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Variational Fractals

UMBERTO MOSCO

In memoriam, Ennio de

Giorgi

1. - Introduction
The aim of this paper is to prove suitable scaled Poincare inequalities on
large class of variational fractals, that is, self-similar fractals that support an
invariant energy form.
The class of variational fractals has been introduced in [23], as a general
non-differentiable framework in which both standard fractal examples and Euclidean classic Laplacians can be analyzed at the same time. Self-similarity is
the basic notion in this setting.
Scaled Poincare inequalities are important because they produce a number
of important structural properties of elliptic equations, like Holder continuity of
local solutions, estimates of fundamental solutions and energy decay of SaintVenant type. A structural theory - based on Dirichlet forms - that generalizes
the celebrated theory of De Giorgi has been carried out in a general nondifferentiable setting by M. Biroli and the author in [4],
[7]. Indeed, the
theory of Dirichlet forms - itself a culmination of the classic energy approach to
potential theory - offers the natural setting for De Giorgi’s renowned truncation
method, incorporated in that theory as the so-called Markovianity property of
the form. A review of "irregularities" in variational theories - from the point
of view of fractals - can be found in [24].
As in the classic De Giorgi-Moser’s theory, in the general theory too a
fundamental role is played by scaled Sobolev inequalities. These in fact lead
to the L°° estimates of local solutions, that are the initial point for obtaining
the basic Hamack inequalities. In [6], [7], the derivation of scaled Sobolev
inequalities from scaled Poincare inequalities - known in the theory of Lie
groups after [30] and [28] - was extended to the non-differentiable setting of
Dirichlet forms - possibly with singular local energy measures, as it is the
case for most typical fractals - by relying on De Giorgi’s truncation method.
Clearly, scaled Poincare inequalities offer a considerably simpler access to the
whole theory.
a

...

,
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The main contribution of this paper is to show that - in presence of self-

similarity - by far an easier and more accessible starting point can be given
to the theory. The new starting point is a single global Poincare inequality,
equivalent to the existence of a spectral gap - that is, the strict positivity of the
first non-trivial eigenvalue - which is in turn a consequence, for example, of a
Rellich property (compact imbedding in the L2 space of the theory) of the space
of functions of finite energy. From one side this shows that some important
classic inequalities can be extended to general self-similar variational structures,
possibly non-differentiable and fractal. From the other side, the result leads to a
better understanding of the role of self-similarity in the classic Sobolev-Morrey
theory itself.
One of the main features of the theory - as already mentioned - is that
it applies, at the same time, to large families of self-similar fractals - like
the so-called nested fractals of [21], [19], [11] - as well as to self-similar
Euclidean sets, like cubes supporting the classic Laplacian. There is an essential
ingredient that makes the building of such a "universal" theory possible. It is
the "correct" definition of a metric inside the structure, which assumes the role
of the Euclidean - or Riemannian - metric of the classic theory. The idea here,
generally speaking, comes from physics. Such an intrinsic metric, in principle,
cannot be simply derived from the statics of the structure, instead, it must
be derived from its dynamics, that is, it must be obtained from the invariant
energy form itself. A further discussion of this physical background can be
found in [25].
For general Dirichlet forms, a variational metric - which reduces to the
geodesic metric in Riemannian manifolds - was first introduced in [4]. It is indeed the main tool of the general structural theory mentioned before. However,
this metric is not available on standard fractals, like for example the so-called
Sierpinski gasket. In fact, the metric is related to a generalized "eiconal equation", that involves the densities of the local energies of the Dirichlet form
with respect to the underlying volume mesure of the structure (the distance to
a given point is defined to be a generalized maximal sub-solution of the eiconal
equation, see [4]). Now, on typical fractals - like the gasket - such densities
do not exist: The local energy - the "square of the gradient" of the potential
field - due to the irregularities of the structure does not possess well defined
pointwise values in a.e. sense. The way out to this uncomfortable situation
as first shown in [23] - is found by turning to a suitable effective quasi-metric.
The essential - and determining - property enjoied by this quasi-distance is that
its square shares the same scaling invariance (self-similarity) of the energy.
When endowed with this effective metric, the fractal K becomes a space
of homogeneous type, in the sense af abstract harmonic analysis, [ 10], [29]. In
particular, the volume of an intrinsic ball BR of radius R - that is, the measure
p(BR), where it is the invariant volume measure of K - scales, up to equivalence, according to a power of the radius. The exponent v &#x3E; 0 of this power
law - the homogeneous dimension of K - is uniquely determined by the basic
structural constants of the variational fractal, as we further explain below. It is
the homogeneous dimension v, and not the initial fractal (Hausdorff) dimension
-
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the fundamental constant that governs all dynamical volume scalings in the
fractal. For example, the energy in the intrinsic balls BR of K shows the usual
Euclidean-like scaling Rv-2, while the Poincare inequalities on BR exhibit the
usual R2 scaling. This explains why the same exponent - the volume growth
exponent v - is at the same time the basic dynamical exponent, governing
spectral asymptotics and standard diffusions, as well as the critical exponent of

d f,

Sobolev-Morrey imbeddings.
The paper is organized as follows. In Section 2 we review main notions
and properties of self-similar fractals, prove a "finite overlapping" property
(Theorem 2.1), that is the analogue of an asymptotic density result due to
Hutchinson, [15], and introduce the notion of boundary. In Section 3, we
define a family of quasi-metrics, indexed by a real parameter 3 &#x3E; 0, and show
that each one of them gives the fractal the structure of a space of homogeneous
(Theorem 3.1). In Section 4 we introduce the
type of dimension v
notion of variational fractal and show that the parameter 3 can be so chosen
in a given variational fractal - so that the invariant energy E scales with
an exponent v - 2 (Theorem 4.1 ). Such a 8 is uniquely determined by the
basic constants of the fractal, namely the similitudes factors a 1, ... ,aN and
=

