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C~ Regularity of Solutions of a Quasilinear
Equation Related to the Levi Operator

G. CITTI

1. - Introduction

We will study the regularity of the solutions of the equation

where

and q E Here we have denoted (x, y, t) a point of R~, u x the first
derivative with respect to x, and V the euclidean gradient of u. The operator
,C is the Levi one, and it naturally arises in the study of the curvature of a
hypersurface in JR.4. Indeed if Q C R~, u : Q - R is a smooth function, and
q is the Levi curvature of the surface {(x, y, t, u (x, y, t)) : (x, y, t) E then
u satisfies the equation

(see for example [T] for some more details on the geometrical meaning of the
equation). Hence (1) is just a simplification of this one. It is a quasilinear
degenerate elliptic equation, whose characteristic form is positively semidefinite
and has the minimum eigenvalue identically 0. Hence, V6 &#x3E; 0 the operator

is elliptic, and the equation has been initially studied with elliptic techniques, and
letting e - 0. In this way some geometric properties of (3) were established, as
for example, the weak, and the strong maximum principle (see [DG] and [T]).

Pervenuto alla Redazione il 29 maggio 1995.
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Existence results are known under particular conditions on q : indeed Bed-
ford and Gaveau ptoved that, if q = 0, S2 is psuedoconvex and q5 E 
then the problem

in

on

has a solution in
More recently Slodkowsky and Tomassini proved that, if S2 is pseudoconvex,

and q satisfies a geometric hypothesis related to the Levi curvature of aQ x R,
the Dirichlet problem associated to equation (3), has at least a viscous solution
u E (see [ST]).

The theorem of Debiard and Gaveau provides a regularity result when

q = 0, but otherwise the problem was still open. However, when q (~ ) ~ 0 for
all ~ E S2, the equation can be studied with a completely different approach,
introduced by [C]. Indeed it is possible to define two vector fields X = X(u)
and Y = Y(u), naturally associated to L, and such that

X, Y and [X, Y] are linearly independent at every point.
This is the Hormander condition for hypoellipticity for linear operators with
C°° coefficients in the form

and it seems crucial for the regularity of solutions also in that nonlinear case.
Indeed, with the maximum propagation principle of Bony, (see [B]) a strong
comparison principle for the solutions of (1) and (3) were extablished.

In this paper we use the same idea, with a different choice of vector fields
X and Y, which allows us to represent £ as a sum of squares of vector fields
plus a commutator. Indeed if u is a smooth solution we set

Since X and Y are the first two columns of the characteristic form of ,C, then
it is easy to see that

where

Besides we will show that

(see Section 7). Since q ($) # OV ç E S2 this means that X, Y, [X, Y] are linearly
independent at every point, and we will prove that:
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THEOREM 1.1. If a &#x3E; 4, q (~ ) ~ every ç E S2 and u is a solution of ( 1 ) of
class C2~" (S2), then u is of class 

Sum of squares of vector fields have been intensively studied only in the
linear case with Coo coefficients, and in this context many regularity results
are known (see [F], [FS], [RS]). However, for the application to the quasilinear
case, we need to consider operators with less regular coefficients. Hence we
will start by studying a particular class of linear operators, defined in terms of
suitable vector fields.

If a and b are continuous functions on an open set Q, we will denote:

and we will consider the operator formally defined as

For this kind of operators the first order differential operators X and Y
are the natural analogue of the derivatives in the elliptic case. Hence we will
denote the set of functions such that X u and Yu are continuous, and
we will call X u and Yu derivatives of u in the direction X and Y.

