 4 12 = p?(2° + 2 4+ 271) and
OF OF
—(0,2")| > |=—(0,0)| —p=(2° -1
T 0.0 > |ZE0.0] - =0~ 1y
so that
16|F(0,2") _ 16 x 48.5
5< —mo <1
g—i(o,x’)

Applying the lemma A.6.1, we get for all |2/| < p the existence of a(a’) such
that, when |z1] < 31p/4

Fla,a) = (0 + a())el@),  laa')] < > <5

T0p > 8 x 33p/4 > |e(z)| > 31p/4 > Tp.

The implicit function theorem guarantees the C' regularity of the function «
and the Taylor-Lagrange formula with integral remainder provides the regular-
ity of e. O

REMARK A.6.3. — If the function F' in the lemma A.6.2 is C'°°, since the
function « is obtained by the implicit function theorem, and e by Taylor’s
formula with integral remainder, both function «,e are C*°. Moreover, the
identity F(—a(z'),2") = 0 implies that

[a®) (@) < Crp'™*,  |eM ()] < Crp™*

where Cj, are semi-norms of the function F in max(|x1[, |2'|) < p. In particular,
if we apply this result to the function (2.1.21)

F(T) = A'Pq(tY +v(t, V) PT) u(t, V) Pu(t, )™
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we get that |F(®)| is bounded above by 7x(¢) and 1/2 < p < v1(q) as defined
in (2.1.1). We get then from the lemma A.6.2

A28 Y + v, Y)Y2T) u(t, Y)Y 20, Y) ™! = eo(T)(Th + (1))
so that eg, ag are smooth with fixed bounds and thus
AV2q (2, X) (e, ¥) 2

= eo((X — Y)u(t,Y)"/?)u(t, V)2 x
x (X1 = Y1+ ao (X = Y(t,Y) V) u(t, Y)/?)

which corresponds exactly to (2.1.22-23-24).
A.7. On tensor products of homogeneous functions. — Let n > 1 be
an integer and N = n + 1. Let (yo;n0) € RY x S¥~! such that

(yo;m0) = (to,z0;70,&) E R X R” x R x R, with 70 =0, & € S" L.

Let r €]0, 1/4] be given. There exists a function yo € C°>°(R¥; [0, 1]) such that
for A > 1 and n € RY with |n| > 1, we have x0(A\) = x0(n) (“homogeneity of
degree zero outside the unit ball”) and

1 if 72+ |¢2 > 1 and |7| < rl¢],

Xo(7,€) = {0 if 72 +1€)2 < 1/4 or |7] > 2r[¢].

There exists a function 1y € C*°(R";[0,1]) such that for A > 1 and £ € R”
with [§] > 1, we have ¢o(A§) = ¢o(€) and,

1 ifgl =1 and | - &l <,
tol€) = {0 if [ < 1/2 or | — ol > 2r .
We define the function ®( by
(A.7.1) Do (7,€) = xo(T, )0 (§).

LEMMA A.7.1. — The function ®q is such that for X > 1 and n € RY with
[n| > 2, we have ®o(An) = ®o(n). Moreover, with ng = (0,&), we have

Do(n) = 1 for n| > 2 and \% | <2,
n
_ n

Q4(n) =0 for |n| > 2 and ‘ﬂ —1no| > 4r.
n

Proof. — The function ®q is such that for A > 1 and € RN with |n| > 2,
we have ®g(\n) = ®o(n): in fact, if 72 + |£]2 > 4 and |7] < 27[¢], we get
[€]2 > 4(1 4+ 472)71 > 1, so that 1o(\E) = (&) and since we have also in that
case xo(A1) = xo0(n), we get the sought property. Now if 72 + [£]? > 4 and

TOME 134 — 2006 — N°© 4



LOSS OF DERIVATIVES FOR SOLVABILITY UNDER CONDITION (V) 627

|7] > 27|€|, we see that xo(AT, AE) = x0(7,&) = 0 so that, Pg(An) = 0 = Dy(n).
Moreover, if 72 + [£]? > 4 and

2
<r?/4,

7_2

e

§
(72 + P

— o

we get that |7| < r|€|(4—r2)~1/2 < r|¢| and thus xo(7,€) = 1; also this implies
€] > 2(1 +r2)"1/2 > 1, so that ¥o(&) = 1o (£/]€]). We have then

& &
€l (> + €)1

which implies (&) = ¥o(&/]€]) = 1, so that ®p is equal to 1 on a conic
neighborhood of (0,&p) in RY minus a ball. Similarly, if 72 + [£|? > 4 and