-

the energy "renormalization" factors PI,pN, assumed to be of the type
for some constant or
1 (Lemma 4.1). We also prove "change
pi
of variable" formulas for the local energy (Theorem 4.5). In Section 5 we
introduce some capacity notions and inequalities and we prove our main result,
the scaled Poincare inequalities on the balls of the intrinsic metric (Theorem
5.1). The main step here is the proof of a Poincare inequality accross two
contiguous copies of K (Lemma 5.3), the main technical difficulty being that
the two distinct copies intersect on a set of measure zero. In Section 6 we
state the imbedding inequalities obtained from [6], [7]. In the final Section 7
we briefly describe some basic examples.
-
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2. - Selfsimilar fractals

By JRD, D &#x3E; 1, we denote the D-dimensional Euclidean space, by Be (x, r),
the balls {y E JRD :1 x - y
r}, x E R D r &#x3E; 0, by diame A the diameter
of A c R~. We suppose that B11 = {1/II, ... ,
is a given set of contractive
similitudes, that is,

i

=

1,...,N, where

we assume

a I &#x3E;- - - - &#x3E;- aN

&#x3E;

1.

Then, there exists

a
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unique (non empty) compact

The real number

is the
Borel

df

&#x3E;

0

set K in

uniquely

R~,

defined

which is invariant

by

that is,

the relation

similarity (or fractal) dimension of K. Moreover, there exists a unique
regular measure /i with unit mass which is invariant for B11, that is,

for every integrable cp
information on K and
also satisfied:

: K - R, and ti is supported on K.
tt are available when the following

More

metric
condition is

specific

open set

for some given non-empty bounded open subset U of R D. By ci we shall
denote the radius of a Euclidean ball contained in U and by c2 the radius of
a ball containing U.
Under this assumption, the Hausdorff dimension of K is equal to df,
0
oo, where Hdf is the Hausdorff d f-dimensional measure in JRD,
and
For every

similitude 1/1 : RD

RD such that 1/1 : K - K,

we

for all

then have

We will use the notation 1/Iil,...,in:= ¥filo1/li2 0
integrable f
... o *in,
:= ~,...,~(A), for arbitrary n-ples of indeces i 1, ... ,in E
and
{ 1, ... , N {
arbitrary A c K , with the convention ~i i , ", ,in = Id, A i ,in = A
for n
0. For every sequence il,... , in,... E { 1, ... , N { we have K D xi1 D
=

...,
I

U D

Ui1

D

...

and for every n &#x3E; 1
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= 0 whenever

with
hence

1,

(il,...,i,) 0 ( jl, ... ,

1, il, ... ,in E {1, ... ,N}, a nFollowing [21], we will call
are distinct if (il, ... , im) =,4
complex. Two complexes Kil,...,im,
(jl, ... , jn), m ? I, n &#x3E; 1. We have Kil,...,in C Uil,...,in for every it,... in E
n
= 0 for every ( i ~ , ... ,
( j 1, ... , jn ),
{ 1, ... , N } and
n &#x3E; 1. Moreover

For all previous properties of self-similar fractals we refer to [15]. We shall
use them all freely throghout the paper.
of indeces. For
Let i I , ... , in,... E { 1, ... , N } be an arbitrary
1
we
have
diame K. Let
dIame K ail
every integer n &#x3E;
K.
e
R
For
0
in,
s diame
{ 1, ... , N), there exists
every sequence
a least integer m &#x3E; 0, such that
R,
(m = 0 if and only if R = diame K). The set of all
sequences (i 1, ... , im )
obtained in this way, in correpondence of a given 0
diame K, will be
denoted by IR. The following lemma is easily proved:

sequence

a 11 an

...

...

,

...

finite

diame K and let IR be defined as above. Then, for

LEMMA 2.1. Let 0
every

(it, ... , im) E IR

and 0

m*

m

we

have:

m*, where m* is the least integer greater

log aN ( R -1diame K), m* the largest integer smaller or equal to loga
Now let 0

R

diame K. By G R

we

or

equal

to

diame K).

denote the set:

G R = { K } if R = diame K. From Lemma 2.1 we get
LEMMA 2.2. Let 0
R diame K and let G R be defined as above. Then,
have all R
we
e
R, with 0 :S
diame
GR
for every
m* if m &#x3E; 1.
1,
K~l,,..,~jm" E GR,
have
we
0,
m" ? 1, (~....im,) 7~ (Jl, ... ~.Im~~)&#x3E;
xj~,...~Jy..,m~
Note that

=

PROOF. The first part of the lemma is an immediate consequence of
Lemma 2.1. Let (il, ... ,
E IR, m’ a 1, (jl, ... ,
1,
with (i 1, ... , im,) 7~ ( j 1, .. - , jm,,), and let, say, m’ m". A priori only two
alternative cases may occur: (a), it = jt, im, = j,,,,, and then m’
m";
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such that the first p indices of
m’. In the first case
and p
==
R:
SInce m
m’
IS
: since
m",, tthis
m
lame K - il1
m diame
m lame
is in contradiction with the definition of m". Thus, only case (b) can ac-

(b), there exists a
both (i 1, ... , im,),
we have
ave
"ii

largest integer p &#x3E; 0,
are equal,
(jl, ... ,

of,’~’’’ -1

-1

...

tually occur. Then,(il, ... , im~) - (il, ... ,
(i 1, ... ,i p , j p+ 1, ... ,jm,,
9 jm,,),

im,)., (jl, ... , jmff)

Since

we

Similarly,

n

-

Therefore,

...,

have

n

c

=

o.

