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Some Properties of Weighted Sobolev Spaces in Rd+

NICOLAI V. KRYLOV

Abstract. Duality and complex interpolation are investigated for weighted Sobolev
spaces, which then are characterized with the help of fractional powers of the
analytic semigroup corresponding to the equation ut = in with zero

boundary value at x =0.
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1. - Introduction

Weighted Sobolev spaces arise in various issues of the theory of partial
differential equations (see [13]). In particular, they are used for studying equa-
tions in "bad" domains. One can find corresponding references in [3], [13],
and [15]. Quite recently it was realized that these spaces are indispensable
in the theory of stochastic partial differential equations (SPDEs) in domains

and, moreover, the spaces with full range of the number of "derivatives" are
needed in that theory (see, for instance, [10]). It turns out that in one space
dimension the corresponding theory reduces to the theory of usual spaces of
Bessel potentials just by a logarithmic change of variables (see [9]). In mul-
tidimensional case the situation is more delicate. A general unified definition
of weighted Sobolev spaces for fractional or negative number of derivatives is
given in [7] where some initial properties of these spaces are derived. These

properties are sufficient to develop a theory of solvability of SPDEs in domains
(see [10]). However if we want to understand certain qualitative properties of
solutions, we need a better understanding of the weighted Sobolev spaces. Here
we present some results, which are needed, in particular, in investigation of the
trace properties for stochastic weighted Sobolev spaces (see [8]). Finally, it is
worth noting that weighted Sobolev spaces are also used in [12] where they
are applied to porous medium equations (see Remarks 2.4 and 4.3).

The work was partially supported by NSF Grant DMS-9876586
Pervenuto alla Redazione il 12 luglio 1999.
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The rest of the article consists of four sections. In Section 2 we recall
some properties of weighted Sobolev spaces Hyo and prove a duality theorem.
Section 3 characterizes Hyo as complex interpolation spaces. In Section 4
we construct an analytic semigroup associated with a degenerate elliptic equa-
tion. This semigroup can be used for studying degenerate SPDEs in the spirit
of [2]. In the final Section 5 we show that the scale of the spaces Hyo can be
constructed on the basis of fractional powers of the generator of this semigroup.

We use the following standard notation

For a multi-index a = (a 1, ... , ad ) where ai ’s are nonnegative integers, we
denote

By denote the space of all distributions on R§ that is of all contin-
uous linear functionals on the latter being the space of all infinitely
differentiable functions on R§ with compact support belonging to Rd

Any function given on I1~+ := R) is also considered as a function on I1~+
independent of x’. We define ma as an operator of multiplying by 
M=M1

By Hpy = we denote the space of Bessel potentials (= ( 1 -
with For y - 0, we have Ho - L p and we denote

2. - The definition and basic properties of 

First we recall some definitions and facts from [7].

DEFINITION 2.1. Take and fix a nonnegative function ~ E C’(R+) such
that

For y, 9 E R, and p E (1, oo) let = Ho and let HJe be the set of all

distributions u on R§ such that

where the operators An are defined by Anu (x) = 
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It is easy to check that Lp,d = Also it turns out that using
different functions § yields the same spaces with equivalent norms and the set

is dense in The following less trivial properties of HJe will be
often used in the future. 

_ 

~’

LEMMA 2.2 (See [7]). (i) For any a &#x3E; 0 and a E R,

(ii) There is a sequence 1Jk such that, for any u ~ I

and e, T be such that

Then for any u we have

(iv) Assume y p &#x3E; d and represent y - dip as k + E, where k is an integer
and 8 E (0, 1 ]. Let i, j be multi-indices such that I  I = k. Then for any
u E Hyo, we have

where Cc is the Zygmund space. Furthermore, the above constants N are independent
of u, a, Â, and k.

The following extension of Lemma 2.2 (iii) is sometimes useful (cf. Re-

mark 2.4).

