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The Molecular Characterization of Certain Hardy Spaces 

by 

Mitchell H. Taibleson1 and Guido Weiss1 

§ 1. Introduction. This paper continues a line of study initiated in [8], where 

the atomic characterization of certain classical H P spaces was extended to very 

general settings. If 1/2 < p < 1 the space HP(IR) can be characterized in terms 

of "atoms" that are measurable functions a(x) , x € IR , having support in an 

interval I , ||a||8 < 1/|I|1/p < a n d are of mean value zero. The elements of H P(R) 

are distributions of the form 
«30 

(1.1) f = E X .a. , 
j = l J J 

where the a.'s are atoms and Z IX. I P < 0 0 (in fact, these f's are continuous 
J j=i J 

linear functionals on an appropriate space of smooth functions). The "HP-norm" 

of f is equivalent to N
p(f) = inf (Z| X.. | P ) ̂ P > the infimum being taken over all 

decompositions (1. 1). 

These notions are very simple and have obvious extensions to measure spaces 

endowed with a "distance" that is sufficiently regular with respect to the measure. 

In [8] the fundamental properties of these "atomic" H P spaces were developed and 

applied in the setting of spaces of homogeneous type. 

In many situations, atoms having only mean zero suffice for the development 

of a useful theory. When 0 < p < 1/2 , however, the atomic characterization of 

the classical H P(R) spaces requires atoms having higher moments that vanish and 

satisfy the above properties. Specifically, we must have 

Jp a(t)tkdt = 0 

for all non-negative integers k < (1/p) - 1 (see Coifman [4]). An analogous 
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HARDY SPACES 

condition is required for an atomic characterization of H P(R n) (see Latter [13]). 
p 

Furthermore, atomic characterizations, involving higher moments, of weighted H 

spaces on TR have been obtained by Garcia-Cuerva [11]. 

One of the principal purposes of [8] was to show that many of the properties 

of general H P spaces, and operators acting on them, can be obtained by focusing 

one's attention on individual atoms. For example, the continuity of an operator 

can often be proved by estimating Ta when a is an atom. While it is generally 

not true that atoms are mapped into atoms, it was observed in [8] that for many 

convolution (or multiplier) operators Ta is a function enjoying many of the pro­

perties of atoms. Such functions were called molecules and their "atom-like" 

properties are that their local and global size conditions are combined in a single 

"norm" relationship and their mean value is 0 . Moreover, H P spaces have mole­

cular characterizations that are completely analogous to their atomic characteriza­

tions (we simply introduce molecules in the role played above by atoms). Each 

atom is a molecule and each molecule has an atomic decomposition of the form (1. 1) 

with s|Xj| P < C , where C depends only on the "molecular norm" (which will be 

defined later). From this we see that a linear map T is bounded if Ta is a 

molecule of bounded molecular norm whenever a is an atom. 

In this paper we will give appropriate definitions of molecules belonging to H P 

spaces associated with R n and the unit disk D=jz£C: |z|<l| (taking Into account the 

necessity of having a certain number of moments that vanish). We shall show that each 

such molecule has an atomic decomposition. From this, the molecular characterization of 

H P will be evident. We will show how this molecular characterization can be used to obtain 

multiplier theorems. Moreover, we shall also consider certain "weighted" H P spaces. 

While it is not always easy to see whether a given function has an atomic 

representation, molecules do occur naturally and the fact that they do satisfy the 

conditions defining a molecule can be established by direct arguments. Let us 

describe an example of such a situation. Coifman and Rochberg [7] give a charac­

terization of the functions belonging to certain H P spaces on D that turns out 

to be a molecular decomposition. Perhaps the simplest example of their result 
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concerns the "solid unweighted" Bergman space A 1(D) of all holomorphic functions 

f on D satisfying 

A(f) = JJ |f (x y y)|dx dy < °= . 
D 

They show that there exists a (fixed) sequence of points \Q \ in D such that 

f € A 1(D) if and only if 

( i - l c J 2 ) 2 

f ( z ) = K + S \ . Z 1 7 -

with S | X | < 0 0 Moreover., the functions z{l - |j.|^)2/(l - £.z)^are 
j=0 J J J 

molecules for the atomic Hardy space H"̂  (D , dx dy) that we shall define in §3) 

and E|yj| gives us a norm that is equivalent to A(f) . It follows that A (D) 

is the holomorphic part of H^(D , dx dy) . 

