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Relaxation of Elastic Energies
with Free Discontinuities and Constraint on the Strain

ANDREA BRAIDES - ANNELIESE DEFRANCESCHI —
ENRICO VITALI

Abstract. As a model for the energy of a brittle elastic body we consider an
integral functional consisting of two parts: a volume one (the usual linearly elastic
energy) which is quadratic in the strain, and a surface part, which is concentrated
along the fractures (i.e. on the discontinuities of the displacement function) and
whose density depends on the jump part of the strain. We study the problem of the
lower semicontinuous envelope of such a functional under the assumptions that the
surface energy density is positively homogeneous of degree one and that additional
geometrical constraints, such as a shearing condition or a normal detachement
condition, are imposed on the fractures.

Mathematics Subject Classification (2000): 49J45 (primary), 74R10 (secondary).

1. — Introduction

Many variational problems in mechanics involve energies with bulk and in-
terfacial contributions. Such energies can be analytically represented as follows.
In the context of fracture mechanics, let 2 denote a reference configuration of
a (possibly brittle) elastic body in R" (n = 1,2 or 3) and let u parametrize its
displacement, which we regard as smooth outside a subset K C 2. Denoting
by H"~! the (n — 1)-dimensional Hausdorff measure, assume that K itself is so
smooth that H"~'-a.e. on K there exists a normal v together with the traces
u® of u on both sides of K: then the elastic energy of this deformation may
be written in the form

(1.1) f(Vu)dx +/ gt —u=, v)dH"".
Q\K K

In this framework we may include Griffith’s theory of fracture, in which case K
is interpreted as the crack site and g is a constant, thus the surface integral
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is simply proportional to the area of the fracture. In Barenblatt’s model g =
g(lut —u~]) is a function of the opening of the crack.

Equilibrium configurations can be obtained by solving minimum problems
related to the energies (1.1) above. In order to attack such problems via the so-
called direct methods of the Calculus of Variations, suitable weak formulations
of the energies in (1.1) have been proposed in the spaces SBV(2;R") of
special functions of bounded variation (in the nonlinear setting) or SBD(2)
of special functions of bounded deformation (in the linear framework), see
e.g. Ambrosio-Braides [1], Ambrosio-Fusco-Pallara [3], Ambrosio-Coscia-Dal
Maso [2], Francfort-Marigo [16], Buliga [11]. In both cases u is interpreted as
a (possibly discontinuous) function defined in the whole Q2 and the role of K
is played by the “jump” set J, of essential discontinuity points for u#. In these
spaces the smoothness of J, and of u is sufficient to define H" !-a.e. on J,
the normal v, and the traces u® of u on both sides of J,, and to define a.e.
in Q the approximate gradient Vu. A weak formulation of the energy in (1.1)
can then be written as

(1.2) /Qf(Vu)dx +/, gt —u=, v)dH" .

Notice that, since Vu is defined almost everywhere on 2, the first integral can
be directly computed on £2.

In this paper we study the behaviour of the energies (1.2) under the addition
of some constraints on the singular part of the strain (u™ —u~) ® v, on J,,
where © denotes the symmetric tensor product (see below). More precisely, we
consider a fixed closed cone Ky of matrices of the form a © b, and we require
that the condition

(I/t+ —u)Ov, € Ko

holds H"~'-a.e. on J,. Various interesting situations fall within this formulation,
among which we recall:

(1) Ko={a®b: (a,b) =0} this is a zero-divergence condition on J,, and
the discontinuity surface can be considered as a “slippage surface” of the
material;

(i) Ko ={a®b: b = ra with A > 0}: this condition can be interpreted as
an infinitesimal non-interpenetration condition;

(iii) Ko={a®b: (a,b) > 0}: this is a detachment condition on the opening
of a crack.

We focus on the case of linearly elastic bulk energy densities, namely of the

form

1
(1.3) E/Q(Aé’u,f,’u) dx+/ g(wr —u")ov)dH" !,

Ju

where £u denotes the symmetrized gradient and A is a fixed fourth-order tensor.
If the energy in (1.3) satisfies suitable structure and growth conditions
(which are satisfied, e.g., if g is constant) and there exists a convex cone of
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symmetric matrices whose intersection with {a © b : a,b € R"} is Ky, then
the addition of this constraint still gives a lower semicontinuous energy by the
closure properties of measures which take values in a convex cone (see Anzel-
lotti [4]). In general (for example for surface energy densities of Barenblatt’s
type) the constraint is not closed on sets of functions with equibounded energy,
and these energies are not lower semicontinuous. The study of their relaxation,
i.e., the computation of their lower semicontinuous envelope, allows to describe
the macroscopic behaviour of their minimizers. The main goal of this paper
is to describe this relaxation when g is positively homogeneous of degree one.
This model case is of particular importance, since in general a fundamental role
is played by the tangent cone of g at the origin, which defines a positively
homogeneous function of degree one.

The relaxation of the energies in (1.3) gives functionals defined on the space
of functions of bounded deformation, i.e., on those functions u € L'(Q: R™)
whose strain Eu = (Du + (Du)")/2, defined in the sense of distributions, is a
measure. For the measure Eu the Radon-Nikodym decomposition Eu = Eudx+
E’u holds. If g is positively homogeneous of degree one and non degenerate
(i.e., g(¢§) = 0 only if & = 0) then we show that the lower semicontinuous
envelope of the energy in (1.3) is finite only on the set ¢/ (£2) of those functions
u € BD(L2) such that the projection Ppi Eu of the strain measure Eu on
the cone orthogonal to K (which denotes the convex hull of Ky) is absolutely
continuous with respect to the Lebesgue measure and belongs to L*(2). On
U(S2) the relaxed energy can be represented as

(1.4) / w(Eu)dx +/ o0 ( dE u >d|E5u|
. w .
Q Q d|ESu|

In Theorem 5.1 we give an explicit formula for the function ® in terms of g,
A and K. The complex form of w is due to the interplay of the two energy
densities (A&, £) and g, which has a different effect on K and K*. This relax-
ation theorem provides a microscopic interpretation of energies with constraint
on the strain studied by Anzellotti in [4]. As already observed in Braides-
Defranceschi-Vitali [10], energies obtained by relaxation are a strict subclass
of all energies of the form (1.4). Note that the energy density w satisfies a
non-standard growth condition

(&l =D < w@E) <&+ 1),

so that this relaxation theorem does not fit in the framework of any of the gen-
eral integral representation results as in Buttazzo [12], Braides-Chiado Piat [8],
Bouchitté-Fonseca-Mascarenas [7], Barroso-Fonseca-Toader [5].

An interesting limit case is when g = 0; i.e., when fracture is allowed only
if W™ —u")®v, € Ko and in that case is not penalized at all. In this case
the relaxed energy is simply

1
5 / (APg1Eu, Pyi&u)dx,
Q
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i.e., macroscopical deformations with Eu taking values in K have energy zero.
By taking Ky as in (ii) or (iii) above we recover the masonry-like functionals
introduced by Giaquinta and Giusti in [17].

2. — Notation and preliminaries

In order to fix up the notation, let us briefly review some well-known
definitions and results.

We shall denote by (-, -) and | - | the scalar product and the corresponding
norm in R", for any n > 1. The same notation will be used in the vector space
M™ " of m x n matrices with real entries, identified with the space R"". The
symbol M*Y™ will stand for the subspace of M"*" consisting of the symmetric
matrices, while My will denote the subspace of M®™ of the matrices with
null trace. If I is the identity matrix, it is easy to see that {r/ : ¢ € R} is
the orthogonal space to My"" in M®™; for every & € M™™ the corresponding
decomposition is given by & = £P 4 %(tré)l, where £P = & — %(trf;‘)l is the
deviator of &.

If a,b € R" the tensor product a ® b is the n x n matrix whose entries
are a;b; with i,j = 1,...,n. The symmetric tensor product is defined by
a®b=1a®b+b®a). It turns out that |a © b|* = J(|al*|b]* + (a, b)?).

The Lebesgue measure on R"” will be denoted by L"; if E is a Lebesgue
measurable set we shall also use |E| in place of £"(E). We denote the integral
mean of a summable function f over the set E (with respect to £") by

]{sfdx=|115|/Efdx

provided 0 < |E| < +o00. The open ball in R" with centre x and radius p will
be denoted by B,(x).

In the sequel € will be an open subset of R”.

The symbols L?(£2; R™) and WLr(Q; R™) will stand for the usual Lebesgue
and Sobolev spaces of R™-valued functions, 1 < p < 4o0; if m =1 we shall
simply write L?($2) and W7 (Q). For the spaces of compactly supported smooth
functions we shall use the notation Ci? (2;R™), 0 <k <o0.

Convex functions

Let ¢: R™ — [0, 400] be convex (and proper, i.e., different from the con-
stant +00); then the limit

526 — tim 209

t—>+00 t

exists for every & € R™, and ¢ is called the recession function of ¢. The same
definition can be given if ¢ is defined only on a cone of R™. Clearly, ¢ is
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positively homogeneous of degree 1; moreover, if ¢ is lower semicontinuous,
so is ¢*°.

If fi, f:R"™ — [0, 4o00] are proper convex functions, then the infimal
convolution of f; and f, is defined as

(10 f2)E) =inf{fi(§ —n) + o) : n € R},

and it turns out to be a convex function (see [20], Theorem 5.4). Moreover, it is
not difficult to check (see [20], p. 38) that if ¢ and ¥ are non-negative convex
functions on R”, with ¢(0) = 0 and ¢ positively homogeneous of degree 1,
then the convex hull of ¢ A ¥ = minf{e, ¥} is given by ¢

Measures

We shall denote by M™T(R2) the set of positive Radon measures on 2,
i.e., the positive Borel measures on 2 which are finite on compact subsets, and
by M(2; R™) the space of R™-valued Borel measures. Given u € M(2; R™)
we define the restriction ul_ B of u to a Borel subset B C 2 by ul_B(A) =
w(BNA) for every Borel subset A of 2. It turns out that ulL B € M(2; R™).
Notice (see, e.g., [3], Theorem 1.6) that if u € M(2; R™) then |u|(2) < 400,
where the fotal variation measure || is defined for every Borel subset E of
Q by

[WI(E) = sup Y _ |i(En)l,
h=1

with (Ej) ranging over all sequences of pairwise disjoint Borel sets such that
E =, Ep.