LEMMA 2.3. Let  y, oo &#x3E; q &#x3E; p &#x3E; 1, (2.1 ) be satisfied, and u E

(i) Let either -r =,4 d - I or 0 =,4 d - 1. Then

(ii) Let either Then

In both assertions N is independent of u.
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PROOF. (i) By Corollary 2.12 of [7], if i ~ d - 1, we have

This and the equivalence

together with (2.2) immediately imply (2.3).
If 0 :A d - l, it suffices to estimate the right-hand side of (2.2) by using (2.5)

(for y, p, 0 instead of ~c, q , ~ ).
(ii) One gets (2.4) by substituting Mu, -c - q, 0 - p in place of u, -r, 0

in (2.3) and using Lemma 2.2 (i). The lemma is proved.
REMARK 2.4. If 1  p  q  oo, s E R, and

then, for

condition (2.1 ) is satisfied. In addition, r # d - 1 if and only 
Also for T = d - 1, we have 0 0 d - 1 if and only if (d - (d - 
It follows from Lemma 2.3 (and Lemma 2.2 (i)) that, if a) s =1= -l/q or b)

and q &#x3E; p, then, for any 

The inequality between the extreme terms is proved as Theorem 4.2.2 in [ 12] if
s &#x3E; -1 /q . We see that, actually, it is true for all s apart from one exceptional
value and even this value need not be excluded if d &#x3E; 2 and q &#x3E; p.

The following result was noticed by S.V. Lototsky.
THEOREM 2.5. For E define (q5, ~) as the scalar product of op

and in L2 (Rd). Then for any p E (1, (0), and y, 0 

where y’, p’, 0’ are defined by

and the constants N are independent of ~. Moreover, the relation (q5, can be
Iextended by continuity on all 4) E Hyo and E Hp ,e, and then it identifies the dual

to Hy with Hy’ In particular, the space Ff Y is reflexive.
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PROOF. First we prove (2.6). Choose the function ~ (x) = ~ (x 1) so that

Then, by Holder’s inequality,

which proves the inequality on the right in (2.6).
To prove the left inequality, fix 0 and take some numbers 0 such that

and functions such that

Then for we have

where N is independent of n, cn, and 0. Now find an integer m &#x3E; 1, such that
n 0 for m, and define

Obviously 1/1 E Also notice 0 mo, where

mo can be estimated in terms of alone. We also use that 03B6 is a pointwise
y, ,

multiplier in Hp and that Aj are bounded operators in this space. Then we

find 
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where N are independent of cn and 0. Finally,

By taking the supremum of the first expression over all cn satisfying (2.7), we
come to the first inequality in (2.6).

After (2.6) has been proved, it is clear that the relation (~, 1/1) is indeed
,extendible by continuity to 0 E E and defines a continuous

, 
’ 

y 

p,

embedding of into the dual of H YP/,of PIO
To finish proving the theorem it only remains to prove that any continuous

y y,linear functional l(o) on is representable as (0, with a 1/r c Hp /. Ob-p,O pf’of -
serve that, for any il E l (n~) is a bounded linear functional on Hp .0 ,
It follows that (~, 1/Iry), where E Hp and that there exists a distri-

bution 1/1 on such that 1 (0, for any 0 E and 
+ 0 + pt

for The above proof of the left inequality in (2.6), after in-0 ,
terchanging y, and y’, p’, 8’, proves that actually 1/1 E Hy’ The’theoremP/,Of
is proved. 

Next we point out a multiplicative inequality for the H;,()-norms, similar
to the one well known for the norms in Let 

’

It follows from [5] that

Hence

By applying Holder’s inequality we obtain the following.
THEOREM 2.6. Assume (2.8). Then

where N is independent of u.



681

3. - as complex interpolation spaces

Theorem 2.6 makes naturalthe following result.

we have

To prove this theorem we need a lemma. Fix some constants a, fl, a, b E R
and for complex z define

LEMMA 3.2. We have

where

and N, q are independent of z and u.

