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Harmonic Maps on Planar Lattices

STEFAN MULLER — MICHAEL STRUWE — VLADIMIR SVERAK

Abstract. We show that a sequence of harmonic maps from a square, two-dimen-
sional lattice of mesh-size & to a compact Riemannian manifold N with uniformly
bounded energy as k — 0 weakly accumulates at a harmonic map u: T2 — N on
the flat two-dimensional torus.

1. — Introduction

Let N be a smooth, compact Riemannian manifold without boundary of
dimension k. By Nash’s embedding theorem we may assume that N C R”
isometrically for some n. We are interested in understanding the relation between
(smooth) harmonic maps u: T? = R?/Z?> — N C R" on the torus, characterized
as critical points of the energy

) E(w) = /T () dx

with density
1 2
2 e(v) = EIVv]

subject to the “target constraint” v(T?) C N, and their counterparts on a discrete
domain.

Our main result in this paper states that harmonic maps with uniformly
bounded energy on a lattice, as the mesh-size & — 0, h~! € N, weakly accu-
mulate at a harmonic map on the torus.

The above result may be of relevance for numerical purposes and may
have implications for questions regarding existence of harmonic maps under
constraints.

In fact, in a sequel to this paper [12] we will use a spatially discrete
ansatz to give an alternative proof for the existence of global weak solutions to
the Cauchy problem for wave maps on (1 + 2)-dimensional Minkowski space,
established in Miiller-Struwe [11] by a different method.
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A core ingredient in the analysis - both in the stationary and in the time-
dependent case - are the weak compactness results of Freire-Miiller-Struwe [7],
[8] which make contact with work of Bethuel [1], [2], Evans [5], Hélein [9] and
stress the importance of Hardy space estimates for Jacobians, due to Coifman-
Lions-Meyer-Semmes [3], and the H'-BMO-duality, due to Fefferman-Stein [6].

2. - Notation

Denote as T = R?/Z? the flat 2-dimensional torus, and let x = (x!, x?)
denote a generic point in T; also let ¢,, @ = 1,2, denote the standard basis
for R2.

For h > 0 with A~! € N consider the lattice Tj, = (hZ)*/Z? with generic
point x;, = (x},x2). For [ € N and x, € T, also let

OQuxp) ={xeT;x) <x* <x; +lh,a=1,2}

denote the square of edge-length Ik with lower left corner x; and for x € T
denote as [x], the unique point [x], € T, such that x € Qp ([x]x).

Given a discretely defined map u”: T, — R*, we may extend u” to T by
letting

3) W(x) =u" ([x]n) for xeT.
The forward and backward difference quotients in direction ¢,, defined as

uh(x + he,) — ut(x)

afhuh(x) = T
for x € Ty, @ = 1, 2, then also trivially satisfy the relation
@) O " ul (x) = 37w (x1n)
forxeT.
Finally, we also introduce forward and backward means
) min () = O P ¥ WO _ g (ay),

and translates

(6) P ul (x) = uP (x £ he,) = Tt ([x1n)

forxeTlT,a=1,2.
Observe that, in particular, there holds

©)) a" (r;'uh) =/ (Ba_huh) = 3tu";
moreover, we have
®) nd" = a;"ak

for any o = 1, 2.
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3. — Difference calculus

For completeness, we quickly review the basic formulas from difference
calculus that we will need.

3.1. = Product rule
Let u", v": T, > R. Then
3:,’ (uhvh) = Bé’uhr;'vh + u"&é’vh

© = huMv" + thut

— ahy ko ok h hah. h
= u " myv" +myu o, v",

and similarly for 9, ho=1,2.
In particular, by (7) we have

10)  af (a7 hutvr) = alogulvt + dutaltvt = o7t (alutriv") .

In view of (10), later we will be able to avoid unnecessary shifting of
arguments by working with backward differences.

