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On Nonstationary Stokes Problem in Exterior Domains

P. MAREMONTI - V. A. SOLONNIKOV

To Professor 0. A. Ladyzhenskaya on her 75 h birthday

Abstract: The paper is concerned with L p -estimates for solutions of n -dimensional exterior
Stokes problem. The main result of the paper are new L p - Lq estimates

for the solution of a homogeneous Stokes problem with the initial condition v(x, 0) = vo(x);
I - lp is the LP -norm in an exterior domain 0 c- We prove that estimate (1) holds with

p - q for arbitrary p, q satisfying the conditions 1  p  q  00, p + q &#x3E; 2 for2 p q 

n &#x3E; 2, 1  p  q  oo for n = 2. Estimate (2) holds with it’ = 1 + it and n &#x3E; 3. Finally,
inequality (3) holds with A = 1 + tt for q E [p, n] and /1 = 2 for q E (n, oo). The constants Ci2 2p
are independent of t &#x3E; 0. We show also that in formulas (1) and (3) it, /1 are exact, in particular,
that (L  2 + it for q &#x3E; n &#x3E; 2. The method of the proof of (1)-(3) is quite elementary and relies
on energy estimates, imbedding theorems, LP - Lq estimates for the Cauchy problem and duality
arguments.
In addition, we give a new proof of Wnr ( QT ) - estimates of derivatives of the solution of the
Stokes problem (here QT = S2 x (0, T), p, r &#x3E; 1), obtained by Y. Giga and H. Sohr [13], [14].
Inequality (1) allows us to show that the constant in this estimate can be taken independent of T,
if n &#x3E; 2, p  ~, and we prove that the condition p  2 can not be relaxed.

1. - Introduction

Throughout this paper the symbol S2 means an unbounded domain in R~,
n &#x3E; 2, exterior to a finite number of compact regions. Its boundary 8Q is
assumed to belong to the class Cm where m is an even positive number such

Pervenuto alla Redazione il 12 aprile 1996.
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that 2m &#x3E; n. By we denote the set of all soleinoidal vector fields E

is the closure of Co(Q) in The norm in is de-
noted by 1.lp. It is well known (cf. [17,9] and Remark 3.2 in Section 3 also) that

where E E 

If (f (x ) , E x where p’ - p , then (f, °

V1fr(x)dx = 0. By the symbol p. we denote the projector from into

Jp(Q). By we mean the Sobolev space of functions (or vector fields)

with the norm where is the vector consist-

ing of all derivatives of u(x) of the order j. is the closure of Co(Q) in

Wp (Q). We consider also spaces of functions u(x, t) defined in QT = Q x (0, T)
(x E Q, t E (0, T)) and possessing different regularity properties with respect to
x and t. The symbol Lp,r (QT) denotes the space with the

norm we mean the space

with the norm in other words,

In the case of r = p we

The space of traces of functions from
on the cross-section of QT by the plane t = const. coincides with the Besov

2
space (Q). The norm for arbitrary t &#x3E; 0 may be defined by theP,r
formula (see [2]) 

’

Here t is a maximal integer which is less than l, Ak(Z)U(X) is a finite dif-
ference of u(x) of the order k &#x3E; .e -.e (so it is possible to take k = 1
in the case of non-integral £ and k = 2 when i is integral), O1 (,z)u(x) -

finally, we introduce the norm

where 0’ is a bounded subdomain of S2 such that dist(2 - S2’, &#x3E; 0, and
w (x ) is a smooth function equal to 1 for x E Q - Q’ and to zero near and
in R’ - Q.

We consider exterior initial-boundary value problem

and prove the following theorems:
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THEOREM 1.1. Assume that

p &#x3E; 1, and that the following compatibility conditions hold:

Then problem ( 1.1 )
has a unique solution vi
satisfies the inequalities

, and this solution

The constant Cl is independent of T. The constant C2(T) is independent of T, if

We consider further the solution of problem ( 1.1 ) with f(x, t) = 0 and
establish the following estimates

THEOREM 1.2. Let v(x, t) be a solution ofproblem (1.1) with f(x, t) = 0. Then
there exist such constants C1, C2 that

and
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where 3 &#x3E; 0 can be chosen arbitrarily small. Moreover, estimate (1.5) for q 2:: p,
q &#x3E; n, p &#x3E; 2, n &#x3E; 3, is sharp, in the sense that it is not possible to replace
the exponent ~ic with ft + e for any e &#x3E; 0. In particular it is not possible to have
A = 1 -f- it. As a consequence, also estimates ( 1.4) for q &#x3E; p &#x3E; 2 are sharp.

Finally, there exists a constant C3 such that

with q &#x3E; 1, and

where 8 &#x3E; 0 can be chosen arbitrarily small.

COROLLARY 1. 1. Let v(x, t) be a solution of problem (1. 1) with f(x, t) = 0.
Then

where A, A, i,c’ are defined in (1.5)-(1.6).

THEOREM 1. 3 . Let vex, t) be a solution of problem ( 1.1 ) with vo (x ) = 0,
f(x, t) E Lr ((0, T) ; L P (0)) and with the following restrictions:
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Then there exists a constant C such that

The constant C is independent of T,

otherwise i

is independent of T.
In addition,

where, I and r &#x3E; 1 is arbitrary.
The constant C (R) is independent of T. 

’

Finally, as a consequence of Theorem 1.1 and Theorem 1.3, we give Lp,r
estimates for the solutions of problem ( 1.1 ) (and prove their optimality)

2
THEOREM 1.4. Assume thatf(x, t) E Lp, r (Q T) Vo (X) E and

that the following compatibility conditions are satisfied:

Then problem ( 1.1 ) has a unique solution v(x, t)
and

,

otherwise N2 = 0. Moreover, there holds the

inequality

1 

bwith C2 independent of T in the case p E ( 1, 2 ), n &#x3E; 3 ; otherwise C’ = 1 
b = 1 + 17 - 2 p , V 17 &#x3E; 0, C is independent of T.2p

For p &#x3E; 2 and V r E ( 1, 00) C2 can not be constant with respect to T.
Finally, for arbitrary r, p E ( 1, oo), n &#x3E; 3,

with C3 independent of T.
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The solvability of problem ( 1.1 ), both in a generalized and in a classical
sense, was established by O.A. Ladyzhenskaya (see her book [17]). The es-
timate (1.2) in bounded and exterior domains, and also 
for bounded domains, were obtained in the papers [26]-[27], moreover, as a

consequence of these estimates, L p - Lq estimates of the type (1.4)-(1.5) were
proved in a bounded time interval, and the analyticity of a semigroup generated
by the Stokes operator was established. However, all these estimates were not
uniform with respect to T. At the elimination of this defect and at the further

analysis of the exterior problem for the Stokes and Navier-Stokes equation the
papers [4]-[7], [12]-[15] were aimed. Estimate (1.10) with arbitrary p, r &#x3E; 1

was proved by V. I. Yudovich [31] (for bounded domains) and by Y. Giga
and H. Sohr [13] for bounded and exterior domains. The latter authors have
shown also that the constant in this estimate may be taken independent of T,
if n &#x3E; 2, 1  p  ~l and established the inequality (1.12).