Let v € MT() and u € M(2; R™). The Radon-Nikodym Theorem and the
Besicovitch Derivation Theorem (see, e.g., [3] Theorem 1.28 and Theorem 2.22)
yield the representation

s . s . M(Bp(x))
=h , h Ly, h(x)=lm—7——
% v+ with u v (x) plino v(Bp(x))

for v-a.e. x € Q.
The function 4 is called the Radon-Nikodym derivative of . with respect to v,
and denoted by du/dv or pu/v.

Let n and () be a measure and a sequence of measures in M(€2; R™),
respectively. We say that (uj) locally weakly* converges to u if

lim goduh=/<pdu
Q Q

h—+o00

for every ¢ € C?(Q). If this equality holds for every ¢ which is the uniform
limit of a sequence in C?(Q) then we say that (u;,) converges weakly* to w. It
is easy to see that the weak™ convergence of a sequence (up) is equivalent to
the local weak* convergence together with the condition sup, |u,|(2)] < 400.
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Let u € M(22; R™) and let f:R™ — [0, +o0[ be a convex function. Then
we set

ey [ = (m)d + [ f (dw)dlm,

where u© = u + pn® is the Lebesgue decomposition of wu, ie., p* < L",
ut L LCr.

The (n—1)-dimensional Hausdorff measure in R” will be denoted by H"~'.
A subset E of R” is said to be countably (n — 1)-rectifiable if it is contained,
up to a H"'-negligible set, in the union of a countable family (§;) of (n—1)-
dimensional C! submanifolds of R”. The definition of an approximate tangent
space (hence, of an approximate normal direction) at H"~'-a.e. point of E can
be given through the tangent spaces to the manifolds S;.

Approximate discontinuity points and approximate jump points

If v is a unit vector in R", we split any ball B,(x) into the two halves
B;(x,v) ={y e Byx): (y—x,v) >0} and Bp_(x,v) ={y € By(x) :
(y —x,v) <0}.

DErINITION 2.1. Let u € L (2;R™) and x € Q. We say that u has
approximate limit at x if there exists z € R™ such that:

lim lu(y) —z|dy = 0.
p—0 Bp(x)
The set S, where this property fails is called approximate discontinuity set of u.
We say that x is an approximate jump point of u if there exist a, b € R™
and v € R" with |v| =1, such that a # b and

lim lu(y) —aldy =0, lim lu(y) —bldy =0.
P=0JB (x.v) P=0JB, (x.v)

The set of approximate jump points of u is denoted by J,.

The vector z is uniquely determined for any point x € 2\ S, and is called
the approximate limit of u at x and denoted by u(x). The triplet (a,b,v),
which turns out to be uniquely determined up to a permutation of a and b and
a change of sign of v, is denoted by (u™(x), u™ (x), v,(x)). On Q\ S, we set
ut =u" =1i.

The space BV

We recall that the space BV (L2) of real functions of bounded variation is the
space of the functions # € L'(€2) whose distributional derivative is representable
by a measure in €2, i.e.,

9 o
/u—‘”dx_ /gadDu for every p € C°(2) and i = 1,... .n

for some Du = (Dyu, ..., D,u) € M(Q2; R"). The space of R”-valued func-
tions whose components are in BV (€2) will be denoted by BV (2; R™). We
again write Du = (Dju;) € M(2; M™*").

For a thorough treatment of BV functions we refer to [3].
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THEOREM 2.2 (Federer-Vol'pert). For anyu € BV (2; R™) the set S, is count-
ably (n — 1)-rectifiable and H" ' (S, \ J,) = 0. Moreover, Dul_J, = ut —u") ®
v H" "' J,, and v, (x) gives the approximate normal direction to J, for " '-a.e.
x € J,.

The space SBV(2; R™) of special functions of bounded variation, which
we simply denote by SBV(2) if m = 1, can be defined as the space of the
functions u € BV (2; R™) such that the singular part of their derivative with
respect to the Lebesgue measure £ is given by (u™ —u~) ® v, H" 'L J,. For
such u, denoting by Vu the density of the absolutely continuous part of Du,
we have:

(2.2) Du=vVul'+wut —u)@v,H"'LJ,.

It turns out (see [3], Proposition 4.4 or [15], Lemma 2.3) that SBV(L2)
contains the bounded “piecewise Sobolev” functions. More precisely, if 2 is
bounded, K is a closed subset of R" with H" '(KNQ) < +o00 and u € L>®(Q)
with u € WHI(Q\ K) then u € SBV(RQ) and H"'(S, \ K) = 0.

In particular, SBV(€2; R") contains the following space S(£2) of “piece-
wise C! functions” (here m = n since u will be interpreted as a mechanical
deformation):

DerINITION 2.3. If © is a bounded open subset of R” we define S(£2) as
the set of all functions u € L*°(Q2; R") satisfying the following conditions:
(i) there exists a closed set K in R” with H" (K NQ) < 400 and K = Uj S,
where (S;);c; is a finite family of (n — 1)-dimensional C ! submanifolds of
R" such that H"~'(S;\ §;,) =0, and u € C'(Q\ K; R");
(ii) fsz\K |Vu|dx < +o0.
Since S(2) € SBV(L2; R"), it is convenient to rely on the previous theory

(though we could proceed more directly) to obtain the decomposition (2.2),
with J, C K, for every u € S(2).

The space BD

The space BD(2) of functions of bounded deformation is the space of the
functions u € L'(©2; R") whose symmetric distributional derivative

Eu= %(Du + (Du)")

is a measure in M(2; M*™). Clearly, BV (£2; R") is a subspace of BD(L). If
u € BD(R2) the density of the absolutely continuous part of Eu with respect
to the Lebesgue measure is denoted by u. Thus

Eu=Eul"+Eu with Eu L L.
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We can further decompose E‘u as Eu = E/u + Eu, where E/u = ESul_J,
and Eu = ESul (2 \ J,). It is proved in [2] that

Elu=w"—u)ovH""'LJ,.

Moreover, |Eu|(B)=0 whenever B is a Borel subset of Q and H"~'(B) <+o0.
The space SBD(2) of special functions with bounded deformation in 2 is
defined as the set of all u € BD(2) with E°u = 0 or, equivalently, with

Eu=Eul'+w —u)OvH 'LJ,

We say that a sequence (u;) in BD(S2) weakly converges to a function

u e BD(Q) if .
u, — u in L'(Q;R")

(IEus|(€2)), is bounded.

REMARK 2.4. Let (u,) be a sequence in BD(2) converging in L'(Q; R")
to a function u and such that (|Eu,|(S2)), is bounded. This implies the con-
vergence of (Euy) to Eu in D'(2; M*¥™); hence Eu is a measure, and

/deEuh—>/QlﬁdEu

for every ¢ € C?(Q; R"™). Therefore u € BD(2) and (Euy) weakly* converges
to Eu.

If u e S(2) then
Eu=Eul'+w —u)ovH 'LJ,.

In particular u € SBD(R).
We refer to [22], [21] and [2] for a detailed study of the properties of BD
functions.

Relaxation

Let F: X — R be a functional on a topological space (X, t). The relaxed
functional F of F, or lower semicontinuous envelope of F, with respect to the
topology , is the greatest T-lower semicontinuous functional which is less than
or equal to F. If (X, r) satisfies the first countability axiom then

F(x) = inf{liminf F(x;) : x, — x in X},
h—+00
and the infimum is attained. In the general case this formula really is the

definition of the so-called sequential lower semicontinuous envelope of F. For a
general treatment of this subject we refer to [12] and [14].
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3. — Convex cones

Let K be a cone in R™, i.e., a subset which is closed under positive scalar
multiplication. Let us assume that a scalar product (-, - ), with the corresponding
norm || - ||, is defined in R™. The orthogonal cone to K with respect to the
given scalar product is defined as:

Kt={neR": (£,n) <0 forevery £ € K} .

Assume that K is closed and convex. Then we can consider the orthogonal
projection Px onto K, again with respect to (-,-). Notice that K+ turns out
to be closed and convex too, and for every & € R™

G (@) § = Pg§+ PgLé, (Pg&, Pg1§) =0;
) E=&+6 Eek, beK' = Pkl <l [Pgréll <1152

If we M(Q;R™) we set

dp
Pxp = Pxk—— | |ul.
d|pl

This defines a measure in M(2; R™), called the (orthogonal) projection of
onto K. Clearly, if v € M*(2) and || < v then

d
Prpn = (PK—M) V.
dv

Property (a) above immediately yields u = Pgu + Pg1 . Moreover, it is easy
to see that if w; L wo then Pg(uy + wo) = Py + Pg o,

For reference convenience we state the following result ([4], Theorem 3.3):

THEOREM 3.1. Let p and (uy) be a measure and a sequence of measures
in M(S2; R™), respectively. Let K be a closed convex cone in R™. Assume that
Pxun, < L" for every h € N, and (d Pg juy/dL")), is bounded in L>(Q2; R™). If
(up) weakly* converges to i, then Pxp < L", dPxu/dL" € L*(S; R™), and

J

In the sequel we shall deal with closed convex cones in the vector space
MH™ which can be identified with a space R™. In Section 9 we shall consider,
in M™ with n = 3, the scalar product determined by the operator A of the
stress-strain relation in the classic theory of linearized elasticity:

2

dx < liminf
h—+oc0 Jo

2

dP
KK dx.

acr

dPKMh
drcn

AE > 2uE + AL MY — MM
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(A and p are the Lamé coefficients, / is the identity matrix). A is a positive
definite symmetric linear operator; hence (&,n) = (A&,n) defines a scalar
product in M®Y™,

For each of the following choices of Ky we shall be concerned with the
convex hull K of Ky, and with the orthogonal cone K (with respect to the
above defined scalar product):

D) Ko={a®b: a,beR’ (a,b)=0}
(I) Ko={a®a: acR} ={a®b: a,beR> with b=2xa ,1>0};
) Ko={a®b: a,beR? (a,b)>0).

ProposiTION 3.2. Let K be as above, and let K be the convex hull of K.
In case (1)

K=M""=1{e MY : tr§ =0}, Kt ={tI:1eR).

In case (1) K is the set M of the positive semi-definite symmetric matrices.
In case (1II)

K={eM™: wg>0}), K- ={tl:1<0}.

In any case K is closed.

PrOOF. The equality K = My’ in case (I) follows immediately from the fact
that ngm is a vector space spanned by the elements e; ©® ¢; for i, j € {1, 2, 3}
with i # j, (e; + e2) © (e —ep) and (ex + e3) © (e; — e3). Moreover the
decomposition & = £P 4 1(tr&)1 easily yields that K+ = {t/: t € R}.