PROOF. By definition

As in the proof of Theorem 2.5 we use the fact 0 unless

1m - nl :S mo. We also use that ~Am-n~ are pointwise multipliers in Hp and
that Am-n is a bounded operator in Then we find that

It only remains to notice that, from the theory of Fourier multipliers, it follows
that the operator ( 1- 0)ia~‘ is bounded in each Hp by a constant times ( 1 + IÀl)q.
The lemma is proved.
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PROOF OF THEOREM 3.1. Since the set is dense in the spaces H:o,
it is also dense in (see Chapter IV of [5]). It follows that we

only need to check that, for any u e 

where N is independent of u.
Let Then there is an

bounded continuous function u (z) defined for 0  Re z  1 which is analytic
in 0  Re z  1 and such that, for h E R,

Define

where

Then, for any the function

is a scalar continuous function for 0  z  1 analytic in 0  Re z  1. By
denoting h = Im z and assuming without loss of generality that yo, we

get, for 0  Re z  1 and each n,

where N is independent of ~,. Hence the analytic functions (un (z), ~0) are

bounded, which by Poisson’s formula and owing to

implies that
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where 1Tl and TTo are positive measures independent of n satisfying +
= 1. By Holder’s inequality

In this way we get the left inequality in (3 .1 ).
To prove the remaining inequality, take ~ so that

and define

For u e define also u (z) - It follows from Lemma 3.2
that u (z) is an function which is bounded for for any
v, q, r, n. It is also easy to see that it is an analytic function.

Next, observe that aK + fl = aK + b = 0 and 
’

Furthermore by Lemma 3.2, if Re z = 1, then

since Finally, if Re z = 0, then

This proves the theorem.
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COROLLARY 3.3. Let the assumptions of Theorem 3.1 be satisfied and let q E
(1, oc), vi, ai E R. Define

Let S be an operator defined on Co (R d )satisfying

for i = 0, 1 with Ni independent of u. Then

where N is independent of Ni and u.

Indeed, a standard and almost trivial consequence of identifying the interpo-
lation spaces is that For the operator ,
(Su) (cx), where c is a constant, c &#x3E; 0, we have
and the corresponding constants Ni become Therefore,

Hence, by taking the inf with respect to c &#x3E; 0, we get our assertion.

4. - An analytic semigroup

For constant b, c define

We want to construct and investigate the semigroup with generator ,Cb,o. Notice
that, if d = 1, this is quite easy to do. Indeed,

so that the properties of the semigroup related to ,Cb,o can be easily obtained from
the well-known properties of the semigroup related to the operator 
with constant coefficients. However for d &#x3E; 2 we do not know any easy way
to deal with ,Cb,o.

LEMMA 4.1. For any b, y, p, and 0, there exists a constant co &#x3E; 0 such that for
any complex z with Re z &#x3E; co and u E Hy+2

where the constant N is independent of u and z.
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PROOF. We will use that (see, for instance, [ 1 ], more details can be found
in [6]), if a (x ) is a bounded infinitely differentiable function on with bounded
derivatives and if with a constant E &#x3E; 0, then, for any y and p, there
exists a constant N such that

whenever v E and Re z &#x3E; N.

Having this in mind and observing that (x 1 )2 is a "good" function on the
support of ~ , write

Here

so that

In addition, by Lemma 2.2 and and Theorem 2.6

Therefore

which obviously leads to (4.1 ) if co is large enough. The theorem is proved.
By Theorem 2.8 of [7] the operator Hp,e 2 ~ acts onto and

has a bounded inverse if c is real and large enough. From [7] we also know
that and are dense in H:e. This combined with Theorem 13.2
of [4] and Lemma 4.1 proves the following result.

THEOREM 4. 2. For any b, y, p, and B, the operator Lb,O is a generator of an
analytic semigroup Ttb acting in 
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REMARK 4.3. Given uo E Hp,e, Theorem 4.2 allows one to find a unique
Hp,e-valued function u(t) defined for t &#x3E; 0 which has strong Hp,e 2-derivative
in time, equals uo at t = 0, and satisfies the parabolic equation

Unique solvability in spaces of equations like (4.4) with 1 in place of 
are studied in [7] ] and with x I in place of (x 1 ) 2 are studied in [12], where the
results are applied to porous medium equations.

It turns out that there is a range of invertibility of common to all y.

THEOREM 4.4. For any b, p, there exists a constant co = co(b, p, S) such

that, Co, then bounded operator from H;e onto for
any y. 

