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Gradient Estimates for a New Class of

Degenerate Elliptic and Parabolic Equations

GARY M. LIEBERMAN

Introduction

It has been known for a long time that the gradient of the solution of a
nondegenerate elliptic or parabolic equation can be estimated in terms of the
maximum of the solution and certain structure conditions on the equations. For
quasilinear non-divergence structure equations, a complete description of these
estimates can be found in [19] or [4, Chapter 14]. For divergence structure
equations, we refer to [16] and [7]. More precisely, these works consider

equations which can be written as

(summation convention assumed) under the basic hypothesis that there is a

positive constant L such that all eigenvalues of the matrix (aij (x, t, u, Du)) are
positive and finite when &#x3E; L and Du is finite. Of course, many other

hypotheses on aij and b are important to the gradient estimate, but we wish to
focus attention on this one of non-degeneracy.

On the other hand, Mkrtychyan ([17], [18]) has recently considered

problems where, for any positive L, there is a choice of Du with IDul = L
which gives a zero eigenvalue. Under suitable addition hypotheses, he was
able to prove various gradient estimates. Specifically, he consider equations of
the form

in two space dimensions, assuming that there are constants v &#x3E; 0 and 3,
and nonnegative functions ai such that

Pervenuto alla Redazione il 29 Gennaio 1992 e in forma definitiva il 18 Dicembre 1993.
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If f satisfies appropriate structure conditions, Mkrtychyan proved two estimates.
2

In [17], the quantity L was estimated for suitable constants ai
i=l

provided v = 0, m 1 - m2 ( is sufficiently small, ai(u) = ula for constants li such
that Ill - 121 is sufficiently small and (mi - 1)~ - 1) is positive for

2

i = 1, 2. In [18], L IDiulm is estimated provided m 1 = m2 = m, v &#x3E; 0, and
i=1

a = a2 is a C2 positive function satisfying a technical condition; the estimate
depends on v. The latter situation provides an approximation scheme for solving
the first problem when mi = m2 and 11 = l2 .

Our goal in this work is to reproduce Mkrtychyan’s results in a more
general framework. As the examples in Section 4 demonstrate, we have been
only partially successful. If m = m2 and if the ai’s are positive and Lipschitz,
we derive a gradient bound, independent of v E (0,1 ). If the ai’s are constant,
we can allow arbitrary mi’s. In both cases, we need only assume that mi ~&#x3E; 2.
In addition our method applies to many nondegenerate equations.

Our proof follows the general outline of Leon Simon’s gradient estimate
[20] for nondegenerate elliptic equations, which is based on Moser’s iteration
scheme; our proofs will therefore be sketchy except when dealing with a new
element of these degenerate equations. We start with a suitable version of the
Michael-Simon Sobolev-type inequality [16] in Section 1. The gradient estimate
for degenerate elliptic equations is proved in Section 2, which includes comments
about estimates near the boundary. The modifications needed to handle parabolic
equations are given in Section 3, and Section 4 presents examples to illustrate
the variety of equations included in our structure conditions.

1. - A Sobolev inequality

An important element of our program is a suitable Sobolev-inequality. The
one we use is a consequence of a general result due to Michael and Simon
[16].

LEMMA 1.1. Let m and n be integers with 1  n  m. Let U be
an open subset of and let M c U. Let it be a nonnegative measure
defined on any set of the form M n B for B a Borel subset of JRm such that
ti(m n C) is finite when C is a compact subset of U. Let ,ii (i = 1, ... , m)

(i - 1, ... , m) be Lloc(M; functions. For h E 01(U), define
6ih (i = 1,..., m) by bih(x) = Suppose also that
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for J.L almost all x E M,

for each h E C1(U) with compact support in U, and

for It almost all ~ E M, where

and wn is the Lebesgue measure of the unit ball in Then there is a constant

Co determined only by n such that

for any h E with compact support in U.