Let us consider case (II). The set Ky is contained in M ™, hence the convex
hull of K; is contained in M+ too. On the other hand, notice that for every
positive semi-definite symmetric matrix £ there exists an orthogonal matrix Q
with the property that Q& Q is diagonal, say diag(A(, A2, ..., A,), with A; > 0.
Then

0Te0 =rie1 Ol + ...+ Ae, O ey,

and
E=211Q0(10e)Q" +...+21,0(e, ©en) Q.

Since [Q(a®a)QT] = (Qa) ® (Qa), we conclude that £ belongs to the convex
hull of Kj.

As to case (III), notice that K C {§ € M : tr& > 0} since the right-
hand side is a convex set. Moreover, K D M(S)ym since ngm is the convex
hull of {a ®b : (a,b) = 0}. The result now follows from the decomposition

E=EP+iwHL O
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4. — Semicontinuous functionals with constraint on the jump

In the following we shall deal with the relaxation of energies which involve
a constraint on the jump of the form (u™ —u~) ® v, € Ky, with Ky a fixed
cone. Before facing this problem we describe a class of energies which take
such a constraint into account and are lower semicontinuous.

Let K be a closed convex cone in R™. We say that a measure u €
M(2; R™) is a K-valued measure if

du
d|pl

In the lemma below (see [4], Lemma 2.5) the closedness of the set of K-valued
measures with respect to weak® convergence is proved. It is worth pointing out
that this easily implies a lower semicontinuity result for functionals on SBD
or SBV.

ek |i|-a.e. on 2.

Lemma 4.1. Let p and () be a measure and a sequence of measures in
M(2; R™), respectively. Let ju, be K-valued for every h € N. If () weakly*
converges to ( then p also is K -valued.

Let F: SBD(2) — [0, +00] be sequential lower semicontinuous with re-
spect to the following convergence:
Up — u in L1(Q; R")
Eup, — Eu weakly in LY(Q; M™)
(wy —up) Qv H" 'L Jyyy = W™ —u") Ov,H" LT,
weakly* in M(Q2; MS™).

4.1)

Let K be a closed convex cone in M*™ and let Fx: SBD(2) — [0, +00]
be defined by

F(u) if (ut—u")Ov, € K for H" '-a.e. point in J,,
400 otherwise.

(4.2) Fgu) = {

THEOREM 4.2. Fk is sequential lower semicontinuous with respect to conver-
gence (4.1).

Proor. Let (uj;) be a sequence in SBD(S2) converging to a function u €
SBD(L2) in the sense (4.1). We have to prove that

Fx () < liminf Fg (up).
h—+o00

We can assume that Fx (u,) < 400 for every h € N. Therefore, (u;[—u;)@vuh €
K on J,, up to a set of H"~!-measure zero. By Lemma 4.1 we deduce that
(ut —u")Ov, € K for H* '-ae. point in J,. The lower semicontinuity of F
now concludes the proof. O



286 ANDREA BRAIDES — ANNELIESE DEFRANCESCHI — ENRICO VITALI

REMARK 4.3. A perfectly analogous result holds for functionals on SBYV,
provided u and (u™ — u~) ® v, are replaced by Vu and u™ — u™) @ v,,
respectively, in (4.1) and (4.2).

As an example we can consider the functional defined on SBD(2) as
P = [ pEndst [ g(w—u)ou)dn +an Uy,
Q Ju

where o > 0,
f:MY™ — [0, +o0[ is convex
g M¥™ — [0, +o0[ is convex and positively 1-homogeneous,

and there exist ¢: [0, +00[ — [0, +00[, with lim,_, ; o, ¢ (¢)/t = +00, and > 0
such that

fE)>¢(&]) and g(&) > BI&] for every &€ € M*™.

The lower semicontinuity of F with respect to the LIIOC(Q)—convergence
follows from Corollary 1.2 in [6] (actually, there is lower semicontinuity of each
of the three terms separately). This paper also presents a compactness criterion
for sequences in SBD and some examples of existence theorems which they
give rise to. In view of the previous theorem the same applications can be
rephrased in terms of Fg.

We can apply the results outlined above with f(fu) = (A€u,Eu), g =0
and K the convex hull of any of the three cones K considered in Section 3.
For instance, choose n = 3 and K as in (II) (notice that, by Proposition 3.2,
{a®b: a,beR*}NK = Kj). In this way we obtain the existence of solutions
to the minimum problem

min{/(Aeu,su)dx+aH2(Ju)—/(h,u)dx:
Q Q

ueC ae., u(x) —u (x) = t(xX)Vyxy With 1(x) >0 for H?-ae. x € Ju},

where C is any fixed compact set of R? and 7 € L'(Q;R?) represents an
external force. Similarly, boundary conditions may be added.

On the line of Remark 4.3, analogous considerations can be made for
functionals on SBV.

In the remainder of the paper we shall study the case of the constraint K
when the surface energy density is a positively 1-homogeneous convex function
(clearly, the case without constraint falls in this setting too, taking K = M*™).
Hence we drop the term H"~'(J,) in the functional F (or, equivalently, we
choose o = 0), thus losing the lower semicontinuity.
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5. — Setting of the problem and main result

The main object of this paper is the computation of the lower semicontin-
uous envelope of the functional F defined below. In Section 9 we shall show
some results which can be obtained by a suitable choice of the function g and
the set Kj.

Let 2 be a bounded open subset of R" and let F: Ll(Q; R") — [0, +00]
be given by

%/Q||5u||2dx+/1 g(wr—u)ov)dH"™" if ue S(Q) and

! wt—u") Oy, €Ky
5.1) Fu)= for H"~'-a.e. point
in J,,

+00 otherwise,

where S(Q) is the space of “piecewise C' functions” introduced in Defini-
tion 2.3, and:

— the norm || - || in the term %fQ lEu||? dx (the elastic part of the energy) is
defined as follows. Let A: M*Y™ — M*™ be a positive definite symmetric
linear operator, i.e., A is linear and

(@) (A&, n) = (&, An) for every &, n € M™™;
(b) there exists o > 0 such that (A&, &) > a|§|2 for every & € MY™.

Then we can consider on M*™ the scalar product (&,7n) = (A&, n) and
the corresponding norm ||£| = (&, £)'/2. Clearly, || - || is equivalent to the
usual norm | - | in M®™, ie.,

(5.2) Valg| < [IEl < MIE|

for a suitable M > 0.

— g MM — [0, +oo[ (the surface energy density) is a convex function pos-
itively homogeneous of degree 1.

— Ky describes the admissible singular part of the strain. We assume that K
is a closed cone in M*™ consisting of matrices of the form a © b.

We shall assume that 2 is a strictly star shaped Lipschitz bounded open
subset of R”, i.e. (see [4]), Q C pS2 for every p > 1. This regularity condition
will be used in Step 9 of the proof of Theorem 5.1 and in the proof of
Theorem 9.2 to apply an approximation result for BD functions proved in [4].

In the sequel, if H is a closed convex cone in M*™, we shall denote by
Py the orthogonal projection onto H with respect to the scalar product (-, -)
introduced above (see Section 3 for the definition of projection of a measure).
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THEOREM 5.1. Let Q be a strictly star shaped Lipschitz bounded open subset
of R".
Let F: L' (Q; R") — [0, +00] be the functional defined in (5.1) and let F be its
lower semicontinuous envelope with respect to the L' (2; R") topology.

Assume that g and K satisfy the following conditions:

(a) B =ming = g(§) > 0;
(b) the convex hull K of K is closed, and

(5.3) a®(b+c)e Ky whenever a © b, a ® c € Ky;

(c) the convex hull fy of the function

g@) if§ € Ko,

Jo®) = { o0 ifE € MY\ K,

is Lipschitz on K.
Then
(i) F(u) < +oo if and only if u belongs to the following space:

Z/{(Q) = {M S BD(Q) . PKJ_EM << ;Cn, PKJ_(.C:M c Lz(Q’ MSym)}
={u e BD(Q): Pe E'u=0, Pyi€ue L*(Q MY™)}.

. _ dE*u
(i1) F(u) =/ a)(é'u)dx-i-/ ™ d|E*u|
Q Q d|E‘ul
for every u € U(K2), with w defined as follows: let

1, ,
f2<s>={ Sl if § € K,
+00 if £e€ MY™\ K

and let f be the convex hull of fi A fo = min{ f1, f>}, then w is the convex hull
of the function

1
£ f(PkE)+ EIIPKLSHzi MH™ — [0, +o0.

We defer the proof of Theorem 5.1 to the next sections. Here we gather
a few comments on the result.

REMARK 5.2. F is a convex functional. Indeed, let u, v € L'($2; R") and
0 <A < 1. We may assume that F(u) < 400 and F(v) < 40c0. In particular
u,v € §(2), thus also wy = Au + (1 — A)v € S(2). Moreover J,,, € J, U J,
up to a set of 1"~ !'-measure zero and

W —w)Ovy, =A™ —u ) O+ (1 - —v) O,
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H"'-a.e. on J,,. Since (uT—u")Ov,, wT—v7)Ov, € Ko for H" -a.e. point
in J, and J, respectively, and v, = v, on J, N J, up to a set of H" ! -measure
zero, the convexity assumption (5.3) on K, guarantees that 7" '-a.e. on Ju,
we have (w;r —w; ) O vy, € Ko. It is now immediate to get the inequality
F(w,) < AFu) + (1 = 2)F(v).

REMARK 5.3. Condition (b) of Theorem 5.1 is not automatically satisfied;
indeed, the convex hull of a closed cone in R™ need not be closed (consider,
e.g., the set {(x,y,2) e R®:z>/x2+y2}U{(0,t,—1) : t € R}). A sufficient
condition for the convex hull to be closed is contained in the following lemma.

LEMMA 5.4. Let K be a closed cone in R™, and K the convex hull of K. If K
contains no lines then K is closed.

PrOOF. Let C be the convex hull of KyN S"™~!. We show that 0 ¢ C.

First notice that O cannot be an extreme point of C, otherwise 0 should
belong to Ko N sm=1 (1201, Corollary 18.3.1). Then, if 0 € C we could find
two distinct points x;,x; € C and 0 < A < 1 with Ax; 4+ (1 — A)xp, = 0. This
would imply that the line through x; and x, is contained in K, since K is
easily seen to be a cone. Thus O ¢ C.

The set Ko N S”~! is compact, therefore C is compact, too ([20], The-
orem 17.2); therefore, we deduce the existence of a hyperplane separating O
from C, i.e., the existence of v € $”~! and y > 0 such that (v, & —y) > 0 for
every £ € C. In particular

5.4) v, &) > yI&| for every & € K.

