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Remarks on the Maximum Principle for Nonlinear
Elliptic PDEs with Quadratic Growth Conditions

GUY BARLES - ALAIN-PHILIPPE BLANC CHRISTINE GEORGELIN - MAGDALENA KOBYLANSKI

Abstract. In this article, we prove that the maximum principle holds for nonlinear
second-order elliptic equations with quadratic growth conditions under general
asumptions. We extend the results recently obtained by Fr. Murat and the first
in x in the growth condition,
Our framework is close to the
recent existence results of Fr. Murat and V. Ferone and we provide the uniqueness
of their solutions under slightly less general conditions. Our proofs consist in
mixing the classical linear arguments of the weak maximum principle given in the
book of Gilbarg and Trudinger with the nonlinear ones of G. Barles and Fr. Murat.
author

namely

a more general dependence
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Introduction
The aim of this work is to

study

the conditions under which

equations

like

satisfy the maximum principle in H 1 (Q) or in H 1 (Q) n L °° (S2) where Q is a
bounded domain of JRN. Here a and b are Caratheodory functions satisfying
suitable ellipticity and growth conditions while f belongs a priori to ~"~(~).
By maximum principle, we mean the following type of property

We recall here that the precise meaning of "u1
u2 on 8Q" is (Ul - U2)+ E
while the definition of sub- and supersolutions of (1) will be given
Pervenuto alla Redazione il 16 febbraio 1998

e

in forma definitiva il 27

aprile

1999.
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in Section 1. It is a classical (and easy) remark that the maximum principle
(Q) or in
(Q) n L °° (S2).
implies the uniqueness of the solution of (1) in
We assume throughout this article that N &#x3E; 3 since the main difficulties
occur in this case. At the end of Section 1, we show how the statements of
our results have to be modified in order to be valid in dimensions N
1 or
N = 2.
Roughly speaking, there are two main different types of approaches for
proving properties like (2) in the literature. The first one (cf. D. Gilbarg and
N.S. Trudinger [8], Theorem 8.1, Chapter 8) uses in an essential way the Sobolev
with q
into
embedding of
2N / (N - 2) and provides for linear
equations (and in particular for the linearized equation coming from ~1~
with rather general assumptions on the coefficients.
But despite of this generality, this approach was unable to take in account
problems with quadratic growth conditions since, in this case, the coefficients of
the linearized equations are not in the right LP - spaces. To solve this difficulty,
F. Murat and the first author [1] used another approach which, in some sense, is
more elementary since the conclusion is obtained through a classical eigenvalue

Ho

Ho

=

=

argument.
In fact, the main idea in [1] consists in first finding a structure condition
and b ensuring that a general equation like (1) satisfies the maximum
principle and then, when considering a particular equation, to find a change
of variable which allows to come down to an equation like (1) which satisfies
such a structure condition. Of course this is possible only if the equation at
hand has suitable properties but it is worth mentioning that this strategy allows
to obtain rather general results, under natural conditions, for equations with
quadratic growth conditions.
In this second approach, the coefficients of the linearized equation are not
necessarely in the right LP - spaces to apply the result of [8] but the idea is
that the "large good terms" are able to compensate the "too large bad terms".
However this second approach is not more general than the first one since for
other types of problems the first approach appears as being more efficient.
The main contribution of this article is to match together these two approaches and therefore to provide uniqueness and maximum principle type results
for equations with quadratic growth conditions which are more general than the
ones given in [1]] and in [8].
In order to be more specific on our results, let us consider as an example
the equation
on a

where H is a Caratheodory function in Q x R x JRN and f E
We are able to prove that the maximum principle holds for (3) in
L~(~) if the function H (x, u, p) is locally lipschitz in u and p for almost all
x E Q and if we have, on one hand,
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and

where

Co and CiI

are continuous functions ofI u 1, b1 E
the assumptions (4) and (5) have to be considered
growth conditions on H.
On an other hand, we impose

In

[I], the analogous result

was

proved

under the

assumption

and
as

the

b2 E

quadratic

that hI, h2,

f E

This type of examples are refered in [ 1 ] as being the bounded case since
the solution belongs here to
For nonlinear elliptic pdes with
existence
results
have
been
first
quadratic growth,
proved by L. Boccardo, F. Murat &#x26; J.P Puel [3], [4] for the model case where H is a Caratheodory function
which satisfies