PROOF. This inequality was proved from [16, (5) on page 372] as [7,
( 1.4)] . 0

Our application of Lemma 1.1 is based (very loosely) on Example 2 from
[16]. Let Q be an open subset of R~, let u E C2(S2), let bl , ... , bn be positive,

increasing, Lipschitz functions on R+, and define Bi by . "

n n 
°

B = L Bi and b = L bi. Also we define v to be the positive solution of
i=l i=l

this equation uniquely determines

v.) Now we choose m = 2n,
T, we define ft by

and, for a fixed positive
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where 7r(x, y) = x is the projection of JRm onto R7. The matrix (Iii) is defined

by -yll.= 0 if 7ii = if i  n, -i" = (n - 1)/n if i &#x3E; n. Finally
we define

It is simple to see that the hypotheses of Lemma 1.1 are satisfied, so (1.5)
holds in this case. For future reference, we note that

wherever v &#x3E; T. Moreover, if we define by

and if there is a positive constant bo such that

we have

and

Hence

2. - The gradient estimate

To prove our gradient bound, we follow the broad outline of [20] using
some ideas from [6], [7], and [9]. In addition we take advantage of some of the
special structure of our model equation to adapt some of the structure conditions
from these works. Since our model equation typically degenerates on any sphere
IDul = constant, Simon’s structure conditions involving the minimum eigenvalue
ii must all be recast.~ 

From now on, u denotes a C2 solution of
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and we use {3, c, M to denote nonnegative constants with Jul  M in K2; 3 and
c will often appear with subscripts. In addition, we assume that Qo is a positive
constant and bl, ... , bn are positive, increasing, Lipschitz functions such that

For i p and r positive constants, and xo E Q, we
define

We introduce positive, increasing C1 structure functions w, A and A, and we
assume that

is increasing

is decreasing

is decreasing

is decreasing, _

where ~ is the identity function on R. For some positive constant To and positive
function p and Ao, we assume that the following conditions hold on 0,:

for all q and ~ in R7 (here and below we omit the argument v from A, A, and
w), where ",/i is as in Section 1 and ai~ = We also assume that

For our next structure conditions, we set vi = (so
Djv = Dijuvi), we assume there are tensors (Ck), (Dl) with Dl differentiable
with respect to (x, z, p) such that

and we set
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With this terminology, we assume that

for all tensors ~ and *.vectors ç. (The analogs of conditions (2.6a) and (2.6c)
in [20] are stated in terms of the minimum eigenvalue /z of provided we
replace v by v = (1 + by Y7 = Du/v and by = 8km - 
Our conditions (2.6a) and (2.6c) with gkm replaced by 8km = gkm + (see
our inequality (4.2)) are then consequences of Simon’s, and all other conditions
are the same for A = Ao and the previously indicated replacements.)

We also assume that

for 0 E (0, 2] a constant and - a positive decreasing function. (Here, our condition
(2.8a) is a consequence of Simon’s corresponding hypothesis, while (2.8b,c) are
extensions of his conditions; our examples will show the utility of the present
form of these conditions.) In fact, we will derive our gradient estimate in the
same three stages as in [20]; for some problems, certain structure conditions
can be removed from our hypotheses.

To simplify notation, we define

It follows that

for some constant ci = 

Our first step is an energy inequality.
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LEMMA 2.1. Let x be a nonnegative Lipschitz function on (TO, oo) and
suppose there are constants T &#x3E; To and c(X) &#x3E; 0 such that

If conditions (2.2), (2.4a) and (2.6) are satisfied, then there is a constant n)
such that

for all nonnegative Lipschitz ~ with compact support in SZ.

PROOF. We follow the proof of [20, (2.11 )] (see also [9, Lemma 3.1 )] .
Using as test function in the weak form of (2.1) and integrating by parts
gives

for any Lipschitz vector q with compact support in S2. Choosing q = 0v for
some Lipschitz scalar 0 with compact support yields
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Finally we take 0 = (v - to obtain

Now we use (2.10b) to conclude that
’I 1/ ,

Then the terms on the right hand side of this equation are

easily estimated via (2.6) and (2.4a) to see that

The proof is completed by using (2.10) to infer that
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Next, as in [20, Lemma 1 ], we reduce the gradient estimate to the estimate
of an appropriate integral.