~ 

PROOF. Since is a bounded operator from to Hp,e (Lemma 2.2),
we can replace "onto" in the assertion with "into". Also, bearing in mind the
method of continuity and the fact that, for any given y, p, e, there exists c

such that is a bounded operator from into (Theorem 2.8
of [7]), one easily sees that it suffices to prove that, for any band e, there
exists a constant Co such that, if Re z 2: co and y e R, then

where N is independent of u.
According to Theorem 2.8 of [7] and Lemma 4.1 one can choose Co so

that, for Re z &#x3E; Co, (-,Cb, ‘) -1 and (2013/~)~ I are bounded operators from 

into H7;,T for q = p, p’ and r = a, a’, where Lb,z is the formal adjoint operator
for p/( p - 1 ), e’ = It turns out that this Co suits other
values of y as well and moreover, for Re z &#x3E; Co and y e R, the following
assertion holds

(A) both and are bounded operators from into

H¡t2, with (q, T) ~ (p, a) and = (p’, S’) .~ 

To prove this, first notice that it suffices to consider only y &#x3E; 0. In-

deed, by using Theorem 2.5 one easily sees that if (A) holds, then (2013/~)~ =
( ( -,Cb, z ) 1 ) * and = ( ( -,C~, z ) -1 ) * are bounded operators from 
into with (q, i) - (p, S) and = (p’, 9’), and by interpolation (Corol-
lary 3.3) these operators are also bounded as operators from into 

for any v e [ - y - 2, yl.
From this argument we also see that it suffices to consider the case in

which y is a (large) integer. As we have mentioned in the beginning of the
proof, we need to prove (4.5) for .C~,.- and £J§ - and q, r in place of p, S. By
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our choice of co and by Theorem 2.8 of [7], for n = 1, 2,..., Re z &#x3E; co, and c 1
large enough, we have

Similarly we treat and other values of q, r. The theorem is proved.

REMARK 4.5. One can give a probabilistic representation for Ttb which will
be needed in the future. Observe (see, for instance, Lemma 13.3 of [4]) that
for f E and c large enough we have

On the other hand, let be a unique solution of the stochastic equation

with initial data xo = x, where wt = is a d-dimensional Wiener

process and e 1 = (1, 0, ... , 0). Define the matrix-valued random process by

It is shown in the proof of Theorem 2.8 of [7] that xt (x) = and, if

f E and c is large enough, then the function

belongs to and solves the equation f = By the way formula (4.8)
makes sense for all x e and not only for x I &#x3E; 0 and as easy to see

stays in n 0) if x’ s 0 so that = 0 if

By comparing (4.6) and (4.8) and remembering that c is any large number
we get that for any f e and t :::: 0 we have

Next, for l = 1, 2, ... define
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It turns out that 0 (1, z) is an analytic function for | Rez| I  l.

REMARK 4.6. Lemma 4.1 and Theorem 4.4 imply that, for c &#x3E;; co(b, p, 0),
the operator acting on H’o with domain is positive in terminology
of [4] and, as follows from Section 14 of [4], for any l = 1, 2, ... and u E

the right-hand side in the formula

converges as the Bochner integral in fly for  l. Furthermore, the

value of the right-hand side in (4.11) is independent of l as long as u E 

REMARK 4.7. For 1 &#x3E; z &#x3E; 0 there is a different formula for 

terms of Ttb (see, for instance, formula (9.11.5) of [18])

which along with (4.9) implies that, for any

As in Remark 4.5 formula (4.11) makes sense for all x E and

REMARK 4.8. The operators (Lb,,)z enjoy the same scaling property as

Indeed, as easy to check, for any constant a &#x3E; 0 we have =

It follows from here and from (4.10) that

Furthermore, for any a E R

It follows that

Few other properties of (-,Cb,,)’ which we use in Section 5 we collect in
the following lemmas.
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In particular

we have

then the operators and

(iv) For any generalized function u on Rdandan 0 E Co (I1~+), the generalized
function (-Lb,c)z(q5U) on is well defined, belongs to Hp- "0 : := Uy H Y 0, and
satisfies 

~ 

(where Lb,c is the formal adjoint to Lb,c).
PROOF. Assertion (i) follow§’ from Remark 4.6 and Lemma 2.2 (iv). Asser-

tion (ii) is proved in Section 14 of [4]. Assertion (iii) is easily checked if zi
are integers. In the general case it immediately follows from (4.10).