Then V. Ferone and M.R. Posteraro [7] extended these results by allowing Co
to be a Lq - function of x with q &#x3E; N/2. The results proved here completes
in fact the existence results of [7].
It is worth noticing that our approach does not seem to provide, in general,
far better results than the ones of [1] in the unbounded case i.e. when the
solutions do not belong necessarily to
We recall that, in this case,
existence results have been first proved by A. Bensoussan, L. Boccardo and
F. Murat [2] under some sign-condition on the nonlinearity H and more recently
by V. Ferone and F. Murat [5], [6] who obtain the existence of a solution
u E
such that exp(y lul) - 1 E
for some y &#x3E; 0, when the source
term f is "small". Our contribution to this "unbounded case" is at least, in
Section 2, a maximum type result for (3) in a framework which is closely
related to the one of [5], [6]; indeed the structure conditions on H and on
the L N /2 - norm of f we need in order to show that the maximum principle
hold for equation (3) in the right class of solutions i.e. for solutions u E
such that exp(y u) E H’(Q) for some y &#x3E; 0 are essentially the same (despite
a bit stronger) as the ones used in [5], [6] for obtaining the existence of such
a solution.
In order to prove the different results of this article, we follow the general
strategy described in [1]] for proving such maximum principle type results. The
main new feature of the present work is the way we obtain what we call below
the "basic result" i.e. the result we use after the change of variable we perform
on the equation we are interested in.
By "mixing" ideas coming from the
proofs of the related results in [8] and in [ 1 ], we improve the general structure
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conditions under which one can prove that the maximum principle (2) holds
for the equation (1).
The paper is organized as follows. The first Section is devoted to the
statement and proof of three "basic results" while the second one is devoted
to the model equation (3). Finally, in the third Section, we indicate a few
extensions of the results of the second Section to quasilinear equations, to
obstacle problems and to time-dependent problems.

1. - The basic result and its consequences
In this section, we present a maximum principle type result for linear equations which will be the comer-stone of all the results for quasilinear equations
of this article. Then we describe its first consequences.
In the sequel, the space
is equipped with the norm

Hol(Q)

for

and

u e

embedding
(recall that

of

denote by K (N) the best constant in the Sobolev’s
with this norm in
with q = 2N/(N - 2)
is the equipped with the usual
N ~ 3) where

we

equipped

we assume

norm.

Our first

(and main) result is the

THEOREM 1.1.

that, for

wt

and one has

n

e

where the measurable functions ak, pk, yk and 8k
0
there exist n &#x3E; 0, 0
1, Ðl, 02 &#x3E; 0 with
E
such
that,
function !; LN/2(Q)
for all k, one has

satisfy the following properties:
2 (ol + 02) 0, 0 !l :::: 17 and a

(i) for almost every x

E

Q, ak (x)

=

(x ) ) i, ~

=

is

a

N

x

N matrix such that
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0 in

If

L2(0) and almost everywhere, then for k large enough, we have

It is natural that a result on linear equations plays a central role in the
proof of a Maximum Principle type result for nonlinear equations since most of
these proofs consists more or less in linearizing the equation. The justification
of the rather strange statement of Theorem 1.1 - the formulation with sequences
is given in the proof of Theorem 2.1 below.

-

REMARK l.1. Despite of its apparent generality, many variants of this results
may be considered: we just want to point out here that one may take 01 = 0
if pk - 0 (respectively 02 = 0 if yk =- 0) and (ii) becomes

(respectively

To state the results on quasilinear equations, following
what are sub- and supersolutions for the equation ( 1 ).

DEFINITION 1.1. The function

W E

is

a

[1],

we

subsolution of

first define

( 1 ) if

(a) a(x, w, Dw) E (L2(Q))N,
(b) b(x, w, D w) E L1(Q),
dx
(c) J Q [a (x, w, D w) D 1/1 + b(x, w,
f, 1/1)
&#x3E;
E Ho ( S2 ) n L °° ( S2 ) ,
1/1 0 in Q.
The function w E H1 (Q) is a supersolution of ( 1 ) if (a), (b), (c) hold with
the opposite inequality in (c).
The main consequence of Theorem 1.1 is the

THEOREM 1.2. We assume that, for any
uk, Vk E H 1 (o) n L °° (S2) are
that
sub
and
(Uk - vk )+ E Ho (S2) f1 L °° (S2) and
supersolution of (1),
respectively
that when k --+ 00, D (uk - Vk)+ - 0 in L2 (S2) and almost everywhere. We also
assume that f E H-1 (SZ) and that a, b are Caratheodory functions satisfying the
following properties: for almost all x E Q, (u, p) ~-+ a (x, u, p), b(x, u, p) are
locally Lipschitz functions in R x JRN and there exists n &#x3E; 0, 0 0 1, 81, 02 &#x3E; 0
and a function E LN/2(Q) for R &#x3E; 0 such that,
with 2
+ 02) = 0, 0
!l
one has

1 (81
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1. The
p

E

one

2.