LEMMA 2.2. Let XO E 0., T &#x3E; To and p &#x3E; 0 such that B2p C Q. If conditions
(2.2), (2.3), (2.4), (2.5) and (2.6) are satisfied, then

PROOF. We follow the proof of [20, Lemma 1] with the modifications
indicated in the proof of [9, Lemma 3.2]. The only change is that we need to
verify (2, 10b) with

and q &#x3E; 1 +,Q. Conditions (2.3a,b) imply that

Our third step is to estimate j 2diL in terms of

By virtue of (2.7), we need only estimate 
_,

LEMMA 2.3. With xo, p, T as in Lemma 2.2, if conditions (2.2), (2.3),
(2.4), (2.5), (2.6), (2.8), and (2.9) are satisfied and if there is T1 &#x3E; T such that

then there is a constant C4 ({3, {30, (31P, n, q, 0) such that

where a = 

PROOF. As in [20, Lemma 2], we set u = u - inf u (in fact the quantity
B2p

u - in [20, Lemma 2] must be replaced by u), k = 2/0,

and
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where ~ is the standard cut-off function in B2P. Integrating by parts, we find
that

Now we set and proceed to estimate h , I2, I3 .
First, using (2.8a), we have

Because of (2.3b), we can take X = wq-2 and c(X) = 1 + ,Qq in Lemma 2.1 to

find that

from (2.8c) and (2.8d).
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Next, (2.8b) implies that

Finally, using the differential equation to replace - div A by B and then applying
(2.9) yields 

A

From these estimates, and some rearrangement, we find that

Now note that = By choosing T = Tl and using Young’s
inequality, we have

Adding the obvious inequality

yields (2.14). D

Of course, a modulus of continuity estimate guarantees (2.13), and hence
(2.14), for Tl = T and p sufficiently small even if - is constant.
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By using the expression exp(,39~a)(I +,39U) (present in [20]) rather than u the
proof of [6, Lemma 4.3], we can replace,39e(vi) by 03B29 in [6, (4.8d)] and similarly
in [7, (2.6c)], [9, (3.12e)], and [12, (3.10e)]. More significantly, introducing
the constant 0 allows for consideration of anisotropic growth conditions (see
Example 3 in Section 4).

Finally, we estimate Du. A dx by quoting [20, Lemma 3].
LEMMA 2.4. With xo, p, T as in Lemma 2.2, if conditions (2.8b) and (2.9)

are satisfied and if there is T2 &#x3E; 7’ such that

then there is a constant c7(n) such that

where

Combining Lemmata 2.2, 2.3, and 2.4 with (2.7) gives an estimate on
sup w.

THEOREM 2.5. Let x E 0 and suppose  1 dist(xo, aQ). Suppose thereo pp P _ 
8 

C o, ) pp

are functions w, ê, A, A, bi, Ao, and Ao such that conditions (2.2)- (2.9) are
satisfied. Let T &#x3E; To and suppose there are constants Tl &#x3E; T and T2 &#x3E; T such
that conditions (2.13), with q = ,Q3 + 2, and (2.15) hold. Then there is a constant
C8 (~, ~o, ~1 P, ~2, ~3, ~4~, n) such that

If also w (r) --+ oo as r - oo, then

To convert the estimate on v to an estimate on Du, we note that
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for all i. Since and B is

strictly increasing, this inequality and (2.19) give a bound for 
It is also possible to derive gradient bounds up to the boundary of the

domain. Either by imitating the boundary considerations in [20] or by combining
the form of our interior gradient bound with the boundary Lipschitz estimate
[4, Theorem 14.1], we find a gradient estimate near the boundary if SZ satisfies
a uniform exterior sphere condition and if the quantities

and p are related by

and if the boundary data are C.
We also note that boundary gradient estimates can be proved for the

conormal derivative in the special case of zero Neumann data, i.e.,

with 7 the inner normal to aSZ. Assuming that there is a scalar function F(x, z, p)
with A = aF/ap and aS2 E C~, we prove the estimate by imitating the proof in
[6] (which allowed A(x, u, Du) - -1 = on aSZ). If we only assume that 9Q
is Lipschitz and satisfies a uniform exterior sphere condition (but still that F

exists), we follow [11]. Without the variational structure (i.e. existence of F),
the present proof works in the conormal case if the boundary condition implies
also that v ~ ~y = 0 on as2 and aS2 E C’ (cf. [9]). In [17] the boundary condition
(2.21) was assumed with variational structure and 9Q Lipschitz with a uniform
exterior sphere condition.

3. - Parabolic estimates

The modifications needed to handle parabolic problems are already present
in [7], so we state results here. We consider the problem

The notation from the previous sections is modified so that the arguments of
A, B, and their derivatives also include t and
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We also introduce some additional structure conditions (cf. [7, Sect. 2]).