Assume that a and b are of class Then for every function f E

so that, if we assume that

then X, Y, and [X, Y] are linearly independent at every point, and L is written
in the form (5). In Section 2 we will show that there exists a distance d,
naturally associated to L, so that we can define the Lipschitz classes in terms
of it: a function u is of class C£ (Q) with 0  a s 1 if

In this setting, if a and b are only continuous, a function of class u E
is of class CL (Q), but it is not further differentiable, since

which in general isn’t differentiable, if a is not. Hence it does not seem natural
to introduce the class unless a and b are of class If this last
condition holds, however, we say that a function f is of class ci (Q) if X f and
Y f are of class cl (Q). More generally we will introduce the classes 
only if a, b E ci+1 (Q). Finally we will denote the class of functions

with all derivatives of order k in the directions X and Y of class CL’« (Q).
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With these notations we will prove:

THEOREM 1.2. Assume that a and bare of class C1+1,a (Q), ( 10) is satisfied, and
If u is a solution of class CL’a (S2) of the equation Lu :

The proof of this theorem is achieved with a suitable adaptation of the
freezing method: if L is elliptic, its frozen operator is obtained just evaluating
its coefficients at a given point ~o. Here we call frozen operator of L the operator
whose coefficients are the first order Taylor expansion of the coefficients of L,
in the directions X and Y. The operator L~o obtained in this way is - up
to a change of variable - the Kohn Laplacian on the Heisenberg group: an

hypoelliptic second order operator, which has already been intensively studied.
In particular its fundamental solution is explicitly known, and we will write in
terms of it a representation formula for functions of class CL’a . Differentiating
this formula we will deduce Theorem 1.2.

After that we will go back to study equation (1). If u is a fixed solution of

class C~ a (S2), then ,C can be considered as a linear operator belonging to the
previous class, and using the regularity results just proved, we get Theorem 1.1.

The paper is organized as follows: in Section 2-6 we will study only the
linear operator L: in Section 2 we will describe in detail the properties of the
distance associated to it, and we define the frozen operator L~o . In Section 3
we will prove the representation formula. In Section 4 we will compute the
derivatives of u in the directions X~o, Y~o, naturally associated to L~o and we
will make their Holder estimate in Section 5. Theorem 1.2 will be proved in
Section 6, and Theorem 1.1 in Section 7.

I am grateful to Prof. E. Lanconelli for first introducing me to the problem,
and for many encouragements and useful conversations.

2. - The linear operator

Let Q be an open set in and b be continuous functions in Q, and X
and Y the vector fields defined in (8). Recall that the derivative in the direction
X is defined as follows: assume that a is Lipschitz in euclidean sense, and let
y be the integral curve of X such that y (0) = $ E Q. If the derivative

exists, it is called partial derivative of u in the direction X. (The derivative in
the direction Y is defined in the same way).

We assume that

a and b are of class
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and will call L the operator defined in (9):

Then we will prove that we can introduce a control distance associated to L,
and we will show the relation between the Lipschitz classes associated to L,
and the classic ones. In the second part of the section we will define the frozen

operator in this particular case.

REMARK 2.1. For every ~ = (x, y, t) and ~o = (xo, yo, there exists
a function y, connecting ~ and ~o, piecewise integral curve of X or Y.

Let denote the integral curve of X such that y(0) = ~o, and set

and

A direct computation shows that ~2 has the first two components respectively
equal to ~ . If

it is not difficult to show that ~6 has the same property, and that

Since info Ya ~ I &#x3E; 0, then $6 and ~3 differ in the third component, and

applying again the choice of points in (13) a finite number k of times, we can
assume that ~ = ~2+4k and we have found the required path.

The previous remark ensures that we can define a distance as follows: for
all ~, we call G(~, ~0) the set of paths y, piecewise integral curves of
X or Y such that y (T) = ~, and y (0) = ~o. Then the control distance naturally
associated to L is

(see [NSW] for the definition in the regular case). Let us estimate it:

REMARK 2.2. If

there exist two constants C1 and C2 such that
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PROOF. Using (14), and the properties of the distance d proved in [NSW],
we deduce that

where A, B, C satisfy:

If follows that

while

Hence if we set

we get

and (16) immediately follows. D

Since d is well defined, then we can consider the Lipschitz classes CL’«
and C 2,a associated to L and defined as in (11); let us prove some properties
of their elements.

