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§1 Introduction. 

The theory of reductive dual pairs is important in the study of 
automorphic forms. This paper is an a t tempt to understand this theory in the 
language of L-groups. 

Let (G,G') be a reductive dual pair of subgroups of the symplectic group 
Sp(2n,IR). Let Mp(2n,R) be the metaplectic cover of Sp(2n,R), and let (G,G') be 
the inverse image of (G,G') in Mp(2n,R). Let co be the oscillator representation 
of Mp(2n,IR). Let TT(G) denote the set of equivalence classes of irreducible 
admissible representat ions of G. Taking quotients of the restriction of co to 
GxG' establishes a bijection between a subset of TT(G) and a subset of TT(G') 
[11]. We refer to this as the representation correspondence, and write 7t->7t\ It 
is of great interest to compute this correspondence explicitly; this is known 
only in a few cases (cf. for example [18], [1], [21]). We say an irreducible 
representation of G or G' occurs in the representation correspondence if it is 
contained in this subset, i.e. if it is a quotient of the metaplectic representation 
restricted to G or G'. 

Assume for the moment that co restricted to GxG' factors to GxG'; then 
the representation correspondence becomes a bijection between 
representat ions of G and of G\ Let LG and LG' denote the L-groups of G and G' 
respectively. It is natural to conjecture that there is a homomorphism 
Y:LG->LG' which "realizes" this correspondence via the principal of functoriality 
[19]. That is let WR be the Weil group of R, and let <!>(G) denote the set of 

equivalence classes of admissible homomorphisms of WR into LG ([20], [8]). 
Given <p€$(G), let TT(<p)cTT(G) denote the L-packet associated to <p. We use 
similar notation for G'. In [19] Langlands conjectured tha t if 7tcTT(<p) occurs in 
the representat ion correspondence, then the corresponding representation TT' 
of G' is contained in TT(Y°<p). This would compute the representation 
correspondence (up to L-packets). 

This conjecture is false in many known examples (unavailable at the 
time it was made) . Its validity would imply that if rr1 and TT2 occur in the 
representation correspondence and are contained in the same L-packet, then 
TT'J and 7t'2 are contained in the same L-packet. Even this weaker s ta tement is 
false: it may for example happen that TX} and 7T2 are tempered (even discrete 
series representat ions) , whereas Tt̂  is tempered and TT'2 is non- tempered. 
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A possible explanation for this phenomenon is that L-packets are not the 
correct notion here , bu t the larger packets whose existence was conjectured by 
Arthur [7]. These we call Arthur-packets . Thus let ¥ be an admissible 
homomorphism ^ W j ^ x S L ^ O - ^ G . Arthur conjectured that attached to ¥ is a 
finite set of irreducible representations 1\C¥) with properties similar to those 
for tempered L-packets. We sketch such a definition in §2. Then there is a 
natural analogue of the preceding conjecture with Wm replaced by 
WRxSL(2,C), and L-packets replaced by Arthur-packets . 

The main conjecture of this paper is a slight modification of this picture. 
We continue to assume that GO factors to GxG'. For each such irreducible pair 
we define Y:LG->LG' (after possibly exchanging G and G') and a fixed 
homomorphism T: SL(2,C)->LG'. Given ^ W ^ x S L ^ C H ^ G , we let 
xi/,(w,g)=(Yo^)(w,g)T(g) (weWR,geSL(2,€)). Conjecture A (4.3) says that if 
iXcTJiV) occurs in the representation correspondence, then TT 'eTK^'). Thus the 
conjecture would give a description of the representation pairing, up to 
Arthur-packets . It does not predict which it are in the domain of the 
representation correspondence. 

The fixed map T plays the role of the "tail" of [19] coming from the Weil-
group parameter of LG. If G and G' are roughly the same size then T is the 
identity map, and Conjecture A is closer to Langlands' original conjecture; see 
the discussion following 4.3. 