Let now (n,) be a sequence in K converging to a point £&. Each n;, can be
written as a sum £/ +...+&" of points &" in Ko. In view of (5.4) for every
h and i we have

yIEN <D yIEN <> &) = o).
J J

The sequence (£)), is therefore bounded for every i. As a consequence, we can
. . . h .
find an increasing sequence (h;) in N such that (&%), converges for every i.

Since K is closed, each limit is in Ky, which implies that £ € K. O
The following proposition describes some properties of the function f;.

PROPOSITION 5.5. Let g and f| be as in Theorem 5.1. Let C be the convex
envelope of the set {€ € K : g(§) < 1}. Then:

(a) C is closed and bounded, and f) is the gauge function of the set C, i.e.,
fi(¢) =inf{A > 0: & € AC}

for every & € M™™. Moreover, C = {§ € M*¥™" : f1(§) < 1} and {§ € M>™ :
f1(§) < +oo} = K;

(b) if K does not contain any line, then there exists My > O such that (&) < Myl&|
forevery & € K.



290 ANDREA BRAIDES — ANNELIESE DEFRANCESCHI — ENRICO VITALI

Proor. (a) The set {£ € Ky : g(&§) < 1} is closed and bounded; by Theo-
rem 17.2 in [20] the same property is shared by its convex hull, i.e., C.

Define h(§) = inf{A > 0 : & € AC} for every & € M¥™. We claim that
g(&) = h(&) for every & € K.

If £ € Ko\ {0} then £/g(&) € C so that h(§/g(§)) <1 and, by the positive
homogeneity of &, we have h(§) < g(£). On the other hand, if £ € K\ {0} then
h() >0, and £/h(€) € C; it follows that g(§/h(£)) <1, i.e., g(§) < h(§).

Since h is a convex function not greater than fy, then 7 < fj. Let us
turn to the reverse inequality. It is enough to show that f1(§) < h(§) when
& #0 and h(§) < +oo; this implies that 0 < h(§) < 4+oo. Since £/h(§) € C,
we can express &£/h(£) as a convex combination ) ; ;& of a finite number of
elements of the set {¢ € Ky : g(¢) < 1}. Thus

HERE) <D aifiE) <) aigé) < e =1

The positive homogeneity of f; now yields fi(§) < h(&).

The property C = {£ € M¥™ : fi1(§) < 1} can be deduced from Corol-
lary 9.7.1 in [20]. This yields, in particular, that {£ e M*™ : f1(§) <40} C K.
The reverse inclusion is obvious.

(b) Let £ € K\ {0} and A = f1(£); then A > 0. Since £/1 € C we can write
E/A =& +& ...+ &y for suitable & € Ko with g(&) < 1. If g(&) < 1 for
every i, then we could determine 0 < § < 1 such that £/(8%) =) ;(§/8) € C:
this contradicts the minimality of A. Therefore g(§;)) = 1 for some io. Letting
M =max{g(¢) : 1] = 1} we have || > 1/M.

Let us now use the assumption that K does not contain any line. As shown
in the proof of Lemma 5.4, formula (5.4) holds for suitable v and y. Therefore

% = ,Z@"’ V) > Eijmw > yl&,| > %

We conclude that

i) =1 = —[&l O

<X

COROLLARY 5.6. The functions fi and f in Theorem 5.1 are lower semicontin-
uous.

Proor. The semicontinuity of f; follows from the proposition above (since
the sublevel sets of f; are closed). Moreover, f = f,0 f2, (infimal convolution
of f1 and f, : see Section 2). Therefore, the lower semicontinuity of f; (and
Jf2) implies the lower semicontinuity of f by Corollary 9.2.2 in [20]. O

PROPOSITION 5.7. Assume that K contains no lines. Let C be as in Proposi-
tion 5.5. Then fi is Lipschitz on K if there exists yy > 0 such that every & € C
with f1(§) = 1 admits a unit vector v in the normal cone to C at & satisfying the
condition (€, v) > pl&|.
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Proor. Let &, n € K be fixed. We have to prove that

|/1G) = fitm] = LI§ — 7

for a suitable L independent of & and n. By the homogeneity of f; and by (b)
of Proposition 5.5, it is enough to suppose fi(n) =1 < f1(€). Let &' = &/f1(&);
then f1(&’) = 1, and, by assumption, we can find a unit vector v in the normal
cone to C at & such that (&', v) > yy|&’|. Moreover, if H denotes the supporting
hyperplane to C at & determined by v, then

§ —nl=dE C)=dE H)=(E—§,v)
€]

1
AT = - )E o —1).
( ﬂ@J<&W (£1&) = DE W 2 s (/) = 1)

By (b) of Proposition 5.5 we conclude that

M
fE —1< 21—l O
Y0

REMARK 5.8. If ¢:& — f(Px&): M™™ — [0, +o0o[ is convex, then the
function w is given by

w(§) = f(Px§) + %IIPKL%‘II2 for every & € M™™,

Indeed, & — %llPK LE||> is convex, as can be easily verified by means of
property (3.1)(b); it follows that & — f(Pgé&) + %||PKL§||2 is convex, too.

An important simple case in which ¢ is convex is when K is a vector
subspace of M¥™ (see, e.g., the application to Hencky’s plasticity in Section
9); indeed, in this case, the projection Pk is linear.

As to the general case we point out the following results.

ProOPOSITION 5.9. Let K be a closed convex cone in M™, and let ¢: K —
[0, 4-00[ be a lower semicontinuous convex function. Then the following properties
are equivalent:
(@) &€ > ¢(Pg&): M™ — [0, 400 is convex;
(b) ¢(Px (£ + ) < ¢(§) for every & € K and for every n € K+,

PrOOF. (b)=(a) Let §,& € M™™, 1 € [0,1] and &, = § + A(51 — &) =

A&+ (1 —=21)&. Since &, = [APx& + (1 —A) Préol + AP &+ (1 —A)Pr1&ol,
property (b) yields

¢ (Px&) < ¢(APk&r + (1 — 1) Prdo) < Ap(Pr&r) + (1 — 1) (Pk o),

from which (a) follows.
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(a)=(b) Let & and n be as in (b), and let A €]0, 1[. By (a)

_ §
Q(Pk(E+n)=2¢ (PK (AA +(1 )~)1 —A))

coo(n () aom (o (12)

=1 (i) — ¢(&), for A —> 17.
(Here we used the continuity of lower semicontinuous convex functions along
line segments: see Corollary 7.5.1 in [20]). We therefore get the inequality
contained in (b). O

6. — A convergence lemma

In this section we prove a convergence lemma which will be crucial in the
estimate of the lower semicontinuous envelope of F from above. It generalizes
Reshetnyak’s Theorem (see below) to a case where the growth of the integrand
function is quadratic in some directions.

Let © be a bounded open subset of R”. We recall that [ f(u) is defined
in (2.1) when f is convex and p is a measure.

THEOREM 6.1 (Reshetnyak). Let f:R™ — R be a convex function such that
0 < f(&) <c(l+|&|) forevery & € R™ and a suitable constant ¢ > 0. Let (ju1,) be
a sequence in M(2; R™) which weakly* converges to a measure u € M(2; R™).

Then
AﬂMSgggAfwu

If, in addition, limy, |, |(2) = |u|(2) then

| rw=tim [ oo,

ProoF. In the case of f positively homogeneous of degree 1, see [3]
Theorems 2.38, 2.39 (the former result was originally proved in [18] Theorem 3
or [19] Theorem 2, while the latter was proved in [19] Theorem 3). In the
general case it is possible to reduce to f positively homogeneous of degree 1
by means of the auxiliary function FiR™ x [0, +00[ — [0, +o0o[ defined as

tf(E/D) if t >0,

Feo={Tee)  itiso

(see, e.g., [18] Theorem 2'). O
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In this section we shall only assume that the norm || - ||, the set K and
the function f satisfy the following conditions.

(A) (-, ) is a scalar product in R” with corresponding norm | - ||.

(B) K is a closed convex cone in R™.

(C) f:K — [0,+o00[ is a lower semicontinuous convex function whose
recession function f* is Lipschitz on K and such that there exist ¢y, c; > 0
satisfying:

(6.1) fPE) —co < f(§) <ciléll for every & € K.

Moreover, we assume [ (0) = 0.
Let us define w as the convex envelope of the function

1
§ > f(Px§) + S PxrLEl” R — [0, foo.
We point out that o is finite on the whole R™.

Under these assumptions the following result holds.

LEMMA 6.2. Let u and () be a measure and a sequence of measures in

dP
{v € M(QR™) 1 Priv < L, d;j” € LA R’")},
respectively. Assume that:
(@) (un), weakly* converges to ;
dPp1y dPrip .
(b) (%)h converges to dIZ” in L*>(Q; R™).
Then

liminf | w@(uy) z/a)(,u).
Q Q

h—+00

Moreover, if in addition hhT [l (2) = ||(R2), then
—+00

hgrgm/Qw(uh)=/Qw<m.

For the proof we need the following result.
PROPOSITION 6.3.

(a) There exist L,y > 0 such that

oE) —oE) < LIE -+ IPcLEl° +v

forall £, & € R™,

(b) The subdifferential dw is bounded on any set of the form W, = {£ € R™ :
| Py &Il <r}, withr > 0. In particular, for every r > 0 there exists L, > 0
such that

) —wE) < L& ¢

whenever & € W, and &' € R™. Moreover, w is Lipschitz on W,.
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Proor. STep 1. Assume, in addition, that the function f is Lipschitz. Let
us introduce the auxiliary function ® = f0O f2l (infimal convolution of f and
f5- @ see Section 2), where f is considered extended to the whole R™ with
value +00 on R” \ K, and

1
£ = { SN if £ e KL,
+o0 if £eR"\ K+,

Then

: 1 2 1
(6.2) <I>($)=1nf{f(§1)+§||r§2|| 6 eK, HeK, si+H =&}

for every & € R™. It turns out that @ is convex and the infimum in (6.2) is
attained ([20] Corollary 9.2.2).

We shall prove the following properties, where L; is a Lipschitz constant
for f on K:

(i) for every & € R™, if (£,&) € K x K+ is an optimal pair for £ in (6.2)
then

(6.3) (62,60 — Pg1§) < Lyl — Pro&lls

(ii) ®(§) = ®(Pg§) — Ly, for every & € R”;
(i) ® <w < ® + ¢y on R™, where ¢y is the constant in (6.1);
(iv) there exists a constant ¢ > 0 such that

(6.4) P* —c< P on K,

(6.5) o® —c<w< o™ on K.