Our proof of the estimates ( 1.11 )-( 1.12) seems to be more elementary. Mak-
ing use of the idea of V.I. Yudovich we obtain estimate ( 1.11 ) as a consequence
of inequality (1.3), and we show with the help of (6.1 ) that the constant C can
be taken independent of T, if n &#x3E; 2, p  ~, and that the latter restriction can
not be relaxed (we prove that otherwise the estimate

for the solution of the exterior Stokes problem would be true for p &#x3E; 2 which
is not the case for arbitrary f(x) E Jp (Q), see [21]). We can give an estimate of
the constant C (T ) in (1.11): = &#x3E; 0. Estimate ( 1.12)
easily follows from (1.11) by arguments of duality.

As far as the inequality (1.2) is concerned, we obtain it, as in [27], by
Schauder’s method, moreover, we show that the arguments of the paper [27]
carried out in the three-dimensional case, apply practically without any changes
to the case of arbitrary n &#x3E; 2. This refers also to some auxiliary propositions
such as the Helmholtz-Weyl decomposition of f(x) E 

In the paper [22] we obtain (1.11) by a somewhat different procedure con-
nected with the estimates of heat potentials in these spaces with the subsequent
application of Schauder’s method.

Estimates of the type (1.4)-(1.5) were obtained in [4]-[6], [12], [15], [16],
[20] (for analogous question related to Navier-Stokes system see also [10], [19]-
[20], [24]). More precisely, in the paper [15], it has been proved for n &#x3E; 3
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In Theorem 1.2 we extend estimate (1.113) 1 to the cases of q = oo and p = 1;
moreover, estimates ( 1.13)2 to any r &#x3E; p. We give also estimate of time deriva-
tive of the solution. Finally, we extend inequality ( 1.13) to the two dimensional
case. We prove that the estimate (1.5) is sharp, in particular that (1.5) does not
hold with For bounded time interval, we deduce (1.4)-
(1.5), as in [27], from estimate (1.2) (for the case of finite p, q &#x3E; 1). Subsequent
arguments are based on the estimate for the solution of the Cauchy problem for
the heat equation, on some auxiliary energy estimates and on duality arguments.
These arguments are classical in uniqueness theorems, it is enough to mention
the famous Holmgren theorem for the systems of the Cauchy-Kowalewsky type.
In the paper of Foias [8] they were used (together with some estimates (5.2) 1 )
in the proof of the uniqueness of the solution to the Cauchy problem for the
Navier-Stokes equations. We observe finally that inequalities (1.4)-(1.5) have
important applications to the Navier-Stokes equations (see [19], [20]).

Acknowledgment.
The research of P. Maremonti is performed under the auspices of Italian

CNR. Both the authors are grateful to University of Basilicata (Potenza) for a
financial support under the MURST Contracts 40%-60%.

2. - Auxiliary propositions

We begin this section with the consideration of some half-space problems,
namely

If the data decay at infinity sufficiently rapidly, then the solutions of these

problems can be written explicitly in terms of fundamental solutions and of
the Green matrices of corresponding boundary value problems. These explicit
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formulas have a form

(we omit formulas for q (x) and s (x, t)). Here f -~ (x , t ) is an odd (with respect
to xn) extension of the function f(x, t), x E 1~+, into the domain Rl(xn  0),
r (x, t) is a fundamental solution of the heat equation:

where

y* = (yi, ..., y,,-I, -yn), and fez) is a fundamental solution of the Laplace
equation: 1

( P is the projection of g(x, t ) onto y, t ) is the matrix with
the elements
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From the estimates of the heat potentials obtained in [18], [28] and from the
Calderon-Zygmund theorem there follow the inequalities

moreover, if r (x ) = V . R(x), = 0, then

The constant C1 - CS are independent of T. By Ip [uo] we mean the integral

where u(O) (x) = u(x) for xn &#x3E; 0, u(O) (x) = 0 for xn  0. As shown in [27],
Ip[uo] can be omitted, if p 2 , since in this case it can be evaluated by

ill 

2 
"

- .1&#x26;., - .11.....

We observe that formula (2.6) for the solution of problem (2.3) was found in [27]
(see also [29]) for the most important three-dimensional case, but exactly the
same formula holds for arbitrary n and the proof of (2.6) presented in [27]
applies without any changes. We verify below in the Appendix that (2.6) is
indeed a solution of problem (2.3). The second derivatives of L i (x , y) contain
the term which is not of Calderon-Zygmund type, but this0

term can be evaluated by elx - y*l-n and the corresponding integral operators
are bounded in Lp(Rn).

In fact, for the proof of estimate (2.8) we need to consider a slightly more
general half-space problem than (2.3), namely,

We assume that

The following proposition was actually used in [27] in the proof of esti-
mate (2.8).
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LEMMA 2.1. Under the hypothesis (2.10), (w(x, t), s (x, t)) satisfies the in-
equality

with the constant C independent of T.

PROOF. It is easy to verify that w (x , t ) = t ) + t ) + w3 (x , t ) ,
= s 2 (x , t ) -I- s 3 (x , t ) where = u (x , t ) is a solution of ( 2.1 )

with f = g, (w2 (x , t ) , s 2 (x , t ) ) is a solution of (2.2) with = p (x , t ) - ~ .
t), and (w3 (x, t), s3 (x, t)) is a solution of (2.3) with g(x, ~)= 2013~w~(jc, t).

Hence, estimate (2.11 ) follows from (2.7)-(2.9).
Analogous proposition holds for the Cauchy problem

LEMMA 2.2. If p(x, t) = V . R(x, t), then the solution of problem (2.12)
satisfies the inequality

Consider the Neumann problem and the Stokes problem in an exterior
domain S2:
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LEMMA 2.3. Let E C2 and

then the solution of (2.14) satisfies the inequality

where À is an arbitrary positive number beloging to (0, 1 ) and S2’ C S2 is an arbitrary
bounded domain such that dist(Q - Q’, a Q) &#x3E; 0. Moreover,

This proposition is an analogue of Lemma 2.1 in [27] and it is proved
in the same way. Another, more direct proof of (2.17)-(2.18) are given in
the Appendix. Condition (2.16) in the three-dimensional case is equivalent to

As pointed out in [27], the following proposition is a consequence of
Lemma 2.3

LEMMA 2.4. Arbitrary f(x) E Lq (Q), q &#x3E; 1, can be represented in a unique
way in the form

where f1(x) satisfies the relation (fl, V 17) = 0 for arbitrary smooth 17 (x) with a
compact support, and 

-

Formula (2.19) is often refered to as the Helmhotz-Weyl decomposition
(cf. also [9] the references there), and the subspaces of functions f(x) and
Vcp(x) are denoted by Jq(Q) and The set Co(Q) of all divergence free
vector fields from Co (Q) is dense in Jq (Q), therefore for arbitrary v(x) E Jq (Q)
I v I q = sup I (v, I where supremum is taken over all vector fields E Co(Q)
with Icplq’ = 1, in other words, VV(X) E implies

M.