This conjecture is compatible with all evidence known (to this author) . 
Unfortunately the only cases in which we can prove the conjecture are those 
for which the representation correspondence is known a priori; hence this 
does not give any new explicit results of this form. This paper is intended as 
evidence for the conjectures, with the hope that a general direct proof can be 
found. 

A new explicit result which is included here (in §5) is a generalization of 
[1] to general groups. That is, we compute the pairing for certain discrete 
series in the stable range in terms of derived functor modules. 

We prove Conjecture A in the following cases. First of all we discuss the 
discrete series in the stable range just mentioned. If either member of the 
dual pair is compact the representation correspondence is known ([18], [10]). 
We use [2] which expresses this result in terms of derived functor modules. 
We also consider the case of (0(p,q),Sp(2m,lR)) with TT the trivial 
representation of 0(p,q) , which has been discussed in ([21], [17]). Finally we 
consider the case of (GL(m,R),GL(n,IR)) which is particularly simple and 
known completely ([21]); Conjecture A is true without qualification in this 
case. 

The first and third cases mentioned are in some sense opposite extremes. 
Thus if TT is a discrete series representation then TteTK^) with c)==1- 0n 
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the other hand the trivial representation TT of 0(p,q) is a unipotent 
representat ion, i.e. TT is contained in a unipotent Arthur-packet : ¥lc* = l 
(C*cwm) . The corresponding representation TT' of Sp(2m,IR) is also a unipotent 
representation. 

The conjecture only discusses representations TT which occur in Ar thur -
packets. This is a proper subset of TT(G), containing the tempered 
representat ions, which should be the set of representations of interest in the 
theory of automorphic forms for linear groups. In particular these 
representations are conjectured to be unitary. Together with Conjecture A this 
would imply that if TT is unitary and contained in an Ar thur-packet then TT' is 
unitary. This s ta tement is consistent with known (and expected) results. The 
conjecture does not make any prediction about which representations of G 
occur in the representation correspondence; it is not enough that TT is 
contained in an Arthur-packet . 

A definition of J\(W) has not appeared in the l i terature; in fact its final 
form has ye t to be determined. For the purposes of this paper a definition does 
exist, and is due to D. Vogan and D. Barbasch. We summarize this in §2. One of 
the notions which the definition of TTCY) requires is that of an E-group for a 
reductive group [6]. This is a generalization of an L-group and plays the role of 
the L-group in parametrizing representations of certain algebraic covering 
groups of G. 

In general G and G' are not algebraic groups, and in this case we make 
no a t tempt to include them in this scheme unless co factors to G and G'. One 
case in which oo does not factor to (G,G') and yet G and G' are algebraic is 
(G,G')=(U(p,q),U(r,s)). If r+s is odd, the group G is an algebraic group, and the 
representat ions of G occuring in the representation correspondence are 
genuine (they do not factor to U(p,q)). A similar s ta tement holds by symmetry 
for U(r,s). These representations are parametrized by maps of WR or 
WRxSL(2,C) into an E-group EG for G. Thus we state the conjecture with 
E-groups or L-groups (depending on pari ty) for G and G' in this case. In §3 we 
discuss E-groups for unitary groups. We also define an L-group and related 
notions for 0(p,q) , which is not standard because 0(p,q) is not the real points 
of a connected algebraic group. 

Suppose (G,G') and a representation Tt'cTKy') occuring in the 
representation correspondence are given. It may be the case that another 
representation a'eTK^') does not occur in the representation correspondence 
for this pair. One reason is that the L-group side does not distinguish between 
inner forms: it may be that a occurs for some dual pair (G2,G') where G2 is an 
inner form of G. Thus it is natural to collect inner forms of a given group 
together: consider an Arthur-packet to be a set of representat ions of any of 
these inner forms, and ask for a bijection between corresponding Ar thur -
packets of this type. This is the content of Conjecture B (4.5). Furthermore it 
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suggests a role for stable distributions and lifting from endoscopic groups. We 
discuss these mat ters briefly in §7. 