3.2. — Discrete integration

For u":T, — R we define the integral of u" as

/TuhthZuh(x):/uhdx,
h

xeTy, r

where in the latter integral 4" denotes the piecewise constant extension of u”
as in (3). Obviously, we have

hoh _ hoh _ h
/ ou" =0, [ Tu _/ u
Th Ty Ty

for any u”": T, - R, @ = 1,2. Hence from (9) and (7) we obtain the following
formula for integrating by parts

0= [ " (uhvh) =/ B(i'uhr;’vh+/ utoh
T Ty T

= 3;huhvh+/ uhagvh;
Ty Ty

(11

in particular,

h hah h _ —hoh, hoh
/Bau o' =— [ 90, "0, u"v".
Ty Ty
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3.3. - Dirichlet integral

For u" as above, denote its energy density at a point x € T}, as

1 _
(12) enh) ) = 7 3 {10t @) + 19 u" ) |
a=1,2
and define
(13) En) = [ entu®).
Ty
We compute the first variation of Ej, at u” in direction v* as
kY . h d h h
(dE,(u™),v") = %Eh(u +ev")_,
1
(14) =3 Z—/T {aé'uha‘i'vh + thuhaa_hvh}
o h

=Z/ 3t uh ot =—/ Al
a YT Ty

where A" =3, 9,9 is the discrete (5-point) Laplacian.

3.4. - Exterior calculus

Differential forms on 7, can be most easily expressed in terms of the
standard basis dx® a = 1,2,dx! A dx?, respectively. A 1-form ¢" on T,
then can be identified with a pair of functions (pg,a = 1,2, such that ¢" =
> o ¢hdx®; similarly a 2-form b* on T, can be identified with a function B"
such that b* = g"dx' A dx?.

Two 1-forms ¢" = Y, ¢"dx® and y" = 3, ¥"dx* are contracted by

letting
"yt =" ghyl;
o

also let
h h h)2
¢t =let|"
The Hodge x-operator acts on the basis elements as
x1 = dx' Adx?, xdx' = dx?, xdx® = —dx', %dx' Adx* =1,
and * is linear with respect to multiplication by functions. In particular, there

holds
o" A (x@") = 19" 7dx" A dx?
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and
% gl = (=1)Pg"

for any p-form ¢” on Tj,.
For a function u":T, — R or a l-form ¢" = 3, ¢"dx® the discrete
differential is defined as

= 3 o dxe,

o
dtheh = Zaaihq)gdx“ AdxP = (alih(pé' — th(p{') dx' A dx®.
a.p

The co-differential operator is given by
§ =% o0d¥ o %,

Note that for any u*: T, — R and any 1-form ¢" on 7}, we have

/ d:l:huh .¢h — __/ uha:!:h h.
Ty Ty

that is, —8*" is the adjoint of d*" with respect to the inner product on forms
defined by contraction and the LZ-inner product on Tj,.
Moreover, a direct computation shows that

d"od"=0,8" 08" = 0.
The Laplacian on p-forms (with the analysts’ sign convention) is defined as
At =dho s + 8" o d".

By (8) there holds A" = A™". Moreover, it is easy to check that A" acts as
a diagonal operator with respect to the standard basis on forms; in particular,
for a 1-form ¢" = 3, ¢"dx® we have

Arph = Z(Ah(pg)dx“.

3.5. — Hodge decomposition

As in the continuous case, the following result holds.
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PROPOSITION 3.1. Any I-form ¢* = 3", ¢,dx* may be decomposed uniquely

as
o' = d"a" + §"p" +c
where
15) / a"=0, | bP=0,d""=0,8c=0.
Ty Ty
PRrOOF. Letting a”, b* be the unique solutions to the equations
(16) Ahah — ah(ph, Ahbh =dh h’

normalized by (15), for the remainder ch = " — d*a* — 8"b" we obtain
dhch = dhgh — AMbh = 0, shch = sty — Atgh =0,

as claimed. 0

ReEMARK 3.2. Solving (16) for a" can be achieved, for instance, by mini-
mizing the functional

F(a”):/T {eh(a”)+a"8h<ph},
h

confer (14), and similarly for b”.

4. — Interpolation and discretization

In addition to the trivial extension of a map u":T, - R to the torus,
defined by 3, we introduce the bilinear extension of u”, defined by letting

wh(x) = ul(x) + Y E°Ohu"(x) + £'E%0) dpu" (x),

forx =[xls+&€T.
The following result is immediate from the definition.

LEMMA 4.1. We have " € H“2N L®(T), and with a uniform constant C there
holds

N (1577 hy2 h .
i) ||E" —u ”L°°(Q,,(x,,)) < Cszh(xh)e”(u ), forall xj € Ty;
ii) |17 — w754, < CH2En(u");

iti) CVE,(u") < E@@") < CEu").
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In view of Lemma 4.1 iii) we will say that uh — u weakly in H L2(Ty as
h — 0 if @" — u weakly in H»2(T), and similarly for vector-valued maps.