Conditions (3.1), (3.2), (3.4) and (3.5) were introduced in [7]. The analog
of (3.3) in [7] is a consequence of p  372Ao, namely that 

As we shall see in Section 4, removing the
vkvm term form (3.3) involves no loss of generality.

The analogs of the estimates in Section 2 are as follows.

LEMMA 3.1. Let X be a nonnegative Lipschitz function on [TO, oo) and
suppose there are constants T &#x3E; To and c(X) &#x3E; 0 such that (2.10a,b) hold. If
conditions (2.2), (2.4a,c) and (2.6) are satisfied and if

or if ~(x, 0) = 0 in S2, then there is a constant c8(Qo, n) such that

for all nonnegative Lipschitz ~ with compact support in Q x (0, T). 0

LEMMA 3.2. Let xo, T, and p be as in Lemma 2.2. If conditions (2.2),
(2.3), (2.4), (2.5), (2.6), (3.1 ) and (3.6) are satisfied, then there is a constant

C9 such that
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If we replace (3.6) by (3.2) and if T &#x3E; 4 p2, then there is C10

such that

LEMMA 3.3. With xo, p, T as in Lemma 2.2, suppose (2.2), (2.3), (2.4),
(2.5), (2.6), (3.1), (3.3), and (3.6) are satisfied. If there is T such that

(2.13) holds, then there is cl, such that

where u = t) - u(y, t)1 : : x, y in Bp, 0  t  T }. If we replace (3.6) by
(3.2) and (3.5) and if T &#x3E; 4p2, then there is C 12 31 p, {37, n, q, 0) such that

PROOF. The important change from the proof of Lemma 2.3 is in the
estimate of div A. Using (3.3) and (3.4) gives

and then the proof proceeds as before. (See also [9, Lemma 3.3].) 1:1

LEMMA 3.4. Let T, p, xo be as in Lemma 2.2 and suppose conditions

(2.8b) and (2.9) hold. If Q’(T, T, p) = { (x, t) E Q(T, T, p) : t &#x3E; T - p2 }, if

if T2 &#x3E; 7 is so large that
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, 

and if

then there is a constant c 13 (n) such that

For parabolic equations (cf. [8, Theorem 2.2] and [9, p. 47]), a boundary
gradient estimate holds if Q satisfies an exterior sphere condition, if the boundary
data have bounded second spatial derivatives and a bounded first time derivative
and if, in addition to (2.20), we have

4. - Examples

Before presenting our examples, we note some useful inequalities. First,

by [10, Lemma 1.1 (b,e)] and the positivity of bk. Hence the vector v has length
bounded by 2 + ,Qo . Furthermore,
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Also

Hence if Ck = conditions (2.6a,b) hold with 31 &#x3E; c(,3o, n)Oo provided there
is a function Ao such that

We start with a particularly simple example.

EXAMPLE 1. Ai = apt + BPiBm-1 B - 0 for some constant m &#x3E; 2 and
a &#x3E; 0. We take b 1 (T) _ ... = = T~-2 ~ ~ _ Ao = A = = 

w = v (m-l)/2 . Then conditions (2.2), (2.3), (2.4), (2.5), (2.6) are satisfied with
{3 = m + 1, (31 = 0, and To &#x3E; al~~m-2), , so Lemma 2.2 gives

provided T &#x3E; TO and sup v &#x3E; 2T. This last integral is estimated via Lemma 2.4
B(xo,p) 

with w = v, 0 = 2, (34 = C(m), and Qs = 0 to obtain

and hence

by taking T = a1(m-2) + a .0 . Since all Bi’s are equal and convex, it follows
A

that maxi , 1 so we have an easy gradient bound here.
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Moreover ~l - (m - so (2.20) also holds, and we obtain boundary
gradient estimates as well.

This gradient estimate along with classical regularity theory guarantees that
u E C2 as long as a &#x3E; 0. An easy approximation argument and the uniqueness
of solutions of the problem

for a &#x3E; 0 show that our gradient holds in the form

if a = 0.
More generally, we consider a structure which includes the operators of

[18]; these operators give rise to the model problem on which the present work
is based.