Let £ € R™ and let (£, &) be as in (i). The pair (§; + 5(Pxé —&1),& +
8(Px1& — &), with 0 < § < 1, is admissible in (6.2), hence

1 1
féE)+ §|I§2|I2 < [ +8(Pxké — &)+ EIISz +8(Pgié — &)
< f&) + LgS|| P& — &1l
1 2 1o, 2
+ EIISzll +38(&, Pri§ —&)+ 53 | Prr& — &l
It follows that

1
0<Lsl|Pké§ =&l + (&2, Pgr§ — &) + 55IIPKL€ - &
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Letting § tend to O and taking into account that Pxé + Ppié = & + & we
conclude that

(82,80 — Pg1&) < Ly||Px§ — &ill = Lyll&2 — P&l

hence condition (6.3).
Let us consider (ii). Let £ € R™ and let &, & be an optimal pair for &
in (6.2). Then, in view of (i),

162 — Pxr&1* = (&2, 6 — Pgr§) — ( Py & — Pei§)
< Lyllé — P&l = (Pg1§, Pk§ —&1) < Lyll§a — P L&,

from which & — Px1&]| < Ly. Then,

1
Q&) = fE)+ Ellézll2 > f1) = f(Px§) — Lyll& — P&l

= f(Px§) — Lf|l& — Py L&l > ®(Px§) — L7,

i.e., property (ii).

Since ® is convex and ®(§) < f(Pgé&) + %HPKL{,-‘HZ for every & € R™,
then ® < w : the first part of (iii).

Let now £ € K and & e K+ be optimal for £ in (6.2). Then, for every
0<A<l,

&1 & & &
w(§)=w(K7+(1—)~)l_k) S)»a)(x)—k(l—k)a)(l_))

&
A

&
1—A

2
I

1
a7 () +a-ny

Sl 1 1 5 1 5
= A 2 - 00 1 N +‘
f<k +1—A2||€2|| - f (51)"‘2”52”, as A — 0

Thus, by (6.1),

1
w(E) < fE)+ illézllz +co = D) + co.

Therefore, (iii) is proved.
Let £ € K be fixed, and let &, &, be an optimal pair for £ in (6.2). We
have

1
PFE) — P(E) = DPT(E) — f(&) — EIISzII2

SfEE - fE) S fE) - fED) +o
= LyllE =&l 4 co = Lyll&2|l + co.
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Moreover, since £ € K, (6.3) implies that ||&]? < L¢|l&]l, hence [|& ] < Ly.
We conclude that
PP(E) — d(E) < LF + co,

i.e., property (6.4).

Finally, let us consider (6.5). The second inequality is immediate taking
into account the convexity of @ and the fact that w(0) = 0; indeed, for every
EeR"and t > 1

w(E) = w(%té) < %w(ré) — 0™ (&) as t — +oo.
As to the first inequality, from (iii) and (6.4) it follows that for every & € K
WX <P <P+c<w+tec,
i.e., the first inequality in (6.5).

SteP 2. Since w is convex and finite on the whole R™, for every & € R”
there exists &5 € R™ such that

(6.6) wE) = wl)+ (&, —&) for every & € R™.
It turns out that
(6.7) | Px&sll < c1,

where c; is the constant in (6.1).
Indeed, taking & = tn in (6.6), with n € R™ and ¢t > 0, we have

o) 06 | ()
t t t
and, as t — +00,
(6.8) w>™ () > (&, 1), for every n € R™.

In particular, choosing n = Px&j, we obtain

IPkEFI? < 0@ (PxE]) < fO(PKED) < cill P&,
which implies (6.7).

StTep 3. Under the additional assumption that f is Lipschitz we prove that
the subdifferential dw is bounded on K; in particular, w is Lipschitz on K.

Let & € K be fixed, and &] € R™ satisty the subdifferential inequality (6.6).
By (6.7) it remains to estimate Py &].
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Take n = &y in (6.8). By (6.5)

(&5, 60) = 0™ (0) < w(§) + ¢

therefore, for every & € R”,

W(E) > (& 80) — e+ (65,6 — &) = (61.6) —c.
Let & = Py 1&} /| P& l; then
PKJ-S(3'<> <* PKJ-g(T >_ — P 1
“’(uPKLsa‘n =N\ gy O bl —e

Since w is continuous, this yields

IPg1égll < ¢+ sup w(n) < +oo.
Inli=1

Step 4. We prove (a) of the proposition under the additional assumption
that the function f is Lipschitz.

By (6.5) we have that for every & € K
w(28) < 0™ (28) =207(§) < 2(w(§) +¢),

therefore :
Ew(25) <wé)+c.

Taking into account the estimates (ii) and (iii) above and the Lipschitz property
of w on K which we proved in Step 3, this implies for every &, & € R™

1 1
wE) —oE)=o0 (E(ZPKS) + E(ZPKL§)> — (&)

JOQPRE) + 30 QPE) — BE)
< w(Ped) + e+ 3T I2PE I - (9(PeE) — L)
< o(Px§) — w(PkE) + | PgL > + L + ¢+ co

< LolPx§ — Px€'ll + I Pg L€l + L} +c +co

< LollE = &' + P& 1 + L} + ¢ + co,
where L, is a Lipschitz constant for @ on K.

STep 5. We prove (b) of the proposition under the additional assumption
that the function f is Lipschitz.
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Let r > 0, and & € W, = {§ € R" : ||Ppié|l < r}. Let &§ € dw(&)).
By (6.7) we only have to estimate ||Py1&7|l. Let {§ € dw(Pg&p); by Step 3
we may assume that ||| < M, with M independent of &j. Then, if we set
Pyi&y = Pridg /I P&l
w (& + Pg1r&)) > w(&) + (&, PgL&))

> o(Pxéo) + (&g, Prréo) + IPxL&

> w(Pg&) — M| Pxréoll + 11 Prr&G s
therefore .

| Pxr&sll < oo + Pyr&y) — w(Préo) + Mr,

and by (a), which we proved in Step 4 if f is Lipschitz,

| Pe L&l < LllEo + Prr& — Préoll + 1Py (Go+ Prr&D* +y + Mr
< L(|[Pgréoll + 1) + (| Prréoll + IIPKL&}"II)2 +y+Mr
<Lr+D+@+D*+y+ Mr

STEP 6. Let us show that (a) and (b) hold without the additional assumption
that f is Lipschitz on K.

Let  be the convex envelope of

1
£ fO(PkE) + EHPKLsuz:R’" — [0, +ool.

Since f° is Lipschitz by assumption, we can apply Step 4 and Step 5 with
f replaced by f°°, and, consequentely, @ replaced by . In particular, there
exist L,y > 0 such that

VE —YE) < LIE €I +I1PgLEI* +y

for all £, & € R™. On the other hand, by assumption (C) on f, we have
(6.9) o<y <w+c on R";
we conclude that

w@E)—wE) <YE) - ¥(E) +co

< LI§ =&+ I1Pg&17 + v +co
for all &, & € R™. Thus, property (a) is proved.
As for (b), let r > 0, & € W, and & € dw(&). Define & = &/ |; it

turns out that

o +E&) = o) + (§.5) = o) + &,
hence, by (6.9),

IE5 1 < ¥ (o + &) — ¥ (Eo) + co-

Since & +§g € W,4; and, as pointed out above, property (b) holds with w
replaced by v, we conclude that [|&5|| < M + co, where M is a bound for v/
on W,,;. O

Before addressing the proof of Lemma 6.2 we state, for reference conve-
nience, the following result.
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LEMMA 6.4. For every A > 0 let @) be the convex envelope of the function
&> w@&) A QIEDN:R™ — [0, +ool.

Let L,y and L, be as in Proposition 6.3. Then

@ oo =wonW, ={& e R" : |PyL&|| <r}whenever . > L,;
(®) (¢3)r>0 is non-decreasing and converges pointwise to w on R™ as A — +00;
(c) if A > L then

w(E) < @) + | PxLEI* +y

forevery & € R™.

Proor. Recall (see Section 2) that ¢, = w(A||-|]). Then, for every & € R™
we get

(6.10) @:(§) = inf{w (&) + Al - &1 + 86 =&}

Let £ € W, and &,& € R" with & + & = &. By (b) of Proposition 6.3 we
have

(&) = w@) = L& =&l = o) — L&

hence, if A > L,,

w(§) = w(&) + A&l

By the arbitrariness of &, and &, it follows that w(§) < ¢, (§); since the opposite
inequality is obvious, the proof of (a) is complete. Clearly, (¢;),~0 is non-
decreasing as A increases, therefore (b) follows immediately from (a) taking
into account that (J,., W, = R™.

Let A > 0 and £, &, & € R™, with & + & = £. By (a) of Proposition 6.3
we have

w(E) < oE) + L&l + | Pe&l* +y.
The inequality in (c) follows from (6.10) by the arbitrariness of & and &. O

ProorF oF LEMMA 6.2. Notice that if v € M(2; R™), from the equality
Pyiv = Priv®+ Ppiv® we deduce that Ppiv < L£" if and only if P10V is
the zero measure; in this case

dPgiv  dPgiv? p dv®

dx T
and, since v¥ = Pgv®,
©.11) dv’ dPgv* dv’ K W] O
. — — V' |-a.e. 1n .
dvs| — ds|  d]

If n* and pj (h € N) denote the absolutely continuous part of w and .,
respectively, we set du“/dx = g and duj/dx = gy.
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Let A > 0 and let ¢, be as in the preceding lemma. Since ¢, < w, by
Theorem 6.1 we have

fim inf / o) = timint [ ¢, = [ 9.0,
h—+oco Jo h—+00 Jq Q

By property (a) of Lemma 6.4, ¢° = > on K if A > Ly (the constant L,
in (b) of Proposition 6.3 with r = 0). Therefore, by (6.11) applied with v = p,

we have
o [ A1’ g
[ o = [ e@dn+ [ o™ () ane
Q Q Q d|p*|

if A > Ly. An application of the monotone convergence theorem yields the
convergence to [, w(p) as A — 4oo. The first part of Lemma 6.2 is thus
proved.