Observe, however, that for u”: T, — N C R”" the range of #” in general
will not lie in N. On the other hand, we have

LEMMA 4.2. Suppose u" — u weakly in H'?(T;R") as h — 0, where
uh:Tj, > N. Then u(x) € N for almost every x € T.

ProoF. For § > 0,7 > 0 let

& _ gt h
Eh—{xeTh,Hu u ”L°°(Qh(x)) 28}.
By Lemma 4.1 i) then there holds
8|Z| < CEp") < € < o0,

and hence

L2 ({x € T; dist (#"(x), N) > 5}) < Cs5'h2,
Here, £? denotes 2-dimensional Lebesgue measure. Since #" — u weakly in
H'2(T;R) and hence strongly in L2(T; R"), after passing to a sub-sequence, if
necessary, we may assume that #* — u almost everywhere as & — oo. Thus,

for any § > 0 we infer

L ({x € T; dist (u(x), N) > 5}) =0,

as claimed. O
In contrast to interpolating functions u*:7, — R , discretizing functions
¢ € H"*(T) is somewhat subtle, as such maps, for instance, are only defined
pointwise almost everywhere. Moreover, interpolating the discretized map ¢
should recover the regularity properties of ¢ as much as possible.
Of the many possible choices we define as a discretized function ¢ the
map

o"(x) = h_z/ pdx,x €T,
Opx)

Note that if ¢ is the trivial extension of a map ¥": T, — R, defined by (3),
then ¢" = y*; however, in general, and even if ¢ is piecewise bilinear, ¢ # ¢*,
the bilinearly interpolated discretized map.

LemMmA 4.3. Let ¢ € HY2(T'). Then with a uniform constant C there holds

) ll¢" = @li327) < Ch*E(p);

ii) |8k ¢" — 8yl 2¢7) > Oash — 0.
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Proor. i) Estimating, for x € T,

lp"(x) — p(x)]* < h™2 le(y) — ()|*dy,
On ([xlh)

we obtain

H(/)h — (P”iz(T) =< h—ZALh ([x]h),go(y) _ (p(x)IZ dydx
1
\Y By — 2 49 2E(0).
S/T/Qh(mh)/o IVo(x +2(y =) dddydx < Ch*E(p)

ii) By the Lebesgue differentiability theorem

o(y +he,) — o(y) dy
On ([x]h) h

h
:h‘3// dup(y + Ve,) dvdy
0 Jou(ixm)

— dup(x) as h—>0

A" (x) = h?

for almost every x € T. Moreover, for any Q2 C T we can estimate

h
[t orax < [1n2 [7 [ jopty+ e dody b
Q@ Q 0 JOopxlp)
h
§h‘3/ / {/|8a¢(x+y+l9ga)l2dx}dydz9
0 JQop((—h,—h)) Q ]

< 4sup{/ |8a(p|2dx} <4
yeT Q+y

if £2(Q) < uo(8), by absolute continuity of the Lebesgue integral. Thus, the
family of indefinite integrals ([ |8;’<ph|2) o 18 uniformly absolutely continuous,
and the assertion follows from Vitali’s convergence theorem. O

5. — Harmonic maps

A map u":Tj, - N C R" by definition is harmonic if u" is a critical point
for E;, among maps v": T — N that is, if the first variation

(17) (dEyu"),¢") =0
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for all ¢" € (u")"'TN, where
W) 'TN ={¢": T > R" ¢"(x) € TpyN for all x € Ty}

is the pullback tangent bundle, with 7, N denoting the tangent space to N at a
point p € N. By (14), equation (17) is equivalent to the relation

(18) — A"t LT AN,

where “1” means orthogonal with respect to the scalar product (., -) in the
ambient R".

Introducing a local frame viy1,... ,v, for the normal bundle TN' near a
point p = u"(x) € N, we (}:1‘1'1 also locally express (18) in the form

19) —AMyt =Zklvlouh
l

The coefficient functions A! can be determined as

A= —(AMuh, v o uh)
(20) = — Z aj”(a;“’u", vou) + Z(Baihuh, 83”(1)1 ou™)
o

o

Also recall that a smooth map u: T — N C R” is harmonic if u is critical for
E among maps v:T — N, or, equivalently, if

21) —Au = A@w)(Vu, Vu) L T,N,

where A(p):T,N x T,N — Tle is the second fundamental form of N C R.
Locally, with respect to a smooth local frame v¢yy,...,v, for TN L we have

Ap) & m) =Y A(p)E nu(p),
1

where
Al(p) &, n) = (&, dvi(p).n)

denotes the second fundamental form of v,k <[ <n.
Our main result then is the following.

