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Sums of 19 Biquadrates:
On the Representation of Large Integers

JEAN-MARC DESHOUILLERS* - FRANÇOIS DRESS

We give a detailed proof of the following result, announced in [4] by
Balasubramanian, Deshouillers and Dress.

THEOREM. Every integer larger than 10361 is a sum of 19 biquadrates.

In the first edition of his Meditationes Algebraicae, in 1770, Waringl states
that every natural integer is a sum of at most 4 squares, 9 cubes, 19 biquadrates.
A few years later, he adds that a similar statement holds for higher powers.
Those "statements" would be phrased nowadays as "conjectures", and we refer
to them as "Waring’s problem".

The case of the squares was solved by Lagrange in 1770, and that of the
cubes by Wieferich and Kempner in 1909-1912.

After Liouville proved around 1859 that every integer is the sum of at
most 53 biquadrates, there have been different numerical improvements of his
result, as well as extensions to some higher powers. Hilbert gave in 1909 the
first proof of the fact that for any 1~ &#x3E; 1 there exists an integer s such that

every integer is the sum of at most s perfect kth powers. (We denote by g(k)
the least admissible such s). His method does not lead to the determination of
g(k).

Hardy and Ramanujan introduced in 1917 a powerful analytical method
for dealing with additive problems: the circle method, which they originally
applied to the study of partitions. Shortly afterwards, Hardy and Littlewood
gave a new proof of Hilbert’s theorem: typically, their method leads to the

existence of effectively computable constants s(k) and N(k) such that every
integer larger than N(k) is a sum of s(k) perfect powers. In the case of

biquadrates, they showed in 1925 that s(4) = 19 is an admissible value [17],

* This research has been supported in part by the Institute for Advanced Study, Princeton,
NJ 08540.

1 References to the papers which appeared before 1920 are to be found in Dickson’s History
of the Theory Numbers.

Pervenuto alla Redazione il 26 Luglio 1991.
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opening the route towards the solution of Waring’s problem for biquadrates.
Auluck [1] ] proved in 1940 that every integer larger than exp exp (204) is a
sum of 19 biquadrates.

Let us shortly describe the status of higher powers. J.A. Euler observed
around 1772 that g(k) is at least 2k + [(3/2)k] - 2, by considering the integer
[(3/2)k] 2~ - 1. In 1934, Vinogradov [26] succeeded in obtaining by the circle
method, admissible values of not exceeding 2 k+ [(3/2)~] - 2, and he even
proved [27] that one may take s(k) as small as log k). This means that the
larger k is, the easier is the determination of g(k), this number being controlled
by the representation of small integers. Indeed, in 1936, Dickson [16] and Pillai
[21] ] independently gave the expression of g(k) for k between 7 and a few
hundreds, and their work, completed by Rubugunday and Niven eventually led
in 1944 to the complete determination of g(k) for k &#x3E; 6 (the complexity of the
computation of is discussed by Delmer and Deshouillers in [10]).

In 1938, Davenport [8] introduced a new idea which turned out to be
specially efficient for small For biquadrates [9], his method relies on the
direct consideration of numbers which are sums of 4 biquadrates, counted each
with weight one, regardless of their number of representations under the given
form. He proved that every sufficiently large integer which is not congruent to
0 or 15 modulo 16 is a sum of at most 14 biquadrates. The difficulty in using
Davenport’s method for actual computation is its dependence on the maximum
of divisor-like functions; one can figure out the importance of such terms by
noticing that the maximum of the usual divisor function d(n) for n up to lOloo
is larger than 1015, whereas it is a well known fact that d(n) = for

any positive 6’. This difficulty delayed the solution of Waring’s problem for 5 th
powers to 1964, when Chen Jing-run [7] proved that g(5) = 37. For biquadrates,
Davenport’s method has led Thomas [23] to prove in 1974 that g(4)  22, and
Balasubramanian [2] and [3] to announce g(4)  21 in 1979 and g(4)  20 in
1985. (Those two latter papers rely on a numerical announcement by Thomas
which has been subject to criticism [12], but is not used by Thomas in his
proof of g(4)  22). The second article [3] contains an innovative idea in the
treatment of Weyl’s trigonometrical sums which allows his author to show that
every integer larger than 10700 is a sum of 19 biquadrates, whereas Thomas
obtained the bound 101409.