LEMMA 2.5. E C2, f(x) E E L q, loc (Q) be a solution
of (2.15) with D2v(x) E Then
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where Q’ c S2 is a bounded domain such that dist(Q - Q’, aS2) &#x3E;. The norm of
v(x) in the right hand side may be omitted, if q  2. In addition,

Let 8S2 E Cm and let v(x) be a solution of (2.15) with

PROOF. See [21]

for some I and

in a weak sense and q ~ I

PROOF. Assume first that ~ (x) E and consider the family of domains
{x ~ ~ : Ixl [  R }, and the =

where PR is the projector onto We extend these functions by
zero into R" - QR. E Jp(Q) n and the nonns [4b k [p and

are uniformly bounded. Hence, there exists a subsequence  converging
weakly e Jp(Q) n for which the inequality lllq ::s M holds.
From the equation

we conclude that (~ - ~ 1, Sp) = 0, which shows = 4b(x) [25].
E M.

Now assume that V - 4~(x) = 0, i.e. ( ~ , Vi7) = 0 for arbitrary r¡(x) E
Co (Q). This means that oII (x) _ (1- P)~(x) satisfies the relation (oII, 
= 0, i.e. the function n(x) is harmonic. Since E Lp(Q), 

for large x, and Vn(x) E Lq(Q). The vector field ~’ (x ) =
E Jp(Q) satisfies the inequality (2.22), so 1.p’lq ~ M. The lemma

is proved.
LEMMA 2.7. Let S2 be a bounded domain, whose boundary a S2 Assume

v (x ) E and = 0, meas(£) &#x3E; 0 and n is not
constant on E. Then, there exists a constant C such that
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PROOF. If with C independent of v (x ) , then from the well
known inequality 

-

it is very simple to obtain the desidered estimate. To prove that e,D2vlp
we argue ab absurdo. We assume that for any m E N there exists um (x) such
that IUmlp &#x3E; mlD2umlp. Then there holds 1 and  ~ for
vm = U, m (XI). Therefore there exists a subsequence which convergingUrn p

weakly in and strongly in to a function vex) such that = 1

and ID2vlp = 0. This last property implies t;(.r) === a + b . x, d x E ~2, with

a, b = (b 1, ... , bn) constants. = 0, we conclude

that br - (¿~=1 bknk(x»n¡(x)l1: = 0, which yields Ibl2 = lb. ~12, V x e L. On
the other hand # is not a constant, so the above relation is possible only for
b = 0. Therefore const = 0 (since = 0) which contradicts to

= 1. The lemma is proved.
We shall often make use of Green’s identity. Let be a

solution of problem (1.1) and let be a solution of the same

problem with f(x, t ) = 0 and CPo (x) = 0. Multiplying the equation t ) -
= - f (x , t ) by - r) and integrating with respect to

(x, r) E S2 x (0, t ) , we obtain

If v(x, t) satisfies non-homogeneous boundary condition = a(x, t),
there appear surface integrals in the right hand side:

3. - The proof of Theorem 1.1

We prove at first a-priori estimate (1.2) assuming that f(x, t) belongs to the
space Jp(Q) for all t E (0, T). This does not restrict the generality because the
projector onto Jp(Q) is bounded in Lp(Q) and the gradient part of f(x, t) can
be incorporated into t). As in [27], we use Schauder’s method.
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Let ~ be an arbitrary point of Without restriction of generality we may
assume that ~ coincides with the origin and that the xn-axis is directed along
the interior normal n (~ ) . In the ball K’ = {x’ - (x 1, ~ ~ ~ , I x’ I  d)
the boundary is given by the equation F (x’) where F (x’) E 
F(0) = 0, VF(0) = 0. Let us introduce new coordinates

and functions V(z, t) = v(x (z), t)~(z), P(z, t) = p(x(z), t)~(z) where ~ (z) is a
smooth function equal 1 for Izl ::s d/2 and to 0 for 3d/4, and satisfying
the inequality 0  ~ (.z)  1. If we extend V(z, t), P (.z, t) by zero into domain

3d/4, zn &#x3E; 0, then these functions can be regarded as a solution of the
half space problem

where

We are in a position to apply Theorem 1.3. The function p (z, t) can be

represented in the form p(z, t) = V . R(z, t) where

Clearly, 0, moreover, since

= 0, we can write Ri (z, t ) in the form
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Taking into account that f(x, t) E for almost all t, we obtain

After integration by parts we can write the integral as the sum

Applying the theorem of Calderon-Zigmund and taking into account that

for large I z 1, we easily obtain
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where K = {x E S2 : ~ Ix - yl  d {, K’=KnaO. Hence, in virtue of (2.11),
for small d

This inequality holds for arbitrary ~ E Similar estimates (without integrals
over K’) hold for ~ E SZ, dist(~, &#x3E; dl /2. Taking an appropriate finite set
of the points and summing up the corresponding estimates, we arrive at
the inequality

where Q" c Q’ C Q, dist(aS2, Q’ - Q") &#x3E; 0. It remains to evaluate the
solution in an infinite domain Q - Q". Let w(x) be a smooth function equal
to 1 in Q - Q", to zero in the neighbourhood of 8Q and in R’ - Q. Clearly,
u(x, t) = v(x, t) w (x) and s (x, t) t) w (x) can be considered as solutions
of the Cauchy problem

we can apply Lemma 2.2, which gives
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When we add this inequality and (3.1 ), we obtain

where N(T ) is the sum of the norms of the data in (1.2).
Let us evaluate the norms of p(x, t) which is a solution of the Neumann

problem

In virtue of Lemma 2.3

Now, making use of interpolation inequalities

and taking 8 small enough, we deduce (1.2) from (3.2), (3.3). Applying Gron-
wall’s lemma we easily deduce (1.3) with C2(T) = C’e C" Tfrom (1.2).