THEOREM 5.1. For a sequence of numbers h — 0, k™! € N, suppose u": T, —
N C R” is harmonic and u" — u weakly in H"*(T; N) as h — 0. Then u is
harmonic.
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6. — Equivalent Hodge system

As observed by Christodoulou-Tahvildar-Zadeh [4] and Hélein [9], we may

assume that T N is parallelizable. Let ¢, ... , ¢, be a smooth orthonormal frame
field on N, such that (gl(p), ,gk(p)) is an orthonormal basis for T,N at
any p e N.

Given u": T, — N, and a family of rotations R": T}, — SO(k), then
e = ZR i(ej o u"

is a frame for (u"*)"!TN.

Let
oF, = (kut, 1lel)ax®,
l’i:_h — —h,l’h _<a-h h h)dxa,
Wit = (0 ep, my" h)dx
Then

shoft = Za—"ﬂ" Za"ﬂ.—”
= Z o, e +Z (@uh, ahel.
o
It follows that u”: T, — N is discretely harmonic, if and only if

shol = (aku", okel) = th(d; ", 9 el).
[+2 o

Letting vgyq,...,V, be a smooth local frame for the normal bundle, we can
expand

(0 uk, 8" h)_Z<3—h h ;1 aheh>
+Z O ut, v outy (v oul, 370 el
1
=50t ,;'z,+zza—h<ﬂ,a;"e?>
+E(8 ul, vy oul) (v ou”, 37"l
=:Z O+ it
j

The presence of the error term n%; , marks one major difference between the
discrete and continuous cases.
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LEMMA 6.1. There is a constant C = C(N) such that

—h h ~h_h —h, h2 —h h2
Int| < Clu® — 7hul| (|aa WP+ 19, el
J

Proor. Since u*:T, — N and since for p,q € N, with C = C(N) we
have
p—q,v)|<Clp—q|*> foral veT,Nt,

it follows that

(0, u", vy ou”)| < Ch™' " — 77"

= Clu" — ¢ u" |9, uh).

Hence the second term defining nl‘h can be estimated as claimed. For the first
it suffices to note that

—h, 11 h —h h h —h hija—h h
10, "ullef — 1, "ej| = lu” — 7, u"||9, " €; | O

In the following we denote
—h
’l}fi,a = Té”hi,w np = (Ullli,a)lsiskJSasZ-
With this notation then " is discretely harmonic if and only if there holds

(22) shol => "ol ol + 1.
i

h(9=h, k) _ gk . h
Observe that 7, (19ja w,.j,a) = Vg - Wijg-

Similarly, if u € HVY2(T; N) is weakly harmonic and if ¢; = R;je;ou is a
frame for u~!T N with connection 1-forms

wij=(ej7dei), 151’.]Sk,

then, letting
U = (du,e), 1=<ic<k,

the equation holds

(23) 319,‘ — Zﬁj * Wij,
J

and conversely.
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7. — Coulomb gauge

Equations (22), (23) involve an arbitrary choice of frame for the pull-back
bundle. We may use this gauge freedom of rotating the frames to fix a frame
with particularly nice analytic properties. Following Hélein [9], we impose
Coulomb gauge, as follows.

For each h choose R":T, — SO(k) such that

@4 Ey (R"eou): ZEh ZRU(e oul)) = inf  E,(S*(eou™).

sh. T, —S0k)
Observe that trivially
Ey(R"(eou") < Ep(eou™) < CEL(").
LEmMA 7. 1 Let R": T, - SO (k) satisfy (24). Then there holds the equation

§hw h- > w0y i ] o = 0 for the connection 1-form wf’j associated with the frame
e—ZR(eouh) 1<i<k
ProOF. For r" = r}: Ty — T;4SO(k) = so(k), letting e} =Y R};(¢; o u")

and using (9), (11), and (10) we compute
d
0= —Eu(id +er")- R'(eou"),

de
_—Z/ {(8;'(3:1,8;' Tij j)>+< t’ 9y lj j)>}
a,i,j
=3 2 [ {@teh.atel) + ek o) o
a,l,j
33 [ {abetsbell + (ot ot )
az]
=3 3 [ {atorreh. e+ ogtaleh ) o,
a,i,j
where we also used anti-symmetry r,. = —r}',. to obtain the last equation.

