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Periodicity and Almost Periodicity in
Markov Lattice Semigroups

EDOARDO VESENTINI

Let K be a compact metric space. A continuous semiflow ¢ : Ry xK — K
on K defines a strongly continuous Markov lattice semigroup T : R, — £L(C(K))
acting on the Banach space C(K) of all complex-valued continuous functions
on K (endowed with the uniform norm) and expressed by

ey T@W) f=/fod

for all f € C(K) and all r € R,.

If x € K is a periodic point of ¢, the functions ¢ — f (¢, (x)) are continuous
periodic functions on R, for all f € C(K): a fact which imposes constraints on
the spectral structure of the infinitesimal generator X of T. Milder restrictions
on the spectrum of X are implied by the existence of almost periodic orbits, of
asymptotically stable points and of non-wandering points for ¢. Some of these
constraints, together with their consequences on the behaviour of T and of ¢,
are discussed in this article.

In its final section, the paper corrects an error in [5], that was kindly
pointed out to the author by C. J. K. Batty.

1. The following results have been established in [5]. Let £ be a complex
Banach space and let T : R, — £(£) be a uniformly bounded, strongly con-
tinuous semigroup of continuous linear operators acting on £. Let X : D(X) C
&€ — & be the infinitesimal generator of 7. Let M > 1 be such that ||T'(¢)|| < M
for all ¢+ = 0.

Consider now the dual semigroup T+ : R, — L(EY) of T, and let
Xt : D(X*t) Cc €Y — £ be its infinitesimal generator (see, e.g., [3] for
the definition). For g € £ and A € &', the topological dual of &, (g, A) will
denote the value of A on g. For 8 € R, the set H';g of all A in the topological
dual &£ of £ for which the limit

) lim 1 / ’ e T (1) f, \dt
0

a—>+0 g

exists for all f € £, is a linear subspace of & which contains ker(Xt —if1) @
R(Xt —i6I) (where R(X+ —i61) is the closure of the range R(X* —ifI) of
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Xt —i0I). Since £ is sequentially weak-star complete, the equation

a
3) (f, RigA) = lim 1 / e T () f, A\t Vf €&
a—>+00 g Jo

defines a continuous linear operator R;g : H';s — &' which is a projector with
norm < M, whose range is ker(X* —ifI) and whose restriction to ker(X+ —
i) ®@R(X+ —ifI) coincides with the spectral projector defined on ker(X+ —
i0I) ® R(Xt - ifI) by the ergodic theorem applied to X+ —if1.

The hypothesis on the existence of the limit (2) for all f € £ and all
0 € R, is satisfied if A € £ 1is such that the functions ¢ — (T(¢)f, ) are
asymptotically almost periodic for all f € £.

2. Let K be a compact metric space. To avoid trivialities, suppose that
K contains more than one point. Let ¢ : Ry x K — K be a continuous
semiflow on K, (see, e.g., [1]), and let T : Ry — L(C(K)) be the strongly
continuous Markov lattice semigroup, acting on the Banach space £ = C(K) of
all complex-valued continuous functions on K, endowed with the uniform norm,
defined by (1) for all f € C(K) and all # € R,. The infinitesimal generator X
of T is a derivation.

For any t € Ry, T(t) is a linear contraction; it is an isometry if, and
only if, ¢, is surjective, and is a surjective isometry if, and only if, ¢, is a
homeomorphism of K onto K.

If

) IT) fIl < | fIl for some ¢, > 0 and some f € &,
and if ¢+ > 0, then
TG+ Il =ITET GO NTE) I < IfI-
Thus, if (4) holds, then ||T(s)f|| < ||f]l for ail s > t,. Equivalently, if there
exists € > 0 such that ||T(e)g|| = ||g|| for all g € &, then || T(s)g|l = ||g|l for

all g € £ and all s € [0, €]. Thus, if (4) holds, then ?, > €. Suppose now that,
furthermore, ||T(t, — s)gll = ||g|| for all g € £ and some s € (0, €). Then

IT )l = IT )T — )8l =T 0 —s)gll = ligll,
contradicting (4). The set
S ={t eR} : T(t) is not an isometry}

is either empty or an open half line.