Rk,

equation

m

uniformly elliptic i.e., for almost every x

If Rk :=
R }, then for

:=

R

&#x3E;

0 and

and for almost every

3. For

with

is

E

Q,

u E

R and

has

x

for any

e

1

~(u, p)
i,j

E

I

lul

N

S2, ~ u ~ Rk and p

e

JRN, one has

= 2 ( apap + [ apap )t).
2

4. For any k E N, there exists a function
every x E Q,luI
Rk and p ER None has

03B42k E L N2 (S2) such that, for almost

and

Then for k large enough, one has

It is worth

mentionning that assumptions 1. and 2. in Theorem 1.2 are basic
the ellipticity of the equation and on integrability properties for
the nonlinearities: these assumptions will be clearly satisfied by all the equations
we will consider (before and after changes of variables). The hypothesis 3.
and 4. are the structure conditions which are required for having a Maximum
Principle type result.
Theorem 1.2 is a generalization of Theorem 1.2 in [1]: the main difference
with [1] is that the quantity which appears in the left-hand side of the inequality
in 3. does not need to be "essentially positive" since ~ may be as large as we
want. Instead of that, the au - term has to be "essentially positive" in a way
assumptions

on
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described by assumption 4. involving a measurement in norm L N /2 and not in
Loo.
As in [1]we will generally use Theorem 1.2 after some change of variables.
The interesting feature of this result is that the checking of its assumptions just
consists in an estimation of the different derivatives of the nonlinearities a and b.
norm

PROOF OF THEOREM 1.2. We sketch the proof since it is a straightforward
consequence of arguments given in [1] and of the proof of Theorem 1.1 below.
The first step consists in following the arguments of the section III.1 of [1]]
which allow to reduce the proof to the case of non-linearities which are C1
in u and p for a.e. x E Q and also to perform the computations for a fixed k
on the set I~R for some R &#x3E; 0 devoted to tend to +oo. This is where the
assumption 2. plays a role since it allows to justify these computations.
Then after these computations, we are (essentially) left with a linearized
inequality satisfied by wk := uk - vk. Applying the arguments of Theorem 1.1
(more than the result itself), we get an inequality analogous to (13) below but
with a right-hand side which is a o(1) as R Keeping k fixed, we let R
tend to
And the conclusion follows as in the proof of Theorem 1.1.
We leave the details to the reader.
0
Now

we

turn to the first real maximum

principle type result for (1).
Assume that a and b satisfy the assumptions of Theorem 1.2 and

THEOREM 1.3.
in addition that

assume

a x u does not p
(8) a(x,u,p)
de end on u

and dM
ab &#x3E; 0

e

Q,u

for sub and supersolutions in H1 (S2) nL °° (SZ) .
and supersolutions may be seen as the real

then the Maximum Principle (2) holds

This result for subsolutions

analogue of the Theorem 1.2 in [1]] but it is not since,
to impose (8) which was not the case in [1]] and on the

on one hand, we have
other hand, the role of
Theorem 1.3 will not be the same as the one of Theorem 1.2 in [1] i.e. the
result to be used after some change of variable. This role will be played by
Theorem 1.2.
We have stated here Theorem 1.3 since its short proof that we provide
now, justifies at least partially the admittedly strange statements of Theorem 1.1
and 1.2. A more complete justification is given in the next section where we
will use Theorem 1.2 to provide results for the model case.

be respectively a sub
THEOREM 1.3. Let u 1, u 2 E
that
such
We
of
u
2
(1)
argue by contradiction
supersolution
&#x3E;
o.
that
assuming
For 8 &#x3E; 0 small enough, we introduce the functions us:= u 1 - M + 8.
f1 L °° (S2) is still a subsolution of ( 1 ).
Thanks to assumption (8), Us E
Moreover, if we set w£ - u£ - u2, the definition of M and Stampacchia’s
theorem imply that w£ -~ 0 in H’(Q) and we can extract a subsequence
denoted by (WSk)Sk such that
0 a.e. in Q.

