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On the Existence of Two-dimensional Invariant
Tori for Scalar Parabolic Equations
with Time Periodic Coefficients

E.N. DANCER *

In this paper,

we

consider the

equation

R is T-periodic in t. (We also consider other boundary
where g : [0,
is
conditions). If g independent of t, then there is a Liapounov functional for
the semiflow and thus, under very general hypotheses, any solution bounded
in a suitable norm for t &#x3E; 0 converges to the set of stationary (that is, timeindependent) solutions as t oo. (See for example Henry [7]).
Now, if g depends T-periodically on time, the natural analogue of the
stationary solutions are the solutions which are T-periodic in t. Thus the natural
conjecture is that, if g is T-periodic in t, then every solution of (1), which
is bounded for t &#x3E; 0, must approach the T-periodic solutions as t
oo. The
main result of this paper is that this conjecture is false if dimQ &#x3E; 1 or if Q is
1-dimensional and we use periodic (in x) boundary conditions. More precisely,
under the conditions above, we obtain a hyperbolic invariant 2-torus which
contains no periodic solutions. We do not know whether higher-dimensional
tori or chaotic behaviour can occur. (We suspect so). Brunovsky and Polacik
and Sanstede [2] have recently used lap number ideas to prove that the expected
result is true if Q is one-dimensional and we use Dirichlet or Neumann boundary
conditions. If g is independent of x, this was proved earlier in Chen and Matano
[3] who also showed that, in this case, it is still true for periodic boundary
-

-

conditions.
Note that it is not surprising that relatively complicated dynamics can
occur when g has Vu dependence (cp. Polacik [14]) even if g is independent
of t. The interest in our work is that we do not need any terms in Vu.
*
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one.

As is frequently the case in nonlinear
We prove that the time T-map for

analysis,

the

key step

is

linear

a

The main technical
(which does not seem to
good "generic"
difficulty
solvable
and
then make a careful use
include any simple explicitly
examples)
ideas
could
be
used to obtain generic
Thus
of
our
of perturbation theory.
many
the
linear
results for
problem.
As we mentiojtiimilar behaviour can occur for some ordinary differential
can

have

complex eigenvalues.

in this is to obtain

This appears to be

new.

case

a

equations.
In §1, we study the linear problem in more than
while in §2 we obtain our main results. Finally, in §3,
one space dimension and periodic boundary conditions.

1. - The linear

one

space dimension
the case of

study

we

problem

The main result of this section is to prove that there is a smooth T-periodic
such that the time T-map W for the
function a(x, t) on a convex set Q in
initial-value problem

has
We

complex eigenvalues. Actually, we will prove a slightly
27r by a simple rescaling.
can always assume that T

more

precise

result.

=

As

a

first step, we show that
value problem

we can

consider the

eigenvalues

of the

period-boundary

a well-known result
of W if and only if a

By

problem

Hess [8], Lemma 2.2), a is a non-zero eigenvalue
where A is an eigenvalue of the problem (3).

e-2’~~,

find complex eigenvalues A of (3) with
is more convenient because it is local.

Thus, it suffices
new

(cp.
=

to

1.2

This
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We will construct complex eigenvalues of (3) by perturbing them from
double real eigenvalue by varying a. Thus we consider the problem

Before
to

we

consider this

problem,

we

need to know that the

a

adjoint problem

(4) is the problem

Here,

we

to have dense

need to be
domain

a

little

more

precise.

