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The Stationary Boltzmann Equation in R” with Given Indata

LEIF ARKERYD — ANNE NOURI

Abstract. An L!-existence theorem is proved for the nonlinear stationary Boltz-
mann equation for soft and hard forces in R” with given indata on the boundary,
when the collision operator is truncated for small velocities.
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1. — Introduction
Consider the stationary Boltzmann equation (cf. [10]) in 2 C R",

(1.1) v-Vaf(,v) =0(f, f), xeQueR",

where Q is a strictly convex domain with C' boundary. The nonnegative
function f represents the density of a rarefied gas with x the position and v
the velocity. The operator Q is the nonlinear Boltzmann collision operator with
angular cut-off and a truncation for small velocities,

0 = [ [ x0.000)BO = v (f 0100
— f(x,v) f(x, v)dv.do .

Here S"! is the (n — 1)-dimensional unit sphere in R” for n > 0 and fixed,

(0. v, 0) = 0 if [v] <npor|vi <nor || <nor v <n,
Xt Ve 00 =1 otherwise ,
(1.2) vV =V (v, v, 0) 1= LI L v*|a,
2 2
U+ Uy [V — vyl
v, = V/(v, v, 0) 1= T O
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The function B is the kernel of the classical nonlinear Boltzmann operator,
lv — vulPb(o) with —n < B <2, beL (S""), b)>c>0, ae.

The inward and outward boundaries in phase space are

QT ={(x,v) € 02 xR v-n(x) > 0},
Q™ ={(x,v) €92 x R";v-n(x) <0},

where n(x) denotes the inward normal on 9S2.
Given a function f, >0 defined on 32", solutions f to (1.1) are sought with

(1.3) fx,v) = fp(x,v), (x,v) e QT .

Here solutions are understood in renormalized sense or an equivalent one, such
as mild, exponential, iterated integral form (cf. [16], [2]). In particular those
last two solution types are much used in the paper. Test functions ¢ are taken
in L>®(Q x R") with compact support, with v-,¢ € L®(Q x R"), continuously
differentiable along characteristics, and vanishing on 9Q2~.

An existence theorem for the stationary Boltzmann equation in an n-
dimensional setup with only the profile of f} given, was obtained in [1] with the
use of non-standard analysis. The main result of the present paper — existence
of a solution to (1.1), (1.3) with any given boundary indata — is obtained by
standard methods, with the presentation focusing on those aspects which are
particular for the proof below.

THEOREM 1.1. Suppose that fj, > ae‘d”2f0rsome a,d>0anda.a. (x,v)€dQT,
and that

/ [v-n)(1+v>+nt Jo(x,v)) 4+ 1] fp(x, v)dx dv < c0.
(x,v)edt

Then the equation (1.1) has a solution satisfying the boundary condition (1.3).

With some extra technical arguments added in the proof, the result can
also be obtained under the weaker condition f;, > 0, b(c) > 0 a.e., and the
condition of strict convexity of the domain relaxed. For clarity of presentation,
the proof below is given in the case n = 3, but no new ideas or techniques are
needed for a general n.

For the linear Boltzmann equation, existence of stationary measure solutions
was obtained in [14] via measure compactness, existence of stationary Ll-
solutions in [18], and uniqueness of L'-solutions in [27], [28] based on a study
of the relative entropy. Concerning the linearized Boltzmann equation, existence
and uniqueness of stationary solutions in a bounded domain is discussed in [23].
In the close to equilibrium case, there are a number of results concerning the
nonlinear stationary Boltzmann equation in R”, see [19], [20], [21], [30] and
others. In those papers general techniques, such as contraction mappings, can
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be used. Stationary problems in small domains have been solved in similar ways
in [26], [22], and the unique solvability of internal stationary problems for the
Boltzmann equation at large Knudsen numbers was likewise established in [24].

For discrete velocity models, in particular the Broadwell model, there are
stationary results in two dimensions, among them [8], [9], [12], [13], [15]. In the
slab case for the BGK equation, results on stationary boundary-value problems
with large indata are presented in [29]. Existence results far from equilibrium
for the stationary Povzner equation in bounded domains of R" were obtained
in [6], [25]. Measure solutions of the stationary, fully nonlinear Boltzmann
equation in a slab are studied in [3], [11], and general L' solutions in [4], [3].
A half-space problem for the stationary, fully nonlinear Boltzmann equation in
the slab with given indata far from equilibrium, is solved in [7], when the
collision operator is truncated for large velocities and for small values of the
velocity component in the slab direction. For more complete references the
reader is referred to the above cited papers.

Entropy related quantities are widely used to study kinetic equations and
kinetic formulations of conservation laws. In the context of Povzner and 1D
Boltzmann papers [4], [5], [6], the entropy dissipation term gives quite pre-
cise information, and this term is an important tool to obtain solutions of (1.1)
and (1.3), via weak L'-compactness as in the time-dependent case. In the present
paper, approximations to the problem at hand are first constructed in Section 2
similarly to our earlier, stationary papers, by extending techniques from, among
others, the time-dependent case ([16], [10]). However, the compactness argu-
ments from the earlier papers for reaching the limits of the approximations, are
no longer available. Instead in Section 3, besides the earlier implications of the
entropy dissipation control, new local aspects of the entropy dissipation integral
are used to prove that the characteristics of the approximations can be split into
a large set of “good” and a small set of “bad” ones, supporting what in the
limit generates respectively an L'-solution to (1.1), (1.3), and — possibly — a
“decoupling, singular” contribution. A key point is Lemma 3.3, the compactness
related aspect that in the limit the contribution from large function values van-
ishes, with respect to space points that support a non-negligible set of “good”
characteristics. Section 4 performs the passage to the limit. The whole analysis
can be carried through also without the y,-factor in the kernel of Q. But
then the arguments of this paper by themselves do not exclude the alternative
possibility, that an infinite mass in the limit may end up in the ’singular’ part
at v =0, in which case the present method does not deliver any solution.