Assume now that hEToo lpen|(€2) = |](€2). It remains to prove that

timsup [ wGu) = [ oG,
h—+0 Jo Q

Let A > Ly, so that ¢;° = »* on K. By (6.11) we have that |uj|-
a.e. duj/d|u;| € K, which implies

o [ A1 s
/w(uh>=/w(gh)dx+/% n Y )
Q Q Q dlpg,|

- / o1 () + / (w(g) — or(gn)) dx.
Q Q

Therefore, by Theorem 6.1 and the inequality ¢, < w,

llirgilgg/gw(uh)=/anx(M)Jrllilrngrgg/ﬂ(w(gh)—wx(gh)) dx
= [ 0G0 +timsuwp [ (w(e) — pig) dr.

Now it is enough to show that

(6.12) lim  limsup (/ a)(gh)—/ %(gh)) —0.
A—>400 h—>+00 Q Q

Let r >0 and A > L, vV L (we may assume A > Ly, too). By (a) and (c) of
Lemma 6.4

0= /Q(w(gh) — @ulgn)) dx = / (w(gn) — ¢i(gn)) dx

(xeQ||Pp | gp(D)lI>r}

5/ (1P Lgn (I + v) dx.
{xEQ:IIPKLgh(x)Ibr}
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Notice that

xeQ:|Peign| >r} S
x e Q:IPeign)ll >r lIPgrgll =r—1}Ufx € Q|| Peigll >r—1}

Since (Pg1gn), converges to Py1g in L?(; R™), it is easy to see that

lim (I1Pg Ln()1* +y) dx = 0;
h=>+00 JixeQ:| Py 1 gn (O lI>r I P 1 gll<r—1)
hence
0< limsup/ (w(gn) — @i(gn)) dx < / (I1PgLg() > + y) dx.
h—+ Jo {xEQ:\|PKJ_g|\>r—l}
The last term tends to zero as r — 400, thus yielding 6.12. O

7. — Proof of the main theorem

The proof of Theorem 5.1 will be carried out through several steps.
Step 1. If F(u) < +oo then u € U(Q).

By assumption there exists a sequence (u;) in S(2) converging to u in
L'(2;R") and such that F(u,) < M for every h € N and for a suitable
constant M. Then

1
! (/ \Eunll? + ﬁ/ i — u,:|dH"1) < Flup) < M.
2 \Ja Ju

In particular, (|Eu,|(€2)) is bounded; by Remark 2.4 we have that u € BD()
and (Euj) weakly” converges to Eu. Let us now consider that Pp1 Euj << L"
for every h € N and (|| Py &upll;2) is bounded. Then we can apply Theorem 3.1
and conclude that u € U(Q2).

STeP 2. f*° = f; on K, and there exist ¢y, ¢; such that f*(&) — ¢y <
F &) = cil§]l for every & € K.

We have (&) < f°() = fi(§) for every &€ € K. By the Lipschitz
continuity of f; on K there exists ¢; such that f(£) < c||&]| for £ € K. Since
f < f1 on K, this immediately yields that f(§) < c||&]| for & € K. Moreover,
for a suitable constant ¢y > 0

Lo
§||§|| > fi(§) —co
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for every & € K; it follows that fi A fo > fi — co, from which f > f; —co
on K. In particular, f* > f = fi, so that f* = f; on K (since f < fj
on K). Now, the inequality f > f; — ¢y can be rewritten as f > f> — ¢g
on K.

SteP 3. For every u € U(2) let

G(u)=/9w(5u)dx+/ﬂco°° (éZ') Eul.

Here we prove that G is lower semicontinuous on U/(€2) with respect to the
L'(22; R") topology.

Let (#;) be a sequence in U/(£2) converging to a function u € U(2) in
L'(2;R"). We can assume that (G(uy)), has a finite limit.
For every A > 0 let ¢, be the convex envelope of the function

& > o) AQIEINN: MP™ — [0, o0 .
Since f1(§) > Bl&| if £ € K, by Step 2 we deduce that

1
w(§) = Bl Pk&| + EIIPKL:;%II2 for every £ € K

(the right-hand side is convex, see Remark 5.8). The boundedness of (G(uh))
implies that (Euj) is bounded in M (€2; M*¥™). As we remarked in Step 1, the
weak™ convergence of (Eujp) to Eu follows.

Since ¢, is convex and grows at most linearly, by Reshetnyak’s Theorem 6.1
we have

/ 0, (Eu) < liminf/ ¢ (Eup) < liminf G (uy,) .
Q h—+00 Jq h—+o00

By Step 2 we are in a position to apply Lemma 6.4. Therefore, (¢;), is non-
decreasing and converges to w on M¥™ as A — 400, and ¢, = ® on K. By
the monotone convergence theorem we get

/ w(Eu)dx —I—/ o> (E*u) < liminf G(uy,) ,
Q Q h—+00

ie., G(u) <liminf,_, ;o G(up).

Step 4. G < F on U(RQ).

Let u € U(2) with f(ﬁ) < 400, and let (u;,) be a sequence in L'(2; R")
with liminf,_, ;o F(uy) = F(u). We can assume F(uy) < +oo for every h € N;
then u;, € S(Q2), (u;f —u,)Ov,, € Kg on J,, up to a set of H" ! -measure

zero, and %fg ||PK¢5uh||2dx < F(up) < 4o00. In particular, u; € U(R2) for
every h. Notice now that

1 1
| Px&|* + §||PKL5||2 = Eusu2

for every & € MM,

1 1
w(&) < f(Pké) + §||PKL5||2 <5



RELAXATION OF ELASTIC ENERGIES 303

and

0™ (&) < f77E) = fi(§) <g)  for every £ € Ko.

Therefore, G(up) < F(u,) for every h € N. Taking the lower semiconti-
nuity of G (established in Step 3) into account, we conclude that G(u) <
liminfh_>+oo G(up) < liminfh_>+oo F(up) = f(u)

It is now useful to “localize” the functional F' by defining for every open
subset A of Q

! / |Eu|>dx + / g(@r —u)ov)an"!
2 Ja JuNA
if u € () and
F(u,A) = W —u")ov, € Ky
for H"~'-a.e.point in J,

+o00 otherwise.

Moreover, for every u € L?(Q; R") NU(RQ) and A € A(RQ) (the family of all
open subsets of 2) we set

Fy(u, A) :inf{lhimian(uh,A) S (up) in L2 R™) N UK,
(7.1) e
up — u in L2(Q; R”)}.

In other words, F,(-, A) is the lower semicontinuous envelope of F(-, A) on
L2(Q; R") NU(R) with respect to the L?(2; R") topology.

We would like to represent F, in integral form on W'2(Q; R") x A(RQ).
To this aim we first need the following technical step:

STEP 5. F>(u, -) is the restriction to A(€2) of a non-negative Borel measure
on Q for every function u € W'2(Q; R").

Let u € WH2(Q; R") be fixed. By Theorem 14.23 in [14] the following
properties guarantee that F,(u,-) is the restriction to A(€2) of a non-negative
Borel measure on Q: for any A, Aj, A € A(RQ)

(7.2) Fo(u, Ay) < Fa(u, Ay) if Aj C Ay,
(73) F(u, AjUAy) > Fo(u, Ay) + Fo(u, Ay) it AANA, =0,
(7.4) Fo(u, A) = sup{Fa(u, A) : A € A(Q), A' CC A},

(7.5) Fo(u, Ay U Ay) < Fh(u, Ay) + Fa(u, Ay) .

Properties (7.2) and (7.3) can be easily proved. As for the others, we need the
following fact:

Fr(u, A"UB) < F(u, A") + F>(u, B)

7.6
(7.6) whenever A, A”, B € A(Q) with A’ cCc A”.



304 ANDREA BRAIDES — ANNELIESE DEFRANCESCHI — ENRICO VITALI

Let (u;,) and (vy) be two arbitrary sequences in L?(Q; RY) NUR) converging
to u in L?(; R"). Suppose that the limits

lim F(up, A”), lim F(v,, B)
h— 400 h—+00

exist and are finite; in particular we can assume that (u;) and (v;) are sequences
in L*(Q; R")NS(Q), and that [, [|Eupl*dx, [z |EvslPdx < M for every h € N
and a suitable constant M > 0.

By the arbitrariness of (u;) and (vj) the claim will be proved if we show
that

F(u, A UB) < lim F(uy, A”")+ lim F(v, B).
h—+o00 h— 400

Fix k € N. Let A = A’ and let Ay, ..., A; be open subsets of Q with boundary
of measure zero and satisfying the property

A =A)CCA CC...CCA,CCcA”.

For every i e {1,... ,k} let ¢; € C°(A;) with ¢; =1 on A;_; and 0 < ¢; < 1.
Define for all &

wpi = @iy + (1 — @)y, .

Then wj; € S(2). Moreover, up to a set of H""-measure zero, Ju,; <
Ju, U Jy,, and '

(wf—:_,i - w;,i) O] vwh’i = (pl(u; - ”}7) © Vuy, + (1 - (Pz)(U;T - vh_) © Vyy,

H"'-a.e. on Juwp ;- Since (u,f —uy) O vy, € Ko and (v,;r —v,) O vy, € Ko
for H"'-a.e. point in Ju, and J,, respectively, and v,, = v,, up to a set of
H"~!-measure zero on Ju, N Jy,, we conclude that (w,ti —wy ;) O vy,; € Ko
is satisfied 7" '-a.e. on Ju, ; by the convexity assumption on K.

Let C; = Zi \Ai_; theh

1

F(wp;, A UB) =~ | Eun ) dx
2 Jeausna;_,

+ g(;f —up) @ vy, )dH"!

Juhﬂ(A/UB)ﬂAl’71
(7.7) |

bx [ tewiars [ gl —up @ )an
2 Jp\a; Jop N(B\A))
1

+ 7/ IISwh,i||2dx+/ g((w;[i _wh—i)vahi)danl.
2 Bmci th‘iﬁCi ’ ’ ’
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As for the last integral in (7.7), by the convexity of g we have:
/ g((w,';i —wy, ;) O Vlvh,i)dHn_l
th’l-ﬁci
(7.8) =< / () —up) Oy, )dH™!
Juhﬂci
+/ g((Wr —v;) Oy, )dH"" .
JUhﬁC,»

Consider now the volume integral over B N C; in (7.7). The measure strain
Ewy,; is given by

Ewp; = @i Eup + (1 — @) Evy + (D) O (u, — vp) .