REMARK 2.3. If a and b satisfy (HI), (H2) and are of class C L (0), then
for any f E 

Hence we will call the function

Taylor polynomial of order 1 of f with initial point ~o.
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PROOF. If ~ and ~o are fixed, we choose ~i,....~6 as in Remark 2.1, and
assume that ~6 = ~. In particular y (s) - is an integral curve of
(x - xo) X connecting ~o and Ç1. Then f o y is of class c1,a in ordinary sense,
and we have

Analogously

By Remark and since ) = ~6, then I
. Hence we have:

The thesis follows immediately, using (18). D

REMARK 2.4. If a and b satisfy (HI), (H2) and are of class for

every f E CL’" (S2) and for every ~ E Q there exists and

In particular E CL (0) -
PROOF. Let and h &#x3E; 0 be fixed; by (H2) we can assume that

and set d : Then put

We have already noted that ~4 and ~o have the same first two components, and
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where e3 is the third vector in the canonical basis; hence

(by the regularity of f )

(using the Taylor expansions, with initial points ~2 and ~1 )

Hence the thesis immediately follows. 0

Arguing in the same way as in the preceding remark, it can be proved that.

REMARK 2.5. If a and b satisfy (HI), (but not necessarily (H2)), then for
all f E C2 (Q) n C1(Q) we have

REMARK 2.6. If a and b satisfy (HI), (H2) and are of class any
function f E C2,, (Q) has the following Taylor expansion of order 2, and initial
point ~o :

where
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From the previous remarks it easily follows that, if then

, and viceversa, if , then

Because of Remark 2.3 it seems natural to call frozen operator of L

where

and

We will show that - up to a change of variable - Lço is the Kohn operator
on the Heisenberg group. Let us however begin by recalling some properties
of this last operator. H3 is the group, defined by JR.3, with the following
composition law:

If

the Kohn Laplacian (or subelliptic Laplacian) is defined by

where c is constant. This operator is invariant with respect to the left translations
of the group, and, if 6x : H3 -* H3 is the group of dilations

AH is homogeneous of degree 2 with respect to The control distance has
the following expression:

where

and the measure of the balls in this metric is

where N = 4. This number N is called the homogeneous dimension of H3,
and it is the natural analogue of the Euclidean dimension for the elliptic case.
Indeed V f : R - R,
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The fundamental solution AH can be explicitly written in terms of d and N :

and its derivatives satisfy the following estimates:

Thus XH has the homogeneity of a first derivative, while at = [X, Y] is a
second derivative, in the direction of these vector fields.

Now the change of variable

changes L~o (defined in (19)) into the subelliptic Laplacian. Indeed
if

then

with Consequently for every ~o it is explicitly known the
fundamental solution of L~o, and it is precisely
control distance is:

while the

Hence it can be written as:

where
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In particular, if ~ = ~o, d~ (~, ~ ) has the following expression:

An easy computation shows that there exist constants Co and C 1 such that

where d (~, ~0) has been introduced in Remark 2.2. Hence, because of (16) also
d~o (~, ço) provides an estimate of d(~, ~0).

Let us study some relations between the distances we have introduced.

REMARK 2.7. If is fixed, there exist Co, C1 I &#x3E; 0 such that for

every ~ , ~

REMARK 2.8. From the expression of d~o (~, ~ ) it follows that there exist

Co and C1 1 such that

and

In particular

REMARK 2.9. We can assume that Ya - X b &#x3E; 0 in S2; then
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Hence

3. - Representation formulas

In this section we will prove a representation formula for functions of class

CL’a (S2), which will be the main tool in the proof of our regularity result.
Let us first note that:

REMARK 3.1. If a E cl,a (Q), then

Moreover the following assertion holds:

REMARK 3.2. If a and b satisfy (HI), (H2) and are of class and

f E then for every compact set K C Q there exists a sequence fh in
such that

and

uniformly in K (recall that D = (X, Y)). Analogously if f is a fixed function
in then for every compact set K C S2 there exists a sequence fh in

such that

as h --~ uniformly in K.