That same year 1938, Hua [18] introduced another idea, which enabled
him to give an asymptotic estimate for the number of representations of an
integer as a sum of 2k + 1 perfect k -th powers. Apparently, Hua’s method has
the same drawback as that of Davenport, in that they both depend on estimates
for the maximum of divisor-like functions; on the other hand, Hua’s method
can lead only to the existence of representations of large integers as sums

of 17 biquadrates, whereas Davenport’s method is efficient already with sums
of 14 biquadrates. The first named author of this paper noticed however that
the maximum of the implied divisor function may be replaced by an average
of those values. The reader should remember that, the maximum of d(n) of
n  lOloo is at least 1015, whereas the mean-value of d(n) over the same range
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is less than 231. Although the averaging is performed over the values of a
polynomial, this remark led to the proof that every integer less than 10625 is a

sum of 19 biquadrates [ 11 ] .
The two innovations introduced in [3] and [11] fortunately turned out to

be compatible: when combined, they imply that every integer larger than 10530
is a sum of 19 biquadrates. The remaining gap would, still now, be hard to
cover by numerical computations, if only possible.

The last main ingredient was a careful study of the divisor sum implied
in the modified Hua’s method. We succeeded [13] in that way to reduce the

asymptotic bound beyond which every integer is a sum of 19 biquadrates, to a
size, 10400, which was within the range of possible computation. At the same
time, the second named author noticed an improvement in Balasubramanian’s
method: the asymptotic bound fell below 10367, well within the range of

computation; we indeed showed at that time that every integer less than 10378
is a sum of 19 biquadrates: Waring was right!

Although we have now extended our computation [15] to 10~, making it
possible to relax some of the arguments in the asymptotic part of the proof, we
think that it may have some historical interest to provide a complete, almost
self-contained, and accessible proof of our main theorem, following the lines
presented in [4] and [5]. This is made possible, through this paper and the

articles [13] and [14].
Davenport has shown that only finitely many integers cannot be expressed

as sum of 18 biquadrates. Under a strong numerical evidence, one conjectures
that only 79, 159, 239, 319, 399, 479 and 559 require as many as 19 biquadrates,
and it seems desirable to substantiate this statement. Although our method leads
to an effective bound beyond which every integer is a sum of 18 biquadrates, we
doubt that it may soon lead to the determination of the integers that cannot be
written as sums of 18 biquadrates. Landreau [19] could reduce the contribution
of the divisor function implied in Davenport’s method, thanks to an averaging
over a sufficiently large set, and this could lead to a "revenge" of Davenport’s
approach.

Acknowledgement. When working on this problem we (either or both)
received encouragement and suggestions from E. Bombieri, H. Halberstram, H.
Iwaniec, H. Maier, C. Stewart, G. Tenenbaum and W. Schmidt: it is our pleasure
to thank them for their help.



116

CONTENTS

§ 1. General outline of the proof
1. Hua’s version of the circle method
2. Notation. The Farey dissection

§2. Contribution of the major arcs
1. The singular integral
2. GauB sums
3. The singular series
4. Approximation of 
5. Contribution of the major arcs

§3. Hua’s inequality: reduction to a divisor sum
1. On the congruence x4 - y4 (mod k)
2. Divisor sums
3. Hua’s inequality

1

§4. Upper bound for 
o

§5. Upper bound for the Weyl sums on the minor arcs

§6. Proof of the main theorem

Formulae have been extensively numbered in order to help the reader in
finding his/her way through the paper.