EXAMPLE 2. Ai = api Sgn pi where a and m are constants
with a E (0,1] ] and m &#x3E; 2, and the ai’s are Lipschitz functions with

for 01, 02, 03 positive constants, and

Now our structure functions are

and conditions (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.8), (2.9) hold with

because (4.3) holds with 80 = 93/el and Ao = A. According to [5, Theorem 1.1
of Chapter 4], we can estimate the modulus of continuity of u (in terms of 81,
02, 03, n, and m), so Theorem 2.5 provides a gradient estimate in this case.
Specifically
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(Note that this gradient bound along with classical regularity theory guarantees
that U E W2,2 n ~’ 1, so our derivation is valid here.) Moreover

so a boundary gradient estimate is valid.
For the parabolic version, we can allow ai and B to depend on t also

because the Holder estimates of Di Benedetto [2, Theorems 2, 3, 4] apply in
this case; the only changes are that A = 01v/(1 + m~) and the constants Q and
Q3 must be increased approprietely, and condition (3.3) follows by a simple
modification of the proof of (4.3).

In fact, our gradient estimate is also valid for a = 0. To see this validity,
we use an approximation scheme like the one in [21] coupled with an easy
variant of the local uniqueness proof from [5, Section 4.2]. For a &#x3E; 0, define

and suppose u n L°° solves

Then is a bounded function, so there

is a family of uniformly bounded, C’ functions with ba -~ bo almost
everywhere as a - 0. We now define

and for a fixed xo E 0. and p  dist(xo, (9Q), we write ua for the solution of

For a E (o,1 ), [4, Problem 10.1 ], the uniform Holder estimate from [5, Theorem
1.1 of Chapter 4], and our gradient estimate imply the existence of ua along
with positive constants ci and a such that C1pa for a E (0, 1). We
now show that ua is also unique provided p is small enough.

First (as in [5, Lemma 1.3 of Chapter 4]), for ~ E nL-)(Bp), we
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use
2 

as a test function to infer that

If ua is any other solution, this estimate is also true for Now (as in [5,
Theorem 2.1 of Chapter 4]), use ~ = ua - ua as test function in the weak forms
of the equations for ua and Ua to infer that

If p is small enough, we have = 0 and hence Ua = ua. It also

follows that uniformly as a - 0 since u is the unique solution of (4.6)
with a = 0. This uniform convergence, along with the uniform gradient bounds
for a e (o, 1], implies the gradient bound (4.5) also for a = 0 provided p is

sufficiently small. ~

Example 2 gives a considerable strengthening of the estimate in [18],
which was proved only for n = 2. In our notation, the additional assumptions
are that z) = a2 (x, z) = a(z),

for some positive ê, and there are positive constants a  1 and 61 such that

Furthermore the estimate in [18] was a global one only.

EXAMPLE 3 (Anisotropic structure conditions I). Now we suppose there
are constants M, m and m with such that
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For simplicity, we also assume that A depends only on p and that B - 0.
With bi(T) = ... = bn(T) = T, p = Mnvm-1 = A, Ao = A = v!!!-l/(1 + m-2), w = v~
conditions (2.2), (2.3), (2.4), (2.5), (2.6) are satisfied with Q = n + 2 + m, {30 = l,
~31 = o.

In addition (2.7), (2.8), (2.9) hold with w = v, 0 = 2 - (m - m) and P2,
03, Q4 chosen suitably depending on M, m, m, n if also A(p) - f(lpl)p for
some function f (which must satisfy the inequalities Tm-2  f(t)  M rm-2,
0  f’(T)  MTm-3) and m - m  2. In this way, we reproduce the gradi-
ent bound of Choe [1] in the scalar case. (The systems case follows from a

corresponding modification of the results in [12].) Alternatively, if m  n + 4 m,ponding [ ] ) y 

we can use w = vm with m = m - m - m n + 2 to obtain- ( 
 2

from Lemma 2.2 and then Lemma 2.4 bounds this integral. In either case, there
are constants C(m, m, M, n) and such that sup C[osc u/p]k.