We now show that a self-similar fractal (satisfying the open set condition)
the followingfinite overlapping property (for a related asymptotic density
result, see [15], Theorem 5.3 (1) (i)).

enjoys

THEOREM 2.1. Let K be a

Then, for every x

E

K and 0

self similar fractal - (2.1), (2.2) - and let

R

diame K, the family

contains at most M distinct complexes and

and 0
PROOF. Let x
diame K be fixed. If R = diam, K, then
G R { K }I and the theorem is obvious. Now let 0 R diam, K. Let m * &#x3E; 1
be the least integer such that
R. We have
=

ot-’*
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therefore,

E G R we have all R
By Lemma 2.2, for every m-complex
R, 1
m * m m*. In particular, for every il,... , im* E
diam,
[I,... , NJ, we have KiI,...,im* C Kil,...,im with Kil,...,im E GR, therefore
KnBe(x, R) c U Ki im n B, (x, R), hence also
R) C U Kil,... ,im n
~

’ ’

’

GR

Gx, R
M distinct m-complexes

prove that there exist at most M’
1, I
1,...,M’. By the open set condition, evI m
E [I,... , NJ, m &#x3E; 1, is contained in
ery m-complex
It suffices then to
the closure Uil,...,im in R D of the open set
M distinct sets
with (i 1, ... ,im ) E
prove that there exist
0. Each one of such sets,
1, such that Uil,...,im

Be(x, R). We
E

Uil,,..,im

-

now

=

-

’

1/ril,.,.,im (U),

contains

a

Euclidean ball of radius

Ra1lcI/diameK

a-aimlIC2

01-1

and is contained in

a

=

Euclidean

ball of radius
.....
..
C2 = diame
Rc2 / diame K,
.., , im C2 / diame K
where we have taken Lemma 2.2 into account. Moreover, by Lemma 2.2,
any two distinct sets
Uh,...,jmll’ (il,... ,lmi) =1= (J1, ... , ir E IR,
1 are disjoint. Let M’ be the number of all such distinct
m’ &#x3E; 1,
By the previous properties, there exists M’ points whose mutual distance is
~
diam, K, while all of them are contained in a Euclidean ball of radius
=

Therefore, M’
We conclude that at most M distinct sets
the constant in the statement of the theorem.
We

now

define the

boundary

r of K

R), where M is

meet

by setting

LEMMA 2.3. r is a compact subset of

K

n 9(/.

PROOF. We have Ki C Ui¡ for

=

1,... , N and
Ki f1 K j n Ui = Ki

i =1= j. Therefore, Ki
Thus, Ki

n

Kj C
n Kj) c
n Kj) C

everyi

f1 K j C Un U j , while
n a Uj , hence Ki n K j
n

Moreover,

n

n

=

0.

0 whenever

K j f1 Uj - ~ .
K j n a Uj . Therefore,
n

obtain
n K j ) is

and since

we

K n a U for every i / 7. Moreover, since
compact for every i , j - 1, ... , N, r is compact. Let us now prove that p (r)
0. In fact, (D
n J
O.
n J
O.
0.
JL(f) :S
Kj)) =

i j-1

It is easy to

see

=

N adf

that r is also characterized
for every

as

=

the set r such that

pairi ~ j .

_
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In the

following, we shall assume that this relation scales down by self-similarity
pair of distinct n-complexes, that is, that for every n &#x3E; 1 and every
(il, ... ,
(jl, ... , jn), we have

to every

REMARK 2.1. On nested fractals, r coincides with the set F of the essential
fixed points of the given similitudes {1/1’I, ... ,
and (2.3) is satisfied. In fact,
n Kj¡,...,jn
by definition of nested fractals, [21],
Fil,... ,in f1
hence r == F. On the other hand, if {1/II, ... ,
are the N
a D similitudes
of R D that decompose the unit cube Q
in
N
coordinate
[0, 1]
(closed) cubes
of side
where a is a given integer &#x3E; 2, then (2.3) is satisfied, with r the
union of all t-dimensional faces of
D - 1, that is, r
a Q.
For sake of brevity, the invariant set K of a given family of similitudes W =
{1/II, ... ,
satisfying (2.1), (2.2), (2.3) will be referred to in the following
=

=

=

=

as a

self-similar fractal.

3. -

Homogeneous fractal spaces
We

begin this section by recalling the notion of space of homogeneous type,
simply, homogeneous space, from Coifman and Weiss, [10]. We give this
definition in a slightly different form:
or

DEFINITION 2.1. A homogeneous space is a pair K
(K,d), where K is
topological space and d is a quasi-distance on K, such that:
(j) The (quasi-)balls B(x, r) form a basis of open neighborhoods of x,
(jj) There exist a constant v &#x3E; 0 and a constant c &#x3E; 0, such that for every
=

a

r &#x3E;

0 and for every 0
E
1 the ball B(x, r) contains at most ce-V
whose mutual distance is greater or equal than Er.

points zl’s

Note that every y

E

B(x, r) belongs

to some ball

B(zi.Er), therefore

n

B(x, r)

C

U B (zi , er), n

=

;=1

condition

(jj)

is satisfied is

important case in which
considered in the following:
An

LEMMA 3.1. Let a measure /-t exist
and co &#x3E; 0 and for every 0
r
R

on

the

K, such that for some

homogeneity

constant v

&#x3E;