Hence

1
—/ ||f:wh,,~||2dx5c</ (||5uh||2+||6vh||2)dx+N,3/ |uh—vh|2dx> ,
2 /B¢, BNC; BNC;

L L

where ¢ > 0 is a constant independent of & and k, and Ny = sup{|Dg;(x)| :
1 <i <k, x € Q}. Notice that for every h € N

k
Z/ (IEunll® + 1€ vall*)dx s/ (IEunll® + 1€val*)dx < 2M ;
i—1 7/ BNC; A"NB

it follows that for a suitable i, € {1, ..., k}

M
| eul? +1ewP)ax <27
BﬂC,»h

Therefore,

1 2 M 2 2

3 IEwn,iy I7dx < ¢ {2— + N [ |up —vpl"dx ) .

BNC;, k Q

This, together with (7.7) and (7.8), yields

/ " M 2 2

F(wp,i,, AU B) < F(up, A”) + F(vp, B) + ¢ 2?+N,{ QIuh —vpl7dx ) .

Since the sequence (wy,;,) converges to u in L*(Q; R") we have

M
Fg(u,A/UB) < lim F(uh,A//)-i- lim F(vy, B) +2c—.
h——+00 h——400 k
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The claim is now immediate by taking the limit as k tends to infinity.

We can now turn to (7.4) and (7.5).

An approximation of u in W!2(2;R") by means of a sequence of C!(2;R")
functions gives that for every compact subset K of A

1
Fau, A\ K) < —/ I€ul? dx .
2 Jak

Hence, for every ¢ > 0 we can choose K such that Fh(u, A\ K) < ¢. Let A’
and A” be open sets such that K € A’ CC A” CC A. By (7.6) with B = A\ K
it turns out that

B, A) < B, A") + 2w, A\K) < F(u, A") +e.

By the arbitrariness of ¢ > 0, we get (7.4). Let us prove (7.5). Given ¢ > 0,
by (7.4) there exists G CC A} U A such that Fo(u, A1 U Ap) — e < Fh(u, G).
Let A" € A(Q2) with A’ CC A} and G € A’ U A,. Then (7.6) ensures that

Fr(u, Ay U Ay) —e < Fo(u, A" U Ay) < Fo(u, Ay) + Fa(u, Ay).

Since € > 0 is arbitrary, (7.5) holds.

STeP 6. There exists a convex function ¥: M"*" — R such that
Fr(u, A) = / Y (Du)dx
A

for every u € WH2(Q; R") and for every open subset A of Q.

Since F,(-, A) is easily verified to be convex (recall Remark 5.2), the
integrand function i in the representation of F, has to be convex (use linear
functions).

By Theorem 1.1 in [13] there exists a Carathéodory function : Q2 X
M"™" — R such that the integral representation

(7.9) F(u, A) = /A Y(x, Du)dx

holds for every u € W'?(Q; R") and for every A € A(R2), provided the follow-
ing five properties are satisfied:

(1) (measure) F>(u, -) is the restriction to A(S2) of a Borel measure;
(i1) (locality property) F,(u, A) = F>(v, A) whenever u = v a.e. on A;
(iii) (growth condition) there exist @ € L'(Q2) and b € R such that

P, A) = [ (ato) + b|DuP)ds
A
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(iv) (translation invariance) F(u + ¢, A) = F»(u, A) for every ¢ € R”;
(v) (semicontinuity) F>(-, A) is sequentially lower semicontinuous with respect
to the weak topology of W'2(Q;R").

Step 5 guarantees that condition (i) is satisfied. Let us now verify (ii) through (v).

(i) Fix A € A(RQ) and u,v € W'?(Q; R") with u = v a.e. on A. Let (u;) be
a sequence in U(2) N L?(Q; RY) converging in L*(2; R") to u and such
that limy_, 1o F(up, A) = F>(u, A). Given A’ CC A, consider a function
Qe CCI(A) with ¢ =1 on A’ and 0 < ¢ < 1. Define w;, = guy, + (1 —@)v.
Then (wy,) converges to v in L?(£2; R") and

F>(v,A') <liminf F(wy,A")=liminf F(uy,A') < lim F(up,A)=F>(u, A).
h— 400 h— 400 h— 400

Taking the supremum for A” CC A and recalling that F,(v, -) is a measure,
we conclude that F,>(v, A) < F>(u, A). The opposite inequality follows by
exchanging the roles of u and v.

(ili) Clearly there exists a constant ¢ such that F(u, A) <c [ A |Du|?>dx for every
ue CY(RHNWH2(Q; R") and A € A(RQ). Hence, the same inequality
holds for F, on W'2(Q; R").

(iv) Translation invariance of F, comes easily from the corresponding property
for F.

(v) For any A € A(2) the function F,(-, A) is, by definition, lower semi-
continuous on W'2(Q; R") with respect to the L?(Q2; R") topology. Since
F>(-, A) is convex we obtain the sequential lower semicontinuity with re-
spect to the weak topology of W!2(Q; R"), too.

Finally, let us show that we can assume ¥ in (7.9) to be independent of x.
Let B(xp,r) and B(y, r) be any pair of congruent balls contained in €2. Since
the integrand functions defining F are independent of x, the evaluation of
F> by means of its definition gives F>(u1, B(xo, 1)) = F>(u2, B(yo, 7)), where
up:x — (&, x) and ur:x — (£, x +x9— yo). Thus by the integral representation

/ x/f(x,s>dx=/ ¥(x. ) dx
B(xq,r) B(yo.r)

for every & € M"*". This equality implies that {(xop, &) = ¥ ()0, &) at every
pair of Lebesgue points of the function (-, £). Letting & vary in a countable
dense subset of M"*", and using the continuity of ¥ (x, -) we get the existence
of a set N € Q with |N| =0 such that ¥ (x,&) = ¥ (y, &) for every & € M"*"
and for every x, y € Q\ N. Therefore, we can assume that i is independent
of x.

Step 7. Let ¥ be the function given by Step 6. Then

) 1 )
V() < f(PREY™) + 5||PKL5W“1||2
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for every & € M, where £%™ = %(&‘ +&7T) is the symmetric part of £.

Let £ € M"™™" be fixed. We would like to construct a suitable approximating
sequence for the function u: x — (&, x). Notice that (see Section 2) f = f10 f>;
hence

. 1 sym m
f(PKfifsym)=1nf{f1(n)+2||PK§‘y —nl*:neK, PxgY —nGK},

and, by [20], Corollary 17.1.6,

St = inf{z)\ig(ai ©b):2i =0, a; ©b;i € Ko, lai| =|bi| =1,

i=1
i)\iai Ob; = 77}
i=1

for every n € K.
Let n € K be fixed, and A; > 0, a; © b; € Ky with |g;] = |b;| = 1, and
Z?:l Ma; © by =n. For every h € N let u;,: R" — R" be defined as follows:
1 <& A
wy () = 5 > 7 (1h(bi, )la; + [h(ai, x)1bi)

i=1
(here [s] denotes the integer part of s). Then u; is piecewise constant, J,, <
Uiz Si, U Sy, where
in={x eR":h(b;,x) €L}, in=1{x eR": h(a;,x) €Z};
moreover, taking v,, = b; on §;, and v,, =a; on S/,
L 1< A
(uh _”h)QVuh ziz(lsz{.h—i_lsz{fh)zai@bi’ on J“h‘

i=

In particular, (u; —u;) © vy, € Ko on Jy,.

Let up(x) = (6 —n,x) (x € R"), and let B be an open ball contained
in Q. In the sequel it will not be restrictive to assume |B| = 1. The sequence
(ug + uy); converges uniformly to u:x +— (&, x) on R"; therefore,

F>(u, B) < liminf F(uog + uy, B).
h—+00

Since the 1-homogeneous convex function g is subadditive, we have

HN(S N B) + M), N B)
2h

1 om ‘
Fluotup, B) < SIEY™=nl*+}_ dig(aiOby)

i=1
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for every h € N. Notice now that

. H"NS, N B) . H"NSY, N B)
hm _ = 1 m —

—|B|=1.
h—+o00 h h—+o00 h

By the integral representation of the previous step, for any n € K such that
Pg&Y™ —n e K we get that

A

1 n
V(&) = Fa(u. B) < SIEY™ =l + ) higla; O by)
i=1

l l n
SIPREY™ =2+ JIPLEY™I2+ D higlar O b) .
i=1

IA

By the arbitrariness of A; and a; ® b; we conclude that

1 1
V) = A+ S PrE™" - nl? + 5||PKLssym||2.

By the arbitrariness of n we finally obtain that ¥ (§) < f(Pgé& Sym)—l—% | P &™)12.

Step 8. Let ¥ be the function given by Step 6 and let w be as in
Theorem 5.1. Then ¥ (§) < w (&™) for every & € M™*".

Let us consider the following functions:

1
@€ > f(Pgé)+ 5||PKL5||2: M¥™ — [0, +o00[
1
§:€ > f(PgEY™) + EHPKLssymnz: M™" — [0, +ool .

By the previous step ¥ < @ on M"*", where @ is the convex hull of ¢. Thus,
it is enough to show that @(§) < w (&™) for every &€ € M™*". Let > a;n;
be a convex combination of elements of M™™, with Y o;n; = &Y™, Then
E=>ai(n; + &%), where £ denotes the skew part of &, and

BE) <Y g +E) =) aipn).
The arbitrariness of the convex combination yields the desired inequality.

STEP 9. F < G on U(R).
Let u € U(2). By Theorem 10.2 in [4] there exists a sequence (u;) in
C*°(2; R") such that
up —> U in L1(Q; R")
[Eup|(§2) — [Eu|(§2)
Pyi&up — Pyi€u  in L2(Q; MY™).
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The first two conditions also imply the weak* convergence of (Euj,) to Eu (see
Remark 2.4). By the definition of F,, and Steps 6 and 8 we have

F(u) <liminf F(uy,) < liminf F>(uy,, Q) = lim inf/ VY (Duy)dx
h——+00 h—+00 h—+co Jo
<liminf | w(Euy)dx .
h—+c0 Jo

We are in a position to apply Lemma 6.2 with u, = &u;, L£", and nu = Eu.
Therefore

Fu < [ wewdr+ [ o (E“ N diEu = 6.
Q Q d|Esu|

The proof of Theorem 5.1 is thus complete. O

8. — The degenerate case

In view of the applications to masonry-like materials we now study the
relaxation of the functional F in (5.1) when g is the null function. We shall
rely on Theorem 5.1 through a simple perturbation argument.

THEOREM 8.1. Let Q2 be a strictly star shaped Lipschitz bounded open subset
of R, with n > 2. Let K be a closed cone in M™™ consisting of matrices of the
form a © b and such that

a®(b+c)e Ky whenever a®b, a®c € Ky.

Moreover, we assume that the convex hull K of K¢ does not contain any line.
Let F: BD(2) — [0, 400] be defined by

1
3 / IEul?dx  ifu € S(Q) and
Q
F(u) = wt —u")Ov, € Ky holds H" '-a.e. on J,,
400 otherwise .