PROOF. Arguing as in [GL], it is possible to see that there exists M &#x3E; 0

such that for every h E N there exist Nh points çf, ... , ~, such that the union
of the balls with center in these points, and radius 1 covers K, and every point
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~ belongs at most to M of these spheres. If 0 E Cc)([O, 2], R), is such that

~ = 1 on [0,1], and 
- .

then the sequence

satisfies the assertion.

The following relation holds between the derivatives of r go
REMARK 3.3. If we denote

and

then the following condition is satisfied: I and

where Y4 denote the derivate with respect to the
váliable ç. 

- ’

With the same notations of the previous section we have:

THEOREM 3.1. If v E C2 ’o and 0 E Co (S2), then v 0 can be represented in the
following way:

where
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REMARK 3.4. We note explicitly that

is a principal value integral, defined as

and the limit exists because v is of class , and

(by (22)). Moreover

by Remark 3.1.
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PROOF OF THEOREM 3.1. Due to Remark 3.2, we only have to prove the
theorem for smooth v, a and b. By definition of fundamental solution

Let us compute L - Lço in terms of X~o, Yço and at. Since

then

(applying again (25))

In order to study the last integral in (24) we start with
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(integrating by parts, using the fact that
and denoting the derivative with respect to ~ )
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Analogously

From (24), the expression of L - Lço’ (26) and (27), the thesis follows.

THEOREM 3.2. Assume that v E and at v E Then for every
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where we have denoted

PROOF. The assertion can be proved applying Theorem 3.1 to
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and using the fact that

4. - Regularity in the directions X~o and Y~o

We will now differentiate all terms which appear in the representation
formula. To this end we introduce some notations: D = (X, Y) is the subelliptic
gradient, and _ _

is the difference in the Di direction. Hence, by definition of derivative of f in
the direction Di, we have

Moreover we will denote the second difference in the i and j directions

and, if it exists, we will call

Obviously 8f,j f () could exist even if f has first derivative only at the point
~; if however f is differentiable in all directions in a neighborhood of ~ and
there exists 82~ f (~), then we have

In the same way we define the difference quotient of higher order, and the
derivative in the directions X~o. In particular we will call D~o = (X~o, 
so that X~o and D~o;2 - Y~o, the difference of f in

the direction and the k-th difference in the same direction,

3k ~) will denote the limit of the difference quotient, when the derivative
does not exist. Finally we call

if it exists. 
,

With these notations the main theorem in the section is the following:
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THEOREM 4. l. Assume that f E C¿,a (Q) and that the coefficients a and b of L
are of class CL’a (S2). Then for any solution v E C2,a (0) of L v = f, there exists

for all ~o E S2 and for all i, j, k.

Since this is a local result, we can fix three open sets Q, S21 and Q2 such
that Q2 C C S21 C C Q, a function 0 E Co (S2) such that 0 = 1 in Q1, and we
study only vp2 = Vq5lQ2 . Then, from Theorem 3.1 we get

for every ~, ~o E Q2. Let us differentiate this formula.

DERIVATIVES OF A: l

Then

where the difference quotient ~o) is taken with respect to the first vari-

able, and X~o , D~o; 2 = Y~o are the operators defined in Remark 3.3,
and f) 2 is the second order derivative in the same direction. Finally is the

Taylor polynomial of order 1 of f, defined in Remark 2.3, and vi is the outer normal.