ProposITION 1. If T(t) is a contraction of € for any t > 0, the set of all t for
which T (t) is an isometry is either R, or the empty set.
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In other words, either S =% or § =R: M,
ProofF. If S # R*, there is € > 0 such that (0,¢]N S = @, and therefore

T(¢) is an isometry for all £ € (0,€]. Let (S # @ and let) #; = infS. Hence
t; > 0. Choose o in such a way that

0<20 <e¢, 0<1t.
Then t;, +o0 € S and 0 <t; — o € S. Since
tH—o=Hh+0o—-20>t+0—c¢,

T(t, — o) is not an isometry, contradicting the definition of ¢;. O

As a consequence of this result and of Theorems 1 and 2 of [4], the
following theorem holds.

THEOREM 1. If ¢, is surjective for somet > O, the derivation X is a conservative
and m-dissipative operator whose spectrum is non-empty.

Let x € K be such that the functions

t > (T(0)f,8:) = f(:(x))

are asymptotically almost periodic on Ry for all f € C(K). Then, for any
@ € R, the limit

lim L / ae*"‘”(T(:) f,8:)dt = lim 1 / " emior f (¢ (x))dt
0 aJo

a—>+o00 g a—>+00

exists for all f € C(K), showing that 8, € H';s . As before, let Ry 8, € C(K)
be defined by

1 /¢ .
(fRio8;) = lim ~ / e~ £ (¢, (x))dr Vf € C(K);

a—>+00 q 0

Rig 8, is (represented by) a Borel measure on X, i.e.,
[ £aRas, = (5. Rat

a—>+00

— lim - / ’ e % f(¢,(x))dt Vf e CK).
0

(The proof holds for any normed vector space £ and for every map 7" : R% — L(€) such that
T(t) is a contractionand T(¢t; +12) = T(t1) o T (tp) forall ¢, ¢y, 12 € Ri.
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For all f € C(K), A € H';p and s > 0,

(f o s, Righ) = lim 1/0‘1 e % (f o ¢ 0 ¢y, Adt
= lim 1 / ae—fe'(fo¢s+,,,\>dt

a—>+00 q Jo

) 1 s+a .
= €% lim —/ e 0 (f oy, At
s

. | pets
- em{ lim 2 / e (f o ¢y, A)
0

a—>+0 g a+s

1[5
— lim —/0 e_’O’(fo¢,,k)dt}

a—>+0 q

. 1 12 .
= ¢% lim - / e 0 (f o ¢y, M)dt
0

a—>+00 q

= % (f, Righ).

In particular, _
(f o s, Rig 8:) = € (f, Rig bx)

for all f € C(K) and s > 0.

As a consequence of the ergodic theorem for asymptotically almost periodic
functions, Rj9 6, # 0 if, and only if, 8 is a frequency of the asymptotically
almost periodic function ¢ — f(¢;(x)) for some f € C(K)\{0}, i.e., if, and
only if, [5], i6 € po(X)U po(X™), where po denotes the point spectrum. For
6 =0, Ryé, is a Borel probability measure which is ¢;-invariant for all s > 0
and whose support is OF(x)?.

If x is a periodic point of the continuous flow ¢, the functions ¢ —
f(¢:(x)), are periodic for all f € C(K), and the support of Ryé, is the
forward orbit O*(x). Let ¢, be uniquely ergodic for some s > 0, i.e., [6],
suppose that there is only one ¢-invariant Borel probability measure u on K.
If x, and x; are two periodic points of ¢, then u = Rodx, = Rodx,. That
proves

THEOREM 2. If ¢ is a continuous flow on the compact metric space K, and if
¢ is uniquely ergodic for some s > 0, then ¢ has a periodic orbit at most.

3. Let ¢ be topologically transitive, i.e., Ot(x,) = K for some x, € K.
If « € C is an eigenvalue of X, and g;, g, are two eigenfunctions of X
corresponding to k, then g;(x,)g2(x,) # 0, and therefore

82(¢1(x0)) _ e g2(xo) _ &00)
81(d:(x0))  e'g1(x0)  81(x0)

() This fact can be viewed as a generalization of Theorem 6.16 of [6] to continuous semiflows.
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for all + € R;, showing that dimcker(X — «I) = 1. Furthermore, the eigen-
functions corresponding to x = 0, i.e. the ¢-invariant continuous functions, are
constant on K.

If f € ker(X —«I)\{0} and x is a periodic point of ¢, with period t, then

f@) = f@c(x) =" f(x).

Therefore, either kT = 2nmi for some n € Z, or f(x) = 0. By the same
argument, if w is another eigenvalue of X and % € ker(X — wI)\{0}, then either
wt =2mmni for some m € Z, or h(x) = 0. Hence, if f(x)h(x) #0, ¥k and
are linearly dependent over Z.