Denote by F its sequential lower semicontinuous envelope with respect to the weak
convergence in BD (). -
Then K is closed and {u € BD(Q): F(u) < —|—oo} = U(Q), where

U2 = {” € BD(Q) : Py E'u =0, Pyiéu e L*(S2 Msym)}.

Moreover, .
Fu) = —/ | Py Eull dx
2 Ja

for every u € U(2).
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Proor. The set K is closed by Lemma 5.4. From the proof of the same
lemma, see (5.4), we obtain the existence of v € M and y > 0 such that

@8.1) (v,€) = yl&|  for every & € K.
Let g(£) = (v, &), and, for every 8 > 0 and u € L'($; R") let

1
- / Eu|>dx + ,3/ g(wr—u)o vu)dH"_l
2 /e Ju

. if u e S(R2) and
Fg(u) =
wt —u")©Ov, € Ky holds H* '-a.e. on J,
400 otherwise in L'(Q; R").
Moreover, we define
1
—/ | Pyrul’dx if u € U(Q),
Gu)={ 2Ja
+00 otherwise in L'(Q: R").

Extend the definition of F to the whole L'($2;R") with value +oo. Clearly,
G < F < Fg on LY(Q;R"). For every u € L'(Q; R") set

Fu) = inf{ lhiini&fF(uh)  (up)in BD(2), up, — u in L'(Q; R™)
and (|Eupl(Q)), bounded}

(on BD(2) this is the sequential lower semicontinuous envelope of F with
respect to the weak convergence). Analogous definitions are given for G and
Fg. By Theorem 3.1 (and Remark 2.4) G = G; hence

G<F<Fg.

By the coerciveness of g, the functional fﬁ coincides with the lower semicon-
tinuous envelope of Fg with respect to the L'($2; R") topology, too.

We would like to apply Theorem 5.1 to Fg. In view of (8.1) and the
closedness of K the only condition to be verified is that the convex hull f; of

Bg&) if & € Ko,

(8.2) fo®) = { too  if £ € MY\ Ky

is Lipschitz on K. We notice that 8g < fp, hence Bg < fi; moreover, every
& € K can be obtained as a convex combination ) ; o;&;, with & € Ko, so that

AE) <D aifiE) <D aipgE) = pg (Za@) = Bg(&)
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by the linearity of g. We conclude that f; = g on K; in particular f; is
Lipschitz on K.

We are now in a position to apply Theorem 5.1 to Fg; then Fj is finite
on the set U/(£2), and

ESu

_ d
F uz/a) Eudx—i—/woo(—‘)dEsu
g(u) o s (Eu) 0“8 \aEul [E u|

for every u € U(2). Here wg is computed as prescribed in Theorem 5.1, with
Jfo as above. It follows that

1 .
éin})wﬁ(é) = 5||PKL§||2 for every & € M*™ .

An easy application of the dominated convergence theorem yields now

éig})fﬂ ) =Gu)

for every u € U(S2). We conclude that F = G. O

9. — Applications

In this section we apply Theorems 5.1 and 8.1 assuming that n = 3 and
A is the operator expressing the stress-strain relation in the classic theory of
linear elasticity. Let us recall the equation

9.1) o =2uEu+ Atréu)l ,

where u:Q — R3 is the displacement field, o, £ are the stress and the strain
tensors, respectively. A and p are the Lamé coefficients, satisfying the relations
3k =3014+2u >0 and u > 0 (k is the modulus of compression). Therefore,
we shall consider the operator

9.2) A& 2uE + A(trE)1: M — M™ .
Clearly, A is a positive definite symmetric linear operator, thus satisfying the
requirement of Theorem 5.1. Moreover, we note that Q7 (A£)Q = A(QT£Q)

for any &€ € M¥™ and Q orthogonal matrix.
The strain energy associated to the constitutive relation (9.1) is given by

2, A 2 1 1 2
(9.3) W(u):/ w|Eul”+ = (tréu) dx:—/(AEu,Eu)dx:—/HEuH dx,
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where || - || is the norm induced by the scalar product (&,n) = (A&, n) in
MM, according to Section 5.

Let us consider the functional F introduced in (5.1), with the operator A
given by (9.2). Thus, the volume integral represents the strain energy relative
to the elastic part of the body, while Ky is the constraint prescribed for the
fracture. In the sequel we shall consider different constraints Ky (see (I), (II)
and (III) below and in Section 3).

Hencky’s plasticity
Let us define

@ Ko={aOb: a,beR’ (a,b)=0={a0b: tra®b=0}.

It turns out that the convex hull K of Ky is the subspace M(S)ym consisting of
the matrices with null trace and K+ = {t] : t € R} (see Proposition 3.2).
Hence ! !
Pk =87 =g - Pgig =l

for every & € M¥™.

Let g: M%™ — [0, 4o00[ be given by g(§) = V2¢|g|, where ¢ is a fixed
constant. Then

gla®b)=clallb] ifa®beKy.

It is now easy to see that all the assumptions of Theorem 5.1 are satisfied
(K = MCS,ym is a vector space, hence f; is Lipschitz on MSym since it is a finite
convex function positively homogeneous of degree 1). Notice that

UKQ) ={ue BDQ) :divu < £, divu € L*(Q)}.

. sym .
Moreover, since K = MOy is a vector space, we have (recall Remark 5.8)

1
(€)= [ (Px&) + I P €I = fEP) + g(trs)z.

Therefore, we get the first part of the following Theorem 9.1; for the exact
computation of the function f we refer to [10] Corollary 3.2, where this result
was originally proved (for any bounded open Lipschitz set €2). It is worth
noticing that

A K
WER + S(é)? = ulg?P + S(wg)”.
THEOREM 9.1. Let F: L'(Q; R3) — [0, +00] be defined as follows:

A
/ (,ulé’ulZ + (trgu)2) dx+c | Jut —u|dH?
Q 2 Ju

ifu € S(2) and
F(u) = (ut —u") L v, holds H>-

a.e.on J,,

+00 otherwise .
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Then the lower semicontinuous envelope F of F with respect to the L'(Q; R?)
topology is finite on U(Q) = {u € BD(RQ) : divu < L3, divu € L*(Q)} and for
every u € U(S2) we have

f(u):/ﬂ(f((é’u)l)) +§(divu)2) dx+/9f°°((Esu)D),

where f: ngm — [0, +o0l is the convex function whose conjugate is:

@) = { (1/4w)o|* ifo e CNMZ™,

+00 otherwise ,
and C is Tresca’s convex set:
C={oceM: Ay(o) — An(o) <2}
(Ay (o) and 1, (o) denote the maximum and minimum eigenvalues of o respectively).

Masonry-like materials

In ideal masonry-like materials, which are incapable of sustaining tensile
stress, the amount of energy to create an admissible fracture is zero. Thus, we
now assume that the surface energy density g in functional (5.1) is the null
function, i.e., F:L'(Q;R?) — [0, +o0] is given by

A
/<,u|5u|2+2(tr5u)2> dx if u e S(Q) and (ut—u")Ov, € Ko
©4) Fay={"" holds H2-a.e.on J,,

+00 otherwise .

We choose the admissible set K for the discontinuities according to one
of the following models:

e the relative displacement along a fracture is normal to the fracture surface
itself; therefore:

(1D) Ko={a®a: aeR.

e The angle between the relative displacement along a fracture and the normal
to the fracture surface is less or equal to 7/2; therefore:

(I11) Ko={a®b: a,beR> (a,b)>0}.

When Kj is chosen as in (II), the computation of the relaxed functional (9.4)
is a simple corollary of Theorem 8.1. We explicitely note that the functional
F(u) = %fg ||PKJ_(€M||2dX, with the norm || - || as in (9.3), is just the same as
that proposed in [17] and [4] in modelling masonry structures. Indeed, in [4]
the projection is onto the cone A~'M~: but, by Proposition 3.2, K = M™,
thus K+ = {ne MY™: VE e M+ (£, An) <0}, ie., K+ is the image through
A~! of the orthogonal cone to M+ with respect to the standard scalar product
in M™: hence we recover A~ 'M~.

Finally, let us consider case (III), where K+ = {tI : t < 0}. Then, for
any £ € M®™ it turns out that Pg.1& = i(trg)_l, where o~ is defined as
min{c, 0}.
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THEOREM 9.2. Let F: BD(2) — [0, +00] be defined by(9.4), with Ko as

in (I1). Then the sequential lower semicontinuous envelope F with respect to the
weak convergence in BD(2) is finite on the set

U ={ueBD(Q): (WE u/|E°u))"=0 |E’ul-ae., (tr€u)” € L*( M¥™)} .

Fu’lhe’m()’e, ’0’ every u € U(Q),
F u) = trf” jx
6/( Q

Proor. For every h € N let Kg ={a®b: (a,b) > %|a||b|}. It is easy to

see that
K=|JK,.
h

where Kj, is the convex hull of K. Let Fj,: BD(2) — [0, +0c] be defined by
1
5/usunzdx if u e S(Q) and
Q
Fp(u) = ut —u")Ov, € K} holds H?-a.e. on J,,

400 otherwise .

Since K satisfies the requirements for Ko in Theorem 8.1, if we set
Un(S2) = {M € BD(€): thlES” =0, thLé'u e LX(; Msym)} ,

we obtain that
1
_ — P Eu|*dx if u € Uy(RQ),
Fh(u):{z/gu 1 Eul (@)
+00 otherwise .
Let

= {ueBD(Q): (WE*u/|E'u)" =0 |E'ul-ac., (trfu)” € L*(Q: M¥™)} .

Fix u € U(2). By Theorem 10.2 in [4] there exists a sequence (u;) in
C®(Q: R") such that

|Euj| () — |Eul(£2)

uj — u in L'(Q; R")
{ Pyifuj — Pei€u  in L*(Q; M™™) .
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Fix j € N. Since u; € U,(£2) for every h, we have

_ _ 1
F(uj) < Fp(u;) = E/QHPKhLEujnzdx.

It is easy to see that

thlé — P& for every & € M™™,

By the dominated convergence theorem it turns out that

_ 1
F(uj) < —/ | PrEujll* dx .
2 Ja

Therefore, taking the convergence of (u;) into account,

_ _ 1
F(u) <liminf F(u;) = —/ | PyoEull®dx .
j—oo 2 Q

Let G be as in the proof of the previous theorem. Clearly, the inequality G < F
still holds on BD(£2). This concludes the proof. O
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