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On the Scattering in Gevrey Classes for the
Subcritical Hartree and Schrödinger Equations

NAKAO HAYASHI - KEIICHI KATO - PAVEL I. NAUMKIN

Abstract. We study the scattering problem and asymptotics for large time of
solutions to the Cauchy problem for the subcritical cubic nonlinear Schrodinger
and Hartree type equations

where the nonlinear interaction termisN(luI2) = We

suppose that the initial data uo are such that E L 2, f3 &#x3E; 0,12013~~  or 

1 and the norm E = is sufficiently small. Then we prove the sharp
1/ 1

decay estimate for the solution of the Cauchy problem (A) M (t) 
for all t &#x3E; 1 and for every 2 :S p  oo. Furthermore we show that for 2  6  1

there exists a unique final state E+ E L~ such that as t ~ oo

and uniformly with respect to x

where q5 denotes the Fourier transform of 0.

Mathematics Subject Classification (1991): 35Q55.

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXVII (1998),

1. - Introduction

We study the asymptotic behavior for large time of solutions to the Cauchy
problem for the subcritical cubic nonlinear Schrodinger with a growing in time

Pervenuto alla Redazione 1’ 8 aprile 1998.
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coefficient and Hartree type equation

where

0  ~  1, ~, , ,c,c E I~. Local and global existence in time of solutions to ( 1.1 )
were studied by many authors (see, e.g., [1], [2], [5], [11] and references

therein). However there are few results about time decay estimates of solutions
and scattering problems to (1.1).

In the previous paper [6] we proved that if the initial function uo decay
exponentially rapidly at infinity, then the solution of (1.1) exists and satisfies

1 1
the sharp decay estimate  CEt p - 2 , for all t &#x3E; 1 and for every
2  p  oo. Furthermore we showed that for 2  6  1 there exists a unique
final state u + E L 2 such that

as t - oo, where $ denotes the Fourier transform of 0.
Our purpose in this paper is to derive more exact exponential decay con-

ditions on the initial data which lead to Gevrey classes in the investigation of
the scattering theory.

Modified wave operators for the Hartree equation (considered as the critical
case 03B4 = 1 in equation ( 1.1 )) were constructed in [4] and the existence of
modified scattering states for the Hartree equation was shown in [8] in higher
space dimensions which are greater than or equal to 2. For the cubic nonlinear
Schrodinger equation in the critical case (8 = 1) in [4, 14] the modified wave
operators were constructed and in [13] the existence of the modified scattering
states was proved. However there are a few works on the scattering problem
for subcritical case 0  3  1. The asymptotics for large time of solutions
to the Cauchy problem ( 1.1 ) with 8 E (0, 16 ) and h = 0 was obtained in

paper [13] by using the Gevrey classes. In the present paper we apply much
more general and simple approach proposed in the paper [9]. Two types of
the subcritical nonlinearities will be considered. If 8 E (0, 1) then we prove
in Theorem 1.1 below the sharp time decay estimates of the solutions and

large time asymptotics (1.2). And for the case 8 E (1/2, 1) we will construct
in Theorem 1.2 the modified scattering states (see inequality (1.4) below) and
write the large time asymptotics of solutions more precisely compared to the
asymptotic formula (1.2).

We state our strategy of the proofs of results to explain the reason why
we need the condition that the data uo decay exponentially oo.
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As in [9] we define w = &#x3E; 0, where u is a solution
of (1.1), and g is a solution of the heat equation gt = 

2t2 (gx )2 + 2t2 gXX. It is clear that g and ware defined by u and a simple
computation shows that w and h = tsl2-lgx satisfy the system (3.4). From (3.4)
we see that we encounter a derivative loss in the first equation of (3.4) though
it has nonlinearities with coefficients decaying in time sufficiently fast. By
the previous works (see, e.g., [3], [7], [12]), it is known that suitable analytic
function spaces are useful to overcome a derivative loss. Indeed in [6] some
analytic function space were used to study the same problem as in this paper.
Our proof of Theorem 1.1 shows that Gevrey function spaces of order 
, where 1 - 2s s  or  1, are sufficient to treat the derivative of unknown
function w in (3.4) if h is a real valued function. More precisely, we can make
use of integration by parts when h is a real valued function and we see from
the important estimate (3.8) the remainder term which comes from integration
by parts is controlled by Gevrey function spaces of order 1/ a. Our proof is
also useful to the local existence in time of solutions to nonlinear Schrodinger
equations in Gevrey classes