2. — Approximations

LEMMA 2.1. For 0 < o < 1, there is a function f* solution to
af + v =00 ), (v QxR

2.1
fo(x,v) = fpx,v), (x,v) € Q"
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Moreover,
(2.2) /vzf“(x, vydxdv <cp, mg=< /w(v)f"‘(x, v)dxdv <my,

and

1o re
fefe

dxdvdv.do < c;,

@3 [ BUT R = g g

where Y (v) := (1 + [v|™OP), f, = f(x,v.), f' = f(x,V), fi = f(x,v)), and
mo, my, cp, and c, are positive constants, depending on f;, but independent of «.

PrOOF. Only the main lines of the proof are given, similar arguments being
developped in [4], [5], [6].

Let 0 < j, pn,ueN, n>r >0, p>1 be given, as well as a C*
regularization b of b. Let K be the closed and convex subset of L'(2 x R?),
defined by

k= {f € Ly(@x R)imy; < /llf(v)f(x, v)dxdv < %} .

Here C, depends on n and f;, and m,; depends on n, j, and f,. They are
defined in the discussion following (2.4) below. Set

sT(x,v) :=inf{s e Ry; (x —sv,v) € QT}, sT A j=min(sT, j),

and
s"(x,v) :=inf{s € Ry; (x +sv,v) € 9Q"}.

Define the map 7 on K by T(f) = F, where F is the solution to

F
aF +v- v, F =/ X" x"" B, —F(x,v’)%(x,v;)
R3x §2 |4+ = 1+ 'fﬂp
J J
2.4)
—F(x, v)&(x, V) | dvido, (x,v) € Q2 X R3,
f*ﬁop
1+ —=
J
F(x,v) = fy(x,v) A ], (x,v) € T,

Here,

1 . -
B, (v, vy, 0) = max {—, min {u, [v — U*|ﬂ}} b(®).
w



THE STATIONARY BOLTZMANN EQUATION IN R” WITH GIVEN INDATA 363

The functions x" (v, vy, o) and x”"(v, vs, o) are taken in C°°, invariant under
an exchange of v and v,, invariant with respect to the collision transformation
J(v, v, 0) = (V, v, 0’), and such that 0 < x", x?" < 1. Moreover, they satisfy

, Lif i =n+r vl zn+r V] =n+rn v =n+r,
X (v, v, 0)=19 . , ,
0if [v| <m—r or v <np—r or [V|<n—ror|v| <n-—r,
2
n v—U 1 1
1ifv2+v355, *-0‘51—, [V — v > —,
X, vy, 0) = V= P P
20 2 2 VU 1
0 if v*+ vy > n* or o= 1—— or [v—u,| < —.
[v—vy] 2p

The functions ¢, are mollifiers in x defined by

0,(x) = pe(px), 0<¢eCPRY,
¢(x) =0 for |x| > 1, /(p(x)dx =1.

By a monotone iteration scheme applied to (2.4), it is easy to see that T
is well defined. Green’s formula gives the existence of C, > 0 depending
on f, and n, such that « [ ¢ (v)F(x,v)dxdv < C, for any f € L1 (2 x R?)
and n. From the exponential form of F, obtained by integration of (2.4) along
characteristics,

F(x,v) > fp(x — sT(x, v)v, v) A j

0
s
exp | —as™(x, v) —/ /er”"Bﬂ%(x + sv, v)dv.dods
—stT(x,v) 1+ Pp

J

for (x,v) € Q x R3. Hence,

F(x,v) > (fy(x —st(x,v)v,v) A j) exp <— (1 + §n2n3j|15|L1) diam Q) ,

xeQ, v >1.

So there is m,; > 0 and independent of f, with

/‘/’(U)F(X, v)dxdv > my; .

The mapping T takes K into K. As in [4], [5], [6], the map T is continuous and
compact for the strong L' topology. Hence the Schauder fixed point theorem
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applies. A fixed point f satisfies

af +0-9e = [ B | L)
1+ = 1+
j j
(2.5)
-2l vy | dvde. (xov) e @ xR,
1+ f*o,
J
fx,v) = fiplx,v) Aj, (x,v)€0QT,
with

n

myj < /w(v)f(x, v)dxdv < %.

Again following the proof in [4], [5], [6], a strong L' compactness argument
can be used to pass to the limit in (2.5) when p tends to infinity. It gives rise
to a solution f of

af+v'VXf=/XrXpnB,u ff(x’v/) ff(x7v>/k)
142 T+ 5
(2.6)
—f(x,v)—— f (x,vy) | dvido, (x,v) € Q x R?,
1+
J
flx,v) = fplx,v) Aj, (x,v) €dQT,
with
(2.7) / V() f(x,v)dxdv < C—
o

Denote the solution of (2.6) by f/. Multiplying (2.6) by (1 +1In f//(1 + C—?)),

then integrating the resulting equation on © x R3, and using Green’s formula,
implies that

oz/ f/(+1In f))(x,v)dxdv < ¢ < 400,
QxR3

uniformly with respect to j. And so, also using (2.7) and going to the limit
as in the time-dependent case, the weak L' limit f of f/ when j tends to
infinity, satisfies

Otf+v~vxf=/xrx”"3u(f(x, V) f(x,v) — fx, ) f(x, v))dvido

(2.8) (x,v) € 2 x R3,

fx,v)=fi(x,v), (x,v)e€dQ".
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Given « > 0, write f™?"* for f in (2.8) to stress the parameter depen-
dence. Multiplying (2.8) by 1+ v> and by Inf™P"#, then integrating both
resulting equations on  x R and using Green’s formula, implies that

o /(1 + 0% 4 In frPrR) PR (x v)dx dv < ¢ < 400,

uniformly with respect to n, p, r, u, and b. So, when b tends to b, n and

p tend to infinity, @ tends to zero, and x" tends to x,, the weak limit f* of

[Pk satisfies

af* +v- v, f = / K BUY fE = f fOdv,do,  (x,v) € @ x R,
fO(xv) = flx,v), (x,v) €9Q7,