PROOF

and

OF

a

u2)+1100

D w k -~

388
We

for k

apply

Theorem 1.2 to Wk := Uek - u 2 . This

large enough

This property is

yields

and therefore

contradiction with the definition of M and the

a

complete.

proof

is
L-1

We conclude this section

by

the

PROOF oF THEOREM I, I. We first remark that, according to the assumptions
made on the data ak, fJk, yk and 8k, all the terms in (7) are actually in
D’(S2) and therefore this inequality has a sense. Moreover, one can easily show
that it implies the following: for any function ~ E
n L°°(Q) such that
~ &#x3E; 0 a.e. in Q, one has
we

Ho (S2)

We consider a C 1-function S : [0,
R such that 5’(0)
0 and S’(t) &#x3E;
0 for t &#x3E; 0. Since
n L °° (S2),
n L °° (SZ)
E
belongs to
and therefore it can be used as a test-function in the inequality (9).
Following [ 1 ], we will choose S (t) = tn if the assumptions of Theorem 1.1
hold with n &#x3E; 1 and S(t) = (t2 + S2)n/2 - sn if on the contrary n
1. In
the sequel, in order to simplify the computations and to point out the main
arguments of the proof, we will assume that n &#x3E; 1; the other case, a little bit
more complicated, consists in performing the same computations with E &#x3E; 0
and then to let E tend to 0.
The choice cp
in (9) yields
=

wt

Hh (Q)

S (wk ) Ho (S2)

=

We first follow the strategy of the proof of
to the ~8k and yk-terms. We obtain

inequality

[1]] and

we

apply Young’s

389
and

Plugging

these estimates in (10),

we

get

where

From

switch to the strategy of [8]. To do so, we set Xk :=
With these new notations and after few
(n+1&#x3E;
computations, ( 11 ) becomes

now on we

and A

k

=

( 1 - e) 4n 2 .
*

,

elementary

To proceed, we
the left-hand side

and the Holder

Gathering

use

the

embedding

for the

inequality

right-hand

all these informations,

in

of

which

gives

for

By assumption (ii),

we

side which

(12) reduces

gives

to

Now we examine the term
know that
-

Moreover, since

0 a.e.,

we

have

-~

0

a.e.

and therefore

390
the Lebesgue’s dominated convergence theorem,
properties and from (iii) that

By using
these

But

that

this in
and the

using

wt --_ 0

(13) implies that, for k large enough,
proof is complete.

we

deduce from

Xk - 0 and therefore
0

To conclude this section, we turn to the discussion of the extensions of the
results of this article to the cases when N = 1 and N = 2.
If N = 1 then
C
c L°°(Q). It is clear that, in this case,
is played by L 1 (Q) and
the role played above and below by the space
in the assumptions we use below the space L N (Q) has to be replaced by L 2 (Q).
It is then easy to see that the growth conditions we impose on the nonlinearities
are not restrictive since they coincide with the natural integrability conditions
which are required for the equation to be set properly.
for all q E [1, cxJ). In the formulation of
If N = 2 then
can be replaced by
for any 8 &#x3E; 0 and
our results, the space
the space
simultaneously by L2(1+£~ (S2).

REMARK 1.2. For N &#x3E; 3,the space
Holder-Sobolev’s inequality

appears

naturally

above in the

Ho (S2)

in the Lorentz space
It is well-known because of the injection of
where q = 2NI(N - 2) that an analogous inequality is true when
f E LN~2~°°(S2). It would be natural to think that all the results we prove
above (and below) remain valid if the space LN~2(S2) is replaced by the space
L N~2~ °° (S2) with straightforward adaptations of our assumptions. Unfortunately,
we are only able to show that this is actually true for the Lorentz spaces
LN/2,m(Q) for any m +00 but not for m = +00. The problem for the extension to L N~2’ °° (S2) is the use of Lebesgue’s dominated convergence theorem
at the end of the proof of Theorem 1.1; this key argument is untracktable with
LN12,, (Q) and we were unable to turn around it.

2. - The maximum

principle for the model equations
’

Our result is the

following
THEOREM 2.1. Assume that (4), (5) and (6) are satisfied with ao &#x3E; 0. Then (2)
holds in Ho (SZ) n L °’° (S2) . In particular, (3) has at most one solution in Ho (S2) n
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Theorem 2.1 states the uniqueness of the solution of the equation (o.1 ) in
n L °° (S2) . It is worth noticing that this uniqueness property does not
hold in the larger class
(Q): we refer the reader of the counter-examples
given in Kazdan and Kramer [9] (see also [4] or [ 1 ] where the counter-example
is described).
An assumption of the type (6) with ao &#x3E; 0 is necessary for Theorem 2.1
to hold if no additional assumption on the dependence of H in p is made.
One can however obtain a analogous result for ao = 0 if one of the following
hypotheses holds