Our two operators

are

defined

J

where the derivatives

make

sense

are

distributional derivatives and the

because Au E L2 and

au

E

boundary

L2. Since the other

conditions

terms are

bounded

(9u
it suffices to prove
and self-adjoint,
these results for au - Au. This operator
is
p
J
p
(9t .
closed and invertible since we can easily write down an eigenfunction expansion
(Fourier in t, eigenfunctions for the Laplacian in x) to obtain a continuous
inverse. Eigenfunction expansion also imply that the domain is dense. We can
use finite parts of this eigenfunction expansions (and closures) to justify the
formula for the adjoint of (4). (Note that the domain of the adjoint can be
no larger because the adjoint must be invertible when a, b, A all vanish). Since
au
Au has compact resolvent, so must (3).
(9t

at

PROPOSITION. Assume that,
0, Ao is a real double eigenvalue of
two
with
(4)
linearly independent eigenfunctions el, e2. Let f l, f2 denote the
eigenfunctions of the adjoint problem to (3) for A Ao chosen so that(fi,
ej) = 8ij where (, ) denote the usual scalar product on L2. If the four functions
are linearly independent functions on SZ x [0, 2~r], then, for a
suitable b, (4) has complex eigenvalues with small imaginary part for small
=

non-zero ê.

PROOF. Standard

eigenvalues

of

(4)

near

perturbation theory (cp.
Ao, when - is small,

Kato

are

[ 11 ], p. 81) shows that the

largely

determined

by

the 2 x 2
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matrix A

In

=

where

if A has distinct eigenvalues A,, 03BB2, then the eigenvalues of (4)
o(e) (for i 1, 2) for small ê. Hence, we
Ao are of the form Ao that, if we can choose b so that A has distinct complex eigenvalues, then

particular,

near
see

=

will have proved the proposition. Hence it suffices to prove that the linear
x [o, 2~r]) to M2,2.
map b ~ A is onto when considered as a mapping of
Here M2,2 denotes the set of real 2 x 2 matrices and C~(Q x [0,27r]) denotes
the space of smooth functions on Q x [o, 2~r] which are 27r-periodic in t. If the
we

2

map is not onto, there exist numbers ci j such that

r

=

0 for all

b’s, that

i,j=1

is, such that

for all b E C;’(Q x [0, 2~r]). By density, this
x [0, 2~r]). Hence we see that
bE

must hold for all

equality

2

for all b E

x

[0,27r]) and hence E

t)ei(x, t)

=

0

a.e.

in Q

x

[0, 2~r] .

i,j=l

eigenfunctions are continuous by standard regularity theory, this
equality must hold everywhere on Q x [0, 2~r]. Since this is impossible by
linear independence assumption, the result is proven.
Since

last
our

REMARK 1. The

proof and standard perturbation theory show that there
complex eigenvalue A(ê) for all small non-zero - such that A(e) depends
continuously on - and A(ê) Ao as E 0.

is

a

-

REMARK 2. Since A

-

can be any 2 x 2 matrix, we can choose A so that an
of
(4)
eigenvector
corresponding to an eigenvalue close to Ao is close to any
combination
of
eigenvectors in the eigenspace corresponding to Ao. Using
given
a variant of Lemma 2.2 in [8] again, this means we can choose A so that the
time 2~r map of (4) has an eigenvector corresponding to an eigenvalue close
which is close to any given linear combination of the eigenvectors of
to
the time 2~r map corresponding to the eigenvalue
(for (3)). In particular,
this means that we can choose A so that the time 2~r map for (4) has complex
with the corresponding eigenvector having real and
eigenvalues near
to
an orthonormal basis for JR.2. This means that, if we
close
imaginary parts
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change of coordinates so that, for some small ~, the time 27r
complex rotation on the span of the eigenspace corresponding to
eigenvalues near Ao (as in [10], p. 27), then the change of coordinates is close
to the identity. This is useful in §2.
Hence, it suffices to construct an example of a double eigenvalue Ao such
that our linear independence condition holds. Unfortunately, in all the standard
examples where one can calculate the eigenfunctions explicitly, it seems that
the linear independence condition fails. Hence we have to proceed indirectly.
Once again, we will obtain our independence by a perturbation argument. We
use symmetries to retain the double eigenvalue.
However, before doing this, it is convenient to examine the linear
dependence relation
choose
map is

a

linear

a

[o, 2~r] and ei vanishes on A. Then it follows that
e2 (x, t)(c21 f 1 (x, t) + c22 f 2 (x, t)) - 0. Thus, we see that, if we can ensure that
e2(x, t) fl 0 on A, then an eigenfunction of the adjoint problem must vanish on
A. A similar result holds if we interchange the roles of the e’s and f ’s.
We now construct our example by a 2-stage perturbation process.