0

where
Then, Uj) holds, with the same constant v and c := co 1 [2cT (3 /2 -f1 is the constant occurring in the quasi-triangle inequality satisfied by d.
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PROOF. Let x 1, ... ,xq E B (x , r ) with
The
balls B(xi, Erl2CT) are disjoint and all contained in B(x, R), where R :=
then d(x¡,xj) :S
(cT + 1 /2)r . In fact, if y E B(x¡,sr/2cT)
&#x3E; Er; moreover,
y) + d(xj, y)] CTERICT Er, contradicting d(xi,
then
+
+
Erl2CT)
d (x, y) cT (r Er/ZcT) _ (CT 1 /2)r. Therefore,
B(xi, sr j2CT) C B(x, (CT + 112)r), thus
R)).
j1(B(x¡, sr j2CT))
On the other hand, if R‘ := CT(312 + cT)r then B(x, R) C B(xi, R’). In
fact, if y E B(x, R) then
y) cT (r + R) cT (3 /2 + cr)r. Therefore,
Since
R))
R’)).
r/2 R’ cT(3j2+cT)r, by the
of
the
lemma
we
have
R’))
assumption
Erl2CT)) where
c := co 1[2c~.(3/2 -E- CT)]’- In fact,
=

if y E

=

=

Therefore,

and

by summing

overi =

1,...,q

thus, q
If in addition the opposite inequality
R)) also
holds, for some constant co independent of r, then we say that v is the homogeneous dimension of K, relative to the quasi-metric d.
In the rest of this section we shall consider a given self-similar fractal K, as
defined at the end of Section 2. For every 8 &#x3E; 0, we define the quasi-distance
- R by setting

balls associated with d will be denoted by B(x, r), that is,
r &#x3E; 0. For every x E K and every
r &#x3E; 0, we have B (x , r ) - Be(x,rI/8)nK. For every E C K the diameter
E with respect to the quasi-metric d will be denoted by diam E. We have
diam E
(diame E)8.
The

=

(quasi-)
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LEMMA 3.2. Let K be a self-similar fractal. Let 8 &#x3E; 0 be given and let d be the
quasi-metric (3.1 ) on K. Then, for every x E K and every 0 r R diam K
we have

where df is the fractal dimension of K and v
df /8. Moreover, the first inequality
r
above holdsfor every 0
R.
The constant M here is the same constant M occurring in Theorem 2.1, de=

pending only on D,

a,,

diame K,

Cl, c2.

PROOF. We have diam K = (diame
and l=
l
Then, 0
overlapping property of Theorem 2.1,

K)8.

Let

=

with

assume

for

.[*,
m
I

K*,... 1 ,m

below M’ = M.

some

C K n

Ki I
1* , .i*
m

’m

have

0

If

r

v

a, -df t d f (diame
diam K

:=d /8,

for 0

E

Be (x, f). Thus,

JL(B(x,r)):s
,c,c(Ki*,.._,im)
1
we

=

diame X iI
l,._m
. , 1 i m l . for every l

tive to

we

find

x

=

K, 0

E

1, ... , M’. It is

Since

x E K f1 Be(x, i),
Moreover, diame I

Ki*,... 1 ,m

B(x, r)

C

E
m

.[):S
-

y,...
, , ,a,n

not

restric-

Iii ,... ,m

:=

.3, therefore,

C

... , il m
=

hence

1, ... , M

(diame I ) -df , then for every

a df [r j diam K]d 18

r))

then

r

x

Since for every l

1 m

diam K

r

diame K. By the finite

,cc(B(x, r)) M[RI diam
R
diam K and It (B (x, r)) &#x3E;

M[rl diam K]d18.
p,(B(x, R))(r 1 R)V

Therefore,
(rlr)v
If
r
0
diam K
R, then
r))
R)) (rlR)’.
I
B(x, R) = K n Be(x,
(diamK)1/8 = diame K and since x E K,
we find B(x, R) = K and
1. Thus,
R)) =
r)) &#x3E;
&#x3E;
r
If
0
diam
K
then
R,
A (B (x, R))(rjR)V.
/.t (B (x, r))
1 and
1 &#x3E;
R)) (rj R)V. This
&#x3E;

=

=

=

concludes the

proof.

By applying
(3.1
v

=

Lemma 3.1 and Lemma 3.2

we

finally

obtain the

THEOREM 3.1. Let K be a self-similar fractal and let d be the
) on K, for a given 3 &#x3E; 0. Then, (K, d) is a homogeneous space
df j 8, where df is the fractal dimension of K.

quasi-metric
of dimension

693
Note that if we choose 3
1, then d is just the restriction to K of the
In this special case, the (homogeneous) dimension v of
Euclidean metric of
K - (K, d) coincides with the fractal dimension d f of K. We shall introduce
below non-Euclidean quasi-metrics of variational nature. Notice also that in
the results of the present Section 3, as well as in Theorems 4.1 to 4.4 of the
following Section 4, assumption (2.3) does not play any role.
=

4. - Variational fractals
We consider a self-similar fractal K - in the sense of Section 2 - associated
a given set B11 = {1/II, ... ,
of similitudes of JRD satisfying (2.1), (2.2),
2.
associated
with B11, as seen in Section 2, there exists
N
&#x3E;
(2.3),
Uniquely
also an invariant volume measure &#x3E; supported on K. We now assume - in
addition - that a suitable invariant energy form E also exists on K, which enjoys
the following properties:

with

E is a strongly local, regular,
form with domain D[E] in

(4.1)

where pi

=

for

some

given

symmetric Dirichlet
A), E ~ 0;

real constant

or

1, independent of i

=

1, ... , N.
For definitions and properties concerning Dirichlet forms we refer to [12],
for a short review see also [22]. We only notice that regularity here means
that the space D[E] n C(K) is dense both in C(K) for the uniform norm and
in D[E] for the intrinsic norm Ilull := (E(u, u) +
In (4.2) and

E(u, u ) for every u E D[E].
following, we use the notation E[u]
Following [23], we now give the
DEFINITION 4.1 A triple (K, ti, E) as above - with assumptions (2.1), (2.2),
(2.3), (4.1), (4.2) - will be called a variational fractal.
The constants N, a = (a 1, ... , aN ) and cr - occurring in (2.1 ) and (4.2) are the structural constants of a given variational fractal. They are the basic
"physical" constants governing the scaling of volume and length in the Euclidean
metric of RD and the scaling of the energy.
LEMMA 4.1. Let K be a variational fractal, with given structural constants
N, a and a. Then, there exists one and only one constant 3 &#x3E; 0, such that both
in the

identities below hold:

=
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for every x, y

and is given

where

E

K. Such a 3 is

uniquely determined by the identity

by

d f is the fractal dimension of K.