We want to extend our special thanks to our colleague R.R. Coifman. Many 

ideas presented here grew out of discussions with him. We are also grateful to 

R. Rochberg for his many helpful suggestions. 

§2. The Molecular Structure of H P(R n) . Let us begin by introducing the elemen­

tary building block of H P(R n) : the (p , q , s)-atoms. Suppose 0 < p < 1 < q 

< 0 0 , p < q , and s is an integer at least [n(~" " l) 1 (the integer part of 

n(^ - 1)) . A (p , q , s)-atorn centered at Xp £ ]Rn is a function a 6 L q(R n) , 

supported on a ball Q c R n with center Xo and satisfying: 

(i) U r J |a(x)|« d x ! 1 7 " ! | Q|-
1 / P  

(2.1) L Q J 

(ii) P a(x) x a dx = 0 . where 0 < I a| = a, + a. + . . . + a < s , 
0 n _ i i 1 z n — 

1R 
a a a 

ce 1 2 n 
x = x. x 0 .. . x 

1 2 n 

(We follow the usual conventions so that (2.l)(i) is interpreted as: 

supx£q |a(x)| < |Q| if q = œ and a = (â  , ... > c O in (2.1)(ii) is a 

nulti-index of non-negative integers.) 
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The atoms described in the introduction were (p , °° , 0)-atoms on P for 

1/2< p < 1 . The atoms studied in [8] were (p , q , o)-atoms. For each p a 

class of Hardy spaces was defined. It was shown that these spaces coincided and, 

thus, that we were dealing with a single space H P . It is not surprising that by 

letting q = 2 the use of the Plancherel theorem becomes a powerful tool for the 

p 
study of H . (We shall see this to be the case when we apply our results to the 

study of multipliers). Latter [13] has considered the spaces generated by 

(p , q , [n(— - l)])-atoms on R n and has shown that these spaces are the same 

p 

as the H spaces defined by maximal functions (see Fefferman and Stein [9] for 

consequences of this fact). One of the facts that we will develop in this paper 

is that if p is fixed (as in the case s = 0) , the Hardy classes based on 

(p , q , s)-atoms all coincide. 

Let us now introduce the molecules corresponding to the atoms we have just 

defined. For p , q , s , satisfying the conditions for (p , q , s)-atoms and 
s i 1 1 

e > maxj— , — - 1 j we set a = 1 1- e , b = 1 h e . A (p , q , s , e)-(n p 1 p q 
molecule centered at Xo is a function M such that M £ L<^(1Rn) and 

M(x)|x|nb € Lq(IRn) satisfying: 
a ^ a 

(i) WlJllMlxo-xl1113!! ^ = «(M) < oo 

(2.2) 
(ii) J Rn M(x)xadx = 0 , 0 < | a| < s . 

&(M) - &(p j q } s } e > M) is called the molecular norm of M . Observe that our 

hypotheses imply the existence of the integrals in (ii) and, also, the fact that 
1 

MP is integrable (in fact, it is easy to see that J|M¡| < 2^(M) . 

Proposition (2.3). If a is a (p , q , s)-atorn then a is a (p , q , s , e)-

molecule for all e > 0 and £(a) < C; , where C is independent of the atom. 

Proof. Clearly, j|a|lq < |q|
a" b and ||a|x - ^ | n b | l < C | Q|

bj|a|| < C | Q|
3 , where 

f(a-b) a ^ 1-5. 
C is a geometric constant. Thus, Sb(a) < |Q| ( CIQ| ) = C . This 
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proves (2. 3). 