Suppose A

C

Q

x

1. We first assume that n 2, Q is the unit ball B and a(x, t) a(r)
We choose Ao so that we have eigenfunctions of the form
e(r) cos 0, e2(x, t) e(r) sin 0. We can ensure that Ao is only a double
eigenvalue. (For example, it is easy to see that this holds if a is constant). Note
that e is a solution of

Step

where

=

=

The

=

=

r

adjoint eigenfunctions

f satisfies the

same

will be of the form

equation
q

as e

f (r, t) cos 0, f (r, t) sin 0, where

au is replaced
y
p
p that
except
at

(
by - ~u/at . (Since

a

is independent of t, so are e and f ). We distinguish between e and f because
it is useful in later formulae.
In this case, it is easy to see that there is only one relation between the 4
function fjej and it is the relation cll c22 0, c12 -c21. (This comes about
basically because of the 03B8 dependence). We use here that eifj does not vanish
identically. This follows because e and f have only simple zeros for r &#x3E; 0
(being solutions of ordinary differential equations).
We now make a small perturbation êa1 (r, t)u to ensure that there is a zero
of e which is not a zero of f. In the invariant subspace of functions even
in 8, Ao has algebraic multiplicity 1. Hence, by standard perburbation theory
=

=

=
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(cp.
Ao -

Kato [II], p. 77-79), the
1 + o(,-), where

and the

perturbed eigenvalue

corresponding eigenfunction

where

in this

subspace

will be

will be of the form

I

L denotes the

operator

with the boundary conditions, and where the inverse is on the set of functions
in 03B8 and orthogonal to f cos 8. Because of the symmetries and the evenness
in 0, e(x, y, t) is of the form e(r, t) cos 0 and in the equation for e1 (and thus
for e) we really only need to invert an ordinary differential operator rather than
a partial differential operator.
even

and let PI be the
....

v

"

V

onto T. (This is also the spectral projection). If
Under the same perturbation, f1 perturbs to an
eigenfunction even in 0, f+ êl11 + o(~). Moreover, if a, E T (since ei /1) we
see by similar arguments to above that

natural
al1 E

orthogonal projection

T, e1

=

=

Since a(r, t) = a(r) and thus e(r, t) = e(r), the equation for e is an ordinary
differential equation and thus the positive zeros of e are simple. (As usual, the
equation is singular at r 0). If ro is a positive zero of e, then for r near ro
and t E [0, T],
=

Hence

we see

that the

eigenfunction

vanishes

on a curve

(This proof is easily made rigorous). A similar formula holds for the

curve of
of the adjoint eigenfunction near r
ro. Hence we see that if we can
have different values at (ro, to), for some to,
ensure that e(ro, to) and
then nearby the curves of zeros of the two eigenfunctions will be distinct. This

zeros

=
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basically comes down
sufficiently different.

to

proving

that the two operators L-1 and

To prove this, we use eigenfunction expansions.
Let
denote the eigenfunctions of the Laplacian of the form
l~
1, ... , oo, denote the corresponding eigenvalues. Assume
easily sees that
=

where

summation

our

j - 0, k

=

ko, where

is j

= - oo
00

to

oo, k

=

00

1 to

0o

except

and where

a1e

(L*)-l

are

0)£1
and let Ak,
~~o - Ao. One

we
we

omit the term

have omitted

j=-oo k=l
the cos 03B8 factor on all terms to simplify the formula. The formula for

f

is

by (-i j + Ak - ~0)-1.