PROOF. By replacing d(x, y) _~ x - y 18 in the identity (4.4) and by taking
(2.1) into account, we find I x - y2s = ~ N 1 p~ 2s ~ x - y2s . Therefore
(4.5) holds and this uniquely determines the constant 8. By (4.2), we have
=

d f,

hence 8 is

1. This

implies, by the very definition of df,

that

=

given by (4.6).

The quasi-metric (4.3), with 8 determined by
intrinsic metric of the variational fractal K, [23].

(4.5), will be also called the

For every x
and every R &#x3E; 0, B(x, R) = { y E K : d(x, y)
R } , are
the intrinsic balls of K. Clearly, B(x, R) = Be(x, RI/8) f1 K. The diameter of
A C K for the intrinsic metric will be denoted by diam A, diam A = (diame A)s .

THEOREM 4.1. A

variational fractal K - (K, J1;, E), endowed with its intrinsic

metric, is a space of homogeneous type of dimension

Moreover,

PROOF. The first part follows from Theorem 3.1, while
Lemma 4.1.

can

The scaling laws for the mass and the energy
be stated now more precisely as follows.

in the

(4.8) follows from

intrinsic metric of K
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THEOREM 4.2.
K. Then,

Let it be the

invariant measure,

B(x, R) the intrinsic balls of

for every x

E

K and every 0

r

R

for every x

E

K and every 0

r

R, where M is the constant of Theorem 2.1.

PROOF. This is

an

diam K, moreover,

immediate consequence of Lemma 3.2.

THEOREM 4.3. Let E be the energy form
have

of K

=

(K, it, E). Then, for every

n &#x3E; 1 we

for every U

E

PROOF.

D[E].