To prove (1.3), we should estimate the norm Clearly,
v (x , t ) = v 1 (x , t) + V2 (X, t ) where v 1 (x , t ) is the solution of ( 1.1 ) with vo (x ) = 0
and is the solution of ( 1.1 ) with f(x, t) = 0. is evaluated in
Section 6 (see Lemma 6.1 and Remark 6.1 )~ 1 ~ . Further, in virtue of (1.4),

course, the results of Section 6 are independent of estimate (1.3).
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for a sufficiently small. Combining this estimate with (6.1 ) we obtain

with the constant C independent of T in the case p  2 and with C =
(Vs &#x3E; 0) in the case p 2: ~. Estimate (1.3) is proved.

Let us turn to the proof of the solvability of problem (1.1). We consider
at first the case vo(x) = 0, and we assume that f(x, t) is a smooth vector field
with a compact support, so t) E L p ( Q T ) with arbitrary p &#x3E; 1.

It is well known (see [17]) that problem (1.1) has a unique solution v(x, t) E
Wi,l(QT), Vp(x, t) E L2(QT). Let us show that vex, t) E Vp(x, t)
E for arbitrary fixed p &#x3E; 1. We set vex, t) = 0, p (x , t) = 0, f(x, t) = 0
for t  0 and introduce the mollified functions

where

It is easily seen that t), t ) ) is a solution to the problem

and that E Hence, in virtue of S.L. Sobolev

imbedding theorem, v£ (x , t ), E C((0, T) ; where p I satisfies

the inequality is an arbitrary number greater
than 1). We consider v£(x, t) as a solution of the exterior Stokes problem

and conclude from Lemma 2.5 that Wp (S2) . Now, inequality (1.2)
gives a uniform (with respect to s) estimate for t), so, taking the limit as
8 2013~ 0, we show that v (x , t ) e If p  2 - n , then we may repeat
the above argument and show that t ) e After

2 1 n

a finite number of steps we arrive at the conclusion that v(x, t) E ·

To prove that e with p  2, we evaluate it in an infinite
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domain S2 - S2’ introduced above. We consider the Cauchy problem (2.12) with
vo (x ) = 0, whose solution is given by the formula

where T(z, s) is the Oseen’s tensor with the elements

Since ow(x)dx = 0, it is easily seen that u(x, t) = 0 (Ix I-n)
for large IX I, so E Lp(QT) with arbitrary p &#x3E; 1. As it has been

already pointed out, this implies that v(x, t) E W;,l(QT). Let us consider now
problem (1.1) with f(x, t) = 0 and with vo (x ) E Co(Q). Its solution may be
found in the form vex, t) = vo(x) + z(x, t). where z(x, t ) is a solution to the

problem

As shown above, this problem is solvable, and z (x , t ) e Vp(x, t ) E
with arbitrary s &#x3E; 1, hence, e 

We have proved the solvability of problem ( 1.1 ) for smooth f (x , t ) and vo (x )
with a compact support, but this class is dence in Lp(QT) and in 
therefore the statement of Theorem 1.1 concerning the solvability of prob-
lem ( 1.1 ) holds in a general case.

The uniqueness of the solution follows from the solvability of the adjoint
problem, so Theorem 1.1 is finally established.

We observe that the above arguments prove the following proposition:

LEMMA 3.1. The solution of problem (1.1) with f(x, t) ~

C((0, T); and with vo(x) E Co(Q) is such that
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4. - Some consequences of Theorem 1.1

In this section we present some consequences of Theorem 1.1. Applying
estimate (1.2) to we arrive at the following elementary a
priori estimate

LEMMA 4.1. The solution of problem ( 1.1 ) satisfies the inequality

where a &#x3E; p 11, and C is independent of T.
COROLLARY 4.1. t) = 0 and

then

where a &#x3E; max and C is independent of T.

Next, we obtain inequalities (1.4)-(1.5) in a finite time interval.

THEOREM 4.1. Let v (x, t) be a solution of system ( 1.1 ) with vo (x ) E Co (0) and
F(x, t) = 0. Then for arbitrary t E (0, T), T  oo,

where C (T ) is a constant independent of the support of vo (x ).

t 
PROOF. The proof of (4.3)1 1 is reproduced from [27]. The functions u(x, t) =

fo v(x, i)di, q(x, t) = fo p(x, -r)d-r solve the problem
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so, by virtue of (1.3) (we recall that this inequality has been already proved
with C2(T) = we have

Multiplying (1.1) by the cut-off function i7(t) vanishing for t E [0, t/3), equal to
1 for i E [2t/3, t] and satisfying the inequalities 1, 
we see that (w(x, r) = r), p(x, i) = -r)) is a solution of the

problem

Hence, in virtue of (1.3) and (4.4)

Finally

and (4.3)1 is proved.
The estimate (4.3)3 will be deduced from the inequality

To prove it, we differentiate ( 1. I ) with respect to t, multiply by t - r),
a &#x3E; 0 and integrate over x (0, T). By we mean a solution of (1.1)
in the interval (0, t) with F(x, t) = 0 and with initial data w(x, 0) = CPo (x )
E After the integration by parts we arrive at

Making use of (4.3)1 i and of (4.2) (with y = 0) we obtain
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Since CPo(x) is an arbitrary divergence free vector field from this in-

equality implies (4.5). Now, in virtue of (2.20)

therefore from (4.3)1 and (4.5) we deduce (4.3)2. Estimate (4.3)2 is a conse-

quence of (4.3)1, (4.3)3 and of a well known inequality

The theorem is proved.
As shown in [27], another important consequence of Theorem 1.1 is the

estimate for the resolvent of the Stokes operator A = - P 0 .

THEOREM 4.2. There exist p &#x3E; 0, cp &#x3E; 0 depending on the constant C of inequal-
ity (1.2), such that the domain ~p,~ - (h : IX I &#x3E; p, cp  I arg (h) [  cp + Jr/2)
(cp  Jr /2) is contained in a resolving set of the operator A and V À E I:p,q;

with C in (4.7) independentofÀ E 

We complete this theorem with the following proposition
THEOREM 4.3. If (1.3) holds with C2 independent of T, then the statement of

Theorem 4.2 holds true for p = 0.

PROOF. We write the initial boundary value problem ( 1.1 ) as Cauchy problem
in Banach space:

Following the proof of Theorem 4.2 in [27], we observe that if v(x) E 
is the solution of equation

then u (x , t ) = E (h &#x3E; 0, ~ (s ) is a smooth monotone
function equal to 1 for s  4 and to zero for s &#x3E; 1 ) is a solution of the Cauchy
problem

i.e. of problem (4.8) with vo(x) = 0, f(x, t ) = g(x, t). The inequality (1.3) for
the solution of this problem implies
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with

We choose the parameters T and h &#x3E; 1 / T in such a way that

then (4.8)-(4.9) imply (4.7). In the case J~~, ~ 0 we set h = 191X I - Since

coefficient (4.9) on the left hand side of (4.8) can be made small by choosing a
large T (for 9lh &#x3E; 0) or small = tan 19’xl (for 91X  0). In the case m = 01 "I ’k I
we set h = IÀI n I and we observe that

So in this case coefficient (4.9) on the left-hand side of (4.8) also can be made
small by the choise of a large T. The theorem is proved.