analogous except that we replace (i j + Ak By a simple calculation, we see that

ë(ro, to) =I f (ro, t), for some to, for suitable
,S (a 1 e) where S’ L-1 - (L* )-1. If p is sufficiently
large, the regularity theory in [12] (cp. also [5, §5]) ensures that ,S is a
continuous map of LP(B x [o, 2~r]) into C(B x [0, 2~r]). Hence, if we prove that
We

use

this to prove that

E T. Now e -

f

=

=

is dense in
; w

is

radially symmetric, w

is

orthogonal

to

e},

it suffices to find a single g G T2 such that S(g)(ro, to) is non-zero for some to.
If our expansion for g (as above) has only a finite number of terms, we can
put r ro in (5) and prove our claim. (Note that the ajk in the expansion of g
are arbitrary except that aoko
0 and
and that completeness ensures
that
0 for some k).
Hence we will have proved our claim if we prove that
=

=

is smooth and 2~r

is dense in

=

periodic,
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for suitable p &#x3E; 2. Here and below our LP norms on [o,1) have weight r. Since
PI is easily seen to be continuous in the LP norm, it suffices to prove that the

subspace
is smooth and
is dense in LP([O, 1] x [0, 2~r]) for suitable p
h E Lq([O, 1] X [0, 27r ])B {O} such that

for all smooth 2~r

functions

periodic

a 1.

Since he

=

27r-periodic

h e vr dr dt = 0 for all v E £P and

0

h(r, t)e(r, t) 0 a.e.. Now the zero set of e has zero measure. (Recall that
e(r) and e has isolated zeros in r for r &#x3E; 0). Hence h 0 a.e.. Hence we

thus
e

not. Then there exists

1

that
o

Suppose

and since the smooth

E Lq
2x

dense in LP, it follows

are

2.

&#x3E;

203C0-pehodic}

have

=

=

a

contradiction and

our

claim follows.

Step 2. In this final perturbation step, we will use another perturbation
which partially breaks the radial symmetry. (Whenever we have radial symmetry
and a double eigenvalue, we always have a linear relation between the fiej and
thus the assumptions of the proposition are not satisfied). The idea is to retain
enough symmetry to ensure that the double eigenvalue does not split under
the perturbation. We add a perturbation
where a2 is invariant under
1

rotations of 7r.
2 03C0.
We first show that, under a perturbation of this type, the double eigenvalue Ac (that is Ao after the perturbation in Step 1) perturbs to a double real
eigenvalue (also of geometric multiplicity 2). If not, it would have to perturb to
2 simple eigenvalues (possibly complex) or to a single eigenvalues of geometric
multiplicity 1 and algebraic multiplicity 2. In each case, the space of eigenvectors corresponding to an eigenvalue will be one-dimensional, close to the original
and invariant under rotations

’03C0 .

through 2 By taking the limits as
e
0, we deduce that the eigenspace corresponding to Ao for the original
operator (that is, the one after Step 1) must have one-dimensional subspaces
invariant under rotations through
Because our original eigenspace is of the
2
form e(r, t)(a cos 0 + b sin 0), it is easy to see that this is impossible. Hence
Ao perturbs to a double real eigenvalue ie. Let eÏ, e’2 denote the eigenfunctions
after Step 1 and
the perturbed eigenfunctions after our new perturbation.
If
and e2 n = en sin 8 (and thus e’2 = - T eÏ, where T
is the operation of rotation through 03C0), then by perturbation theory again,
2
+
and en
+ 0(,-), where
P2(a2 en and
1? = en cos 0 + +
ei is orthogonal to lï, 12. Here L is the same as L except that L is replaced

eigenspace

_

2013&#x3E;

’03C0/2 .

_

=
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by the corresponding operator after the perturbation in Step 1 and P2 is the
spectral projection onto the eigenspace of &#x3E;:0.
Since a2 is T invariant and e2 = -Tel , 62 -P6l - Suppose that (fo, to) is
~en
-I 0
a point where
h
en = 0. By our earlier arguments and continuity,
8r
Hence, locally near (fo, to), the zeros of en form a smooth curve r h(t). We
(for coordinates
prove that we can choose a 2 so that
8
8
,r, t, 0). A simple estimate for zeros similar to that in Step 1 shows that we
can find p
where jn 0 while
( fact ppoints with 03B8 81
points near (fol 0 8g) (in
0. The result will follow easily from this. To construct our example, note
that L(61 - 62) P2(a2(el - e2 )). Now, in LP,
-

...