117

§ 1. - General Outline of the Proof

1.1 Hua’s version of the circle method

Let N be a positive integer. We define t as the integer in the interval
[4, 19] which is congruent to N mod 16. By P we denote an integer in the
interval [0. 14Nl/4 0. 17N 1/4] which will be chosen later on. Our aim is to show
that the number of ways, let us call it r(N), to represent N as a sum of the
fourth powers of t odd integers in ]2P, 4P] and s = 19 - t even integers in the
same interval is strictly positive. For that purpose, we follow the circle method,
based on the integral representation

where

The interval [o,1 ] is decomposed as a union of two distinct sets .M and m,

respectively called the major and minor arcs. A precise definition is given in
section 1.2; roughly speaking, .M is composed of those a’s which are close to a
rational with a small denominator. Because of this arithmetic property, a lower
bound of the contribution of .M to the integral 1.1.1 can be obtained; this is
the aim of the second chapter.

On the minor arcs, we use Hua’s method, that is to say that we rely on
1

upper bounds for The first step, which strictly follows [ 11 ], is

o
to reduce the problem to finding an upper bound for the mean value of the
number of ways to represent the values of a certain polynomial as a product
of 3 integers. This is done in the third chapter. We dealt with this divisor sum
in an independent publication [13], and we simply exploit it in chapter 4.

The next step is to get an upper bound for the maximum of the jigo-
nometrical sums over the minor arcs; we again invoke an independent
publication, namely [14] which presents an improvement on Balasubramanian’s
method [3].

In the last chapter, we put together the different estimates, in order to
show that the contribution of the major arcs is larger than that of the minor
arcs, concluding that r(N) &#x3E; 0, and thus that N is the sum of 19 biquadrates
when N &#x3E; 10364, which is a bit stronger than stated in the Theorem.
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1.2 Notation. The Farey dissection

By vo we denote a real number in the interval [85, 151], the existence of
which is asserted in section 2.1.

By N, we denote an integer &#x3E; 101°; the integers s and t are defined by
the relations

We denote by Po and P the quantities

We call major arcs the union .Ivl of the pairwise distinct intervals

0  a  q, (a, q) = 1.

The minor arcs m is the complementary set of Jvl in the interval

- 975 11 9751p3 1 p3
Finally, for - E { o, 1 }, we write

where e(u) = For an integral q, we write eq(u) = e(u/q).

§2. - Contribution of the major arcs

With the notation introduced in section 1.2, we have

THEOREM 2. Let N be an integer larger than 10320; we have

2.1 The singular integral

PROPOSITION 2.1. There exists a real number vo E [85, 151 ] such that on
has
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where

PROOF OF PROPOSITION 2.1. We consider a family (Xl, ... , X19) of inde-
pendent random variables, equidistributed on the interval [1,2], and we let

We have

2

The integral can be interpreted as the characteristic function
1 

2 9
(i.e. Fourier transform) of Xi; thus,(I 2 e(,3t4)dt) represents the characteristicu 7
function of Z, and by inverse Fourier transform, K(v) represents the density of
Z at v. By the Bienayme-Cebysev theorem, we have

whence the result.

2.2. GauJ.3 sums

For s E {0, 1 }, we get an upper bound for the sums

A general result for biquadratic trigonometrical sum is given by Necaev
and Topunov. However, using directly this result would lead to a constant in
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Proposition 2.2, too large for our purpose. We shall derive the main result of
this section from an upperbound for GauB sums of the shape

given in the thesis of Thomas [23], and that we shall prove again, for the sake
of the completeness.

PROPOSITION 2.2. For v integer, a and q coprime, and - E {0, 1 ~, we have

LEMMA 2.2.1 (NECAEV AND TOPUNOV [20]). Let F(X) = a4X4 + a3X3 +
a2X 2 + a 1 X be a polynomial with integral coefficients, and let p be a prime
number and s a positive integer such that

We have

in the following cases:

LEMMA 2.2.2 (THOMAS [23]). Let a, b and q be three integers such that

gcd(a, b, q) = 1.