Theorems 4.2 and 4.3 show that the Stokes operator generates an analytic
semigroup e-tA and

where .e = or t = a with arbitrary small E &#x3E; 0, if the hypothesis of
Theorem 4.3 holds.

As the third consequence of Theorem 1.1, we present Lp,r-estimates for
the problem ( 1.1 ), that is we prove the first part of Theorem 1.4. We restrict
ourselves here with the case of zero initial data.

LEMMA 4.2. For arbitrary f(x, t) E Lp, r (Q T) problem ( 1.1 ) with vo (x) = 0 has
a unique solution with v(x, t) E W2,1 (Q T) V7r (x, t) E Lp,r (Q T) and the following
estimate holds 

If n &#x3E; 2, p E ( 1, n/2), then there holds the inequality

with the constant C2 independent of T.
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PROOF. We follow here the arguments of V. I. Yudovich [31]. From the
formula

we obtain

Here K(s) is an operator valued kernel defined by K(s) = Ae-SA for s &#x3E; 0,
K (s) = 0 for s  0. With the aid of formula (4.10) for Ae-tA it can be easily
verified that the kernel K (s ) satisfies the inequality

where r " = max(r, t’) + t - r’ [  T and 11.11 I is the operator norm in Lp(Q).
Indeed, assuming that r  r’ and making use of (4.10), (4.7) we easily obtain

Moreover, in the case n &#x3E; 2, p  n /2 we can make use of (1.3) and of
Theorem 4.3 and take t = a E,,,, with arbitrary small 8 &#x3E; 0. After the passage
to the limit as E - 0 we obtain in this case the same estimate (4.15) with
the constant independent of T. We have seen that (4.13) defines a continuous
operator from T) ; Lp(Q)) into Lp ((0, T) ; Lp(Q)).

Now, from the "extrapolation theorem" (see [ 1 ], and [31] Theorem 1.5 and
Corollary 1) we conclude that this operator is continuous from Lr((O, T); Lp (Q))
to Lr ((0, T); L p (S2)) for arbitrary r &#x3E; 1. This leads immediately to the estimate

with the constant C indipendent of T in the case n &#x3E; 2, p  2. Making use
of inequality (2.20) we obtain (4.12) from (4.16).

Again applying (2.20) and evaluating jj by the Gronwall lemma
we easily arrive at (4.11). The lemma is proved.

Now we prove (1.12) with zero initial data:
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LEMMA 4.3. (n 2:: 3). For arbitrary f(x, t) E 
lem(I.I)withvo(x) = t) E t) E

Lp,r(QT) and 
’

for any r, p E ( 1, oo), and C is independent of T.
Moreover, for p &#x3E; ~

PROOF. The existence of the solution was proved in Lemma 4.2. To prove in-
equality (4.17) we can restrict our considerations to the data f(x, t) E T);

In what follows exponents p, p’ and r, r’ are complementary. Let

g(x, s) E with g(x, 0) = 0, p’ E (1,~) and r’ E (1, oo), and let
be the corresponding solution of system (4.8) with ~(Jr,0) = 0. We

differentiate (4.8) with respect to t :

Multiplying (4.19) by r), t E (0, T), and integrating by parts over
Q x (0, T) we get

Applying the Holder inequality to the right hand side of (4.20) and taking into
account that under our hypotheses on (p’, r’) inequality (4.12) holds with a
constant C independent of T, we obtain
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Since g(x, s) in (4.21) is arbitrary, we deduce

Subsequently from (4.8) we obtain

If n &#x3E; 4, then inequalities (4.22)-(4.23) imply (4.16) for any p, r E ( 1, oo) .
In the cases n = 3, 4, inequalities (4.22)-(4.23) yield (4.16) for p E (1, 2) U
(nn2, oo) and V r E (1, oo). In this case, to complete the proof it is sufficient
to apply the Riesz-Thorin theorem [23]. Now we prove (4.18). From (2.20)
and (4.17) it follows

where C is independent of T and 0’ c Q is bounded. From the result of
Remark 6.1, (4.18) follows.

To establish ( 1.10)-( 1.11 )-( 1.12) with initial data 0 it is sufficient
to repeat the same arguments which were already employed in Section 3 in
the proof of estimate (1.3). Indeed, the solution v(x , t ) = + V2 (X, t),
where v 1 (x , t ) is a solution of (4.8) corresponding to f(x, t ) and v 1 (x , 0) = 0,
and v2 (x , t ) is a solution of ( 1.1 ) with v2 (x , 0) - f(x, t) = 0. Now
the desidered result is a consequence of the above estimate for v, (x, t) and of
the estimate given in Theorem 1.2 for Of course this last estimate is

employed for t &#x3E; 1, while for t E (o, 1 ) we take into account the local estimate
obtained in Theorem 2.1 of the paper [22].

REMARK 4.1. A direct proof of inequalities (4.12), (4.17) based on estimates
of imaginary powers of the Stokes operator is given by Y. Giga and H. Sohr [13].

REMARK 4.2. We want to stress that in the further hypothesis f(x, t) =
t), then (4.12) can be extended to p E (1, n ) (to this end see Remark 6.2)

as it follows

This result is in accord with ones obtained in [14] where also the case of (4.12)
with fractionar power of the operators are considered.

Now we complete the proof of Theorem 1.4 relative to inequality (4.12).
We give a proof ab absurdo. We assume that (4.12) holds for some p &#x3E; 2 and
r E (1, oo) and we consider the solution (v(x, t), t ) ) to nonstationary Stokes
system corresponding to F(x) E Lr((O, T); Co(Q», V T &#x3E; 0, and vo (x) = 0.
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Since F(x) E we have vex, t) E W2(S2), vt (x, t) E Jp (Q), V p &#x3E; 1.