(2.9)

with [ (v) f*(x, v)dx dv < %. Moreover,

/vzf”‘(x, v)dxdv < cy,

for some c¢; > 0, uniformly with respect to «. Indeed, multiplying (2.9) by
1 +v? and integrating over © x R?, leads to

a/(] + vz)f"‘(x, v)dx dv +/ [v-nx)|(1+ vz)fo‘(x, v)dxdv
(2.10) =

=/ v-n(x)(1+v?) fi(x, v)dx dv.
aqt

Denote by (&, n, ¢) the three components of the velocity v. Multiply (2.9)
by £ and integrate it over Q, x R3, where €2, is the part of € with x; < a.
Set S, :=QN{x; =a} and 92, := 3R N Q,. This gives

a/ éf“(x,v)dxdv-i-/ ézfo‘(a,xz,x3,v)dxzdx3dv

anR3 Sax]R3

(2.11)

—/ Ev-nx) f*x,v)dxdv=0.
90y xR3

Integrating (2.11) on [I, L], where [ := inf{a; S, # ¥}, L := sup{a; S, # 0},
leads to

/ £2f%x, v)dxdv < a(L —1) (14 v?) f%(x, v)dx dv
QxR3 3

QxR

L
+// Ev-nx)f*x,v)dxdvda < ¢,
I J3QqxR3
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the last inequality by (2.10). Analogously, [ n?f%(x,v)dxdv and [¢2f
(x,v)dx dv are bounded from above, uniformly with respect to «. And so,
the boundedness of energy in (2.2) follows. Recalling the small velocity cut-
off yx,, this in turn implies the upper m;—bound of (2.2), and then the lower
mo—bound by using the exponential estimates to ingoing boundary as in (3.6)
below. Finally, Green’s formula for f*In f“ implies that, for some ¢, > O,

, fOl/ Ol/
2.12 B(f & — fofen 1 <
(2.12) /gszﬁxsZ BT S — 7)) In Fa fo dxdvdv.do < ¢,
uniformly with respect to «. This ends the proof of Lemma 2.1. O

The final limit procedure of our previous papers [4]-[7] was based on equi-
integrability obtained from the entropy dissipation control, but that argument
could not be invoked here to pass to the limit when « tends to zero. Instead,
the rest of the paper is devoted to other ideas also giving a passage to the limit
in (2.1) under the energy bound (2.2) and the entropy dissipation bound (2.3).

3. — The behaviour of f* along characteristics

The first topic of this section concerns boundedness along characteristics
for the solutions of (2.1). For (x,v) € €2, denote by ¢, the characteristic
through (x, v),

Lo i={(x +sv,0); x +sv € Q}.

LEMMA 3.2. Let V > n be given. Denote by Cy the set of characteristics for
which the solution ¢ of (2.1) satisfies

1
3.1 A < f'(x+sv,v) <k, (xX+5sv,0) €Ly, CLweCP, VSV

For k large enough the restriction of (C{)° to {(x + sv,v); x +sv € Q, |v| < V}
1
has measure smaller than (Inlnk)™ 8 (uniformly in o).

Proor. This preliminary lemma is a consequence of Chebyshev’s inequality
applied to the exponential form of equation (2.1).
Given k € N large enough, let &’ be such that

In (k Vir(l)f | >
3.2) K exp(Cy|bl 1K) <k and k' < pl=V0<ast 77/
Calbl,

Here C; is chosen so that (3.5) below holds. By Green’s formula,

/ lv-n(x)|f*x, v)dxdv < c.
Q-
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1
Hence there is a subset I'y of $? such that [(T'Hl < ck'C# and

0 1
/ / WPy - n)Lf(x, £y [odlvldx < K3,y e I
0Q,+y-n(x)<0 JO

in each of the two cases =+.
Let x; be the ingoing and x; the outgoing intersection with 92 of the
characteristic in direction y through x. For y € 'y, there is a subset X{ ;(y)

1
of 3 such that [(X¢ ()| <2k'"# and for x € X, (y),

/|v|3y o) £ Gers —y oD o] < K2
3.3)

1
/|v|3ly n ()| f*(x, yvDd|v] < k"2

1
For y € TY, x € X} (y) satisfying |y - n(x;)| > K

with (3.3), it holds that

, J = 1,2, together

. 3 )
[ £, 0 ylebdiol <K =1.2.
For such (y, x), there is a subset W{(y, x) of the interval [, +-oo[ such that
1
(W (r, )] < 2773k % and

fe(x;, =Dy <k, |vle Wiy, x), j=12.

v
[v]”

Consequently, these (y, x, |[v|) with y = satisfy

x+5F(x, )y =x £5T(x, yluhlvly €
_1
X¢,(0) =X, ()N {yedly -n()| >k}
(both cases), and when |v| € W (y, x £ sT(x, y)y), it holds that
(3.4) £+ (DI vy, (=D uly) <K

The boundedness of energy (2.2) implies that

/ / / lv — v*|ﬂf°‘(x, vdxdvi.dv < c(V),
Q JR3 Jn< vl <v

uniformly with respect to a. For y € S2, let IT, be a plane in R3 orthogonal
to y. Denote by €2, the orthogonal projection of €2 on IT,. For any x € ,
denote by x, its orthogonal projection on £2,. Obviously inf, s €2, | > 0, and

/1//(v)f(x, v)dxdv:/Q /{ N Q}/1//(11*)]‘()(,, + 1y, v )dx,drdv,, y € s2.
y J{tixytrye
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Writing v = |v|y and considering only the integration over those y which
belong to I'} and over those x = x,, + Ty, where x, belongs to the orthogonal
projection p, of Xj',(y) on ,, it holds that

L] [ el = ul e, + o
Fl‘z‘ R3 Jp<|v| <V Xy €Qy,py (XV)CXI?,Z(V) Xy +TyeQ

x [v]*dtdx,d|v|dv.dy < c(V).