We have

PROOF OF LEMMA 2.2.2. By the multiplicativity of the trigonometrical
sums, we have
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If we denote by c(p) the factors in the RHS of 2.2.6, Lemma 2.2.2 and
a direct computation imply that one has

except when p is 2, 5, 13, 17 or 41, in which cases one has

from which Lemma 2.2.2 follows. D

PROOF OF PROPOSITION 2.2. In a first step, we reduce the majorization of
to that of Go(a, q; v), since we have

so that, for odd v we get

and for even v, Lemma 2.2.1 leads to

Since a and q are coprime, the g.c.d. of 16a, v and q is a divisor of 16;
let us call it 2k(with k  4). We have

and by Lemma 2.2.2, we have
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since k is at most 4.

Proposition 2.2 now follows from 2.2.9, 2.2.10 and 2.2.12.

2.3 The singular series

PROPOSITION 2.3. Let us define

where

For any integer N, the series S (N) converges absolutely, and one has

PROOF OF PROPOSITION 2.3. The absolute convergence of 2.3.1 comes
from Proposition 2.2. Let us denote by M(q, N) the number of solutions of the
congruence

By the Chinese remainder theorem, the arithmetic function q - M(q, N)
is multiplicative. Moreover, by detecting the congruence mod q with an additive
character one readily gets

which implies two facts:

(2.3.5) the function d H A(d, N) is multiplicative so that S can be written as
an Euler product.

(2.3.6) each factor of this product can be written as lim p-18n M(pn, N).
n-~oo

Our problem is thus reduced to getting a lower bound for M(pn, N).

LEMMA 2.3. For prime p, a lower bound for M(pn, N) is given by the
following relations
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PROOF OF LEMMA 2.3. A common ingredient in the proof of the different
inequalities is that above any non-singular solution of f (xo, - - ., xs) - 0 (mod p),
one can find solutions of

----

For 3 and 5, a direct computation can be performed by hand, since the
only biquadrates are 0 and 1. For example, one has

one computes in a similar way M(3, 0), M(3, 1), M(3,2), M(5, 0), M(5,1),
M(5, 2), M(5, 4), and gets 2.3.8 and 2.3.9.

For odd p, it is sufficient to consider a lower bound for M(p, N) - 1,
which is itself a lower bound for the number of non-singular solutions of 2.3.4.
Following [6] (p. 15), we get

which readily leads to 2.3.10 and 2.3.11.
Finally, when p = 2, our choice of s and t leads to

Let now n be &#x3E; 4, and consider integers yl, ... yt solutions of

the integers x + 2n-3, ... , xs + 2n-3, yl + 2n-3,... yt + 2n-3 are also solutions of
2.3.15. If we denote by L(2n, N) the number of arrays (xl, ... , xs, yl, ... , yt) of
integers satisfying

and 2.3.15, we have
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We now compute L(2n, N) by induction on n. Let (Àl,..., Às, J-ll,..., lit) E
f 0, 11 19; we have, modulo 2n+l:

Since t &#x3E; 0 and (2yt + 1 ) is invertible mod 2, to each 
can be associated a unique &#x3E;t in f 0, 1) such that one has

Thus, for n &#x3E; 4, one has

Now, 2.3.7 follows from 2.3.14, 2.3.17 and 2.3.20. D

We return to the proof of the Proposition 3.3. By the Lemma 2.3 and the
facts 2.3.5 and 2.3.6, we have

and a hand computation leads to 2.3.3. F-1

2.4 Approximation of Se(a)

On the interval a - 975 a + qP3 ’ we give an approximation of sea)q q qp3 I g pp e ( )

in terms of the Gaul3 sums q; 0) introduced in 2.2.1, and of the integral

PROPOSITION 2.4. For a - a + {3, with 0  a  q, (a, q) = 1 and
g

1{31  975/(qp3 we have 
q

In particular, , for q  p112, we have



125

Before embarking on the proof of Proposition 2.4, we state and prove the
following lemma