PROOF. It is standard to see that

denotes the derivative of ri with respect to the variable ~ .
Also recall that

(integrating by parts the second term)
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Differentiating v2 we obtain

hence

and, since i

Next

In order to take another derivative of we first fix a function 0 in

C°°(R) satisfying 1, 1 and 0(T) = 1, and

define for every E &#x3E; 0

Now we show that

indeed
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The integrand in the first term can be evaluated as follows

(by Remark 3.1)

(on the set we have i
where C is a constant dependent only on the

coefficients a and b of L).

The second integrand can be evaluated:

Hence

Next, if

will show that

Indeed
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where the integrals Is, are given by

The integral I, is made on the set

This implies
is integrable and for a suitable
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On the set

evaluated
we have and 12 can be

we get and

Hence

Analogously 1151  E2a, and, for the Holder continuity of f, I6 s E a ·
Collecting all terms, we have assertion (29).
Finally, we can compute applying the definition

(for a suitable ~ )

Letting h --~ 0, we obtain - and Theorem 4.2 is

proved. 0

DERIVATIVES OF B :

LEMMA 4.1. Let v E E Q2 we denote

Then there exists and
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PROOF. First note that

then we can follow the proof of Theorem 4.2 to compute Indeed,
if B is the same as before, we set 

’ ’

and we have

where 2a &#x3E; 1 by hypothesis. Clearly is of class and, it satisfies

where

Now can be computed using the definition:

(for a suitable ~ E [~o, yk ( 1, ~0) ] and by (31 )). Letting h - 0 we get the
desired result. 0
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There exists ( and

PROOF. The proof is a simple modification of Theorem 4.2. Indeed it is
standard to show that

Then, if for all E &#x3E; 0 we put

and

we get

and

Finally can be computed as follows:

Since 2a - 1 &#x3E; 0, there exists
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LEMMA 4.3. Let

Then there exists ~ and

PROOF. If

and

it can be shown that

and that

Hence

(E = min(h, s, 1))

Then there exists
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Arguing the same way with all terms in B(~, ~0) we get

DERIVATIVES OF C AND E

LEMMA 4.4. Let u E C (S2), ~o E Q2 and $ E Q

Then V6 E Coo(Q2).

For the choice of ~, = 0 in a neighborhood of ~, hence the integrand
has no singularities, and the result yields.

THEOREM 4.4. If v is C 2,a (Q), from Lemma 4.4 it immediately follows that
C (, ~o) and E (, ~o) are of class COO (Q2), in particular
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and

PROOF OF THEOREM 4.1. From the representation formula and Theorems 4.2,
4.4 and 4.3 we can now simply deduce Theorem 4.1. D

5. - Hölder estimates

In this section we prove the following Hölder estimate of the solution:

THEOREM 5.1. Assume that the coefficients a and b of L are of class CL’a (S2)
and let v be a solution of class C2’a(0), of Lv = f where f E C 1 " (Q). Then the

As in the previous section we fix two open sets S21 and Q2 such that
Q2 C C S21 cc S2, and a function 0 such that 0 = 1 on Qi. With these
notations we have proved an explicit formula for and will study
it here. 

~o ’

LEMMA 5.1. If f E E S2

then w i is of class CL (Q2).

PROOF. If E = 2d(~, ~0), we can write
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where

A simple computation ensures that there exists
that

such

(by (23) and (21 ))

since and

Hence I, can be evaluated

Then we have

(integrating by parts the second and third terms, and using the fact that



513

(again using the equality
by parts)

and integrating

Hence

Finally

Analogously we get:

then
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REMARK 5.1. From Lemmas 5.1 and 5.2, and from Theorem 4.2 it follows

ESTIMATE OF

LEMMA 5.3. If 1 then the function

PROOF.

where E = 2d (~, ~0) and we have defined:

Now arguing as in the estimate of I we have
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And

REMARK 5.2. Exactly in the same way we_ can estimate all terms in
which turns out to be of class

ESTIMATE OF
Also in this case we study only one term, all the others being analogous.