This paper was motivated in par t by the following example. Consider the 
dual pair (0(2),Sp(4,IR)). Let ix+ (resp. TT_, also known as 910) correspond to 
the trivial (resp. sign) representation of 0(2). Since the trivial and sign 
representation are in an Arthur-packet for 0(2) , TT+ and TT_ are contained in 
an Arthur-packet (this is known in this case). Thus the counterexample to the 
generalized Ramanujan conjecture constructed in [15] by exchanging 7t+ and 7t_ 
at the infinite place amounts to exchanging two representations in an Ar thur-
packet. Note that rr± are not contained in an L-packet: rr_ is tempered, whereas 
rt+ is non- tempered. 

Here is some notation we use. We let G be a reductive algebraic group 
defined over IR, and also use G to denote its real points. We write G(C) for the 
complex points. If G is notO(p,q) it will be (algebraically) connected, and we 
let LG be an L-group for G. If G is 0(p,q) LG is defined in §2. We fix a Cartan 
involution 8 with corresponding maximal compact subgroup K for G, and 
similarly for G'. Let (G,G') be a reductive dual pair (or dual pair for short) of 
subgroups of Sp(2n,IR). Fix an oscillator representation GO of Mp(2n,IR) (there 
are two, the other is the contragredient GO*). If (G,G') are not unitary groups, 
we assume GO factors to (G,G'). Suppose (G,G') = (U(p,q),U(r,s)). If GO factors to 
U(p,q) we let G=U(p,q). If GO does not factor we change notation and let 
G=U(p,qf, which is a subgroup of Mp(2n,R). We use similar notation for G'. 
Thus in general G is a subgroup of Sp(2n,R) (G^U(p,q)), and is a subgroup of 
Sp(2n,R) or Mp(2n,R) (G^U(p,q)). 

The organization of this paper is as follows. Section 2 discusses Ar thur-
packets. In §3 we discuss L-groups and E-groups explicitly for 0(p,q) and 
U(p,q). We define the maps Y and T in each case in §4, and state the main 
conjectures. In §5 we discuss the discrete series in the stable range for all 
groups (generalizing [1]). Some readers may be interested in this information 
independent of the other results of this paper; the presentation of this 
material was done with this in mind. In §6 we prove Conjectures A and B for 
some special cases. We conclude with some final remarks and conjectures 
involving endoscopic groups in §7. 

We would like to thank Steve Kudla, Colette Moeglin and Roger Howe for 
several motivating discussions. Dan Barbasch explained the unipotent 
representations of Theorem 6.10 to me, and David Vogan provided helpful 
comments and technical assistance. 
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§2 Arthur-Packets 

We sketch a definition of the Arthur-packet TK^) associated to an 
admissible homomorphism. This definition is still experimental in some of its 
details; in fact the considerations of this paper are intended partly as a guide 
to this definition. We will spell this out carefully in the cases we need. 

The definition of TT(^) has two steps: construction of a unipotent 
Ar thur -packet for G or for the Levi component L of a parabolic subgroup of 
G(C); and induction from L to G. The induction step is a combination of real 
parabolic induction, and holomorphic induction from a 9-stable parabolic 
subalgebra of q, and is well understood. The first step may be made explicit, 
for example, when the Ar thur-packet of unipotent representat ions is a single 
one-dimensional representation. This is the case that is needed for discussion 
of the pairing of discrete series in the stable range (cf. Theorem 6.1). In 
section 6 we spell out a special case of some particular unipotent 
representat ions of Sp(2n,R). 

We use a few notions which are not standard. The most important of 
these is that of an E-group for G [6]. Recall [2G] an L-group for G is (roughly 
speaking) a group LG which fits in a split exact sequence: 
2.1 LG° -> LG -> T . 

Here T is the Galois group of C over IR which acts on LG°. (The 
qualification refers to the fact that the splitting must be "admissible", and LG is 
in fact such a group together with an equivalence class of such splittings). An 
E-group for G is a group which fits in the exact sequence 2.1, bu t in which the 
sequence is not necessarily split. An element zeZ(LG°)r determines such a 
group up to isomorphism; and we refer to it as the E-group determined by z. 
In particular LG is the E-group determined by z= l . 