Suppose again that ¢ is topologically transitive. Then the sets {y € K :
f(») #£0} and {y € K : h(y) # 0} are dense open sets of K, and the following
theorem holds.

THEOREM 3. If the continuous semiflow ¢ is topologically transitive and the
set of its periodic points is dense, either the point spectrum of X is empty, or all the
eigenvalues of X are rational multiples of some point of iR.

Let £ € po(X) and g € ker(X — ¢ I)\{0}, so that

go¢, =¢''g Vt eR,.

If there is x € K such that the functions ¢t — f(¢;(x)) are asymptotically
almost periodic for all f € C(K), then

e’ (g, Rig 8:) = (g o 1, Rip 8:) = €% (g, Rig &x),

ie.
€% — 1)(g, Rigdx) =0

for all + > 0 and all & € R. Hence, either 6 = —i¢ or

®) (8 Rig 8x) = 0.

If 6 = —i¢, then

1 r _,
(g, Rig 6x) = lim —/ e ¥eldt (g, 8,)

a—>+00 q Jo
= (g, 8x) = g(x).
If w € C is an eigenvalue of T(s) for some s > O, there is some n € Z such
that .
2nmi
¢n =logw + — € po(X),

and the eigenspace ker(7T'(s) —wI) is the closure of the linear subspace of C(K)
spanned by all ker(X — ¢,I) for which ¢, € po(X), [2].
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If there is a frequency 6 of the asymptotically almost periodic function
t > f(¢(x)), for some f € C(K), such that € is not an eigenvalue of
T (s), then (5) holds for all eigenfunctions g of X. Suppose now that, for some
s > 0, ¢; has a topological discrete spectrum, i.e., all eigenfunctions of T'(s)
span a dense linear suspace of C(K). Thus, (5) - holding on a dense subspace
of C(K) - implies that R;p 5, = 0: which is absurd. Hence

' € po(T(s)),

and therefore
) 2nmi
i+ —— € po(X)
s

for some n € Z. Since po(X) € po(X'), where X’ is the dual operator of X,
the following proposition holds.

PROPOSITION 2. If x € K is such that the functions t — f(¢,(x)) are asymp-
totically almost periodic for all f € C(K) and if ¢s has a topological discrete
spectrum for some s > 0, then po (X') N iR # @.

4. Let d be a distance defining the metric topology of K. A point x € K
will be said to be an asymptotically almost periodic point of ¢ if, for all § > 0,
there exist « > 0 and / > O such that every interval [s,s + [], with s > 0,
contains some 7 such that

(6) d(pr1:(x), ¢ (x)) < 8

for all t > «. Since

d (@14 (x), x) — d (¢ (x), X)| < d(Pr4:(x), $1(x)),

if x € K is an asymptotically almost periodic point of ¢, the function R, >
t — d(¢:(x), x) is asymptotically almost periodic.

If (6) is only required to hold when ¢ = 0, the point x is said to be almost
periodic.

Since K is compact, for any f € C(K) and any € > 0, there exists § > 0
such that, if d(xj, x;) < &, then |f(x;) — f(x2)| < €. If x is asymptotically
almost periodic for ¢, choosing « and / as above, then

[f (4 (X)) — f(@ (X)) <€ VI=a.

That proves the following lemma.

LEMMA 1. Ifx € K is an asymptotically almost periodic point of the continuous
semiflow @, for every f € C(K) the function Ry >t — f(¢,(x)) is asymptotically
almost periodic.
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The point will be said to be asymptotically stable for the semiflow ¢ if,
for every € > 0 and every a > 0, there is some ¢t > « such that

(7N d(¢:(x),x) <e.

All almost periodic points are asymptotically stable.
Let ¢ : R x K — K be a continuous flow, and let T : R — L(C(K)) be
the strongly continuous group defined by (1) for all + € R and all f € C(K).

THEOREM 4. Let x € K. Ifthe functionsR > t — f(¢,(x)) are almost periodic
forall f € C(K), the point x € K is asymptotically stable for the restriction of ¢
to R+.

Proor. If x € K is not asymptotically stable, there are some ¢ > 0 and
some « > 0 such that

3 t>a = d(¢:(x),x) > €

Let B(x,e) be the open ball, with center x and radius € for the distance d.
Let f € C(K) be such that

9 Supp f C B(x,¢) and f(x) #0.

Then .
lim 1 / e % f(p(x))dt =0
0

a—>+o00 q
for all 6 € R. Hence, all the frequencies of the almost periodic function
t — f(¢;(x)) vanish. Thus the function is constant, contradicting (9).