where N is a polynomial with respect to each arguments and aux N is pure

imaginary.
In what follows we consider the positive time t only since for the negative

one the results are analogous. Before stating our results we give some notations
and function spaces. We let a/ax and or ø be the Fourier trans-
form of q5 defined by ~(x) = and or ~p(x) be the
inverse Fourier transform of cp, i. e. ~ (x ) = We introduce

some function spaces. The usual Lebesgue space is LP = e S’;  ~ } ~
where = (J if 1  p  oo and = ess.suPxEIR if
p = oo. For simplicity we let = Weighted Sobolev space we define
as follows Hm’S = e S’; = !!(1+~)~(1-~)~~  co), m, s e JR.
The homogeneous Sobolev space is = e S’;  oo},
m, s e R. Also we define the Gevrey function spaces of order g§ =

e L2;  or e (0,1 ], a &#x3E; 0 with the norm 1Ic/JlIgg = 
where 11* llNg = 11(1 + and ya = L2; 11*llNg  The

Gevrey functional spaces gz can be equivalently defined in the x-representation
by the norm a &#x3E; 0. Indeed we have the inequal-
ities = 

with some constants aI, a2 &#x3E; 0. We let (1fr, cp) =

By C(I; E) we denote the space of continuous functions from
an interval I to a Banach space E.

The free Schrodinger evolution group U (t) = gives us the solution
of the Cauchy problem for the linear Schrodinger equation (( 1.1 ) with N = 0).
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It can be represented explicitly in the following manner

. 2
Note that U(t) = M(t)D(t)FM(t), where M = M(t) = and D(t) is

2t

the dilation operator defined by (D(t)03C8 )(x) = 7*(-). . Then since 
_ 

it t

i D (1/y ) we have U(-t) = where M =

M(-t) - Different positive constants might be denoted by the2t
same letter C.

We now state our results in this paper.

THEOREM 1.1. Let 8 E (0, 1 ). We assume that Uo E Y2p, 13 &#x3E; 0, 1 - 

a  1 and the norm E = is sufficiently small. Then
Y20

(1) there exists a unique global solution u E C (R; L2) of the Cauchy problem ( 1.1 )
such that the following decay estimate

is valid for all t &#x3E; 1, where 2  p  00;
(2) there exists a unique final state u+ such that u+ E y~ and the following

asymptotics

is true for t - oc uniformly with respect to x E R.

. 
For the values 8 E (1, 1 ) we are able to construct the modified scattering

states.

THEOREM 1. 2. Let 8 E (4,1) and u be the solution of ( 1.1 ) obtained in The-
orem 1.1. Then there exists a unique final state u+ E y~ such that the following
asymptotics

is valid for t - oo uniformly with respect to x E R and the estimate

is true for all t &#x3E; 1.
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We organize our paper as follows. In section 2 we prove the local in time
existence of the solutions to the Cauchy problem (1.1) in the functional space

where IIcp(t)lIya = E (t, X) = (1 + x2)ea(t)lxla and a(t) - f3 +
«(r&#x3E;

+ t ) -Y , 1 -  1 y &#x3E; 0 is sufficiently small satisfying 0  y 

2 (°’ - 2 ss ) . We let XP be the closed ball with a center at the origin and
a radius p. Then in Section 3 we transform equation ( 1.1 ) to a new system
of equations (3.2) which describes explicitly the time decay velocity of each
term. As stated before the new system (3.2) has a derivative loss, therefore
we use Gevrey classes to prove the existence of global solutions and to obtain
in Lemma 3.1 time decay estimates of solutions of system (3.2). The rest of
Section 3 is devoted to the proof of Theorems 1.1-1.2.