Now given zcZ(LG°), z2=l , we obtain a certain (algebraic) two-fold 
covering covering group G=G2 of G. If z=exp(27tiY) we write Gy=G2. A 
representation of G is said to be genuine if it does not factor to G. Then 
conjugacy classes of admissible homomorphisms <p:WR-» EG parametrize 
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L-packets of genuine representations of G [6]. If EG=LG, G=GX/ZZ and 
genuine representations of G are canonically in bijection with representations 
of G. 

The definitions of [6] are given in slightly different terms; here we use 
an equivalent version closer to the original definitions of [20] (cf. [6], chapter 
9). 

Let xF:WIRxSL(2/C) -> LG be a (quasi-) admissible homomorphism [7]. 
Thus first of all ¥ is a continuous group homomorphism. Secondly ¥ restricted 
to WR is a tempered admissible homomorphism of WRin the usual sense [8]: ¥ 
preserves projection on r and the image of C* is bounded and consists of 
semisimple elements. The prefix (quasi-) refers to the fact that we only 
assume V restricted to WR is admissible for the quasisplit form of G, i.e. we 
impose no condition involving parabolic subgroups. 

To Y we associate an infinitesimal character of G. The image of C* is 

contained in a Cartan subgroup LT° of LG°. As in [8] write ^ (zHz^z v for 
U,V€X#(LT°)®<C«LT«T*, for X a Cartan subalgebra of q. Let 
X=d^lSL(2 C)(diag(J,-i)); after conjugation we may assume XeLT^T*. Let 
be the infinitesimal character of G corresponding to X+ji via the Harish-
Chandra homomorphism. 

Now assume as a first case that the image of C* is contained in the 
center of LG°. Then to Y we associate an Arthur-packet of representations of G. 
These representations are unipotent when restricted to the derived group of G 
(it is convenient to reserve the term "unipotent" for semi-simple groups). For 
the moment let Y denote Y restricted to SL(2,C). By the Jacobson-Morozov 
theorem ^ corresponds to a unipotent orbit L0^ of LG° (by orbit we will 
always mean coadjoint orbit in the dual of a Lie algebra or conjugacy class in a 
Lie group; there will be no danger of confusion). For later use we note that if X 
as above is integral then it is singular unless L0^ is the principal unipotent 
orbit of LG°, in which case it is the infinitesimal character of the trivial 
representation. Now L0^ corresponds to a special unipotent orbit of G by 
[23] or ([9], Appendix). For example 0 ^ is the 0-orbit if L0^ is the principal 

unipotent orbit of LG°. Recall that the wave-front set of an irreducible 
representation Tt is a finite union of coadjoint G orbits [13]. The following 
definition is the analogue for real groups of ([9], Definition 1.17). 

2.1 Definition: 
Suppose xF:WRxSL(2.€) -» LG, and the image of C* is contained in the 

center of LG°. Then the (weak) Arthur packet TT(¥) is the finite set of  
irreducible representations Tt of G such that: 
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(i) The infinitesimal character of TT is X.v , 
(ii) The wave-front set of TT is equal to the closure of O^. 

We note tha t (at least in the case when L0^ an even orbit) condition (ii) 
is equivalent to (cf. [9], corollary 5.19): 

(ii)' The Gelfand-Kirillov dimension of TT is minimal among 
representat ions satisfying (i). 

For example if L0^ is the principal unipotent orbit, then TT is a one-
dimensional representat ion, determined (if G is connected) by its infinitesimal 
character (cf. Lemma 5.3). 

An Ar thur-packet is a refinement of a (weak) Arthur-packet . That is, 
note tha t the definition of TT(Y) makes no reference to the element ^ ( j ) 
(jeWR); incorporating this information decomposes UiV) into a (not 
necessarily disjoint) union of (true) Arthur-packets . For most of our purposes 
the above definition is all we need and we drop the prefix. We will have two 
occasions to refine this slightly (cf. Definitions 6.5 and 6.9). 

