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ON MAXIMAL p-EXTENSIONS, CLASS NUMBERS AND UNIT SIGNATURES 

by 

Olaf NEUMANN 

The main subjects of the present note are assertions on class 

numbers and unit groups in certain number fields. The classical 

example is the well-known 

Theorem of H. Weber. The subfields of the 2m-th cyclotomic 

field $(£ ) have odd class numbers and the totally real subfields 
2m 

of Q(C m) have units of arbitrarily given signatures. 

This theorem was generalized to other types of absolutely abelian 

fields by H. Hasse [4]. Following the approach given by A. Frohlich 

[2] and K. Iwasawa [5b], we are treating questions about class num

bers and unit groups by embedding finite number fields in suitable 

(possibly infinite) extensions with prescribed ramification points. 

Many results which can be proved in this way are contained in H. Koch's 

monograph [6a], chap. 12. 

In §1 of the present note we formulate a proposition on 

p-extensions with a fully ramified prime divisor. Applying this propo

sition in §2 to 2-extensions, we get further generalizations of 

H. Weber's theorem. In §3 we are led to an interesting statement on 

the 2-extensions of Q - In more detail, we can formulate the 
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following 

Theorem. Let L/C be the maximal 2-extension of © and K/Q 
the unique ^-extension of Q . Then we can attach to each discrete  
prime g of K resp. to the real prime r_ of Q a subgroup T p  

resp. T^ of Gal(L/K) such that the canonical morphism of the free  
pro-2-product T̂  * (* Tp) into Gal(L/K) is an isomorphism. 

The proof rests essentially on the theorem of H. Weber. Our the
orem extends a result of J. Neukirch [9] on p-extensions of Q 
(p7̂ 2) to the case p=2 . 

Full proofs of all assertions will be published elsewhere. In 
conclusion I would like to thank the organizers of the "Journées 
Arithmétiques" for including this paper into the present proceedings. 

§1. On p-extensions with a totally ramified prime divisor. 

If p is a fixed rational prime then the notion "p-extension" 
will be used in the sense of "(possibly infinite) normal extension of 
p-power degree". The symbol C n stands for any primitive n-th root 
of unity. 

1.1 Proposition. Let k be a finite number field, p a fixed  
rational prime, K/k a p-extension and g a prime divisor of k 
which is totally ramified in K/k . Suppose that H/K is a finite 
p-extension such that all divisors in K lying over g are unrami-
fied. Then the following statements hold : 

a) (H : K) > 1 if and only if there exists an abelian 
p-extension L/K with the properties 

(I) (L : k) > 1 ; 
(II) L.K c H , m K = k ; 
(III) g is unramified in L/K . 
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b) Let H/k be normal. Then the Galois group Gal(H/K), 
viewed as an Gal (HA) -operator group, admits at least d generators  
if and only if there exist d independent cyclic extensions, 
L^/k,...,L^/k , of degree p with the properties (I), (II), (III) of  
statement a). 

1.2 Corollary. Suppose that K/k is a finite p-extension with  
exactly one ramified divisor g . We assume that g is totally rami
fied in K/k . Then for the class numbers h^ resp. h K of k resp. 
K holds : p|hK«=>p|hk . 

For the proof one puts H = the Hilbert p-class field of K 
and applies proposition 1.1 a) to the extension H/k . The special 
case k = Q ( C ) , K = C ( C n) is just a well-known theorem of p P 
K. Iwasawa ([5b], cf. [6a], chap. 12, example 12*5). 

1.3 Corollary ([7], Satz 5). Let K/Q be a cyclic extension of  
degree p . Then the class number h R is prime to p if and only if 
K/Q has a prime discriminant. 

§2. On finite 2-extensions. 
For any field F , denote by hp the class number of F in the 

narrow sense whereas the usual class number is denoted by h p . 
An immediate consequence of proposition 1.1 is 
2.1 Proposition. Let k be a finite number field with odd class  

number h£ . Suppose that K/k is a 2-extension the ramification  
points of which are at most the real primes and one discrete prime p . 
Then p is totally ramified in K/k and h* is odd. The field K 
has units of arbitrarily given signatures. 

This proposition can be applied to some interesting examples and 
includes the announced generalizations of Weber's theorem. 
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2.2 First example, k = © . Let p be a rational prime and K/Q 
a 2-extension unramified outside of {oo,p} . Possible cases : 

a) p ? 2 : K/C cyclic, K c 0 ( C ) , p = 1 (2m) ; 
b ) p = 2 : K = Q ( C m ) or Gal(K/Q) non-abelian with two 2 

generators. 
The abelian cases of this example were just treated by H. Hasse 

[4]. 
2.3 Second example, k = Q(V~p) # p a rational prime with p = 5 

(8). Gauss' theorem on the genera asserts that h^ is odd. 
2.4 Third example. Suppose that k 1 = 0(\fd) is a real quadratic 

field with exactly two discriminant divisors and Norm £Q = -1 (eQ 

a basic unit). Put k = the 2-class field of k̂  . One can prove 
that h^ is odd. A series of suitable fields k̂  is given by 
k x = Q(V"2p)/ p a prime with p = 5 (8). Here we have k = Q(V"2p,V~2) = 
<D(Vp,V2) (cf. [6c], p. 332). 