Hol(o)

Ho

for some constants K 1 :::: 0, or there exist k E Il~, n &#x3E; 0, 0 9 2 and
function 3 E
such that

for almost all

x E

S2,

u E

R, p

a

and with

E

Our result is
THEOREM 2.2. Assume that (4), (5) and (6) are satisfied with ao
0. Then
(i) If we assume in addition that ( 14) is satisfied, (2) holds for sub- and supersolutions of equation (3), which are in H1 (o) f1 L 00 (S2) . In particular, (3) has at
n L °° (S2) .
most one solution in
(ii) If we assume in addition that (15) holds, (2) holds for sub- and supersolutions of equation (3) such that Ul, u2 E H(Q) with exp(nku 1 ), exp(nku2) E H ~(Q)
and in particular if u 1, u2 E H1 (Q) n L 00 (Q). In particular, (3) has at most one
solution u in Ho (SZ) such that exp(nku) - 1 E Ho (S2).
=

Ho (S2)

Before

giving the proofs of
assumption (15) by considering
of Kazdan-Kramer

[9];

the two above theorems, let us try to justify
the analogue in our context of the example
such argument was already used in [11] to justify an

analogous hypothesis.
For C, =,4 0 and f E
we consider the equation

f

If we test our condition (15) with k
obtain the condition on f

in Q

identically 0),

&#x3E;

0

=

2013Ci1 and the optimal value n

a.e.

( f being

not

=

1,

we

392
in order to find a nonnegative 0 fullfilling the second condition inside (15).
The condition (17) is the precise condition found by V. Ferone and F. Murat
in [5], [6] required for this equation to have a positive solution u E
such that eclu - 1 E
Now it is worth noticing that one may construct (see again [5], [6]) for
any E &#x3E; 0, a ball B (0, R£ ) and a constant C1 such that:

Ho’(Q).

( ‘1 + I x I 2 2

with

fo(x) = (I+IX12)2

such that the

such

problem finding a u E
Rs)) satisfying (16) with right-hand

that
HJ(B(O,
solution at all. This recall

side fo has no
Fredlholm-like alternative and is related with an
eigenvalue problem allready observed when f is constant in the paper [ 1 ] and
in Kazdan-Kramer [9]: the change of function v =
1 in (16) leads to
the transformed equation

and

v E

Ho (S2).

Since
q

=

fE
2N / (N - 2),

function

ii

E

a

Consider the

eigenvalue problem

and because of the
this problem is
such that

embedding

well-posed,

I &#x3E;

Hol(Q)

of
into
0 and there exists

with
a

positive

Hol(Q),

Choosing il

as

test-function in the v

equation,

we

obtain

and therefore

a.e. in Q, this implies that ~,11 &#x3E; C 1.
But on an other hand, if w E
satisfies f~
Holder inequality and by the Sobolev embedding of

Since v &#x3E; 0

q

=

2N/(N - 2)

f w2dx

=

Hol(Q)

into

1,

we

have by
with
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We deduce from that

and the condition (17) insures automatically that À1 &#x3E; C 1.
This means that this condition is in some sense sharp for

equation (16).
PROOF OF THEOREM 2.1. the idea of the proof follows the one given in [1]]
and consists essentially in using a change of function u
cp ( v), where w is
a C 3 function with cp’ &#x3E; 0 in R in order to get a transformed equation to which
we can apply Theorem 1.2. But, and this is the main difference with [ 1 ], the
transformed equation which is of the type (1) will not satisfy the assumption (8)
of Theorem 1.3 and in particular the term au will not be positive.
To take care of this difficulty, we argue in the following way: if u 1, u2 E
are respectively sub and supersolution of (3) such that ui
U2
&#x3E; 0.
on
we argue by contradiction assuming that
u2)+1100
By the same arguments as in the proof of Theorem 1.3 and using (6) in
an essential way, there exists a sequence (Ek)k of non-negative real numbers,
converging to 0 such that u 1:= u 1 - M + 8k is still a subsolutions of (3),
u 1 E H1(Q) f1 L °° (S2) and u 1 U2 on a Q if k is large enough since M &#x3E; 0.
and we have
U2)+ -~ 0 in
U2)+ -~ 0 a.e. in Q.
Finally,
The new point here is really to perform the change of variable on u§
and
and u 2 and not on u1 and u 2 . If ~k and v2 are define through u 1
u 2 = w(v2) then one checks easily that (v k_ v2 ) + -~ 0 in H 1 ( S2 ) and we have
=