By iterating (4.2) along

a

finite sequence of indices i 1, ... , in

We have

hence

(diam

~~~

~n / diam K)dfaI8. By (4.7), (4.8),

this

gives

(diam Kil ,...in / diam K)

By
form E

E

a

well known representation theory of
be given the integral expression

regular

v-2 .

Dirichlet forms, [ 12], the

can

where y(u, v) is a (signed) regular, Radon measure on K. The symmetric,
bilinear form y
y(u, v), U, V E D[E], is the local energy measure of E. We
shall also use the notation y[u]
y(u, u). For definition and properties of y
we refer to [12], [22]. We only recall here that, for every given u , v E D[E],
the restriction y (u, v) L A of the measure y (u, v) to any open subset A of
K depends only on the restrictions to A of u and v. We now show, by a
Fourier type argument for local Dirichlet forms (see [22]), that the local energy
y inherits the invariance property of the total energy E and that the scaling
law (4.11) of E is also satisfied by y.
=

=
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THEOREM 4.4. Let y be the local measure

the invariant energy E

of
variationalfractal K==(K,it, E).Then,for every
n &#x3E; Iwe have

of a given
q~~

r

for every u

D[E] and for every cp

E

E

C(K).

of the form, it suffices to prove (4.15) for every
0. We introduce
and
for
D[E] C(K)
every cp E D[E] n
&#x3E;
in
the
t
functions
0,
identity (4.11).
cpcos(tu), cpsin(tu),
rapidly oscillating
By summing up the two identities obtained and applying the Leibniz rule and
the chain rule (see e.g. [22]), we get
PROOF.

u

E

for every t

By

the

regularity

n

&#x3E;

0.

By dividing

by t2

and

letting t

~ oo we

then obtain

By the arbitrariness of cp and by (4.13), this proves (4.15) for n
iterating (4.16) we conclude the proof.
From Theorem 4.4 we also obtain the following change of variable

=

1.

By

formula

for y :
THEOREM 4.5.
(K, JL, E) be a given variational fractal, r the boundLet
local
measure
ary of K.
y be the
of E and let u E D[E]. Then, for every n &#x3E; 1
we
have
and every i 1,
E
in {I, ... , NJ,
...

for every cp

E

,

C (K) with supp cp

C

Kl l ,... in

-

rl 1,...
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PROOF. Let

~i,... , ~

supp w C
of the measure y[u] to
the function u to Kil,...,in

E

{I, ... , N} be fixed and let
Since

-

ri 1,...,in*

~O E C(A") be such that
is open in K, the restriction
depends only on the restriction of
Therefore, for such ~O E C(K) we have

On the other hand, let us remark that for
such that (jl, ... , Jn) ~ (il, ... , in), we have
= 0 on K, whenever ( j 1,
Therefore,

e

{I, ... , N }
0.

... , jn ) # (i 1, ... , in ) . Thus,

where, in the last equality,

we have taken into account that K - r is open in
K and supp cP o 1/Ii¡ "..in C K - r. In order to get (4.17), it suffices now to
replace both (4.18) and (4.19) into (4.15) of Theorem 4.4.

COROLLARY

OF

PROOF. Since
from (4.17).

5. - Poincare

THEOREM 4.5. Under the assumptions

y [u] is

a

regular

Radon

measure

of Theorem 4.5,

on

we

have

K, (4.20) follows

inequalities

In this section we come to the main goal of the paper: The proof of
family of scaled Poincari inequalities on the intrinsic balls of a variational
fractal. We thus consider a given variational fractal K w (K, E), in the sense of
a
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Section 4. r is the boundary of K,
the invariant volume
E. We now further assume that

sections, it is
(5.1 )

the form

as

is closed in

with domain

moreover, there exists a constant cp

inequality

defined in Section 2. As in the previous
of K and y the local measure of

measure

&#x3E;

L 2(K, it);

0, such that the following Poincare

holds:

for A C K.
for every u E D[E], where we use the notation u A = fA u
Note that the (closed) form (5.1) inherits from the initial form E all properties that make it a strongly local, regular Dirichlet form in L2(K, It). Moreover,
by the closed graph theorem, (5.1) is equivalent to to the condition

for every u E D[E]. By cap G, where G is a subset of K, we denote the
of G with respect to the form (5.1 ), as defined e.g. in [12]. By u
we denote the quasi-continuous representative of u E D[E], which is defined
quasi-everywhere on K. In the following, we shall write fK-r y[u](dx) in place
of fK-r y[u] L (K - r)(dx), since the simplified notation has non-ambiguous
meaning due to the local character of the measure y. For every u E D[E]
we have u + c E D[E]ioc and fK-r y[u + cl(dx) =
y[u](dx) for every

capacity

constant

c.

We now state a Poincare inequality, that is standard in the classic
also holds in the present framework (we omit the details):

case

LEMMA 5.1. Under the assumptions
exists a constant C = C ( r~ ), such that

&#x3E;

(5.1), (5.2), for every constant 17

for every u E D[E], such that cap{x E K :
The following one is a scaled version
n-complex:

=

of the

LEMMA 5.2. For every i 1, ... , in, n a 0,

for every U

E

D[E].

we

0} &#x3E;

0 there

q.

inequality (5.2)

have

and

to an

arbitrary
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PROOF.

By

By (5.2)

the

we

corollary

have

of Theorem 4.5,

therefore (5.4) follows.
If
jn ) are distinct n-complexes,
then by assumption (2.3), there exist two subsets T, T’ c r, possibly empty,
=
We will consider below
such that Ki1 ,... ,in n Kj1 ,... ,jn =
the case of two distinct complexes for which the previous condition holds with
subsets T, T’ of positive capacity. More precisely, we give the following

DEFINITION 5.1. We say that two distinct complexes
are connected (in the
m &#x3E; 1, n ? 1, (i 1, ... , i m ) 5~ ( j ~ , .. - ,jn ) E { 1, ... ,
if
T’
there
exist
two
subsets
such
that the following
c
T,
r,
sense)
capacity
conditions hold

(5.7) k cap S
for

some

constants

some

ko

( 1 / k) cap S
&#x3E;

0, 0

k

whenever

I

1.

it is not restrictive to assume that both (5.6), (5.7) hold with the
constant k = ko, (k 1). We note that, because of condition (5.7),
weak form of symmetry, in the capacity sense, is enjoied by the pair of

Clearly,
same

cap S’

complexes.
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LEMMA 5.3.

Let

Ki¡ ,... ,im, Kj¡ ,... ,jn’

m &#x3E;

1,

n &#x3E;

1,

(ii, - - - , im) =,4

( j 1,
jn) 11, ... , N } be two complexes, which are connected
U