§3. On some classes of infinite 2-extensions. Results and con
jectures . 

Let p be a rational prime, k an arbitrary finite number field 
and S a set of primes of k . By kg/k we denote the maximal 
p-extension unramified outside S . The information about the Galois 
groups Gal(k /k) is quite satisfactory (mostly, on their cohomology) o 
at least in three cases : 1) p ̂  2 , S contains all divisors of p ; 
2) p = 2 , k has real primes, S contains all divisors of (2) and all 
real primes ; 3) p = 2 , k is totally imaginary, S contains all di
visors of (2). We suppose that it is possible to reformulate a great 
part of the known result results for p ̂  2 in the case p = 2 even 
if we exclude from S all real primes of k . This is supported by 
some results which can be deduced, for instance, from §2. 
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Suppose that S is a set of primes containing all divisors of 
(2), but no real primes. We put Gg = Gal(kg/k) . Then Gg is an in
finite group since k g contains the unique ^2~ e x t e n si° n °f Q (the 
union of all totally real subfields of C(C m ) , m>3). 

3.1 Conjecture. The cohomological dimension of G is not 
greater than 2. If S is finite, then G has the Euler-Poincare-

o 
characteristic X(Gg) = -r̂  (r̂  = number of complex places of k). 

3.1' Conjecture. The strict cohomological dimension of Gg is 
not greater than 2. 

3.2 Conjecture. Let kg/k be the maximal extension unramified 
outside S . Then for any finite Gal(kg/k)-module A of exponent 2 
the statements of Tate's global duality theorem ([l4], [ll]) hold. 

Conjecture 3.2 makes sense because the dual module of A gets 
also the structure of a Gal(kg/k)-module. 

3.3 Conjecture. Let L/k be any 2-closed extension unramified 
outside S . Then for any finite 2-primary Gg-module A the inclu
sion k c L induces isomorphisms 

H1(Gg,A) ^ H3^ Gal (L/k) ,A) (i > 0) 
by inflation. 

The results of G.N. Marksaitis [8] suggest the following. 
3.4 Question. Let S^ be the set of real primes of k , 

S' = S U . To each p € we attach the decomposition group, , 
of some fixed prolongation of p to kc,. From V-5. € kc, we conclude 

— o o D =̂= Z/2Z . Does the Galois group G , = Gal(k0,A) admit a free p o o 
decomposition of the type 

G_, = H * ( * a D o-"1) 
S' S 'pSŜ  p p g 

with suitable elements a €Gc, and a suitable subgroup H 0 if S 
p o o 
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is sufficiently large ? 

3.5 Theorem. Conjecture 3.1 is true if k = Q or if S contains  
all but a finite number of primes of k . 

The proof rests upon the properties of the Brauer group. In the 
case k = Q one needs the theorem of H. Weber. 

From Kuros1 subgroup theorem we can deduce the following. 

3.6 Proposition. If the answer to question 3.4 is "yes" for some  
pair (k,S) and if k-̂ /k is a finite extension with k-̂  = kg, then  
the same is true for the pair (k-̂ Ŝ ) where denotes the set of  
primes of k 1 lying over S . 

Particularly, we get a restatement of Marksaitis' results (s. [8], 
the formulation of his "theorem 2" was not correct). 

3.7 Theorem. Let L/Q be the maximal 2-extension unramified  
outside {2,oo} . Let L/Q be a finite extension inside L . Then 
Gal(L/k) is isomorphic to the free product of a free pro-2-group F 
of rank r 2 + 1 a n d r^ copies of the group Z/2Z (r̂  = number of 
real places of k , r̂  = number of complex places of k). 

3.8 Proposition. Suppose that k is a finite number field satis
fying the following conditions : 

a) h^ is. odd ; b) over (2) lies exactly one prime divisor 
d in k . Then the maximal 2-extension K/k unramified outside 
{g} has a free pro-2-group of rank r 2 + 1 (r2 = n u m t o e r o f complex 
places of k). 

In his paper ([9], Satz 11.3) J. Neukirch proves a theorem on the 
connection between local and global Galois groups which concerns 
p-extensions of Q for 2 . This theorem can be extended to 
p=2 by means of our proposition 2.1. 
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3.9 Theorem. Let k be a totally real number field satisfying  

the assumptions of proposition 3.8 and let K/k be the unigue Ẑ -

extension. By L/k we denote the maximal totally real 2-extension. 

To any discrete prime g of K we attach the inertia group Tp of  

some fixed prolongation of P to L . Then we have the following  

statements : 

a) for all £ one has T p = *Z ; 

b) the free pro-2-product * T p is canonically isomorphic 

to Gal(L/K). 

This theorem can be generalized by including all real primes of 

k . In any case, the proof of theorem 3.9 requires essentially the 

proposition 2.1. 
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