Moreover, as F(x) is independent of t, is a solution to the system

Regarding (4.24) as an initial boundary value problem, we have in particular
from Theorem 1.2 and Corollary 1.1

and

For any sequence such that tn ~ oo, {v(x, is a Cauchy sequence
in JS1 (Q) for any sl I &#x3E; nn 2 . Indeed, from (4.25) there follows the estimate

with 8 &#x3E; 0 and s, &#x3E; nn-2. Therefore {v(x, tn)}nEN is a Cauchy sequence in
I+E 

"

JS1 (Q). Now, also tn), V1f(x, tn)}nEN are Cauchy sequences in Lp(Q),
because in virtue of inequality (2.20) we have

The property (4.26) and the strong convergence of {v(x, ensure via (4.27)
that tn), tn)}nEN admit limit (D2v(x), V,7r (x)) in Lp (0). It is not
difficult to verify that (v(x), n (x)) is a solution to the Stokes problem

From (4.12) we obtain in particular

Hence, in virtue of the mean value theorem,

with
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Making t -~ oo we get

Consider SZ1 C Q, dist(Q - 8Q) &#x3E; 0. In virtue of Lemma 2.7 and (4.29)
we have

with C independent of F(x). On the other hand, in [21] it has been proved
that inequality (4.30) is not true for solution to system (4.28). Therefore we
have obtained an absurdum. The proof of Theorem 1.4 is completed.

5. - Estimates of the resolving operator

In this section we proceed to the proof of Theorem 1.3, in particular, we
obtain estimates (1.4) for 1  p  q  oo. We start with the following auxiliary
proposition

LEMMA 5.1. For the solution of the Cauchy problem

with vo (x ) E the following estimates hold:

Here oo &#x3E; q &#x3E; p &#x3E; 1, it = n -1 - -1). The constants Ci are independent of t,2 (p q 
and they are also uniformly boumded for all p, q satisfying the above conditions.

PROOF. All the estimates follow from the formula

and from the Young inequality for the convolution. For instance,

where and

C1 1 remains uniformly bounded. Other inequalities are proved in the same

way. Of course the constants Ci have different values, that 
C3 = C4 = The lemma is proved.

In the following lemma auxiliary L2-estimates of v(x, t) are obtained
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LEMMA 5.2. For the solution of problem (1. 1) with f(x, t) = 0 the following
estimates hold

Here I - I = I - 2 and the constants C¡, C2 are independent of t.

PROOF. We observe that the derivatives Df v(x, t), V Df v(x, t) exist for t &#x3E; 0,
and they satisfy the relations

which imply

If (5.3)1 holds, then

Substuting this inequality into (5.4) 1 we obtain

or

This yields

which is equivalent to (5.3)1 with j replaced by j + 1. Since for j = 0 (5.3)1
obviously holds with C = 1, it is established for arbitrary j. Now, (5.4)1 yields

which proves (5.3)2.
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LEMMA 5.3. Let v(x, t) be a solution of (1.1) with f(x, t) = 0. Then for
arbitrary t &#x3E; 1

where Y1 (r) = ~l 2 ( r 1 - 4). and Ci are independent of t.
PROOF. In virtue of (2.23) and of the Hölder inequality,

Let n &#x3E; 2. If r E [ +2 , 2], then r’ E [2, n 2 ], and can be evaluated by
the well known multiplicative inequality

According to (5.3)2,

In the case r E (1, +2 ] we apply another multiplicative inequality:

Now, we consider as a solution of exterior stationary problem (2.15)
with f (x ) = t ) and apply inequality (2.20) (it is possible since 8Q E C~).
This leads to

Thus, we have proved that in the case n &#x3E; 2
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Since CPo(x) E is arbitrary, we conclude that in this case

For n = 2 this inequality is proved in [20], Lemma 2.3, with P- 2;r, r E ( 1, 2] .
Now, in virtue of the semigroup property of e-tA and (5.3)1, we have

and

Moreover, from (2.20), applying the Poincare inequality, we deduce

The lemma is proved.
Let us proceed to the proof of inequality (1.4) for arbitrary t &#x3E; 0. We

consider at first the case q - r. The solution of problem ( 1.1 ) with vo (x ) E
Co(Q) can be represented in the form v(x, t) = V (x , t ) ~- u (x , t ) where 
is a solution of (5.1). Then

Let (cp(x, t), p(x, t ) ) be a solution of the same problem with initial condition
E In virtue of (2.24),

On the other hand,
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hence,

We evaluate

where m (t - r) = IQ’I-1 1 fo, p(x, t - r)dx for some bounded 0’ C Q such that
dist(Q - Q’, &#x3E; 0. In virtue of the Holder inequality, we have for p &#x3E; 2

Making use of multiplicative estimate

of the Poincare inequality for and of (5.5), we evaluate
the sum, of the norms of V W (x, and p (x , t -r) - m (t - i ) by

Hence,
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The norm of V(x, T) can be estimated as follows:

Substituting this into (5.6), we see that

since It is also clear that

in virtue of estimates (5.2) 1 and (4.3) 1. Hence, we have proved the inequality

which implies

and

for p &#x3E; 2. In the case p  2, we use the duality arguments. From equa-
tion (2.23) (with f(x, t ) = 0) we obtain

since p’ &#x3E; 2. This implies Inequality (1.4) in the case of
q = p is completely proved.

Let us turn to the case q &#x3E; p. We assume first that q = 2. Then

Substituting this estimate into

we obtain
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or

Hence, which is equivalent to (1.4) with q = 2.
In the case q &#x3E; 2, p E (1, 2] we apply the relation (2.23) written for the interval

As p, q’  2, we have

which implies

Let us consider other cases: q &#x3E; p &#x3E; 2 and 2 &#x3E; q &#x3E; p. We again make use
of equation (2.23), which yields

Assume first that p &#x3E; 2. Then q’  p’  2, and

Thus, according to (5.7) and (1.4) for q = q’ = p, the right hand side of (5.8)

does not exceed

which yields (1.4) in the case q &#x3E; p &#x3E; 2. It remains to consider the case
2 &#x3E; q &#x3E; p. Then p’ &#x3E; q’ &#x3E; 2, and, as it has been just proved,

Hence, (5.9) holds also for p  q  2, and the proof of (1.4) is completed.
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6. - Proof of Theorem 1.3 and Corollary 1.1

In the proof of Theorem 1.3 a foundamental role is played by estimate (1.4).
We make use of the formula (2.23), i.e.

where is a solution of problem ( 1.1 ) with f(x, t) = 0 and with initial
data In virtue of (1.4),

which implies

Now (1.9) follows from the Hardy-Littlewood or the Young inequality. Let us
turn to latter part of Theorem 3.1 (that is inequality (1.9) on compact subdomain
of S2 ) . Let us introduce the vector E with C

S2 n SR and = 1 such that

Further, we define the projection of 1/J onto which is denoted by 
has a compact support, CPo(x) E with arbitrary or E ( 1, q’ ) )

and we construct the sequence of functions approximating
CPo(x) in and in J 1 (Q’) with a certain small 8 &#x3E; 0. The identity

1-8

(2.23), i.e.

where t) is the solution of ( 1.1 ) with f(x, t) = 0 and with initial data
CPm (x, 0) = implies

Let us assume that t &#x3E; 1. Making use of inequality (1.4) with different expo-
nents in the intervals r E (0, t - 1) and r E (t - 1, t), we obtain
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Now, we pass to the limit as m ~ oo and we take account of (1.4) and of the
inequalities

Since (v(t), wo) = (v(t), this leads to

The limitation for q implies in addition, since p  ~, we may
choose 8 so small that . Hence,

The integral is easily estimated with the aid of (1.3). The
Lemma is proved.