LEMMA 2.4. Let P &#x3E; 0, ~/3~  975/(qP3) and have

where

Furthermore, if

PROOF OF LEMMA 2.4. As in Lemma 9.3 from [23], we follow Titchmarsh
[25], except that we use his Lemma 4.5 (stationary phase method). Integrating
by parts leads us to

we then apply Titchmarsh’s Lemma with

this leads to 2.4.4; furthermore, if |03B2|  ( 1024qp3)-1 or Ivl I &#x3E; 106, we note

h G , h G I. 320000qthat G is monotonic, continuous and is at most 320000q over
F Fl 

( ) 
v 2

[2P, 4P] . D

PROOF OF PROPOSITION 2.4. Let J(h) be the interval

we note that there are at most 2 values of h mod q such that either endpoint
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of J(h) is an integer. We have

where 101  1, and the asterisk means that a weight 1/2 is attached to any term
corresponding to an endpoint of J(h).

By Poisson summation formula, we have

which easily leads to

By Lemma 2.4 and Proposition 2.2, the RHS of 2.4.10 is at most
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we get an upper bound for the last sum by using a technique already used by
Thomas [23], which rely on the inequality

which is valid for any integral j.
By the definition of G,, we get

Applying three more times this technique, we get

The relation 2.4.2 follows then from 2.4.10, 2.4.11 and 2.4.14, and relation
2.4.3 is a direct consequence of 2.4.2. D

2.5 Contribution of the major arcs

The key result of this section is the following

PROPOSITION 2.5. For P &#x3E; 1060 we have

where K is defined by 2.1.2.
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Under the conditions of Proposition 2.4, we have

where

and

We first get an upperbound for I(,Q, N).

LEMMA 2.5.1. We have

PROOF OF LEMMA 2.5.1. The first upperbound is trivial. Let us assume
now that # f0; we change the variable and integrate by parts, getting

whence

and so 2.5.5 is proven. 0

LEMMA 2.5.2. We have
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PROOF OF LEMMA 2.5.2.

step. From Lemma 2.5.1 and Proposition 2.2, we get

2nd step. Let T(a) For 6- C fO, 11, u in Z+ and a
in we have

whence

PROOF OF PROPOSITION 2.5. We perform the summation over the major
arcs, and use 2.5.7 in conjunction with the relations
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By changing the variable, the quantity

and this leads to 2.5.1.

PROOF OF THEOREM 2. Because of the definition of S (N) (cf. 2.3.1 and
2.3.2), and the Proposition 2.2, we have

We notice that both the double sums in the LHS’ of Proposition 2.5 are
real. Combining 2.5.1 and 2.5.14 we get

We now recall the definition 2.0.2 of Po, that of vo in Proposition 2.1 and the
lower bounds 2.1.1 and 2.3.3 for K(vo) and S(N) respectively. We get

and Theorem 2 follows from the fact that for N &#x3E; 10320, po is larger than 10~g
and so the second term in the right hand side of 2.5.15 is positive. D
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§3. - Hua’s inequality: reduction to a divisor sum

In section 3.3, we shall prove the following result

THEOREM 3. For - = 0 or 1, we assume that there exists a real number
B,(P) satisfying the relations .

where the summation condition is

where A is any real number with 0  ~  0.5.

3.1 On the congruence x4 - y4 (mod k)
PROPOSITION 3.1. Let X &#x3E; 10g~ and

we have

We should notice that an effective result on prime in the arithmetic pro-
gressions mod 4 would lead to an upper bound A(X)   X)~.