CoRrOLLARY 1. Ifthe group T is weakly almost periodic, every point of K is
asymptotically stable.

Suppose there is some ¢ > 0 such that
(10 d(¢(u), ¢ (v)) <cd(u,v) Vu,v e K, Vi = 0;

¢ will then be called a c-contractive semiflow (a contractive semiflow when
c=1).

If (10) is satisfied and if x € K is an almost pertedic point of ¢, (6) holds
for all ¢+ > 0. As a consequence, the function ¢ — d(¢,;(x), x) is asymptotically
almost periodic.

ProposITION 3. All asymptotically stable points of the continuous semiflow ¢
are non-wandering.

If ¢ is c-contractive for some ¢ > 0, allnon-wandering points are asymptotically
stable.
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Proor. If x is asymptotically stable, for all € > 0 and all @ > O there is
some ¢t > « satisfying (7). Since ¢,(x) € B(x, 2¢), then

x € B(x, 2¢) N ¢, (B(x, 2¢)),

showing that x is a non-wandering point.
Conversely, let x be a non-wandering point, and suppose there are €, > 0
and «, > O such that

11 d(p:(x),x) =€ VT = 0.

Choose 1, > «,, and let o € (0, ;—‘é). There exists § > 0 - which can be
assumed < % - such that, if d(x, y) <4, then d(¢,(x), ¢.,(¥)) <0, ie.,

¢1,(B(x,8)) C B, (x), 0).
Since x is non-wandering, there is some 7 > 7, such that
¢. "' (B(x,8)) N B(x,8) # 0,
and therefore, being
¢: ' (B(x,8) N ¢:(B(x,8))) = ¢ (B(x,8)) N~ 0 ¢ (B(x, )
D ¢.”'(B(x,8)) N B(x, ),

also
B(x,8) N ¢ (B(x,8)) # 0.

Since, by (10),
d(¢:(x), p:(y)) = d(¢r—rg o ¢ro(x), ¢t—10 o ¢r0(Y))
< cd($, (), $, () < 00 <

whenever d(x,y) < 8, then

6:(B(x,8) C B (¢,<x), %) .
Choose any
z € B(x,8) N ¢, (B(x, 8)).
Thus, z € B(¢:(x), ), ie., d(@:(x),2) < ¢. Since d(x,z) <8 < ¢, then

(e (x), x) < d(gs(x), 2) +d(x,2) < % + % = e,

contradicting (11). O
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5. If the forward orbit of x € K is not dense, there are ¥ € K and r > 0
such that
Bu,r)NO0*(x) =0.

If (10) holds, and if y € K is such that d(x, y) < 5, then

d(pe(x), $:(»)) < cd(x,y) < -;-

and therefore

d(u, 9:(y)) = |du, ¢ (x)) — d(@:(x), d: ()|

r r
>r——=—-V teR,.
"T272 *

Thus,
r r
yeB(x,——) = B<u,—)mo+(y)=@.
2c 2
That proves

LemMA 2. If (10) holds, the set of points of K whose forward orbits are dense,
is closed.

Let ¢;(K) = K for some s > 0. Then, the set of points of K whose
forward orbits are dense, is either empty or a dense Gs, [6]. Hence, the
following proposition holds.

PRrOPOSITION 4. If (10) holds, and if ¢ is surjective and topologically transitive
for some s > 0, then every point of K has a dense orbit.

As a consequence, ¢ has no fixed point and a periodic orbit at most. If x
is a periodic point with period T > 0, then

K=0"(x)={¢(x):0<t <7t}

Thus, K is homeomorphic to the circle R\7Z and the map ¢ — ¢ (x) is
topologically conjugate to the the restriction to Ry of the covering map R —
R\1Z.

If y # x, then y = ¢,(x) for some r € (0, 7), and therefore

¢ (y) = ¢:(dr (X)) = Pr4r (%)
= ¢ (P (x)) = ¢ (x) = y.

Hence, the period o of y is 0 <7, and x = ¢;(y) for some ¢ € (0, o). Being

b5 (x) = P (D1 (¥)) = Po++(¥)
= ¢(¢s (x)) = ¢ (y) = x,

then t < o, and, in conclusion, o = 7, proving thereby the following theorem.
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THEOREM 5. If the c-contractive continuous semiflow ¢ : Ry x K — K has a
periodic orbit and is such that ¢ is surjective and topologically transitive for some
s > 0, then K is homeomorphic to a circle, and ¢ is topologically conjugate to the
restriction to R of the group of rotations of R.