=

D(v1- v2)+

~ 0 a.e. in Q.
In order to apply Theorem 1.2, it is therefore enough to check the assumptions on the non-linearities. Here the computations are analogous to the one
of [1]] but, of course, the requirements on these non-linearities are different.
where y E
(Q) n L °° (S2) as test function in the variational
Using
formulation of (3) shows that the transformed equation is

Ho

Therefore

we

have

and
0. In order to check the assumpThanks to Remark 1.1, we can take e1
tions 2., 3., 4. of Theorem 1.2, we have essentially to estimate
v, ç) and
=

a~ (x~Asv~ in~).
these

[ 1 ],

quantities

and p
the "old variable" u
and the change of variable w defined by

we use

=

=

w/(v))

to examine
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where we will first fix A &#x3E; 0 and then choose K &#x3E; 0 large enough.
Recall that Mi and u2 are assumed to be bounded. We thus only need the
(the
range of w to cover [2013M,+M] with M =
instead
constant "3" is here to take in account the fact that we deal with
of Mi) . This will be the case if K is large enough, and more precisely if

u1

.

K

eMA.

&#x3E;

If the function

w

defined

by
and

An

analogous computation yields

Since

u

=

~p(v) _ - A log(e-KA" + K )

and

we

have

u1

with
and u2 which both belong to
for i
1, 2, it is enough to prove the estimates in this range
of values. Thanks to this fact, we can replace the functions Co and C1 in (4)
and (5) by some constants . We get the estimate

Since

we

want to compare
=

a.e.

for x

E

Q,

u E

[-3M, ~--3M]

and p

E

R N for

some

nonnegative

constants

KiK2~
Because of

(6), this implies

We choose A
we have

enough,

=

K2 +1 in this expression. It is then clear that, for K large
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where

We notice that as K Then we set, for x

’

behaves like
E

Q,

where

and

From the above

computations,

for almost all x E
of the assumptions

E

we

have

cp-l ([-3M, 3M])

and ~

bl, b2 and f, 32 E

on

E
Moreover, because
for any choice of K large

enough.
Now

going to choose simultaneously K and n in order to have
3. and 4. of Theorem 1.2 being satisfied. To do so, we remark

we are

assumptions
that

-

and since
behaves like 02~ ~ for
it is clear that the right-hand side of this

But since X E
c2 &#x3E; 0 as K -

some

constant

inequality

is

a

oo.

On

an

other hand,

by

easy

computations,

we

obtain

constants L 1, L 2 depending on A and K ; but since A has already be
these
constants may be considered as independent of K provided it is
chosen,
and cv’ (u ) instead of v is the keystone
taken large enough (here the use of
of the proof).
1 which yields 0
We recall that we choose 02
1/2 and thanks to the
above estimates we have

for

some

=

=
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satisfy the third assumption of Theorem 1.2,
=0 i.e.
n (K ) - .

In order to

that

we.

first choose n such

have

we

and since the right-hand side is in L N/2 (03A9), assumption 3. hoids tor any choice
of the parameter n satisfying the above condition.
It remains to check assumption 4. and this will be done by a suitable
choice of K. Indeed, as shown above

and

we

need the property

the choice of n we made above, n behaves like c3 K for some constant
0 as K - oo and
behaves like c4 K -1 for some
(n+1)
constant c4 &#x3E; 0 as K - oo.
It is then clear that, for a choice of K large enough, the assumption 4. is
0
fullfilled. Therefore Theorem 1.2 applies and the proof is complete.
But
c3

by

&#x3E;

Now we turn to the proof of Theorem 2.2.
In the case where (14) holds, we choose again

for some A

where
we have

&#x3E;

0 and K

0 is

large enough

to be fixed

We choose A

given by (14).
~

=

later. Here

we

have

K1 and since with this choice

.

conclude easily as in the situation of the proof of Theorem 2.1..
Consider now the case where (15) holds. If k
0, there is nothing to do
since the assumptions of Theorem 1.3 hold.

we

=
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0,

we

choose w (u)

=

eku. The function

equivalent to v eku - 1.
According to the computations done

which is

=

eku ,

the

right

in the

but

proof of Theorem 2.1,

hand side of this

which, in view of hypothesis (15), is greater

pletes

nothing

=

Since w(u)

the

cp is

equality

is

And

nothing

one

we

have

but

easily

proof.