Definition 5.1 for some constant k &#x3E; 0, and let Q =
U
E
there exists a constant c
such
D[E]
c(cp, k),
that for every
E

...,

according

to

Then,

=

PROOF. Let

Similarly,

u E

D[E]. For every #, let

let

We have

We shall prove below that there exists
below hold:

a

constant 9, such that both inequalities

Once (5.10) has been proved, by (5.9) and
in addition, that both inequalities below hold:

Let

Mo

=

us

prove

(5.10). Let

essinf

Let

us

assumption (5.7)

introduce the set

MI = esssup

it follows also,
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We have T D

S+ (~1 ) ~ S+ (~2) if #1 #2, therefore as ~h ~, Mo the sets
S+ (~h ) form an increasing sequence of subsets of T, such that S+ (~h ) t T.
This implies that the set (5.12) is not empty. Let

We have

+oo. In fact, if 00 = +oo, then Bo - MI = +oo. As
00
form a decreasing sequence of subsets of T,
I, the sets
such that S+ (~h ) ,~ 0. Therefore,
0. Then, since cap T &#x3E; 0, there
exists some 6h E I such that cap
( 1 /4) cap T, hence a contradiction
with the definition of I. Now let 6h t 00, 6h E I. Then, the sets
form a decreasing sequence of subsets of T, such that
This
implies that
(1 /4) cap T. If 80 - MI, then S- (00) =

6h t

~x

E

E

r : M

o

0}

~~,...,~(~) 2013

=

T up to

a

set of

capacity

zero, therefore

and

(5.10) has been proved. Now let 00 Mi . By
the definition of 00, for every E &#x3E; 0, 00 -f- E
+ E)
Mi , we have cap
thus
( 1 /4) cap T. As sh ( 0,
( 1 /4) cap T. If
also
U S_ (eo) - we would
(1 /4) cap T, then - since T
have cap T
( 1 /2) cap T, hence a contradiction
because cap T &#x3E; 0. Therefore, we have
(1 /4) cap T, thus (5.10)
has been proved also in the present case. Therefore, we have shown that
there exists a finite constant 0, such that all inequalities in (5.10), (5.11) hold
simultaneously, hence also, since cap T &#x3E; ko, the following inequalities hold

(1/4) cap T,

=

where

This implies that the functions (~ o ~~...,~ 2013 0)+, (~ o ~-~...,~ 2013 0)_, as
well as the functions (u o 1/Ijl ,... ,jn
0)-, all vanish on
0)+, (u o
subsets whose capacity is greater or equal to 71, where 17 is the constant (5.15).
Since it o 1/1;1,... ,;m
u o
~-a.e. and u o 1/1;1,... ,;m E D[E], then also
it o ~i 1, ... , im E D[E], and we may identify these two functions. Similarly,
it o *jl,...,j,, - u o 1~l’~ 1, ... , ~n E D[E]. We apply Lemma 5.1 to get
-

-

-
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where

as

we

well

have taken into account the

Markovianity

of the form. Therefore,

as

with the same constant 0, and C a constant
scale down inequality (5.16) to Ki ¡ ,... ,im and
relying on (4.20). We find by (4.13)

depending only on k. We now
inequality (5.17) to Kj¡,... ,jn by

therefore, by (4.6)

Similarly,

with the

same

constant 0.

Now let
’

~

~

and i

it (dy). Then,

Therefore, (5.8) follows from (5.18) and (5.19) and the proof is concluded.

"
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The

following lemma, that permits to extend Poincare inequality accross
contiguous sets that overlap on a set of positive measure, is standard. For
sake of brevity we omit the proof.
LEMMA 5.4. Let Q 1, Q2, be two subsets of K, such that
n Q2) &#x3E; 0.

two

Then,

By iterating

Lemma 5.4,

LEMMA 5.5. Let Q

0 for every

s

=

1,

...

,

1,

...

m -

From Lemma 5.5

we

LEMMA 5.6. Let

,

we

get

Qm be m &#x3E; 2 subsets of K, such that
U Qm. Then,
Q Q1 U

1. Let

=

os+1)

&#x3E;

...

get easily:
1,... , M, M &#x3E; 3, be given ns-complexes,
and, for each s =

=

Then

PROOF. For every s = 1, ... , M - 1 we have

M -

Therefore, we can apply Lemma 5.5
1, and we obtain (5.22).
DEFINITION 5.2.

We say that

a

finite sequence

m &#x3E; 2 of ns -complexes., ns &#x3E; 1,
with I
1, ... , m,
m. WIt
n s -- I
1 is
k
a k-capacitory chain, where 0
,

...

’1
to

,

to the sets

E

(i 1+1, ... , ns+l

=

{ 1, ... ,N } for

1, ... ,m,

every s

=

s =- 1, ... ,,m -- 1,
for
lor every s
is
, IS
if
each
constant,
pair
given
s = 1, ... , m - l, is connected in the capacity sense, according
...

,

Definition 5.1, with constant k.

,...

,

a

,...,

704

LEMMA 5.7. Let

s - l, ... ,M, M &#x3E; 3, ns &#x3E; I,
Kzos1 Zos,
i IS,
ns
insns E
119 ...9 NJ for every s = 1,...M, (if,...
I
,9 iss) =A (is+l
I
9...,ins ns+l
+ 11), for every
...

n

M - 1, be a k-capacitory chain, 0
1,
k
1, according to Definition 5.2.
Then, there exists a constant c = c(cp, k), such that, if Q = UM
S=
for
ns
I
every U E D[E] we have
S

=

... ,

PROOF.

By

U

K .tlS+

1

ns

the
1

preceding lemma,
for every

s

=

the

1,

...

inequality (5.22) holds, with Qs =
M -1. Moreover, by Lemma 5 . 3,
,

for each

s =

with

c(cp, k). By taking this inequality into account,

c

=

1, ... , M - 1,

and this proves the lemma.

we

’

have

we

get from (5.22)

705
We now have all the tools we need to prove our scaled Poincare inequalities.
In addition to assumptions (5.1), (5.2), we now suppose that the variational
fractal K m (K, E) is connected in the capacity sense, according to the following
definition:
DEFINITION 5.3. We say
(K, E) is connected (in the capacity
1, such that for every x E K and
sense) if there exists a constant 0 k
R
diame K the (finite) family G - Gx,R in Theorem 2.1, suitably
every 0
indexed, is a k-capacitory chain according to Definition 5.2.
We recall from Theorem 2.1 that the family Gx,R has at most M elements
and M is independent of x and R. The cardinality of Gx, R will be denoted
hence M’ M.
below by M’ =

variational fractal, according to
THEOREM 5.1. Let K n
Definition 4.1, which satisfies (5.1), (5.2) and is connected in the capacity sense,
according to Definition 5.3, for some constant 0 k 1. Then, there exist two
constants C &#x3E; 0 and q &#x3E; 1, such that the following inequalities hold:

for
C-1

every

U

E

D[E] and every 0

)M,

= -

~

r

where M is the

=

of Theorem 2.1, C - 2

=

constant

PROOF. By the regularity of the
by assuming u E D[E] fl C(K). Let
we

diam K. Moreover, C
~

Cl C2, where
c(cp, k), and

form E, it suffices to prove the inequality
x E K, 0
r diam K. By Theorem 2.1,

have

M elements. By the connectedness
where the family G m Gx, R has M’
condition it is not restrictive to assume, up to renumbering, that the sets
I mm