THEOREM 6. If(10) holds and if the set of all periodic points of the c-contractive
semiflow ¢ is dense in K, then ¢ is asymptotically almost periodic at all points of K .

Proor. Let x € K and let {x,} be a sequence of periodic points x, € K
converging to x. If ¢ > 0,

d(¢i(x), x) < d(¢(x), ¢ (xv)) +d (P (x0), x0) + d(x,, X).

For any € > O there is an index v, such that, whenever v > v,, d(x,, x) < €.
Let 7 > O be the period of x,,. Then, for any integer p > 1,

d(¢p1’(-x)s x) < d(¢pt(x)’ ¢pr(xv,,)) + d(¢pr(xuo)s Xy) + d(xvo, X)
= d(¢pr (%), Ppr(xy,)) + d(xy,, X)
< (c + D)e.

Since every interval [s, s +27] contains some pt, the point x is almost periodic
and therefore asymptotically almost periodic. O

6. C. J. K. Batty has kindly pointed out to me that Theorem 6 of [5] is
not correct. In fact, the inclusion lenght / > 0 appearing in the inequality (16)
of [5] depends on x and A, and - as x and A vary - may increase to co. To
make (16) a uniform estimate - i.e., an estimate holding for all x and A chosen
as in i) and ii) of [5] - assume that 7 fulfills, besides i) and ii), the following
condition:

iii) there exists €, € (0, +/2) such that, for every choice of x and A satisfying
i) and such that (x,A) = 1, the set of lenghts / > O for which (12) holds is
bounded.

A correct version of Theorem 6 of [5] can be phrased as follows.

THEOREM 7. If the function (T (e)x, \) is asymptotically almost periodic
for all x € D(X) and all . € D(X™") and if i) and iii) hold, then the set
(po(X) U po(Xt) NiR is discrete.

ExampLE. Let T be the unitary group in the Hilbert space /> generated by
the self-adjoint linear operator X defined on the standard basis {e, : n € Z} of

17 by
il 1
X e, =sign(n)i (Z —) €,
14

0

if n %0, and by Xeg = 0. The group T is almost periodic and satisfies iii),
but is not uniformly almost periodic.

Condition iii) shall be added to the hypotheses of Theorems 9 of [5].
Theorem 10 can be correctly stated, with the same notations as in [5], as
follows.
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THEOREM 8. Let the semigroup defined in B of [5] be strongly asymptotically
almost periodic. If po(X) = @, the function T (e)x vanishes at 400 for all x €
C(K). If pa (X) # 0, and if iii) holds, there is @ > 0 such that

po(X)NiR = {inw : n € Z}

and, for every x € £, T(®)x is the sum of a continuous function vanishing at +0o
and of a periodic function with period w.

REFERENCES

[11  W. ARenDT — A. GraBoscH — G. GReINER — U. GroH — H. P. Lotz - U. Mous-
TAKAS — R. NAGEL (ed.) — F. NEUBRANDER — U. SCHLOTTERBECK, “One-parameter Semi-
groups of Positive Operators”, Lecture Notes in Mathematics, n. 1184, Springer-Verlag,
Berlin/Heidelberg/New York/Tokyo, 1986.

[2] E. HiLLe — R. S. PHiLLIps, “Functional Analysis and Semigroups”, Amer. Math. Soc. Coll.
Publ., Vol. 31, Providence R.1.,1957.

[31 A. Pazy, “Semigroups of linear operators and applications to partial differential equations”,
Springer-Verlag, New York/Berlin/Heidelberg/ Tokyo, 1983.

[4] E. VESENTINI, Conservative Operators, in : P. Marcellini, G. Talenti and E. Vesentini (ed.)
“Topics in Partial Differential Equations and Applications”, Marcel Dekker, New York/Basel
Hong Kong, 1996, 303-311.

[S] E. VESENTINI, Spectral Properties of Weakly Asymptotically Almost Periodic Semigroups,
Advances in Math. 128 (1997), 217-241.

[6] P. WALTERS, “An Introduction to Ergodic Theory”, Springer-Verlag, New York/Heidelberg/
Berlin, 1981.

Politecnico di Torino
Dipartimento di Matematica
Corso Duca degli Abruzzi 24
10129 Torino, Italy