2

r _ T
< S IEIPIE < S g <

4—r2 —

2
> 1612,

7_2

§
P

7 )

either |7| > 2r|¢] and xo(7, &) = 0, entailing ®o(7,&) = 0 or |7| < 2r[¢] and
2

then W —50‘ > 1272 and |€] > 2(1 + 472)~Y/2 > 1 so that 1 (¢) =

¥o(&/1€]). In this case, we have

— o

§ g § 7 2
Sl >V — | - ———— | > V3 — —— > 2V3r — 4r? > 2r,
’Ifl §l (2 +g2)H2 €12
implying ¥o(£) = 0 and thus ®o(7,£) = 0. Eventually, we have proven that ®
is also supported in a conic neighborhood of (0,&p) in RY. o

A.8. Composition of symbols

LEMMA A.8.1. — Let G,g be the metrics on R?N defined in (4.3.8) and let
s1, 82 be two real numbers. Let a be a symbol in S({€)*',g) and b be a symbol in
S((&,7)%2, Q) such that suppb C Zc = {(t,z,1,€) € RN |7| < 1+C|¢|}. Then
the symbols afb,bfa,a o b,b o a belong to S((,7)*1 752, G) and are essentially
supported in Zc, i.e., are the sum of a symbol of S((&, T)*1 %2 G) supported in
Zc and of a symbol in S({(£,7)=°,G) =nNnS{&, )N, G).

Proof. — We have
(A.8.1) (aob)(t,z,T,€)

:i/E%“””mMuaT+m§+nwu+aw+%r@mwmwmp
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so that, using the standard expansion of the symbols and the fact that b is
supported in Z¢,

es(r.)'7*La)

1 ————  [f1-0r* _,,
aOb - al D‘?f ¢ aamb +/ 76721W(Sg+yn)D‘lF/ a’(t5 1"; T+907 £+977) X
};V al TTEETE o (-1 £
X Oy bt + s,z +y,7,&)dsdodydndf.
We define

(A82) Ip(r,§) = /G_Qiﬂ(sﬁy")D?,ga(t,x,T + 00, & + 0n) x
X Oy bt + 5,2 +y,7,&)dsdodydn

and integrating by parts, we obtain for all nonnegative even integers m that

Iy(7,8) = /e_m(wﬂn) ()7 (D)™ ()™ (D)™ (y) =™ (D)™ () =" (Dy)™
D7 ca(t,z, 7+ 00,& + 0n)0y ,b(t + 5,2 +y, 7,§)dsdodydn,

and consequently

(O [0 ™)™ ) )1+ I+ 0nl)™~dsdodyd

(L4 €]+ 7)) 1(|7| < [€D)-
In the integrand, when |n| < |£]/2, we get, since 6 € [0,1], |+ 0n| > €] —|n| >
|€]/2. As a result, we get for this part of the integral the estimate
(LD (L€ +Ir)*= 1 (|7| S [€]) S (L[] +]7]) ™/, for v large enough.
When || > |€]|/2, we use the term () ™™ and the estimate
(LHEN ™ 2A+[E TN 1(17] S [€]) S (L+[E[+|7]) ™%, for m large enough.

To check that the derivatives of Iy will satisfy the expected estimates, we dif-
ferentiate the expression (A.8.2) and repeat the previous proof. We know now
that, for v large enough,

1 o (67 -V
aob= Z aD‘r,ga at,zb+TUa r, € S({1,€) /27G)'
|| <v
Using the standard Borel argument, we find ¢ € S({r,£)51752 G), essentially
supported in Z¢ such that, for all v
1 « fe% S1+82—v
c— Z JDT,ga at,zbes(<7-a€> * aG)a
|| <v
entailing that, for all v > Ny,
1 « « max(—v S1+82—v
aob—c=—c+ Z JDT,faat,mb+rV€S(<Ta€> ax(v/Zet )aG)a
la|<v
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implying that a o b — ¢ € S({r,£)~>°, G), which gives the result of the lemma
for aob. To get the result for boa is somewhat easier by looking at (A.8.2), to
obtain the estimate

or 1 [(0) (5™ )™ )" (L€ + 0nl + |7 + o)
L(I7 + 0ol S [€ + Onl)dsdodydn(1 + |€])*"-

When |7]| < [€] the discussion is the same as for a o b. When |7| > [£], we
split the integral in two parts: the region where |o| < |7|/2, in which we get
negative powers of (1 + |7]) from the term with the exponent so — v, and the
region where |o| > |7|/2 in which we use the term (o)~™. The last part of
the discussion is the same. To obtain the result for affb (which will give also
bia since afb = ba), we use the group J' = exp 2intD,y D¢ and the formula
afb = J~Y2(JY2q o J1/2b). Using the assumptions of the lemma, we see that
J'/2q satisfies the same hypothesis as a and J/2b is essentially supported in
Z¢c. The proofs above give thus that J/2ao.J'/2b satisfies the conclusion of the
lemma, which is “stable” by the action of J~/2. The proof of the lemma A.8.1
is complete. O
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