As indicated in the introduction we shall show (directly) that each molecule 

has an atomic decomposition. In order to do this we need to give a precise defini­

tion of the atomic Hardy space H P(R n) . If s is a non-negative integer,, 

0 < [n|3] < s , 1 < q ' < °° we define the space L((3 , q1 , s) as follows: 

If g is locally integrable on R n and Q is a ball, let P̂ g be the 

unique polynomial of degree at most s such that 

f (g - P g)x a dx = 0 
Q 

for 0 < |<x| < s . Suppose g satisfies 

J_ 

(2.4) ||g|| = sup | Q | - P U j |g - P 0g| q'dxH' < ~ ; 
L(p,q',s) QcR" "q Q j 

then^ clearly, if g - g is a polynomial of degree at most s , g also satisfies 

(2.4) and ||g|| f , . = IJg'J , . If this is the case we say that g and iApj>cl y s ) L'KpyQ ?Q) 

g are equivalent. The space of all such equivalence classes [g] will be denoted 

by L(P , q' , s) and (2.4) defines its norm (similar spaces were studied by 

Morrey in [14] and Campaneto in [2]). 

The spaces L(0 , q' , 0) , for 1 < q' < °° , are known to be equivalent 

Banach spaces; in fact, they are various descriptions of the space BMO (see [12]). 

We shall see below that L(0 , q' , s) , 1 < q' < °° , s > 0 ; is also equivalent 

to BMO (see [1] for a related result). When (3 > 0 it is not hard to show that 

if [g] € L((B , q' , s) then g satisfies 

| A ^ + 1 g(x)| < A|h| n p , 

where, in the usual notation, A J ^ 1 g = A^CA™ g) , m > 1 ; A^ g(x) = g(x) - g(x - h) 

= g(x) - (Thg)(x) ; A°h g = g . It follows from this that if 3 > 0 and 

[g] = L, , , v then g satisfies: i) g is continuous and ii) g(x) 
(3>q > LnH J) 

= 0(|x|n^) as |x| -» » if np is not an integer and g(x) = 0(|x|n^ log |x|) 

as |x| -•ao if np is an integer. These facts will be established in Appendix D. 

For 0 < p < 1 the atomic space generated by (p , q , s)-atoms will be a 

subspace of the space of continuous linear functionals on 
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L(— - 1 , oo , [n(— - 1)]) . For p = 1 each space will be a closed subspace of 
P P 

L^(R n) . More precisely: 

Definition. The Hardy space H P j C^ S(1R n) is the collection of all continuous 

linear functionals f on L(— - 1 , 0 0 , [n(— - 1)]) of the form  — p p 

CD 

(2. 5) f = E X .a. , 
j - 1 J J 

00 
where each a. is a (p , q , s)-a torn and Z | X . | < 00 • 

J j = l J 

For such f , we define its "norm", J|f|| , to be 
U P J 0.) s 

inf |/ £ I x . l ^ ^ : over all such representations (2.5)j. 

|\j=i J / i 
The following remarks show that these Hardy spaces are well defined: First 

observe that L(— - 1 , m, [n(— - 1)]) is continuously embedded in L(— - 1 , q' , s ) ; 
P P P 

that is, if [g] € L ( i - 1 , oo , [ n ( i - 1)]) then [g] € L(:p , 8- 1 , » , s) and 

||g|| 1 < ||g|l 1 1 . (See Lemma (8.2) in Appendix D. ) Note 
L ( ^ - l,q',s) L(±- l,oo, [n(-- 1)]) 

that s > [n(^-- 1)] . Lemma (8.2) shows that the norm of L((3 , q' , s) is 

equivalent to one using a certain infimum, and the inclusion follows. Next observe 

that if a is a (p , q , s)-atom then 

(2.6) | J a g dx| = | f a(g - P g)dx| 
R Q ^ 

l|g!l ! <l!s!l ! ! 
L(-- l,q',s) L(±- l,oo, [ 

<l|g!l ! <l!s!l ! ! 
L ( - - l , q',s) L ( ± - l ,oo , [ n ( ± - 1)]) 

JL 

This estimate and the ine quality < [Z|X.| P] P implythat expressions (2.5) are 

continuous linear functionals on L ( p , q ' , s ) , p = - ^ - l , s = [n(3] . Observe 

that if a is a (1 , q , s)-atom then |'a|]^ < 1 so that (2.5) converges in L^ 

and it follows that K^}^}S is a closed subspace of L 1 , and that if f £ H ^ ^ S 
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then |]f]] , < |]f|| . We also note that for 0 < p < 1 , the "norm" 
L H ^' S 

11 '| induces a Fr^chet metric on HPJ,C^S T 
11 ''HP^q^s 

The following is an extension of Theorem B in [8]: 

Theorem (2. 7 ). The dual of HP,C^S is naturally isomorphic to L(^ - 1 , q* , s). 