.

-

=

= 1)

=

=

Here, by symmetric,
step,
is

a

symmetric}. (Itis

if ( el of

Lw

o’ o’

8

0

w

=

for

8

invariant under

r’Y f
every

always, it
orthogonal

would follow

by density

to

0,

au - Au
at
8t

periodic in t,
orthogonal to f n on [0, 1]x [o, 2~r] .

smooth, is in Tl and is orthogonal
is of the form
Thus

To prove the last

2

that the solution

sin 0) vanishes at

sin 03B8)) with g9 symmetric.
Y

~

iu is 27r

w(r, t, 0)

rotation

of the form 9 ( ’ ’ ) (

Recall that L
A is of the form
r

a

simple Hahn-Banach theorem argument in {u E LP(B) : u
very similar to part of the argument in Step 1). Hence,

e2)(roP2 f’ to(with
’ 1 - g)
_

_

(

have used

we

we mean

=

at

(’)

has the

we can ensure

required

there exists

a

3(r, t)u. Choose w(r,
Cv(r, t) smooth

so

that

vanishes near r 0 and r 1 and + is
It is easy to see that w(r, t)(cos 0 - sin 0) is
=

=

to

lï

and

f2 n

and

p
_computation
Since Lw is in the

an

easy

0.

shows that

Lw
_

E

Since

1T1,,

L

where
_

two
range of L, P2fw
form. This contradicts our claim above and hence

w(r, t)(cos 0 - sin 0).

P2Lw

-

point

near

8

where

=

en 11

=

0 and

en2 0.

We now complete the construction of the linear example when n = 2. By
and an (ro, to) where
Step 1 in our construction, we have a real eigenvalue
and e2
0 (where e 1
are
en(ro, to) =I 0 and
and f l and f2 are the corresponding
the eigenfunctions corresponding to
=

=

=
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adjoint eigenfunctions). By Step 2 (applied to
of a double eigenvalue Ao
io and a point

the

adjoint),

(ro, to,18")

small

- 18o) = 0 while

(by continuity),

we

where

obtain

an

and

ig

i?

example
are

not

fl 0. We show that this
1/8) #0’

=

"

8

rank condition holds. Suppose not. Because our perturbations are
small, continuity arguments and our earlier comments on the possible relations
prior to our perturbations show that the only possible relation is
ensures our

-

where C12, c 21

are

near

1 and CII, C22

are

small. At

-

I

-

(fo, io, 8-),

fln

vanishes

while
does not and hence our relation becomes c 12 e 1 + C22C’2 0. Since c 12
is near 1 while c22 is small and the eigenfunctions are bounded, this implies
=

(ro,to, 1). By

En is small at
impossible and hence
that

our

comments earlier in this

8

paragraph

this is

2.
we have our example if n
consider the case where n &#x3E; 2. In this case we construct our
example on a cylinder B x K where B is the two dimensional ball and K is
a convex set in IR.n-2 with smooth boundary. If a(x, t) is the coefficient in the
two-dimensional example which satisfies the assumptions of the proposition, we
choose a coefficient of the form a(x, t) + r(z) (where x
(x, y) and z E K).
In this case we can find eigenfunctions of our periodic problem by separating
variables. We find eigenvalues of the form
1 where Ao is an eigenvalue
of our two dimensional problem above and À1i is an eigenvalue of problem