Let N(k) denote the number of solutions of the congruence 03BE4 = q4
(mod k). We have
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where all the congruences are taken modulo k.
The function N is multiplicative, and we simply show an upper bound of
which is good enough for our purpose. We denote

so that

LEMMA 3.1.1. For any prime number p, we have

PROOF OF LEMMA 3.1.1. As soon as p divides ~ and ç4 - it divides

77; but, if p divides ~ and q, then p4 divides ç4 - 7y~; this leads to 3.1.6.
Let now £ &#x3E; 5, and consider the solutions of

We let ~ = py, so that 3.1.9 is equivalent to

and each of the solutions of

leads to p6 solutions of 3.1.10. This shows 3.1.7.
From 3.1.6. and 3.1.7, we have

whence we get

which is equivalent to 3.1.8.
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LEMMA 3.1.2. For any odd prime numbers p, we have

REMARK. We have indeed = 4(p - 1) or 2(p - 1) according as p is
congruent to 1 or 3 modulo 4.

PROOF OF LEMMA 3.1.2. Let a E [0,p[ and let r(cx) denote the number of
~ in [0,p[ such that ç4 == a [p]. Since if and only if a = 0, we have

since p is prime, the congruence ~4 = a [p] has at most 4 solutions, and so

which proves the first part of 3.1.1 l; we compute directly Nl (3).
Let now £ &#x3E; 2 and (x, y) be a solution of

Since p does not divide 4xy, this solution is non-singular, and above it, there
are exactly p non-singular solutions [p~], whence 3.1.12.

From 3.1.12, we get

which implies

whence 3.1.13.
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LEMMA 3.1.3. We have

PROOF OF LEMMA 3.1.3: We prove 3.1.17 by a direct computation. By
noticing that (x + 2k-3)4 is congruent to x4 modulo 2k-l, but not modulo 2’~
when k &#x3E; 5 and x odd, we show by induction on k that there are 2k-4 odd
biquadratic residues modulo 2k and that each of them is obtained 8 times, for
k &#x3E; 4. This leads to 3.1.18. The relation 3.1.19 is then straightforward. D

LEMMA 3.1.4. We have

PROOF OF LEMMA 3.1.4. It is a straightforward application of the relation
3.1.5 and the three previous lemmas. For the prime 2, we get from 3.1.6, 3.1.8
and 3.1.19 the relation

which is 3.1.20.
When p is odd, we get from 3.1.8 and 3.1.13 the relation

When p = 3, relations 3.1.23 and 3.1.11 lead to
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which is 3.1.21.
For a prime p &#x3E; 5, relations 3.1.23 and 3.1.11 lead to

so that we have

whence 3.1.22 is proven. D

PROOF OF PROPOSITION 3.1.1. By inequality 3.1.2, we have

By Lemma 3.1.4, this leads to

From 3.1.6 and 3.1.11, we have N(p)  4p, so that we get

Combined with the relation (3.18) from Rosser and Schoenfeld [22], our last
relation 3.1.24 leads to

from where Proposition 3.1 easily follows.
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3.2 Divisor sums

In this section, we give some upper bounds for mean-values of divisor
functions.

PROPOSITION 3.2. Let P &#x3E; 1074 ; for 0  A  0.5, we have

and, for 1  /c  2, we have

These results are by no means best possible, but their derivation is com-
pletely elementary and easy, and furthermore, they are not far from being best
possible in the range where we shall use them. The reader should not have any
difficulty in providing a proof for the following lemma; if needed, a reference
can be the work of Chen [7].

LEMMA 3.2.1. Let X &#x3E; 1 have

and

where

PROOF OF 3.2.2. It is enough to prove 3.2.2 for K = 1 and x = 2, and then
apply Holder’s inequality. The case x = 1 is fairly straightforward (inversion of
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summations); for /c = 2, we have

By the case j = 1 of 3.2.3, the sum under consideration is at most

which is less than

LEMMA 3.2.2. For X &#x3E; 1 and 0  ~  0.5, we have

PROOF OF LEMMA 3.2.2. By Hölder’s inequality, it is enough to verify
the cases A = 0 and A = 1 /2.