1
Hence, from I'y, a suitable subset may be removed of magnitude < c(V)k’(fz),
so that in what remains of the set (keeping the old notation for the new
smaller set)

Ll [l =l rty )
R3 i<l <V JxyeQy.py (xV)CX]‘z‘,Z(y) Xy +TyeQ

1
x |v|*dtdx,d|vldv* <k'*,y eT¥.

1
Consequently, there is a subset Xy () of €2, such that [(X} 5(y))| < K2
and p;l(xy) C Xp,(y) if x), € Xi5(y), satisfying

) 3
Loty = vl £y + o, voPdividvde < K3,
R3 Jn<|v| <V

—sT(x,p)

if x, € X{3(y). For x € p;l(x,,) with x,, € X} 5(y), from Wi(y, x) a suitable

1
subset in [n, V] of magnitude < n‘zk’(_z) may be removed so that in what
remains of the set (and keeping the old notation for the new smaller set)

sT(x,y)
/ Ivly — vil? £ (x, + Ty, vo)dT dv, < K.
7s+(x,y) R3

And so for these (x, v)

s (xy)

s™ (x,v) v
/ V() (x, + sv, v)ds = A .

—sT(x,v) sTOew)

[v]
3.5) 1 /5w

= [ty = w60 5, 47, v)do du, de
[v| —st@x,y)

v(f*)(xy +slvly, lvly)ds

IA

Calbl K, x, € XE5(p).
Take

Xp() :={xeQx—sT(x, )y eXi (=), x+s~ X, )y €X{HL¥), X, €XT3)}.



THE STATIONARY BOLTZMANN EQUATION IN R” WITH GIVEN INDATA 369

Define the set of characteristics C{ by

{Copps v €TE x € XF(y), le Wy, )}
By the exponential form,
0

fr(x — st (x, v)v, v)exp (—/

—sT(x,v)

(@+v(f*) (x+sv, v))ds) <[4, v)

3.6) s (r0)

< x4+ (x, v)v, V) exp (/ (@ + v(f)(x + 50, v))ds> .
0

The previous discussion implies that for k large enough, k' can be chosen so
that (3.2) holds together with

(€ <K ¥ < (nlnk) s,
and by (3.2), (3.4-6)
ffav sk el sV,
The inequality % < f%(x,v) follows similarly. That completes the proof of the

lemma. Also notice that the choice of k’ can be made so that k' increases
with k. o

The rest of the section is devoted to a study of the large function values
for f*. For A > 0, denote by (a;);en the sequence of functions

ap(r) ;== max{l,Ini},...,a;+1(A) := max{l,Ing; (1)},

and take
foi=f2uf f*<a, fri=0else, f* = f*— f.
Define
0y = {x € Q;/ i (x,v)dv > O} ,
n=<lvl <V
and

4
Oyin) = {x € Oy.;; meas{u € $%x e Xy (w)} > —} .
i
For y € S2 set
Ay,a,i,n,k = Xz (V) N (Oa,k \ OOt,i,n,A) .

The contribution of the large f“-values is small from those space points
that support a non-negligible amount of “good” characteristics, namely
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LemMaA 3.3. Let V, i, n be given in N and sufficiently large. For A large enough
with respect to V, i, n, it holds that

J

where the function g does not depend on «,

/ N fo‘(x,v)dvdx <gii,n, 1),
n=lv| =

o0,

ci’n’a;3 (L)

gii,n, A) =
ai3_1()")

s

with ¢ not depending on V,i, n, A, a.

e’l

The lemma holds for A = ¢¢  with i* exponentials and n > e , which
are the values used for the applications in Section 4 below.

ProoF. Take i = 2/ for j € N. Split §? into i disjoint neighborhoods
Si, ..., S; with piecewise smooth boundaries,

47 . .
[Sk| = —, diam(S$;) < for 1<k <i,
l

c
ﬁ,

— S =3S8;, for some 1<I[<i,

where ¢ > 4m is an i-independent constant. Consider x € Oy ;... Take

1 <k <i such that |I,]| > ‘L’; where

L= SN {n e % x e XL(w),

Notice the symmetry in this construction, i.e. —I, = S;N{u € S%x e Xy}
Define

V= {v € R3: n < |v] <V, where f(x,v) the largest and

/ f(x,v)dv = i_s/ fi(x, v)dv} .
Vx n=<|v| <V

It holds that
4 3 3y:—5
[Vil < gn(V —n)i .

Divide I, into four quarters of equal area, and defined by two orthogonally
intersecting geodesics in S2. Let the direction Oz, in velocity space R?, be
parallel to the element y, € S? defining at the intersection of those two orthog-
onal geodesics. For v in V,, consider the plane in velocity space R?, defined
by v and Oz. In this plane denote the coordinate of v in the y,-direction by
¢ and the orthogonal coordinate by &. We assume V > n. The proof will be
split into three cases, depending on the position of v in this plane.
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() |€] < r and |¢| = n, where r = %. For symmetry reasons it is

10
enough to consider & > 0 and ¢ > 7. Take v, with % < |ug| < % with

2 in that quarter of —I, corresponding to &€&, < 0 and ¢¢. < 0, and with

[V

|v*| S W"‘(‘v |,)c) Take o € S? such that for V'(v, vy, o) as defined by (1.2),

belongs to I, |V'| > n, and ¢¢’ > 0. Such o’s form a set of area of
-2

IV/
magnitude > i~“. For each v, already chosen, also restrict the set of o’s so
’ .
that |V'| € W¥ (l“i—,‘,x). For these v the measure of the corresponding (v, o)
is > c'i™*, and f*(V'(v, v4,0)) < n.
Denote by

/=4
Wy = {ver;ISI <r, ¢ >n and meas Ty, > “2 } ,

where

A
Ty := {(v*, o) as defined above; f*(x, V,/(v, vy, 0)) < } ,
a(A)
and by
Wi I={U€Vx; |$|Sr, CEU}\le
(i)(a) For v € W,1, (vy,0) € Tyy, and writing f* = f,