We

=

now

=

K by aK where a is small and
the
first and second eigenvalues is
the
between
that
gap
positive,
if
to
be
the
double eigenvalue of the two
we
choose
This
ensures
that,
Ao
large.
dimensional problem of the type in the proposition and Ai1 the first eigenvalue
of (6), then Ao + À11 is a double eigenvalue with eigenfunctions of the form
(z) where e is an eigenfunction of the two-dimensional problem and 1J1
e(x,
is the first eigenfunction of (6). Since a similar formula holds for the adjoint
eigenfunctions (with the same 1Jl), we easily see that the assumptions of the
proposition are satisfied for the n-dimensional problem on B x K. Hence the
proposition implies that we have an n-dimensional example.
Once we have one example, a minor variation of the theory in §5 of [5]
ensures that the complex eigenvalues persist for quite general domain variations.
Thus we have examples for many different domains. In particular, we have
examples for each n &#x3E; 2 in strongly convex domains with smooth boundaries.
Note also that our examples are examples where a has quite small dependence

and these

are

the

only eigenvalues. By replacing

we can ensure

upon t.
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Note that our methods are not very dependent on boundary conditions.
particular, we obtain similar examples for Neumann or Robin boundary
conditions. Lastly note that our method constructs a family of linear operators
depending analytically on - so that the time T-map has a double real eigenvalue
~o for - 0 and two complex eigenvalues À1(ê), À2(ê) for small 6;. Note that
À1(ê) and ~2(6-) = Ai(6*) have imaginary part tending to zero as e 0. By adding
a constant depending on ê on to a, we can assume that Re À1(ê)
0 for all 6= 0 at any given
(at the expense of losing smoothness in E) or that Re
In

=

--~

=

EO.

One final comment. Our time T-map is a small perturbation of the time
T-map for an autonomous equation with a double eigenvalue To. Because the
unperturbed equation is autonomous, the time T-map for it has only real
spectrum. Hence we see by continuity of the eigenvalues under perturbation
that no other eigenvalue in our example has the same real part as the two
complex eigenvalues near To.

2. - The existence of the

hyperbolic

torus

the construction of the last section to produce
hyperbolic
precisely we construct a hyperbolic invariant circle
no
containing
periodic points for the time T-map. To do this, we first use a
centre manifold reduction and then a variant of a theorem of Ruelle-Takens
[15]. We have to be a little careful because we are using centre manifolds of
perturbed operators. As before, we can change variables so that T 27r.
We start off with
In this

section,

we use

torus. More

our

=

for

suitably

chosen constant

a.

We showed in the last section there is

a

family

as(x, t) with 203C0-periodic coefficients depending smoothly on 6- and COO close to
0 (with a replaced
a so that the time 2x-map of the linearized part of (7) at u
by a,) has a pair of simple complex eigenvalues for - &#x3E; 0 small which collapse
to a real eigenvalue To of the time 27r-map for (4) at E
0. (The perturbation
is COO close because at each of the 3 stages of the perturbation we are adding
1. Let
a C°° small function). We have added a constant to a to ensure that To
We denote the time 2~- map for
=

=

=

We choose p &#x3E;

12 n

and

a

e

(0, 1)