com-

D

3. - Extensions
3.1. - Extensions to

more

general equations

We consider here extensions of the results of Section 2 to
quasilinear elliptic equations of the form

more

general

N) and h are Caratheodory functions in Q x R x R N which
locally Lipschitz in (u, p) for almost all x in Q.
To state our result, we introduce the following assumptions: for almost
every x E S2, u E R and p in R , we assume that
where di (1

i

are

and
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and

where

Co is

a

constant, Ci, C2

are

continuous functions of

lulI and &#x26;iI

e

L N (Q),

b2 E L N12 (Q) In addition Lo thene ""naturztl"
in [1], the following condition

Our result is the

UNNuliipLionN,

we

need,

as

this

was

the

case

following

THEOREM 3.1. Assume that (20), (21 ) and (22) hold then the maximum principle
holds for ( 19) in H 1 (Q) n L °° (S2) . In particular, ( 19) has at most one solution in

Ho (S2) n L°°(S2).
We leave the proof of this result to the reader since it is a routine adaptation
of the arguments of the analogous result in [1]] and of the proof of Theorem 2.1
above.

3.2. - Some results in the

case

of non

Lipschitz continuous nonlinearities

The aim of this section is to provide several results for equations involving
nonlinearities which are not assumed to be Lipschitz continuous. In order to
simplify the exposure and to point out the main ideas, we will only focus on
the case of the model equation (3).

3.2.1. - The

Again

to

case

of uniformly continuous nonlinearities

simplify,

we assume

that H has the form

H (x , 0) = 0.
We introduce the following assumption which is the analogue of (4).
There exist m : R+ with m (0+) = 0 and a function bl E L N
such that

with

for almost every x

E

Q and every p, q

E

(Q)
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Our result is the
THEOREM 3.2. Assume that ao &#x3E; 0, that f
the conclusion of Theorem 2.1 remains valid.

E

L N12

(Q) and that (23) holds then

PROOF OF THEOREM 3.2. Assume that u, v E
are respectively
sub and supersolution of (3) and assume that (u - v)+ E
(Q).
We introduce the sequence of functions 7~ which are defined for a.e. x E Q
and all p c- RN by

Ho

This
ons

is called Inf-convolution (see Lasry and Lione can easily prove that the functions
functions such that

regularization procedure

[ 11 ]) and because of assumption (23)

his are Caratheodory
for almost all x E S2 and all p E R N
(i)
p) H (x, p)
where p (8) -~ 0 when 8 -~ 0.
(ii) He is Lipschitz continuous in p for almost every x E SZ and (4) holds with

replaced by C’ &#x3E; 0.
Because of these properties, u is still a subsolution of the equation where H
is replaced by his while
is a supersolution of the new equation. Moreover
0
because of property (ii), we may apply Theorem 2.1 to the
equation and
_

therefore

and the conclusion follows

by letting 8

3.2.2. - Two results in the
In this section

we

case

present

tend to 0.

of non

two

0

uniformly continuous nonlinearities

results in the

case

when

one

part of the

nonlinearity is only continuous but with a strict subquadratic behavior. Again in
order to simplify the exposure we consider only the case of (3) and we assume
that H has the following form

0 for x E Q.
where H1, H2 are Caratheodory functions and where H2(x, 0)
for
almost all
We introduce the following assumptions: we suppose that,
x
in
R
and
is
x E Q, (u, p) H
locally Lipschitz continuous
there exists ao &#x3E; 0 such that
=
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For H2,

first introduce the

we

for almost all

x

subquadratic assumption:

e Q, uniformly with respect

to x E Q and the

continuity

assumption.
0, there exists a function m R : I1~+ -~ R+ with m R (0+)
satisfying m R (t + s) :::: m R (t ) + m R (s ) for any t, s &#x3E; 0 such that

For any R

and

&#x3E;

This assumption means that the function H2 is continuous in p
subset of R N uniformly with respect to x E Q.
Our result is the
that

on

=

0

each compact

THEOREM 3.3. Assume that f E H-1 (S2), that Hl satisfies (4), (5), (24) and
’H2 satisfies (25), (26). Then the conclusion of Theorem 2.1 remains valid

for (3).
Before giving the proof of Theorem 3.3, we remark that the continuity
properties we impose on H2 are rather weak: this assumption holds typically
if H2(x, p)
F(p) - g(x) for any continuous over R N function F with subquadratic growth at infinity and any gEL 00. This is compensated in the proof
below on one hand by the subquadratic assumption on H2 and on another hand
by (24) which is a rather strong requirement. It is worth mentioning that this
assumption is exactly the property which is indeed satisfied by the nonlinearity
we obtain after the
change of variable we make in the proof of Theorem 2.1
but, as in [ 1 ], when bl, 1;2 and f are in L°°(Q). We will come back on this
=

remark later

on.