]f’; )

Here given n, the second inequality holds for A large enough, and implies
In ff,];f, > a4(X). Moreover,

o f fo_f I
Fh=d e = am = e =2 = 2

Hence

2n s S
ffm (ffe = ff)In e

where ¢, is a positive lower bound of b, and c =1 if 0 <8 <2, ¢ = QV)A
if -3 < B < 0. And so by (2.12), integration of this last inequality for
X € Oqini veE W and (vy,0) € Ty, gives that

J

(1)(b) For v € W,,, consider as a new set of vy, the set {V/(v, vy, 0); (vs, 0) ¢
T,,} with elements now denoted by v!. Its volume is of order of magnitude at

-4
/ i (x,v)dxdvfci.

a in,\ a4()h)
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least i 2. From this set of v, define v'" and v!" either as in (i)(a), or take v’
correspondingly but with {;1/ < 0, so that, again with f% = f,

A
V' (v, v}, ), [V.(v, 0}, o) >, fx,v)) = ——>a(),
ar(A)

for A large enough, and f(x, vl/) < n. Since the volume of vi/ is of magnitude
> i3, there is no loss of generality to restrict the domain of (v!, o) so that

S, Ufk,) < f(x,v). Hence,

fafed) = fa ) fee)) = Fan@®) —n) = fxva®),

for A so large that a;(A) — ax(A) > n. Moreover,

fervfeo) ek
fovfae) = T

ar(X),

for A large enough, so that

£ ) G0
"o fonury © B

And so by (2.12),

ci*

fix,vdxdv < ———.
‘/Oa,i,n,k Wyo g aZ()‘-)a?)()\-)

Together (a) and (b) give for case (i) that

1
(. v)dx d '9( " ) ,
/0 /nflvlfv,lssr.,;zn Jii b wdxdv < ci as(A)  ax(M)az(d)

(i1) |&] > r. Consider & > r, the case £ < —r being analogous. In this case, a
bound from above of [, fUEVx;EZr f¥(x,v)dx dv is obtained in a number

o,i,n,\

oA,
of steps not exceeding i%>. The “extreme case” is |[v| = V and v orthogonal
to the z-axis. Define a second plane through the Oz-axis and orthogonal to
the vOz-plane. At least a fourth of the area of I, corresponds under y = %
to a preimage to the left of this second plane, and a fourth of the area of I,
corresponds to one to the right of this plane. With v to the right, take v, to the
left wit = e [, v, with negative ¢,-component between —%V and —%V
/

_|U*|
and with |v,| € W¥ (3, x). For each such v,, take o such that —”—,l el v

[vs]? v

with negative ¢’-component, and such that v’ belongs to the right of the second
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plane with |v, —v'| > ¢/i~! for a suitable parameter-independent ¢’ > 0. Then
the present geometric setup implies that

(3.7 & —f,i =& _éﬂ >clv — U;| =clv, — V| > cci~l?,

For each v, of the present type, the area of the relevant ¢ such that —‘z—: e l,

is of magnitude > ci—2. Among such (v, o), consider only those with the

property that |v'| € W,?(ﬁ,x), v, ¢ Vi
Denote by Wy (depending on «) the set of v’s in V, such that |&] > r,
and

o
meas 4 (v4, 0) as defined above where, moreover, f"‘; < zf—
n=a;3_,(A)
is larger than one half of the total volume of the (v, o) as defined above, and
so in particular of magnitude > i~* . Take

Wy i={ve Vi [E] >r}\ Wy .

(ii) For v € Wy, as in case (i)(a),

cni®

o i, vdxdv < ———.
/oa,i,n.k Wi ai3—1()")

(i1))(b) Recall that the volume of the v’s under consideration is at most of
magnitude i > and that the volume of the relevant v.’s for each such v is at

least of magnitude i —*. It follows that in the present geometric setup, the set of
_[¥r)
nai372(k)’
considered as a “new” set of v now denoted by v!. For the v'-set, use the
previous procedure to define new (v,, o), denoted by (vi, ol). Either

v € Wy, can be replaced by the set of relevant v, such that f*(x, v}) >
1

o rel 1 1 S, vh
Ve o) = s

for more than one half of the volume of the newly chosen (vi, o), and there

J

cni*

o 1 1
x,v)dxdv < ——,
/f)t( ) ai3,3()\)

o,i,n,\

so that
czn2i492ai3_2 (A)

ai3,3 ()\')

J

/~2 f(x, v)dxdv <
Wx2

o, i, A



374 LEIF ARKERYD — ANNE NOURI

Here W2 is the subset of v € W,y for which this is the alternative used, and
6) = |Wx22| / |Wx2|. For I’ > 2, Wi;, are analogously defined below.

Or there is an integer I’ € {1, ... ,iz}, such that
fe(x,v) fex,v")
Yx, Vv, v4,0)) > — xVU v , O >
£, VU Nz oy frE v ) a0

£ 0"

/_ ’ ’
, fa(x, V*/(vl 1 l l, I'— ]))
n a3 —2(0'— 1)()\,)

’ *

for more than one half of the relevant (vf, o/)-volume, j =1,.../'— 1, and

RERD)

nzaiS 2! (}\,)

o VI o) <

for more than one half of the (vi/, al/)—volume. Then

J

Or | < i? steps (because of (3.8)) must be performed in order to reach the
frame of case (i) for all remaining v of case (ii). Then,

a: 3_2()\,) ce ai3_2(l/_1)()»)
a3 oy ()

/ fix,vydxdv <c @2 49

alnk

o ’ fo(x,v) o o1 1 1 fa(xvvl)
F(x, Vv, ve,0)) = 7’12%3720\), fx, Vv, v, 00) > 7’12%3740\) ,
v