REMARK 6.1. If p &#x3E; ~, then inequality (6.2) implies

where 17 is an arbitrary small positive number.

REMARK 6.2. Assume that f(x, t ) = V . F(x, t). Then after integration by
parts in (6.1 ), making use of (1.5) we show that

for p E [~, n). As a consequence we can extend ( 1.11 ) to the cases of p E [~, n)
with a constant C independent of T.
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The proof of (1.7) is quite analogous to similar arguments in [19]-[20].
Since it is very simple and brief, we present it here for the sake of complete-
ness. Suppose vo(x) E Jp(Q) and denote by C a sequence
converging to vo(x) in Jp(Q). From (1.5) we have

with sequence of solutions corresponding to From (6.3)
vn (x , t ) converges to v(x, t) in JP(Q) uniformly in t &#x3E; 0. Therefore 

I V (t) I p = limt_oo limn = limn limt- = 0.

Inequalities (1.8) are a consequence of estimates (1.4)-(1.5), (1.7) and semi-
group property. The corollary is completely proved.

7. - Estimate (1.4) in the limiting cases q = oo and p = 1

We start proving inequality (1.4) for q = 00, and p &#x3E; 1, i.e.

To this end, we consider v(x, t) as a sum

(this representation formula has been used in [15], but the case was not

studied). Here t ) = Vex, t ) is a solution of problem (5.1), hex) is a smooth
cut-off function equal 1 for R -E- E and to zero for [x I &#x3E; R ~- 2 - E, s &#x3E; 0, R
being a fixed number such that the domain R’ - 0 is contained in the ball

Ix I  R; v2(x, t) satisfies the relations

v2 (x , t ) = 0 for I x I  R and for x ~ &#x3E; R + 2, and, finally, v3 (x , t ) is a solution
of the exterior problem

with

Clearly, = V(x, t) satisfies inequalities (1.4)-(1.5). In particular, in

virtue of (5.2)
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The vector field v2(x, t) can be constructed as proposed by Bogovskii [3]. The
domain can be represented as a union of domains Ck, k =
1, ... , M, star-shaped with respect to the balls Bk of a fixed radius; moreover,
there exists a smooth partition of unity: = 1 with C Sk.
According to [3], the vector field v2 (x, t) satisfying (7.3) can be written in the
form

where

LEMMA 7.1. For arbitrary t
suppj and the following estimates hold:

PROOF. The property supp(v(x, t ) { C  x [  R + 2 - s) follows from
the definition of v2 (x , t ) . Since t ) = ~i t ) ] , the
forst two inequalities (7.6) follow from the estimates of integral operators with
weakly singular kernels and from the Calderon-Zygmund theorem applied to

v 1 (t ) ] . To prove (7.6)3 we observe that

is the integral operator with the kernel
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When we differentiate (7.7) once more and apply again the Calderon-Zigmund
theorem, we arrive at (7.6)3. Finally, since is a solution of the heat

equation, (7.7) yields

which leads immediately to (7.6)4. The lemma is proved.
COROLLARY 7. l. There holds the estimate

PROOF. Indeed, in virtue of the Sobolev inequality and (7.5)-(7.6)1 inequalities

thus the proof is achieved.
Let us consider t).

LEMMA 7.2. The solution ofproblem (7.4) satisfies the inequalities

where q &#x3E; n, q &#x3E; p &#x3E; 2, n &#x3E; 2, Ci are independent of t.

PROOF. We set v3(x, t) = -~ vl(x, t) where is a solution
of ( 1.1 ) with 0) = h (x)vo(x) -~- v2 (x, 0) and f(x, t) = 0, while t) is a
solution of ( 1.1 ) with v 1 (x , 0) = 0 and f(x, t ) = G (x , t ) . From (1.4) it follows
that

since 0) has a compact support. Here J
are small positive numbers. Since

we conclude that
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To estimate we multiply the equation = v I
by t - r), where s ) is a solution of (1.1) with f(x, s ) = 0 and

and integrate with respect to x E Q and i E (0, t). This gives
an analogue of (2.23):

which yields

Since (7.10) holds, the integral in the right hand side can be evaluated by
inequality (4.2) with y ( p, p) = y ( p, q ) = y2 (q ) = 2 p , which leads to

and, consequently,

Let us pass to the estimate of vl (x, t). Since

Lemma 7.1 and estimate (5.2) for v 1 (t ) imply

We evaluate making use of the formula (2.23)

Since

we have for arbitrary r &#x3E; 1
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and

Hence, for small 3

which implies

For estimate of t ) we use an analogue of the relation (7.12)

In virtue of (1.4), (7.15) and (4.2) (applied) with

Further, by Lemma 7.1,



436

and

Hence,

which implies

Estimates (7.9) follow from (7.10), (7.12) and (7.15)-(7.16). The lemma is

proved.
Finally, we evaluate and complete the proof of (7.1).
LEMMA 7.3. The vector field v3 (t) satisfies the inequality

where p &#x3E; n, t &#x3E; 1.

PROOF. In virtue of Sobolev imbedding theorem, and of estimates (2.20)
and (7.9), we have

which proves (7.17).
From representation (7.2) and estimates (7.5), (7.8) and (7.17) we de-

duce (7.1 ), provided that p &#x3E; n, t &#x3E; 2. In fact, (7.1 ) holds for arbitrary
p &#x3E; 1 and arbitrary t &#x3E; 0. Indeed, if p  n, then in virtue of (7.1 ) and (1.4)

Moreover, for t E (0, 2)

This completes the proof of (7.1 ).
At the conclusion we show that (1.4) holds in the case p = 1. This can

be easily done by duality arguments. Let be a solution of ( 1.1 ) with
f(x, t) = 0 and with initial data Making use of (2.23), we
obtain

which implies

Moreover, (7 .1 ) also holds for p = 1, since
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8. - Estimate of Vv(x, t ) : inequality (1.6) and its optimality

In this section we prove estimate (1.6). The principal part of the proof
concerns the case q = p &#x3E; 1:

For q &#x3E; p &#x3E; 1, (1.6) follows easily from (8.1 ), (1.4) and from the semigroup
property of e-tA. We begin with the following lemma.

LEMMA 8.1. The solution of (1. 1) with f(x, t) = 0 satisfies the estimates

where

PROOF. The case t E (0, 1] is considered in Theorem 4.1. Assune 1.