PROOF OF THEOREM 3.3. Assume that u, v E H 1 (o) n L °° (S2) are respecsub and supersolution of (3) and assume that (u - v)+ E
(Q). We
argue by contradiction, following the proof of [8], by assuming that M :=
0 , we choose 0 M/2 k M and we introduce the

Ho

tively

functions wk

:=

(u - v - k)+.

the inequalities satisfied respectively by u and v and multiplying
where n is a large integer, we obtain by linearizing equation (3)

Subtracting
by wn

where, by assumptions (4) and (24)
some

constants 1]

&#x3E;

0 and C

&#x3E;

0

on

the functions

a

and

P satisfy,

for
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Easy computations

then lead to

The main point is to estimate the last integral of the left-hand side of this
We claim that there exists R &#x3E; 0 such that

inequality.

Indeed to build R,
then

Then

we

This is

we

first

use

(25): there exists R’

choose R &#x3E; R’ such that for

any

R’,

&#x3E;

0 such that

one

if

RI

has

because of (26). Finally a case by case analysis ( ~ p ~ R’,
R’ ~
or
R ) shows that the claim (29) is true.
The next step consists in proving that, for k &#x3E; M/2, there exists K =
K (R) &#x3E; 0 such that

possible

if
function m R

clearly

and

we

by (26)

R. This property is a consequence of
satisfies for some K &#x3E; 0

(26) since

the

have

We denote by 03A9 R the set {x E Q;
Using the above properties in (28) yields

Rand

R}.
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This inequality remains valid if we replace S2 R by S2 and the remainder of
the proof consists in following the computations and the arguments of the proof
of Theorem 1.1, choosing in particular n large enough. We leave the details to
D
the reader.

As we already mentionned it, the assumptions we require on Hl above
exactly the ones which are satisfied by the nonlinearity obtained after the
change of variable we made in the proof of Theorem 2.1 when bl, b2 and f
are in
indeed, for K large enough 32(X) ?~ ao / 2 in Q, and by reading
carefully our successive estimates on av£ shows that b satisfies (24).
This suggests that one can certainly extend Theorem 3.3 to cases when H1
satisfies (6) instead of (24). Unfortunately, it is not so easy to obtain interesting
extensions because a change of variable will affect also the function HZ which
is only continuous and this leads to difficult estimates on the v-derivative of
the transformed equation..
The following result describes a first tentative of extension in this direction.
are

THEOREM 3.4. Assume that

f

that H =

E

H1

+

H2

and that the

following conditions hold
1.

2.

Hl satisfies the conditions (4), (5), (6) with b-1, b2, f E L °° (S2) .
H2 - ¿i=11 H2 where the H2 are Caratheodory functions of x

and p which
with

satisfies (25), (26) and which are respectively homogeneous of degree mi
2.
Then the conclusion

of Theorem 2.1

remains

valid for (3).

PROOF

OF THEOREM 3.4. We just sketch the proof since it can be obtained by
in a suitable way the arguments we used in the proofs of Theorem 2.1
and Theorem 3.3. Therefore, we only indicate how to combine them.
The first step consists in performing the same change of variable u =
as in the proof of Theorem 2.1; if we set

combining

homogeneity properties of the H2 allow us to compute
following readily the proof of Theorem 2.1, one easily shows that,
then the
R

&#x3E;

0 and for

and this is

a

suitable choice of

(24)-type property.
geneity assumption on the H2.
a

A(R)

This step

&#x3E;

0 and of

uses

in

an

I~ (R)

&#x3E;

0,

one

v,

~);

for any
has

essential way the homo-
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The second step consists in
V2 E

equation,

the main

According
of the

reproducing the proof of Theorem 3.3: if v 1,
respectively sub and supersolution of the transformed
point is the following computation
are

to

a(x)

computation

of the first and third terms give the analogue
of
Theorem
3.3. Indeed, according to the above
proof
one
has
~),

the first step the

term in the

of

v,

sum

and

In the

same

-H2(x, Dv)

for

some

adaptation

way, the second term
terms since

constant C

of the

one

gives

the

analogue

of the

fl

and the

H2 (x, Du)

0. With this parallel, the rest of the proof is a routine
of Theorem 3.3 and we leave the details to the reader. 0

&#x3E;

REMARK 3.1. Of course, the same result is valid if H2 depends of u
provided that H2 is an increasing function of u. The modifications in the above
proof in order to handle this case are straightforward and left to the reader.
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