The packets thus defined are the special unipotent Arthur-packets , 
referring to the fact tha t the orbit 0 ^ is a special unipotent orbit. 

Let Ann(TC) denote the annihlator of TT in the universal enveloping 
algebra of q. Suppose L0^ is an even orbit. Then a useful fact about these 
Arthur-packets is: 

2.2 Lemma ([9], Lemma 5.10): 
In the setting of Definition 2.1. Ann(TT) is the same for all TTeJLOii). 

The restriction to even orbits in the discussion following Definition 2.1 
and in Lemma 2.2 is not essential; it may be removed by considering the 
integral root system of (cf. the end of the introduction to [9]). 

More general (non-special) unipotent representations of G are not 
necessarily related to maps xF:WIRxSL(2,C)->LG as above, for a discussion of 
these mat ters see [26]. 

A similar definition holds when LG is replaced by EG; we obtain 
representations of a covering group G of G. 

More generally if the image of C* is not necessarily contained in the 
center of LG°, let LC° denote the identity component of the centralizer of the 
image of C* in LG°. Let y = ^ ( j ) , which normalizes LC°. Let EC = <LC°,y>cLG, the 
group generated by LC° and y. Then EC is the E-group of a connected reductive 
group C defined over R. 
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Now ^ W ^ x S L t e j O - ^ C ^ G , and the image of C* is contained in the 
center of LC°. By the above construction applied to C we obtain the Ar thur -
packet J\CC¥) of representations of a covering group C determined by EC. 

By [8] conjugacy classes of Levi subgroups of G(C) are in bijection with 
conjugacy classses of Levi subgroups of LG°. Suppose L is a 9-stable Levi 
subgroup of G such that the conjugacy class of L(€) corresponds to LC°. 
Furthermore assume L is an inner form of C. Let 1TL(V{/) denote the Ar thur -
packet constructed in the preceding paragraph (taking L=C). This is a finite set 
of representations of L, which are special unipotent when restricted to the 
derived group. Given TtL€TTL(xF)/ choose a parabolic subgroup 
Q(C)=L(C)U(C)cG(C). We assume Q(€) is weakly-non-negat ive in the sense of 
([25], Definition 17.1(h)), this is a condition on the imaginary roots of u. 

Let !R(rrL) be the derived functor module of TTl . The normalization is as 
in [6], and is as follows. Let Cp(u) denote the one-dimensional representation 
of Lp(U) with weight p(u) [5]. Here Lp<U) is the ••metaplectic" cover of L defined 
by the element p(u) . Then L~Lp(u) , and rtL®Cp(u) is naturally a 
representation of L. Let S=Jdim(t/truB), and let ^(TtL)=rsopro(TrL<s»Cp(u)) 
(notation as in [241,6.3.1). This has the same infinitesimal character as TTl. See 
also ([6], Chapter 8). 

The role of E-groups in the definition of TT(V) is to make this 
construction functorial. This could be avoided: one could use LC in place of EC, L 
in place of L, and 2p(u) = Atop(g/q)* in place of p(u) . This is particularly 
simple when p(u) factors to L; this happens for example if G is GL(n) (cf. [25], 
§6). 

The construction of ^ (TT l ) may as usual be broken up into two steps. 
There exist LcLQcG with the following properties. There is a real parabolic 
subgroup P of Le containing L as its reductive part , and JBq is the Levi factor of 
a 8-stable parabolic subalgebra of q. Furthermore !R(TrL)^^0oind(rrL), where 
Ind is ordinary parabolic induction form P to Le, and y{Q is cohomological 
parablic induction from the 9-stable parabolic subalgebra q (up to one-
dimensional twists) ([25],Definitions 17.1 and 5.17). 

2.3 Definition: 
The Arthur-packet TTG(¥) associated to Y is the set of irreducible  

constituents of the modules ^(TT l ) A as L. TTl run over all possible choices given  
above. 

We write TTG(xi/) if it is necessary to specify the group G. 
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