LEMMA 5.4. If v E C2,"(O), then the function

is of class

PROOF.

since io is constant on Q2

Finally it is not difficult to see that the absolute value of each of these terms
is bounded by ~0). 1:1

Collecting the estimate of A, B, C, and E we immediately get the following:

LEMMA 5.5. If a , b and f are of class CL’a (S2) and v is a solution of class
CL’"(S2) of Lv = f, then the function is of class Cza-1 (Q2). In partic-
ular, since at we have
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ANOTHER ESTIMATE OF

Will now make a better estimate of ~o), using the extra regu-
larity of proved in Lemma 5.5. As usual we study in details only the first
term.

LEMMA 5.6. If v E the function

PROOF. Since atv E Ci,2a-1(Q), by Remark 2.3

Now we can choose E = 2d (~, ~0) and write W3(~) - w3 ($o) as in Lemma 5.3:

Recall that

where, from (36),

by hypothesis

and, as we have noted,

Hence
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Let us estimate 12

(integrating by parts the first and the second term, and using the fact that
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Finally, always using (36), we get

and the result is proved.

REMARK 5.3. Arguing in the same way with all terms in
we obtain that it is of class CL (Q).

PROOF OF THEOREM 5.1. The claim immediately follows from Remarks 5.1
and 5.3, and from the representation formula.

REMARK 5.4. In particular, since we have proved that,
under the hypotheses of Theorem 5.1,

6. - Derivatives in the directions X and Y

REMARK 6.1. Until now we have always assumed that the coefficients of
L were of class CL’a . However, as we have already noted in the introduction,
the derivatives in the X and Y direction, even of a C°° function, exist only if
a and b are of class C2, and for all ~o we have for example

Hence we will assume that a and b satisfy a stronger regularity hypothesis.

The main result in the section is the following one:

THEOREM 6.1. Let k E N, k &#x3E; 2, and assume that a, b E C1,a (Q), f E
C1-1,a (Q), and L is the linear operator with coefficients a and b. If v is a solution
of class C2,ot (SZ) of

Lv = f in Q . a

then 1

Let us start with the case k = 2.

THEOREM 6.2. Assume that a and b belong to
be a solution of L v = f. Then

We will use the representation formula proved in Theorem 3.1 and differ-
entiate each term.
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DERIVATIVES OF A:

THEOREM 6.3. Let and

Then there exists for all i, j, k. In particular

PROOF. It is not difficult to see that there exists XA (~, ~0) and

(integrating by parts the second and the third term)

Now we can conclude, arguing exactly as in Section 3.

DERIVATIVES OF B:

Arguing as in Theorem 4.3 we get:
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THEOREM 6.4. Let ~o be fixed, v E and let B be the function defined
in Theorem 3.1. Then there exist 8f,j,kB(ço, ~o), and

PROOF OF THEOREM 6.2. In Theorems 6.3 and 6,4 we showed that for
every ~o and for every i, j, k there exists ~o) and ~o). On
the other side Theorem 4.4 ensures that C and E are of class C’ (0), hence
there exists at every point S?’j,kV(~0). By hypothesis v E CL’a, then there exists

at every point. The Hölder regularity of can be proved
exactly as in Section 3. 

’ ’

Differentiating the representation formula of v proved in Theorem 3.2 we
infer the following:

THEOREM 6.5. Assume that f and the coefficients a and b of L are of class

C¿,a(Q) and partially differentiable with respect to t, with derivative of class

C’(0). Let v be a solution of L v = f, such that v E C 2 (Q) and at v E CL’a (S2).
Then at v E In particular for every ~o we have

where
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PROOF OF THEOREM 6.1. Assume now that k = 3. Then, by definition (9),
v is a solution of

and, by Theorems 6.2 and 6.5, v E and at v E Let us
L,Ioc L,Ioc

differentiate equation (37), with respect to X: 
’

and consider one term at a time.
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(by Remark 2.4)

But, by definition of : ." hence

Now we compute

Hence if vi = Xv, we get from (38)

where the second member is of class C£’"(Q). If follows, from Theorem 6.2
that X v E CL’ (0). Analogously Yu E CL’" (S2), and v E CL’" (S2).