Apart from obvious modifications, the proof of this theorem is the same as 

that of Theorem B in [8] . The estimate (2.6) is the point of departure. 

From Theorem (2.7) we obtain the particular result that the dual of 

HP>*> [n(- - 1)] i g L(I . i ^ i ^ [n(I - 1)]) . we use this in Appendix D to 

obtain the results following (2.4) on the local and global behaviour of representa­

tive functions in L(p , °° , [np]) if (3 > 0 . In the proof of the following 

theorem these reults are used to establish that the implied atomic-decomposition 

of an (p , q^ , s^)-atom into (p , q^ , s^-atoms induces the same linear 

functional °n L(-̂ - - 1 , °o , [n(i - 1)] as that given by the original atom. This 

next theorem is an extension of Theorem A in [ 8 ] . 

Theorem (2.8). Let p , q and s be related as they were in the definition of a 

(p , q , s)-a torn. Then 
l|g!l ! <l!s!l ! ! 
(-- l,q',s) L(±- l,oo, [l|g!l ! <l!s!l ! ! 

Moreover, the "norms" associated with the two spaces are equivalent. 

For s fixed the proof that H P ' ^ S = H P' * S is almost an exact copy of the 

induction argument given in [8] (instead of subtracting constants one must subtract 

appropriate polynomials as in the proof of Theorem (2.9) below). For varying s 

a different argument is required; it will be presented following our discussion of 

(2.9). 

Remark. It follows directly from (2.7) and (2.8) that if p , q and s are 

related as they were in the definition of a (p , q , s)-atom then 
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L(— - 1 , q' , s) = L(— -1,1, [n(— - 1)]) . This formal identification extends P P P 
to an identification of representative functions in the two spaces in the following 

sense: Let (p , q^ , s^) and (p , q̂  , s^) be admissible indices for p-atoms. 

Let L(j3 , q^ , s^) , (3 = 1/p- 1 , represent the collection of functions in the 

various equivalence classes, then 

L( P , q : , S l ) - L( P , q 2 , s 2) mod ( 9 ^ ^ ^ ) 

where Ps is the space of polynomials of degree at most s . We also note that 

L(0 , q1 , s) = BMO mod(£>g) if l < q ' < « o , s > 0 . We omit the details. The 

necessary tools can be found in Appendix D. 

Theorem (2 .9 ) . If M is a (p , q , s , e)-molecule (p , q , s and e related  

as in (2 .2 ) ) then M £ H
P ' q ' S and 

||M|| < C'K(M) , 11 "HP.q.s -

where C' is independent of the molecule M . 

There is no loss in generality if we assume that M is centered at the origin. 

For simplicity we shall present here the proof of this theorem when q = 2 . At 

the end of this section we shall indicate what changes are needed for the general 

case. Briefly, our argument is as follows: Let 

> 2l|g!l ! <l!s!l !! 
[> - IM!j • 

Then we put E D = j x £ R n : | x | < a \ , E k = (x £ lRn : 2 k" 1a < |x|< 2% j for 

k = 1 , 2 , 3 , . . . ;Xk denotes the characteristic function of Ek and 

= Mx^ For each k there exists a unique p o l y n o m i a l , Q k of degree at most 

s , such that if P, = Q, v, then k k k 

(2. 10) J n (Mĵ  - P k ) X
a dx = 0 , 0 < |a | < s . 

We then show that Mk- Pk is a multiple of a (p , 2 } s)-atorn and that the 

coefficients sum appropriately, and (using a summation-by-parts argument analogous 
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