2. - Local existence

In this section we prove the local existence of solutions of the Cauchy
problem ( 1.1 ) in Gevrey classes 9,,(t).

LEMMA 2.1. Suppose that the initial data uo E Then there exists a time

T &#x3E; 0 and a unique solution u E C([O, T]; L2) of the Cauchy problem (1. 1).
Moreover if the norm of the initial data E is sufficiently small, then

2p
there exists a time T &#x3E; 1 and a unique solution u E C([O, T]; L2) of the Cauchy
problem ( 1.1 ) with the estimate I I u II x  2E.

PROOF. The proof is established by the standard contraction mapping prin-
ciple. We consider the linearized Cauchy problem (1.1)

where v E xE . Multiplying both sides of (2.1 ) by E(t)U(-t) with E(t, x) =
(1 we obtain



488

whence multiplying both sides by E(t)U(-t)u(t) integrating with respect to x
and taking the imaginary part we get

Since

by Hblder’s and Sobolev’s inequalities we obtain

Hence we have by (2.2)

Substituting estimate (2.3) to the right hand side of inequality (2.2) we get
~ I u I I x _ E 2 + C E 3 T 1-~ (E + which implies

if we take E or T &#x3E; 0 to be sufficiently small: + E 2 .
In the same way we prove the estimate

where uj, j = 1, 2 are the corresponding solutions of the Cauchy problems

We have the desired result from estimates (2.4), (2.5) and the contraction map-
ping principle. Lemma 2.1 is proved. D
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3. - Proof of Theorems

j ix2 
~ We define a new function u (t, x ) = = as in [10],

whence we see that the function = satisfies the equation

where X = t . The function v is well defined by Lemma 2.1 and v E gZ(t) since
= = 2E for all

0  t  T, where T &#x3E; 1. In order to remove the nonlinear term from the right
hand side of equation (3.1 ) as in paper [9] we put w = veig, where the phase
function g obeys the following equation gt = + 20132(~)~ + 
for all x e &#x3E; 1, with the initial condition g(1) = 0. Then the function w
satisfies the following Cauchy problem

Therefore we consider the system of equations

Thus we have removed the nonlinear term with insufficient time decay from
equation (3.1) but instead we now encounter in system (3.2) the derivative loss.
This is the reason why we need the Gevrey function space ~a . Note that the an-
alytic function spaces 91 were used to solve some nonlinear evolution equations
with nonlinearities involving the derivatives of unknown function (see, e.g., [3],
[7], [12]). First we prove the global existence in time of solutions to (3.2) under
the condition that the norm of the initial 

( 1 ) 
is sufficiently small.

a(l)
As we mentioned above the value 

( 1 ) 
is sufficiently small provided that

a(l)
the initial data uo of the Cauchy problem ( 1.1 ) are sufficiently small.

LEMMA 3.1. Let 3 E (0, 1). Suppose that the initial data v ( 1 ) E ~a ~ 1 ~ have
sufficiently small = E, where a(t) = + t ) -Y, 1 - 2 s s a(1&#x3E;

a  1, y &#x3E; 0 is sufficiently small 0  y  4 (a - 2 ss ) . Then there exist unique
global solutions W E C([1, 00), ~~ ), g E C([l (0), Loo), gX E C([I, 00), ~~ ) of
the Cauchy problem (3.2) satisfying the following estimates
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PROOF. By Lemma 2.1 the solution of the Cauchy problem for the sys-
tem (3.2) exists locally in some time interval [0, T]. If we prove estimates (3.3)
on [0, T], then the global existence follows by a standard continuation argu-
ment. Let us prove estimates (3.3) by contradiction. Suppose that at least one
of estimates (3.3) is violated at some moment of time. By Lemma 2.1 and the
continuity of the left hand sides of (3.3) we can find a maximal time T &#x3E; 1

such that the nonstrict inequalities (3.3) are valid for all t E [0, T]. To estimate
the value J 2 = I I ( 1 - ~-- ~ ~ ( 1 - we differentiate the second

equation of the system (3.2) to get with h = t8/2-1 gx

Taking the inverse Fourier transformation of system (3.4), multiplying the re-
sulting system by the factor E (t, x) = (1 + we get

where

Multiplying equations of system (3.5) by E(t, x)w(t, x) and E(t, x)h(t, x) re-
spectively, integrating with respect to the space variable and taking the real part
of the result we obtain