, fa(x, v/ vl—l’ vl_l,al_l) > 2 L
*( * ) nzai372(17])()‘)

and
e, vh

fex, V(U’ *’U))>m

for more than one half of the (vi, o!)-volume. As in case (i),

n 1
/ /f)» (x,v )dv dx <ci (a4(k) + az(k)as()»)> )
and then

J

atnk

/ i (x,v)dxdv

alnk

20 .4 n 1
R EOR “ﬁﬂl““<ma>+@amxm)‘
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Adding up estimates of the above type for the respective parts of the full
integral, gives that

J

/ [ (x,v)dvdx
CRR IS v <V

as(A)  ax(Maz(A) ) 1<1<i2 ai3—21+1()‘)

The second case follows since

( n 1 > 1,219 ai3(Ma3_,(A) ... a3_pq_1y(})

max cn
a4(A) az()»)a3()») 1<I<i? ai3_21+1(k)
19,2 A
A R) _ oion ).

(i) |&] < r, |¢] < n, 2+ ¢? > n%. Consider £, ¢ > 0, the other cases being
analogous. This case is similar at the start to case (i), except that v, is chosen
with
2V<t<—iv, gg>0,
——V<li<—=V, >0, —
37 3 v
and V'(v, vy, o) is so chosen that ¢’ < 0,&’6 < 0. Then V/(v, v, o) satisfies
|V.(v, v, 0)| > 1. We begin as in case (i). Depending on the magnitude of
f., it either holds that

n 1
f"‘(x,v)dxdvfcig( + ) .
‘/Oa,i,n,k /n<v|<V:|é|<r,lc|<n * as(A)  ax(M)az(r)

Or as in case (ii) f,; may in value not be small enough in comparison with f,
in which case f is replaced by f, ,and we continue similarly to case (ii), in
the end getting the desired result after a controlled number of steps. O

Elxa

The contribution of the large f*-values at space points with a “negligible
amount of good” characteristics, is “mostly” small in the following sense.

LEMMA 3.4. There is a subset Iy ; .5 of S such that Uy insl < % and
1
/f)\(x vdvdx < —, vy €lyinn-

J %

ProoF. Let xg denote the characteristic function of a set S. By (2.2)

/ / /ff‘(x,v)dvdxdy:/(/ff‘(x,v)dv/ XA, A(x)dy) dx
s2.Ja §2 e
4—”/ /ff‘(x,v)dvdxg <.
Q i

yatnk

Y,o,i,n,A
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So for the inner integral,

/

only holds for directions y defining a set IS, , in $? with an area bounded
by £ N For y € I, .5, on the other hand

/

Only consider an infinite subsequence U of j € N such that % < 0.

/fA (x,v)dvdx > %

yatn)»

/fA (x,v)dvdx < % O

yatn)»

Define the set of characteristics C{'}, ; by

Cus = {Ceplys ¥ €Ty N(Njev,jzilajni)s x € Xy (), [v] € Wiy, x)}.

Denote by x/*, ; the characteristic function (increasing with i, n, A) of C, ;.

4. — Proof of the main theorem

LeEMMA 4.5. Let (iy)en C U and (n)))en be given increasing sequences with

Z )“3’

A=A Vi

Inlnn;, > A7, and let g; be the weak L' limit of Xf;’n»kf“ when « tends to zero

(subsequence). Let f5 be the weak L' limit of ff (see (3.7)), when o tends to
zero (subsequence). Let f be the strong limit in L' of the increasing family of f;.
Then there exists an increasing subsequence (A;) tending to infinity, such that 81,

increasingly converges to f in L', when i ; tends to infinity.

ProoF. Let ¢ be a non negative test function with compact support in
D = Q x {[v] < V}, for some V > 0. Take a sequence (A;) increasing to

infinity, such that [}, fij > [ f- % If, moreover,

Z\/T )\2’

J=1Jo

then :
o
AjlD\ SUPP(XiAj,nAj,AjN < ; .
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For j fixed, with ey = (i,\j,nxj,)\j)

‘/(f"x;’;j —f)w’ < /X

e}‘j =

s, =Tl [, Gt = e

e)Lj

+ ]/(ff; - ij)¢’ T ‘/(ﬁ, - f)«)' .

Moreover, X;‘i\j =1 and f% < A; imply that f )(j‘)\j - ff; =0, so that

[, e, = ipel=| | (ks = Fe

ea)‘].: g)\,]‘:1’)\4j<j.a<n)\‘j

/ o = Foe = [a - T,
Xg)h':l,)\j<fa<n)\]. J J
y :

The limit ¢ — 0 gives

1
‘/(ng - f)w‘ < ‘/(f“j - fw‘ +lolo+ ’/(ij - f)w‘ .

Then |
‘/(ng - f)so‘ < Gl

The sequence (g;;) is increasing with uniformly bounded energy, and so with
uniformly bounded mass by the truncation for |v| < n. Hence the above weak
convergence of g to f implies its strong convergence to f. O

We may choose the sequence («) tending to zero so that for any i, n, A € N,
the sequence x/, ; f“ is weakly convergent in L' to some g; ;. It then follows
from the previous lemma for any sequence (ig, ng, Ar)keny With limg_ oo iy =
limy s oo g = limg 00 Ay = 00, that limy_, o & ny.5, = f- This is so, since
gin,. increases with i, n, A, and since the particular sequence of the previous
lemma increasingly converges to f.

ProoF oF THEOREM 1.1. Let V large positive and § > O be given. We shall
prove the theorem in iterated integral form (cf. [2]), and first restrict the support
of the test function ¢, included in 2 x {|v] < V} to a subset of characteristics
D with complement of measure smaller than §, such that for some c; > 0,

fx,v) <¢c;, (x,v)eD.