Now we conclude the proof by induction. Under the states hypotheses, we
can assume that

.. "

and

Differentiating equation (37) with respect to t we obtain

Analogously

and

Summing up and using (37) we get

where the right member is of class Thus, by inductive hypothe-
sis, e This implies that the right member of (39) is of class

Hence X v E and, analogously, Y v E C1’,~oc(Q), so that
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7. - Regularity of solutions of (1)

We will study here the regularity of solutions of (1), which will always
write in divergence form (7). First of all we give the definition of Lipschitz
classes in this non linear situation. Indeed, if u E C1 (Q) (in euclidean sense)
we can define, according to (6) and (8),

if these are Lipschitz we can apply to L the theory we have developed in the
previous sections. In particular the class is well defined, and we can
assume that a and b satisfy (HI) (will see that (H2) is always satisfied). Then
we say that u E C1 (Q) n is a solution of (1), if

One of the main properties of the vector fields we have chosen is the

following: If Xu arid Yu are the derivative of u in the X and Y directions, we
have

hence

so that we also get

and

(by Remark 2.5)

Thus, by (40),

Since ~(~) ~ 0 for all ~ E Q, then (H2) is satisfied and we can introduce the
distance associated to ,C, and the Lipschitz classes cia (Q) and 



524

Then we will prove the main theorem in this paper:

is a solution of (1 ), then u E C’ (0) -

Since a solution u of (40) is fixed, we can consider C as a linear operator,
whose coefficients depend on u.

Also note that we will deal with derivatives in the directions X and Y,
and derivatives in the directions X~o and Y~o and the following relations hold:

REMARK 7.1. Since u
Remark 5.4 we get that

and applying

hence it is not difficult to see that there also exist and

LEMMA 7.1. If u E is a solution of (1) then there exist at X u and at Yu
and they are of class 

PROOF. If e3 denotes the third element in the canonical basis of :rae3, we
have

(using (45) and the fact that
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Hence

By Theorem 4.1 and Remark 7.1 there exists

Analogously there exists

Finally and are of class since 
and are. 

’

In the hypotheses of Lemma 7.1 the coefficients of £, a = Yu and b = -Xu
are of class C~(~), and differentiable with respect to t, with derivative of class

hence, by Theorem 6.5

LEMMA 7 . 2. If u E (Q) is a solution of (1), then a (u ) and b (u ) are of class

PROOF. Let us for example compute X 2b. Since u E then for

every ~ and ~o there exists

The second member is of class cZa (Q), hence there exists
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On the other side b = -Xu, and

Will now compute Xa (~), arguing as before:

Collecting these terms we get:

Finally, bringing X b to the first member,

From (45), (46) and Lemma 7.1 it follows that X~o u
derivative with respect to t in Hence by (45)

and has

and, in the same way,

Then Xb can be represented

where

and

By Theorem 4.1 there exists while

hence
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REMARK 7.2. Since a and b are of class C~,io~ (S2), we can consider the
Lipschitz class Indeed u E by (41).

PROOF OF THEOREM 7.1. We first differentiate both members of equa-
tion (40), with respect to X, and we get

(by Remark 2.4)

by (41) and (43)

Moreover

and by (42) and (43)),

Then

Finally note that

so that
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and the equation becomes:

Analogously

while, as we proved in Theorem 6.1, atu is solution of

Since u E and the second members in (48) and (49)
are of class and the coefficients of the operator are hence

X u E C ~’ 1~ (S2), Yu E C,~~’ i~ (S2). Hence the second member in (50) is of class
so that at u E Thus the second member of (48) and (49)

is of class and the coefficients are C ~’ io~ (S2). Iterating this procedure
we get the thesis. 

’ 

D
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