Note that
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We write the following representation for nonlinearity G 1 which will allow us
to make integration by parts in the first summand

where lC(x, y) = here qJ(z) = zI-a for 0  z  1 and
- 1 for z &#x3E; 1. We see from this definition that the function IC(x, y) is

symmetric with respect to x and y. Therefore if we rename the variables of

integration x = y’ and y = x’ in the first summand of representation (3.7) then
by the property h(t, x) = h(t, -x) of the Fourier transformation of the real
valued function h (t, x ) we get the analogy to the integration by parts

To estimate the second summand in (3.7) we use the inequality

where we have used the inequality lylD" + x - yl’ and the following
estimate
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for all x, y e Indeed for the case [ y [ s 21x - y~ I by virtue of the inequalities
Ix = !(;c - y ) + y[  31x - yl and 0 :::: w  1 we easily obtain ~ _ +

+ Ix - y|03C3) 6|Y||X-y|03C3  61x - And if H l &#x3E; 2|x - y| l then

denoting z = so that Izl  2 x we get the inequality

Now by virtue of the Holder inequality we obtain from (3.7) and (3.8)

Then by Young’s inequality + bq + r with a IIlxla/2Ewll,
(1+y)cr  2 " Q -1-8/2-+- 1+y " 2-2or

b = t 2(2-or) and c = where p = 2,
q = 4 ~ ~ and r = 2-a so that 1. + 1 + 1 = 1 we obtain

since 1+Y-s  1. Analogously to (3.9) we get the estimate1-6/2 -
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Thus for the value j2 we get from the system (3.6)

whence integrating with respect to t, we obtain

And for the L° norm of g we get directly from equation (3.2)

Similarly from equation (3.2) we estimate the norm Ilgx 0

Hence

Estimates (3.10) and (3.11) give us the desired contradiction. Thus estima-
tes (3.3) are valid for all This completes the proof of Lemma 3.1. D

We are now in a position to prove Theorems 1.1 - 1.2.

PROOF OF THEOREM 1.1. By virtue of the local existence result of Lemma 2.1
along with the a-priori estimates of solutions obtained in Lemma 3.1, and the
standard continuation argument we easily get the existence of global solutions
of the Cauchy problem ( 1.1 ). Now in view of the definitions of the functions w
and g we have



494

Whence we easily get the estimate

for all 2  p  oo. Inequality (3.13) yields the first part of Theorem 1.1.
Furthermore via estimates of Lemma 3.1 we have

for all t &#x3E; s &#x3E; 1. Therefore there exists a unique limit W+ E 9’ such that
iimt-m w(t) = W+ in ~~ and thus we get

uniformly with respect to x E R since for all 2  p  oo we have

For the phase g we obtain

uniformly with respect to x E Then we write the identity

Since II.~(Iw(t)12) -.N(Iw(t)12)II~ _ CEllw(t) - w(’r) II 1,0 ::s CE2t-s we get
t’-’ 12) + o (i + t 1 -23). · From these estimates the second,rT 

- 1-3 -N(l W+ 
W+ Elresult of Theorem 1.1 follows with u+ * D
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PROOF OF THEOREM 1.2. Denote

Then we have

where 1  s  t. We apply Lemma 3.1 and (3.14) to (3.15) to 
for 1  s  t. This implies that there exists a unique limit

0 -

(D+ = C§ such that

since we now consider the case 1  3  1.

Furthermore 4$ (t) = so we have by virtue of (3.14)
and (3.16)

We now put u + = E go’. Therefore we obtain- 

li- 1-8 0

the asymptotics (1.3) for t - oo uniformly with respect to x E R. Via (3.17)
and Lemma 3.1 we have
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whence we get the estimate (1.4) in the following way

since Ce. This completes
the proof of Theorem 1.2. 0
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