so

that the fractional power space
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C(Q) where Al denotes -A with Dirichlet boundary conditions on
LP(Q) and Al is the fractional power in the sense of [7], § 1.3. Note that
standard reqularity theory ensures that the spectrum of We is independent of p
for p &#x3E; 1. By the theory in §3.4 of [7], there is a neighbourhood Y of zero in
D(A’) such that We is a smooth map of Y into D(A’) and depends smoothly
on s. Moreover We is compact on Y. In addition since ae is Coo close to a,
we see that We is Coo close to W, the time 27r-map for (7). (This does not
follow directly from the theorems but follows exactly in the same way as 3.4.4
and 3.4.5 are proved in [7]). Now, by our construction, %il’(0) has a double
eigenvalue fo and no other eigenvalue has the same real part. Hence, if k &#x3E; 0,
there is a two dimensional C~ centre manifold Me which is tangent to the space
spanned by the eigenvectors corresponding to the eigenvalues near fo. Moreover
Me depends C’~ smoothly upon c and, at 0, is C~ close to the centre manifold
M for W . (By the latter, we mean that the k derivatives at zero of Me are
close to those of M in the natural parametrization).
We need to explain a little the last claims. Firstly, we construct a centre
unstable manifold 9, (which is finite-dimensional). To do this, we use Theorem
5 in [17] (with the truncation trick of Theorem 7 in [17]). We apply this each
time with the same linear part (that of W) and the same truncation. We use the
usual trick of adding an extra equations = 0 to ensure that the manifold depends
Ck upon ~. To see that the derivatives of Me at 0 are close to those of the
centre-stable manifold N for W , we use the usual formula for the derivatives
at 0. Finally, to obtain a centre manifold rather than a centre unstable manifold
we use the Hirsch-Pugh-Shub [9] trick (cp. p. 49) of considering the inverse of
We on N~ and using the idea above a second time. (This works because Ne is
finite-dimensional and We is a local diffeomorphism on
Hence we see that the discrete flow WIN, depends smoothly on 6 and is
Note that, if A(e) À1(ê)+iÀ2(é) is an eigenvalue of
C~ close at zero to
(4), then, as in § 1, the corresponding eigenvalue of the time 2x-map is
This has absolute value e-27rÀ1(e) and argument -27rA2(6’). By adding a term
6(e)u to our equation (4) with 6(6) small and smooth in 6-, we can arrange that
the pair of complex eigenvalues move through the unit circle at any small 6 we
wish and with non-zero speed. We can do this without disturbing what we have
already achieved. In addition, since the imaginary part of A(e) varies with E, we
can ensure that, when the eigenvalues move through the unit circle, they are
not roots of unity (and satisfy the diophantine conditions for twist theorems).
We now show that
has good cubic terms. It is convenient to do this
indirectly. But, before we do this, it is convenient to look at the symmetries in
our situation. Our equation (7) is invariant under an 0(2) symmetry generated
by rotations and reflections on the ball B. Hence the time map-W is also 0(2)invariant and thus the centre manifold M is also 0(2)-invariant (cp. [6]). Hence
is 0(2)-invariant. In this case, our equation is autonomous and hence we
can construct W on the centre manifold M as the time 27r-map for the flow
on the centre manifold for the corresponding differential equation. Thus we can
use the arguments in Chossat and Golubitsky [4] to deduce that the cubic term
=
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of the differential equations on the centre manifold can be found by calculating
the cubic term of the bifurcation equation for the problem u’ w(Au + au - u3)
in the space of 27r-periodic functions and w near 1. (We are using an infinitedimensional version of the result in [4] and in a case where the linearization
has eigenvalues with positive real part but the proof is the same. Note that their
condition that the quadratic term vanishes is easily checked since our maps
have to be odd). Hence we need to calculate the cubic term in this bifurcation
equation. Because the eigenspace of the linear part is independent of t, we
see that the bifurcation equation is the same as that in the space of functions
constant in time. By a standard simple computation using the oddness, one
sees that the bifurcation equation is of the form cllxl12x + h.o.t. = 0, where
=

c

= hf dzequation,
B

(h, is normalized

so

that h 2dx I
B

=

1). To

see

the form of the bi-

note that in the space of time independent functions our
equation is a gradient system. Hence the bifurcation equation is a gradient and
is 0(2)-invariant. It follows easily that the cubic term has the above form and
it is easy to calculate c. Note that c &#x3E; 0 and hence the bifurcation equation
(and thus the differential equation on the centre manifold in normal form) has a
non-trivial cubic term. It follows that the time 2x-map W has a non-trivial cubic