The case A = 0 of 3.2.6 reduces to the case j = 2 of 3.2.4, since

L d(8)0 = d(n).
81n

For A = 1 /2, we notice that Cauchy’s inequality implies



138

we thus have

where the last inequality comes from the submultiplicativity of the divisor
function. The case A = 1/2 of Lemma 3.2.2 now follows directly from the cases
j = 1 and j = 2 of 3.2.4. D

PROOF OF 3.2.1. Let us denote by Sa the LHS of 3.2.1.
We have 

-

where the variables y and k satisfy

expanding the square, we find

We let with m = mi ni ; we have

where the summation conditions are

We thus have
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for the sum over s2 we use Holder’s inequality and 3.2.3:

we now sum this relation by parts, which leads to

in 3.2.13 the sum over r2 is trivial, and that over r 1 is dealt with, thanks to
the following easy inequality

Indeed, if one denotes by g(z) the LHS’ of 3.2.16, it is easy to check that g is

constant on any interval n n + 1 , that one hasy 121 2

By 3.2.14, 3.2.15, 3.2.16, the inequality 3.2.13 becomes

Since P &#x3E; 10~4, we deduce from 3.2.17 that

We now use Lemma 3.2.2 and get

which is 3.2.1.
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3.3 Hua’s inequality

In this section, we prove Theorem 3.
Let us denote by Io the interval ]P - -/2, 2P - -/21.

step. By Parseval’s identity, we have

where

we may thus write

where

If h~0, relation 3.3.4 implies that h, 1 has the same sign as h, so that
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For a given positive hl, the function y H (2y + _)3 + + e)2 + 
(2y + -) + 2h 3 1 is strictly increasing on 10; we have

From 3.3.5 we get

which leads to

and so we have

From 3.3.5 and Parseval’s equality, we get

and finally, Proposition 3.1 and relations 3.3.13, 3.3.7, and 3.3.12 lead to

1

We may notice here that Greaves has proven that indeed =

. 

o

O(P2); however his result, though effective, would imply a tremendous constant;
on the other hand, 3.3.14 will enter our final result only as a negligible error-
term.

3nd step. On one hand, we write
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so that we have

and by Parseval’s relation

On the other hand, by applying Cauchy’s inequality to 3.3.2, we get

where

We may thus write

where

From 3.3.20, we see that Q2(hl, h2, y) vanishes only when h, or h2 is zero, so
that

If h is not divisible by 16, then Ch,2 = 0. If h is divisible by 16, and
different from 0, we write h = 16.~; the coefficient c 15~,2 is at most twice the
number of ways to write Itl I as a product of three positive integers: indeed, if
hl = ±u, h2 - v, we have to solve 3(2y + c + h, + h2)2 + hl + h2 = wlhl 1 2
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with 2y + ~ + h, + h2 &#x3E; 0, which admits at most one solution. We thus have

where B,(P) satisfies relations 3.0.1 and 3.0.2. By 3.3.15 and 3.3.21, we have

We now use 3.3.16 and 3.3.17 for estimating the bh,2’s and 3.3.23 and 3.3.24,
for the We get

where we let

By 3.3.14, we get

We now use 3.0.1; for P &#x3E; 10~4, we get
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4th step. As we start to be used to, we write

so that we have

and

In connection with 3.3.18, we introduce the following notation. For an
integer k, we let

If is non empty, we choose a triple that we denote

(hl(k), h2(l~), I(k)), such that

is empty, which is surely the case when 41~ &#x3E; P2, we define

We further write

and we discard the value k = 0 in SE by defining

From 3.3.18 we deduce
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and by Cauchy’s inequality, we get for 0  A  2

The expression may be rewritten as

where

and

with this notation, we have

where

We shall retain from 3.3.45 only the following relations
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and, 