Let us prove (8.2) for vt(x, t). We again make use of the relation (4.6) and
of estimate (4.2) with y (q, p) = y (oo, p), if n &#x3E; 3, and with q very large, if

n = 2. This gives
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with 8 = q . These inequalities imply (8.2) for vt (x, t) in the cases n &#x3E; 2 and
q

n = 2, p &#x3E; 2. Further, in virtue of the estimate (2.20), (where the last term
may be omitted, if p  ~), we easily arrive at (8.2) for D2v(x, t) and t)
in the same cases. It remains to consider the case n = 2, p E (1, 2], t &#x3E; 1.
Under these hypotheses, the following estimates were proved in the paper [20]:

Hence, for arbitrary bounded Q’ C S2 such that dist(Q - Q’, &#x3E; 0, we have

Finally, assuming that Q’ c Q’, dist(Q’ - Q’, aS2) &#x3E; 0, from inequality (2.20*)
we obtain

which completes the proof of (8.22) in the case p E (1, 2].
Now, let us turn to the proof of (8.1 ) assuming again that t &#x3E; 1. We

consider separately the domain S2R bounded by a S2 and I - R + 3 and the
domain Ix I &#x3E; R + 2 (we assume, as above, that aS2 is located inside the ball

I  R). Clearly,

It remains to evaluate Let be a smooth function equal 1

for x I &#x3E; R ~- 2 and to zero for x ~ I  R. We write 
in the form

where
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and

The norms of and are easily estimated. In virtue of

Lemma 5.1,

The solution of problem (8.3) is given by the formula (3.5), hence the Calderon-
Zygmund theorem yields

(in the two-dimensional case should be replaced by with a large
I

The vector field wl (x, t) can be written explicitly by the formula (3.5) (we
write it in a compact form):

The Oseen’s tensor T(z, s) satisfies the inequalities (see for example [26])

in particular, if Iyl  R -~ 2 and then

Hence, in virtue of the Minkowski inequality,
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Since v(x, t) satisfies the inequality

(61 = 0 for n &#x3E; 3 and 81 &#x3E; 0 arbitrarily small for n = 2), the right hand
side of (8.6) is less then Ct-41volp. In a similar way, applying the Poincar6
inequality and making use of (8.2), we obtain

Hence, for t &#x3E; 2

For t  2, this inequality follows from (4.3). The proof of (8.1 ) is now

complete.
We conclude this section with the proof of the fact that estimate (1.5) is

sharp, namely, that the inequality

with 17 &#x3E; 0 and with C independent of t is not true. Assume that (8.7) holds
for some q &#x3E; p &#x3E; ~, n &#x3E; 2. Then

Let P (x ) ) be a solution of exterior stationary problem

It is well known that 4,(x) = at infinity, so E with

arbitrary q &#x3E; n / (n - 2). We are going to show that under hypothesis (8.7)
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To this end, we make use of the formula

where vex, t ) is a solution of problem ( 1.1 ) with f(x, t ) = 0 and
and estimate integrals Ik. In virtue of (1.4),

where r &#x3E; n / (n - 1), r’ &#x3E; s. Further we have

Choosing p = 2 and q &#x3E; n and making use of (4.3)2-(4.3)3, (8.2) and (8.7),
we obtain

Finally,

The function 7r(x, t) is a solution to the Neumann problem of the type (2.14),
hence, according to Lemma 2.3
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Hence

In particualr, taking p = ~, and making use of (4.3), we obtain

This inequality implies

We evaluate the last integral in (8.14) by inequality (8.15) with p = q &#x3E; n. In

virtue of (8.2) and (1.4),

hence, choosing h = h2  , we obtainq

According to (8.11 ),

As t --~ oo, the contribution of h vanishes, and in virtue of (8.17)-(8.18) we
arrive at (8.10). In virtue of Lemma 2.6, inequality (8.10) implies 4D(X) E

L n (Q) for arbitrary boundary data a(x), which is impossible. This shows
n=2

that inequality (8.7) with il &#x3E; 0 can not be true.
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9. - Estimate of vt (x, t)

We must prove

with q &#x3E; p and

which improves inequality (8.2) of Lemma 8.1. Let us consider another solu-
to system ( 1.1 ) . corresponds to the initial data

E Co(Q) and f(x, t ) = 0. We r) for any r e [0, t]. We
differentiate (1.1), 1 with respect to t and multiply - r). Integrating
on Q x (~, t), we obtain

Applying the Holder inequality and inequalities (1.4) and (8.2), we have

Because of the arbitrariness of 1/Jo(x) E we have proved

If n &#x3E; 4, then inequalities (8.2) and (9.3) prove the result for q = p &#x3E; 1. For
n = 3 we must recover the cases of p E ( 2 , 3). To this end we modify (9.2)
as it follows:
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Applying the Holder inequality, we obtain

Therefore from (1.5) we deduce

which implies again

and completes the proof for q = p &#x3E; 1 in the three-dimensional case. In the
case of q E [p, oo), we apply the semigroup property of the solutions and (1.4):

For q = oo we argue as follows

It remains to consider the case of n = 2. The case of q = 2 has been already
treated in [20]. Thus we restrict our attention to the 2 2. We
consider again estimate (9.4). Applying Holder inequality and inequality (1.5)
we obtain

where

Therefore we have proved (9.1 ) for q - p &#x3E; 1. Taking into account the

semigroup property of the solutions and inequality (1.4), one easily completes
the proof of (9.1).



445

10. - Appendix

a) Proof of inequalities (2.18)
The proof of inequality (2.18) given in [27] for the three-dimensional case

is based on the estimate

for the single layer potential

which, in its turn, was deduced from a coercive estimate for the Neumann

problem in W2(o) . Here a direct proof of ( 10.1 ) is given.
In virtue of the Stokes formula,

with arbitrary aik = const. Let cv = {x E Q : dist(x, &#x3E; d} with a certain
small d &#x3E; 0. It is evident that

and, setting aik = fao aik(z)daz, we easily obtain

Further we set ai k = where x is the closest point of to x and we

obtain for x e w
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and

If the number d is small enough, then to each point x E W there corrisponds a
unique x E and

Moreover, for arbitrary have

so, since
that

there exist such constants C6 and C7

If we split a S2 into small pieces and introduce on every piece local coordinates,
we show easily that

Since the last integral does not exceed this inequality together
with (10.2) and (10.3) yields (10.1).

b) Justification of formula (2.6)
We show that the vector field w(x, t) (2.6) solves problem (2.3). The initial

and boundary conditions for w(x, t) are evident. Further, the formula

implies



447

hence,

Finally, let us calculate Consider

Since

we easily obtain

This shows that w(x, t) satisfies the relations (2.6) with the pressure
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where
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