This property of boundedness along characteristics is proved at the end of
Lemma 4.6 below in the form of a version of (3.6). It is then used in the proof
of Lemma 4.7.
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The boundedness property for f(x, v) guarantees that the loss term integral
for f is well defined on the support of ¢. Using the entropy dissipation estimate,
then also the gain term integral for f is well defined. At the end we may remove
the restriction on the support of ¢ by going to the limit with the support in
the iterated integral form of the collision integral, separately for characteristics
along which the integral of the collision term (including ¢) is positive and along
such ones where the integral is negative.

In order to prove that f is a solution to (1.1), (1.3), we shall prove that
the absolute value of the left-hand side of

/ (o) (X, 0)[v - n(X)|dX dv

aQt

@.1) .

+/ (/ [Q(f, N+ fvvrpl(X+ov, v)do) lv-n(X)|dX dv=0
02—

—st(X,v)

is smaller than € for any € > 0. Start from the equation of type (4.1) for
ng f%, where €x = (ix, k, Ax) with the sequences (ix) and (A;) increasing to
infinity, with further conditions on the sequences to be specified below.

Since Xg commutes with v - v, the problem (2.1) in weak form gives

[, 06 )X vl 00X dy
aQt
0
(4.2) +/ </ exp(a(o +s7(X, ) [xg, Q(f*. fN)e
a2~ —st(X,v)
+ xgkfav - Vx@) (X 4+ o, v)da) [v-n(X)|dXdv=0.
The first term of (4.2) tends to

/ (o) (X, 0)]v - n(X)|dX dv,
aQt+

when « (subsequence) tends to zero, and then k tends to infinity.
By the remark after the proof of Lemma 4.5, the last term

0
/ / exp(a(s +sT(X, v))))(g Y- vrp(X +ov,v)dolv-n(X)|dX dv
30— J—st(X,v) k
tends to
0
/ / fv-vip(X +ov,v)do|v-n(X)|dX dv,
IQ— J—st(X,v)

when o — 0, and then k — oco. The convergence of the collision term in (4.2)
is proved in Lemma 4.6 and Lemma 4.7 below under some further conditions
on the sequences (i;) and (1¢). That completes the proof of the theorem. O
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Define Bg as
Bg 1= sup lv—v.lfdv, p <0, Bg :=/ 1+ v/#ydv, B=>0.
v Ju|<V lv|=V

Given k and € > 0, take V, > V + 1 so that for ¢ > 0

(4.3) Bg|b|, 1]¢| Lok sup/ (1 + vy |mOB)y po(x v,)dx dv, < €.
[vse|> Vi

o

X N

ik B o
Choose i, n; > k large enough, n; > e ,and Ap = ¢ with z,f exponen-
tials, so that in addition to earlier requirements and those of Lemma 3.3 for
(ix, ng, Ax), the following holds;

1 €

0] < b
Vie  Bglbl (1 + Vi OP) gk

€

(f = fu)(x,v)dxdv < ,

(4.4) / b 16B|b|,1 (1 + V"™ O || ok
meas{(x,v) € Q x {jv| <V} Xit i (X5 V) = 0}
€
< max(0,8)
Bglb| 1 (1 + Vi )@l ook
and
) c
(45) gl (lk7 Ng, )\'k) S —l )
k

where g; is defined in Lemma 3.3. Then, for any A > ny,

/| (= e vdrdy < / (f = fu) (. v)dx dv

lv|=V
€

< .
T 16Bgb) 1 (1 4 VIOP) ) ok

There is a positive number ,ui’k such that

€ 1
< , A< -
8Bylbl, 1 (1 + VI OP)gl ook o

‘/| U = F o) do

Analogously, for any A > ny, there is a positive number Mg,k,k such that

€ 2
< , a<u .
8Bylbl1 (1 + Vi O )lpl ook e

/| U= A vdxdy
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Hence, for A = A, there is ugyk = min(u;,k, “z,k,kk) such that
‘/ (ff;C — Nn";)(x, v)dx dv
lv|=V

/vlﬁv(ka ol ‘/wfv(f” - f)‘ + ‘/Mu —f)

o €

2Bylbl 1 (1 + V" Ok’
We can now prove the desired result for the loss term.

(4.6) =

+ a<u3,k.

LemMMmaA 4.6. Given V. > 0, € > 0, there is a subsequence of the previous
(a)-sequence, so that for iy, k, and Ay large enough and for some . > 0, the
following estimate holds,

dxdv.dvdo <ce, o < lcy.

’/ /M XnBo O [ 1 = 1)

Proor. It is enough to prove Lemma 4.6 for ¢ nonnegative. By (4.3),

/ XnB‘Pchfafdedv*dvda
| Vs |> Vi

< cBglbl 1 1¢lLock (1 v, " OP) £ (x, v,)dx dv, < ce.

[Vse|> Vi

Take n; > ny and corresponding sz > i; and Xk such that

@) meas((x, v.) € 2 x (Jvsl < Vi x5,
€

< 9
Bglbl,1 (1 4 VIO (0] ook

(x, vy) = 0}

and set € = (lTk, Nk, Xk)
Let us next prove that for k large enough, there is ,u‘e‘,ik > 0 such that

(4.8) / X,,B(pxg{f“(l — X&) fydxdvdvdo < ce, o< M?,ik .
[vs| < Vi
For this it follows by (4.7) that

k/ XnBoxg, (1= X5.) fildx dv.dvdo
fgf’lk,\v*lfv*

< Bylbl, (1 + VIOl gplysekm, (1= 38 (x,vdx dv. < ce.
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Moreover,
k/ xnBoxz: (1= xz.) fldx dv.dvdo
g <[ <hgs|vx | <V k

< cBylbl, 1 (1 + V,;“ax<°’m)|<p|mok/(ﬂ“k — fi)(x, vdxdv, < ce,
a < uij"k,

where uf*k is uzk of (4.8) for V = V,. By the occurence of the factor Xé'; =
Xii,k,xk in the first integral of the right-hand side of the following inequality,
and using Lemmas 3.3-4 for (i, ng, Ar), and with y = ﬁ, we get