B B8p

Example 3 should be compared to the results in [13], [14] and [15].
In Examples 1 and 2, we can replace T~ by g(T) for any C1 function g

satisfying

for some constant go. The only change is that we use [10] to infer a modulus
of continuity in the elliptic case of Example 2. For Example 3, we replace T&#x3E;

and Tm by gl(r) and g2(r) with each gi satisfying (4.7). The restrictions on m and
m are modified as follows: m  n + 2 m becomes is increasing for

n + 2 ’

all i and j with a &#x3E; n + 2 a constant, and m  m + 1 becomes 
n + 4 

’ - 92 ( ) gj ( )
is increasing for all i and j with () E [0, 1) a constant.

The generalization of Example 2 to anisotropic structure conditions is quite
surprising.

EXAMPLE 4 (Anisotropic structure conditions II). Let gl, ... , gn be C~[0, oo)
functions satisfying (4.7) for T &#x3E; 0 with 1, and define

and Let ai be Lipschitz with
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for 01, 02, 03 positive constants, suppose and

suppose there is a decreasing function - such that e(T)T is increasing with
= 0 and 

1

We assume without loss of generality that = 1 and we take To = 1. Our
structure functions are

From (4.1 ) and (4.4) with 00 = c(n, go) and the easily checked inequalities

and

we see that conditions (2.2), (2.3), (2.4), (2.5), and (2.6) are satisfied with
w = v, Q = c(n, go), Qo = go, and ~31 = C(n, go)93/91, so Lemma 2.2 implies

(assuming sup v &#x3E; 2T). In additional (2.2)-(2.6), (2.8), and (2.9) hold with w, ~3,
BP

{30 and {31 as before, #4 = C(go)92/81 and {35 = ()3 / ()1. It follows from Lemmata
2.3 and 2.4 that

If T &#x3E; 1 + ~ and Tl satisfies (2.13) with q = c(n, go), it follows that
P

where C is determined only by go, n, 92 /81, P03101 and 03U, and hence

Because sgnpi we

also have a boundary gradient estimate. For parabolic equations A and B may
depend on t also.
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Of course, to apply our results directly, we must assume that g2 (o) is

positive. We remove this additional hypothesis by copying the corresponding
argument in Example 2. Now we set

and

for k &#x3E; 1 a constant to be chosen. If V is another solution of

we use first [u - min and then ru - max as text functions
in the weak form of the equation for u to see that

for ~ = u - u and the constant C independent of k, and a similar estimate holds
with u replacing u. Then with ~ as test function in the functions for u and u,
it follows that

with C(b) independent of k, and 6 &#x3E; 0 arbitrary. Choosing first 6 small and then
k large gives uniqueness here, and uniqueness for the approximating problems
(which also use regularized gi’s) follows from [4, Theorem 10.7].

The parabolic version of this estimate is very close to the estimate in [17]
in some sense. In that work, Mkrtychyan studied
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with li &#x3E; 1, mi &#x3E; 3 and some additional restrictions on ti and mi. If ti = 0 our
estimate is better because it only requires mi &#x3E; 2, but it is not clear how to
handle the u-dependence.

Note that our gradient estimate is true regardless of the "spread" of the
g’s, once we have a bound on the solution. On the other hand, some restriction
on the spread is needed to obtain a local solution bound. For the case B - 0,
Ai =pt for i  n, An = (pn)3, if n &#x3E; 6, Marcellini [13] and Giaquinta [3] found

an unbounded solution hence weak solutions

of the equation can be unbounded, but bounded solutions are Lipschitz.
Our method also applies to a number of nondegenerate equations. If we

choose bi(T) = ... = bn(T) = r, our structure functions are the same as in [7], so
we merely state the results, and only in the elliptic case.

EXAMPLE 5 (Uniformly elliptic equations). Let 0 be an increasing C1
function on [0, oo) with  for some positive constant Suppose
there are constant J.t1,..., and a decreasing function - such that

In either e( 00) = 0 or is bounded away from zero, then we
have a gradient estimate.

EXAMPLE 6. Ai = = 

So far our examples have been of two categories. On a given sphere
= const.1 either there are points such that the matrix ( 2013 ) has

a zero eigenvalue with eigenvector çk, having components 03BEki = 8ik, at pk (so
the equation degenerates in any direction, loosely speaking) or the matrix 8A
never degenerates. Our final example only degenerates in one direction. 

8p

EXAMPLE 7. Al = A2 = == 0 and n = 2. Then we take

&#x26;l~)=&#x26;2~)=~

in order to obtain a gradient bound in the form sup I.
Bp
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