in G form a k-capacitory chain, that is, each pair of two successive
,

I

s

=

1,

...

,

M’ - 1 is connected in the

;.. ,

to Definition 5.1.

of M’. Let

Moreover,

to

simplify notation,

we

capacity

according
M in place

sense,

write below
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If M &#x3E; 3,

If M

=

Lemma 5.7

we

have

2, by Lemma 5.3

we

have

by

On the other hand, if M

Therefore, in all

where

c

=

cases

c(cp, k). We

=

1

we

M &#x3E; 1,

now

have

we

by

Lemma 5.2

have

recall that for every s

=

1,..., M

we

have
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for every s = 1,..., M.

Therefore,
JL

"

It follows

We have

for every s

=

1,..., M. Therefore,

Moreover,

Furthermore,

with

c

=

c(cp, k) and this concludes the proof of the theorem.

for every
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6. -

Imbeddings

As mentioned in the Introduction, the Poincare inequalities of Theorem 5.1
allow us to apply the imbedding theory developed in [6], [7]. We summarize below some of the main inequalities obtained. As in Theorem 5.1, K = (K, it, E)
is a variational fractal satisfying (5.1), (5.2) and connected in the capacity sense
for some constant 0 k 1. In particular, K with the intrinsic metric of E is
a space of homogeneous type of dimension v.
From the family of scaled Poincare inequalities of Theorem 5.1 and from
the results in [6],[7], we obtain several important inequalities on the intrinsic
balls of K. For general variational fractals, these inequalities were first stated
in [23]. Below by c we denote a constant that depends only on the constants
M, N, a, v and on the constants cp and k.
6.1. - Nash

inequalities

THEOREM 6.1. Let v &#x3E; 0 be the intrinsic dimension
c &#x3E; 0, such that for every x E K and every R &#x3E; 0,

of K.

There exists

a

constant

From Nash inequality, following [9], we can derive an estimate of the
behaviour of the semigroup associated with the form E. In fact, if we assume
that the semigroup associated with E, with domain the closure of Co (K - r)
in D[E], is a Feller semigroup - by Theorem 6.3 below, this is always the
case if v
2 - and we denote by pt (x, y) its transition function, then we can
deduce from (6.1 ) - as in [9] - the on-diagonal estimate
for

every t

E

(0, +oo).

6.2. - Sobolev

inequalities

THEOREM 6.2. Let v &#x3E; 2. Then, there exists
every x E K and every R &#x3E; 0, we have

wit

a

constant c

&#x3E;

0, such that for
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6.3. - Morrey

inequalities

THEOREM 6.3. Let

for all y, z

E

2. Then, for every x

v

E

K and every R

&#x3E;

0,

B(x, R).

consequence of the intrinsic Morrey’s imbedding D[E] c C~, ~8 =
where now
1
v/2, we obtain the Euclidean imbedding D[E] C
with
Holder
is the space of Holder continuous functions
exponent fJe 6fl in
this
We
on
the Euclidean metric of K.
shall come back
point in Section 7.1
below.
2 leads to John-Nirenberg inequalities and
We notice also that the case v
related exponential integrability properties, see [5], [6].
As

a

-

=

=

7. -

Examples

examples of variational fractals to which our
theory applies, by pointing out that they include both fractal and Euclidean
classic examples.
We conclude with

a

few

1. K a general nested fractal in
D &#x3E; 2, and E the "standard" form
constructed - as a diffusion - by Lindstrom, [21], and - as a Dirichlet form - by
Kusuoka, [ 19], and Fukushima, [ 11 ] . Now ai a Vi = 1,..., N, df loga N,
3
pi = p &#x3E; 1, 8i
(1 /2) log,,,, (pN), v 2 log N/ log(pN) 2. In this class
we find the Sierpinski gasket, [14], [18], [3], [16], [13], where N = D + 1,
=

=

a

=

2,

p

=

=

=

=

=

log2 N, 8

=

=

well as other well known "finitely ramified" fractals like the curve of von
Koch, the snowflake, etc. For the two-dimensional gasket (D
2), we have,
for example, df = log 3 / log 2, p = 5/3, 8 = log5/log4, v = log 9/ log 5,
fl
log (5 /3 ) / log 4. In particular, as a consequence
of Morrey’s estimate (6.3), we find the Euclidean estimate
first obtained by direct calculations by Kozlov,
[17]. Notice also that the homogeneous dimension v equals the so called spectral dimension ds that governs the Weyl’s asymptotic of the eigenvalues, as first
as

=

=

=
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of the physics literature see e.g. [8]). Thereremarkable
conclusion.
Both spectral asymptotics and Morreyfore,
Sobolev imbeddings are governed by the same parameter: the homogeneous
dimension v of K, which expresses the polynomial growth of the volume of the
balls B(x, R) of the intrinsic metric d. The metric d has a remarkable "focussing
effect" also on the standard diffusion in K - the "Brownian motion" - associated
with the form E. In fact, if expressed in the metric d, this fractal Brownian
motion acquires the "correct" space-time scaling as the Euclidean Brownian
= t.
This has to be compared
motion in all dimensions, namely
with the anomalous subdiffusive Euclidean scaling
xl2 = t2ldw, where
&#x3E;
2
is
so-called
the
dw = ln(pN)/ ln a
path dimension of the
log 5/ log 2
metric
The
variational
on
the
gasket, [1], [3].
Sierpinski gasket was previously
introduced in [6], [26].

computed by [1), [27] (for a review
we

reach

a

=

2. K the

Sierpinski carpet

in

]R2,

E the "standard" form constructed

Barlow-Bass, [2] and Kusuoka-Zhou [20]. Now N - 32 - 1

=

by

8, a = 3,

and 1
pi = p. This is not a nested fractal - it is not "finitely
2 as any
ramified" - however, since p &#x3E; 1, it has intrinsic dimension v
nested fractal.

df = log38

of R D, D &#x3E; 1,
3. K is the D-dimensional coordinate cube K = [0,
and E is the usual Dirichlet integral in K, with domain the Sobolev space
o

in which the energy scaling (4.2) is satisfied
if
1. In fact,
as well as with p &#x3E; 1, if D
2,
1,
D ~
K = [0,
is easily seen to be a selfsimilar fractal of dimension df = D
with respect to any set of N = a D coordinate similitudes with a any given
integer a &#x3E; 2. The Dirichlet integral satisfies (4.2) with p = a2-D . Note that in
this example the three basic scaling factors N, a, p are related by the identity
pN = a2, hence 6=1 and v = d f = D.

This is

with

a

a

simple example

constant p

=
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