From 3.3.37 and 3.3.44, we get

Combined with 3.3.30, this leads to

and Cauchy and Schwarz inequalities allow to write

Together with 3.3.46, 3.3.32, 3.3.31 and 3.3.29, this leads to
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In order to solve the quadratic inequality 3.3.52, we notice that for x &#x3E; 0 we

have

so that, for a &#x3E; 0 and b &#x3E; 0 we have

From 3.3.52 and 3.3.54, we get

We use 3.3.47 and 3.3.48 to majorize the ch,3’s:

1

We have now reduced the majorization of to that of divisor

0

sums, for which we apply Proposition 3.2. We get, for 0  ~  0.5

which leads to 3.0.4, by using the upper bound 3.0.1 for Be in the second term
of the RHS. D
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1

~4. - Upper bound for J 
0

We combine Theorem 3 with the main result of [13], in order to derive
the following

THEOREM 4. Let P be larger than and u and v be two integers such
that 4  v  16 and u + v = 16. We have

We quote the main result of [13].

PROPOSITION 4.0. With the notation of Theorem 3, we may take, for
P &#x3E; lO8o

with Co = 1.734. 10-2 and Ci = 8.18. 10-4.

PROOF OF THEOREM 4. Thanks to Holder’s inequality we have

and we can use Hua’s inequality to get a bound for each integral in the RHS
of 4.0.3 (cf. 4.0.7 and 4.0.10).

In the case when c = 0, we use Theorem 3 with A = 0.24. By 3.0.4 and
4.0.2, we get

since Log P &#x3E; 200, we have



149

and so, from 4.0.4 and 4.0.5, we get

In order to compare it with the integral of ,Sl (a), we shall use the following

In the case when 6 = 1, we use Theorem 3 with A = 0.12. By 3.0.4 and
4.0.2, we get

since Log P &#x3E; 200, we have

and, from 4.0.8 and 4.0.9, we get

We come back to 4.0.3. Since v &#x3E; 4, and the RHS of 4.0.10 is smaller

than that of 4.0.7, we have

which leads to 4.0.1.
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§5. - Upper bound for Weyl sums on the minor arcs

THEOREM 5. With the notation of section 2.0, we have, for a E m and
P &#x3E; 1080:

where e = 0 or 1.

By Dirichlet’s approximation theorem, for any a E m, we may find a pair
(a, q) of coprime integers with

When q is larger than 4. 106P, the main result of [14] tells us precisely
that 5.0.1 holds. It may be interesting at that point to underline the quality
of 5.0.1, which implies that for P = 1091, we have  394 P~~g on the
minor arcs, it being possible to reduce this bound through the improvements
explained, but not performed in [14].

Proposition 5.1 will close the proof of Theorem 5.

5.1 Contribution of the minor arcs associated to small q’s

PROPOSITION 5.1. Let a be a real number for which one can find integers
P, q, a, such that

for c = 0 or 1 we have

PROOF OF PROPOSITION 5.1. From 2.4.2 in Proposition 2.4, we have

We then use Proposition 2.2, and rewrite 2.2.3 as

as well as the trivial upper bound
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We get

which is 5.1.2. D

§6. - Proof of the main theorem

The general route has been explained in the first chapter. With the notation
of 1.0.1 we want to prove that r(N) &#x3E; 0 for N &#x3E; 10364. Because of 2.0.2 and
the fact that vo  151, we have P &#x3E; 1.4 - 109°, and we can apply Theorems 2,
4 and 5.

By Theorem 4 and 5, we have

and by Theorem 2, we have

The ratio of the RHS of 6.0.2 by that of 6.0.1 is a function P which is

increasing for P &#x3E; 1.4 - 109°, and takes the value

for P = 1.4. .1090. This implies that for P &#x3E; 1.4 . .1090, we have

and so every integer N larger than IO364 is the sum of 19 biquadrates. D
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