Recalling that
(0, "€l ety = 9" (el The;),

a”l o

S [ ot (otelmtelyrty =0
Ty

a,i,j

we infer that

for all r* € so(k). Since by (9) we have

h h _h
Wij o = aaet ’ > -

3hh Za—h tha:

as claimed. O

jza’

we conclude that
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In view of the gauge condition we may assume that

(25) el — e; weakly in H'?,
(26) 9" — 9, weakly in L?,
27 ol — w;; weakly in L?.
Let

h _ gh_h hyh h
wij—d a,-j+8 b,-j+c,.j

be the Hodge decomposition of wlhj In view of the gauge condition Shwf’j =0,
it follows that

ho_
a;; =0.

Moreover, we have
h h2 h h2
Ewl) < C [ 1ol < C.ich] sc/ k2 < C.
Ty Ty
Hence we may assume

h W : 1,2 .k
bij_’bij in H ,Cij-—)C,'j(h—-)O),

where
wij = 5bl'j + Cij.

Let B = b}, B;j = *b;j. Then

ho_ . a—hgh h _ B -
wij—*d ﬁ,-j+cij,w,-j_*dﬂu+c,].

Note that
A sl = w i n B, e

Thus, we have

h o h _ gk h A g—hph _h hoh _h h __ _h\ h ho ok
0} - Wy =x(d"u" Nd ﬁij,ej>+2<3au T € —ej>a),-j,a+z9j -
o
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8. — Convergence

Passing to the limit 2 — O in the distribution sense is no problem for the
terms "9}, 9} - cl:. The term

'721 a = <ahu ;' - eh>wlja

is easily dominated

h h h h h
|772i,cvl = Cltau Z'a e

in the same way as r]’l'i_a; see Lemma 6.1. These and similar error terms will
be dealt with later.
Now we concentrate on the term

Jhh, Bl el = (d"u" AdTMB, el).

This term has the structure of a Jacobian determinant. In the continuous limit
h = 0 concentration-compactness arguments yield weak convergence results for
such terms. Our aim in the following will be to reduce the discrete case to the
continuous one.

Choose a smooth testing function ¢ € C*(T),0 < ¢ < 1. Discretize ¢ to
obtain a map ¢": T, — R. We intend to prove

/ T'w", B e — / (du ndpij, ejp)
T, i =y T

as h — 0.

Let v = B, w" = ¢/ - " for brevity. Note that u* — u,v* — v =

Bij, w' — w = ejp weakly in H'"? as h — 0.

LEMMA 8.1. For any u®, v*, wh: T, - R" there holds

e why = — | TRt oY+
T Th Th

= /J"(w v, u")+/ A
Ty

Imhal < C S ieu — ) (10 4 10" P)
[+4

where

with an absolute constant C.
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Proor. It suffices to prove the first estimate; the second is obtained replacing
forward by backward difference quotients. Moreover, considering each triple of
components separately, we may assume that n = 1 to simplify the notation.

We have

oy (3fu" 3" v wh) = 9k (8 ulvhwh) — d%afut v wh — af tput v ol wh,
(S v wh) = af (Blulvhwh) — afaku v wh — ftiut vt ot wh.
Taking the difference of these two equations, since 387u" = 3%3u" the middle

terms on the right cancel. Integrating the resulting identity and shifting, we thus
obtain

/ J @k, v, wh / {8114 T, vha_h b ahut rlh ha_hwh}
T, Ty

=—/ J(u ,w",v")+/ s,
Ty Ty

where \
ng: — ahuh(vh . —h h)a—h h aguh(vh —— vh)al—hwh
= (tful — w9 wh + (hut — uhya v wh

can be estimated as claimed. O

Let @", v, w" be the bilinearly interpolated functions u”, etc. Observe the
following:

" (xp + hE) = (1 — £)3Mu" (xp) + £00u" (x4 + hey)
3w (xp + hE) = (1 — £)d%u" (xp) + &132u" (x4 + hey)

for x, € Ty, & € 01(0), and similarly for 7" and W". In particular,

N (xp + &) = HT" (xn + £2¢5),
BTt (xp, + &) = 7" (xp + £1))

for all x, € Tj,, &€ € 01(0).
Thus, for instance,

/ (31ﬁh325h,wh)d‘§1d§'2=/ (mbatutmholvh, wh)
Qn(xp) Qn(xp)
= /Qh(Xh) <8{’(mguh)8£’(m'l'vh), wh>.
In view of this identity,
/T (81" 30" — 8", v", whydxdx,

=/T (8F (mhutyak (mhv"y — 32 (mhu")al (mbvy), wh)
h
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Shifting coordinates,
/ (8{'(m§uh)8§‘(m’1'v"),w">=/ <3f’(m5"uh)82“h(m’1‘vh),wh>+/ né,
Ty T, T,
=/ <a{’(m2—huh)’mfll(62—hvhwh)>+/ ng
Ty T,
=/ <8{’(m1_hm2_huh)32_hvh,wh>+/ n,
Ty T,

with 7" bounded like 7} ,, and similarly with 3} and 8; exchanged.
Thus

/dﬁh/\dv"w" =/ Jh(m;hm;hu”,vh,w")+/ ng.
T Ty

Ty

and by Lemma 8.1 the latter

h o h o —h —h h
= — Jh(u) ) ,mlhmz uh)—{- g
Ty Ty

=—/ Jh(wh,vh,uh)-l-/ r){’o
Ty Ty

= Jh(uh,vh,wh)—i-/ ’7}1l1‘
Ty Ty

It follows that
/ Jh@h, ot wh) =/<dﬁh/\d3f’,,é§'><p+/ Ny,
Ty, T T

where the n}' are all bounded as "3.4 above.

We can now use the concentration-compactness argument from [8], proof
of Theorem 1.1, based on [10], Lemma 4.3, to pass to the limit in (22). In
fact, [10] implies that, as &~ — O,

(du" A dﬁihj, e;-’) — (du ndBij, ej) + Z V()
keK

in the sense of distributions, where K is at most countable and ) ;. x|vk| < 0o.
For the error terms n]'-‘ we have a similar result. We combine all these

terms in a single term 5", satisfying the estimate
@) 1 <CY (IVolutiol -1 - i) (10fu 4 Y alel Palpl
a i,j

with a constant C = C(N) independent of ¢.
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LEMMA 8.2. There exists an at most countable set {X;}jcs in T and numbers
nj > 0 such that, as h — 0 suitably, - Zj njé{gj} in measure, where 1; =

wjo(x;) and 3 |u;1*?

ProOF. Passing to a subsequence, if necessary, we may assume that |n"*| — 7
in measure. Let § > 0. As observed in Lemma 4.2 above, denoting

22 = {Xh € Ty; ZKT:"h —uMy ) * > 5} )

< Q.

there holds
8|Z2| < CEx(u") < C < o0.

Possibly passing to a further subsequence, we may assume X — X%, where
|Z?] < o0.
Moreover, for 4 > 0 we have

/In"l=/ "+ > / In"| = I3 + 11,
T T\UXhengh(xh) Xhezf, Op(xp)

and for fixed ¢ € C*°(T) we can estimate

1} < C (hIVellL +¢5||¢||Lw)/T > (10kut i + 19kel 12 + 1085 17)

haij
<C (h+¢5)

while for each x, € X} in view of Lemma 4.1. i) we find

1/2
/ 'l < C 4 hilVellze + ()] (/ q(u”))
Op(xp) Qo (xp)

/ > (105ut? + 195el 1> + 104 B 17).
Op(xp)

a,i, j
Thus, for § > 0 we may decompose n = n§ + ijezs nf(S{;j}, where

/ 7 < lim lim n" < CVs
T

0h—0 T
r— T\UE]-EE‘; B,(xj)

and where for each X; € ¥% we have

n = ujex;)

S s
J

independent of § > 0. (In the latter estimate we also used concavity of the
function ¢ — t*3 to obtain the desired bound in case different sequences (x;)
in Eﬁ should converge to the same limit X; € ¥%) Passing to the limit § — 0,
the assertion follows. O

with
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Passing to the limit # — 0 in (22), thus we obtain the equation

8% — Y w0 =Y widm+ Y vkdy)-
j

jeJ keK

But the left hand side belongs to the space H~! + L! which does not contain
any atoms. Therefore all u; and v; must vanish and we find (23), as desired.
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