[ o vdsan. < [

0,

(/ Ji (xs v*)dv*> x5, (x, v)dx

i N, A
+ /
A

. 1
< g1k, nk, A) + i
k

(/ f)?;((X, v*)dv*> Xg((x, v)dx

Vi lif N, A

In the hard force case, this gives

XWB(ng fa(l — X?‘ )fad)Cdv* dvdo
f“>)‘k"v*|fv* ek ef* *

*

<+ VA + VOBl gk [ [ v 5 vdx v,
sV

which thus implies (4.8).
In the soft force case,

/f XnB‘/’chfa(l —X%*)ffdxdvdv*do
&> A lvs | < Vi

*

is split into the part where |v—v,| < p, which is smaller than c|b|,: @] ook i3 8,
and the rest which is treated as in the hard force case with some u and B-
dependent strengthening of the conditions (4.4) and (4.5). For p small enough
this gives

xnBoxs fC(1—xz ) fidxdvdv,do < ce.
FE> A lvxl <Va ‘k ChFoTE

*

That proves (4.8) in the soft force case.
By construction, the «-sequences (Xg‘k f%) and ( X?k f%) are weakly compact

in L' with (v - vxxgkf"‘) and (v - v.xg f*) bounded in L'. Tt follows by
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averaging (cf [10], [17]) and the remark after the proof of Lemma 4.5, that the
integrals

/ xnBoxs f x5 fidx dv.dvdo
[ | < Vi €k k

converge to f\v*lfV* xnBoffidxdv.dvdo, when first o tends to zero and then
k tends to infinity.

Obviously g; . = limg—0 X/, ; f* has the trace property, and the outgoing
trace ¥~ gi, .1, increases with k and has an integrable limit y~g. It follows
by arguments similar to the earlier part of this proof, that f satisfies (3.6)
with @ =0, f replacing f¢, and in particular y~g(x + s~ (x, v)v, v) replacing
S%x 4+ s (x,v)v,v). Here the reduction of support of ¢ at the beginning of
the proof of Theorem 1.1 is used. Hence

/ xnBoffidx dvi.dvdo < €,
[vs|> Vi

for V, big enough. That completes the proof of the lemma. O
Finally the following lemma holds for the gain term.

LemMA 4.7. Given V > 0, € > 0, there is a subsequence of the previous
(a)-sequence, so that for iy, k, and Ay large enough and for some . > 0, the
following estimate holds,

‘/Bw(x%f“/ff/ — f'fhldxdvdvido < ce, o < pey.

Proor. It is enough to prove the lemma for ¢ nonnegative. We shall first
estimate the limit of the gain term integral from below by the integral of the
limit, and then estimate it correspondingly from above.

Set Yg = 1 for v2 +v2 < R?, Yg = 0 otherwise. Obviously, for h € N

/anwx%f“/ff’ = /anw/x;?,:f“ff
> /Xan’xg('xghfo‘xﬁ‘h*fwa
= —/xrzBfﬂ’(l - xg",;)xg’jlfo‘xé';*ffw
+/anso/x§‘hf"xé§1*fwa.

Then essentially by the last step in the proof of Lemma 4.6, the second term
in the right-hand side is by the support condition on ¢, closer than ce to
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| xnBo' ffi¥r = [ xyBof' flr, when « (subsequence) tends to zero, for h
large enough. For such an A, choose k large enough so that

/
‘/anfp’(l = X)X, S X VR

< cR|b|L1|go|Loohﬁh/ dxdv <c.
{(v,v*,a):xgk(x,v)=0}

Here the last inequality follows, since by Lemma 3.2
|
meas{ (v, vy, 0); ng(x, v) =0,v7 + 02 < R2} <c(nlnk)"s .
It follows that

lim Tim [ x, Boxg £ £ dx dvdv, do > / xyBof' fldx dvdv, do .

k—o00 a—0

The estimate from above of the limit of the gain term may be obtained in the
following way. For j; > 2 and R > +/2V, the entropy dissipation control gives

/XnB¢Xg(fa/ff,(1 —Yr)dx dvdv,do

c .
< E + J /XWB(pxg(fo‘ff(l — Yr)dx dvdv,do
1
<~ ckji Byl 1@l oo/ RTCEPID)
In j
Given k, this can be made smaller than € by first choosing j; large enough
and then R large enough. In regard to the end of the proof we will here take
— _ 2
R-k,WhereG—m>O .
It remains to consider the gain term integrand on the support of ¥z. But

/ / / / /
/Xn‘/fRBQOX;O;fa = /xanwagxghf“ re
+ [ oavmBext = x5 < [ xunBexs 1

o B g [ mBerg =g s g
FESRE =ar* 1y YR <af® e
< [ arBoxs, 1 xS + [ arBoxs, < = xo fe

C

i [ Bt 1= )

/ / / / / / !’ !/
< [vnBoxg a0 + [ xpnBors 0= xgo s
C
- B gl o 1 _ gt o
*ing +q/|v*|<R XnBoxz, /71— X0 1

/
+q [ aveBox, s £10 = 2.
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First choose ¢ so that ﬁ < €. Similarly to the proof of Lemma 4.6, the limit
when o tends to zero of the first term to the right is bounded from above
by [ x,Bef fldxdvdv.do (uniformly in k). For the last term we notice that

1
|v,| < R. Hence it is bounded from above by c¢R3kiix(Inlnh)~ 8. Then choose
h = h; so that

cRkiip(Inlnh)~"8 = ek (nln hy) /3

tends to zero when k tends to infinity. Analogously to the proof of (4.8) applied
to V., = R = k?, the second and fourth terms on the right tend to zero, when
o (subsequence) tends to zero and k tends to infinity. Hence

/Xntoxgcf"‘/ff/dx dvdv.do < /Xan)f’f*’dx dvdv,do + r(a, k),

with limlim,_,og7(e, k) = 0, the outer limit taken with respect to a suitable
subsequence of the k’s tending to infinity. This completes the proof of the
lemma. U
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