To prove assertion (iv) notice that for any generalized function u and any
$ e there is such that e Hp,e. Thereföre, is

defined indeed. Formula (4.12) follows from definition (4.10) and the fact that
for integers l obviously ( ( -,Cb, ~ ) ~l ) * = The lemma is proved.

LEMMA 4.10. Let y, b, e E R, and Z &#x3E; 0. Then there exists co &#x3E; 0 such that

for any c &#x3E; co and u e Hp we have

where N is independent of u.

PROOF. One knows that (see, for instance, [18]), owing to ,z &#x3E; 0, we have

which can be rewritten in terms of the process xt (x) by using (4.9). Then

as in the proof of Theorem 2.7 of [7] we get that, for c large enough and

where N is independent of u. Passing to the limit, we have this inequality
for all u E Finally, by substituting in place of u and using
Lemma 4.9, we get our assertion. The lemma is proved.
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5. - Equivalent norms in Hp,e
Let an interval (rl , r2) c R+ contain the closed support of ~ and let a (r)

be an infinitely differentiable strictly positive function on R such that a (r) = r
on (ri, r2), a (r) = 1 for r  ~i/2, a (r) = 1 for r &#x3E; 2r2. Define

Similarly to (4.2), for any b, y, and p, there exists constants N, co &#x3E; 0 such

that for any complex h with Re ~, &#x3E; co and v E one has

This allows one to define powers of -l3b,c, the semigroup Tt corresponding
to l3b,o, and get a probabilistic representation of (- ib,o)Z if 0  z  1. In this

situation, if c is large enough, then for any ,f’ E 

where xt (x) is a unique solution of the equation

Furthermore, by Seeley’s theorem from [14] the operator (2013/~,c) ~ is a

pseudo-differential operator of order -2z. By Corollary in Section 6.5 of [16]
we have , which implies that,
for any and 1

with N independent of u provided c is large enough.

LEMMA 5.1. Take a function q E such that 1] = 1 on (rl , r2). Then for
any 0  z  1 and u E we have

with N independent of u provided c is large enough.

PROOF. The is a pseudo-differential operators
of order 2z - 1  z (see [ 16]). Therefore, (5.3) implies
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Next let i (x ) be the first exit time of from (ri, r2). Since the
coefficients of equations (4.7) and (5.2) coincide on (rl , r2), -c (x) is also the
first exit time of xt (x) from (r I, r2), so that for x E (rl , r2) we have

Also observe that for and

we have

where a = (z + l)r/(r 2013 1) - 1. Owing to uniform nondegeneracy of x/ on
(rl, r2) and the fact that the support of ~ lies strictly inside this interval, on the
support of ~ the function (which only depends on is bounded

by a constant. It follows that

To finish the auxiliary work define I (x ) as with xt (x ) in place of 
and notice that similarly to (5.7) (remember that = L p,d = Hg,d so that
considering ( -,Cb, ~ ) -1 in makes sense),

Now using (5.6), for x 1 E (rl , r2) write
, .--

Combining (5.7), (5.8), and (5.5), we obviously come to (5.4). The lemma is

proved.

THEOREM 5.2. For any y, v, p, e, b, there exist a constant co &#x3E; 0 such that, for
any c &#x3E; co, the operator is extendible to a bounded operator from 
into Hpvo and, if we keep the same notation for the extension, then for any u E Hy+v
we have 

where the constants N are independent qf u.
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PROOF. We only need prove (5.9) for a dense subset in Hj,5~~, say for

u e In addition, the formula shows
that it suffices to consider v = 0. Finally, if y = n + a with n e {0, =L1,...}
and a e (o, 1), we notice that by Theorem 2.8 of [7] the operator 
(for c large) is a bounded operator with bounded inverse acting from onto

so that

which shows that we may confine ourselves to the case y = a E (0, 1).
In this case by Lemma 5.1 and by the scaling property of (-,Cb,,)z from

Remark 4.6

To finish proving the left inequality in (5.9) it only remains to use interpolation
Theorem 2.6 and Lemma 4.10. To prove the remaining one it suffices to take

( - Lb,c) -Y v in place of u in the first one. The theorem is proved.

COROLLARY 5.3. If c is large enough, the operators Ma and (-Lb,c)Y are
interchangeable in the sense that

In addition,

Indeed, for large c each participating norm is equivalent to
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