furcation

cllxl12x. To see the last claim, we note that the 1-dimensional
of T which is even in 8 is W-invariant (and in fact is invariant under
the continuous time flow). This follows because the system is 0(2)-invariant and
the set of functions even in 0 is the fixed point set of the obvious reflection
in 0(2). Thus, we are down to the one dimensional case where the claim can
be checked by a simple explicit integration. Hence our claim follows. Hence
our claim that W is a non-trivial cubic term follows. In fact, by the symmetry
= X _ cllxl12x+ h.o.t. This proves our claim.
Now the cubic terms in We will be C3 close to those of W. Moreover, W~
is odd in x and hence has no quadratic terms. Hence the formulae in equations
(12) and (15) on p. 30 of [10] and the proof of Lemma 1 there show that
the cubic term in We in canonical form is never zero. (By Remark 2 after
Proposition 1, we can arrange that at eo the linear coordinate change in [10], p.
27, to put the linear part in canonical form is close to the identity and hence this
change of variable will not eliminate the cubic term J.llzl2Z with /~ real which
gives the non-trivial cubic in the canonical form). We now apply Theorem 1 in
[10] to obtain an invariant circle Se for W~, four 6 near 60, where êO is chosen
so that the eigenvalues cross the unit circle at
Lastly Se is hyperbolic on
Ne by the construction on [10]. (Note that, up to some rescalings, it is a small
perturbation of an invariant circle which is easy to check to be hyperbolic).
Thus it is hyperbolic in the whole space by properties of centre manifolds.
Lastly, we ensure that, for suitable - near 6-0, there are no periodic points
of We on the invariant circle. To see this, we do our earlier construction so
that at 6’o the eigenvalues of We on the unit circle are not roots of unity. By
Theorem 3 on p. 49 of [10], the rotation number l03B5, of We on the invariant circle
is continuous in - and equals 00 at 60, where 00 is the argument of the roots
term of the form

subspace
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of W~° (o) on the unit circle. Since 00 is irrational by construction, there must
exist positive e near eo where t,, is irrational and hence there are no periodic
points on the invariant circle (by the theorem on p. 48 of [10]).
We can use the same trick as at the end of 91 to obtain examples where
n &#x3E; 2. Once again, the boundary conditions are not important.
There is one last comment. In this section, we have to be a little careful
to obtain centre manifolds close to N. We used this as a device to keep track
of the leading terms on the centre manifold. There is an alternative which is
shorter but gives a weaker result. Assume that f, : N -~ II~2 is C~ (in E and x)
where k is large and N is a neighbourhood of zero. We assume that f,(O) 0
for all 03B5 and at £0 an eigenvalue
cross through the unit circle and 00
satisfies the Diophantine conditions in [16], p. 18. Suppose B is a small ball
in JR.2. There are 3 possibilities: (i) there is a closed curve C containing 0 in
its interior and C C B such that
is in the interior of C; (ii) as for (i)
or (iii) for every closed curve C C B
except that C is in the interior of
with 0 e int C, fO(C) intersects C. In case (iii), the Moser twist theorem (cp.
[16], Theorem 11.1 and §13) implies that fe~ has an invariant circle C with
0 E int C and C C B. (In fact, there are infinitely many invariant circles).
Assume 0 is unstable for - &#x3E; 60 (and thus zero is stable for 6In case (i),
f,(C) is in the interior of C if E is close to £0. If - is also larger than eo, then
if M is a suitable small contractible neighbourhood of zero
does not
intersect the closure of M. (Remember that both eigenvalues are greater than 1
in absolute value). Thus M int CBM is f, invariant. Hence
n:l
is compact and invariant. Thus, for every E larger than eo and close to eo,
there is an invariant small "generalized annulus" Mê. We can think of Mê as a
"generalized annulus" because it has the Cech cohomology of a circle (in fact
the shape of a circle in the sense of Mardesic and Segal [13]). In case (i), we
obtain a similar result for e
eo by considering fê-1. One disadvantage of this
procedure (other than not knowing M~ is a true circle) is that it is unclear if
Aie contains periodic points of fe. (If E is close to -0, our choice of 00 ensures
that they can only have very large minimal periods).
=

=

3. - The one-dimensional

case

with

periodic boundary

conditions

In this section, we show that similar behaviour occurs in the onedimensional case with period boundary conditions. The arguments are similar
and we stress the differences. The arguments are in fact a little easier.
We first consider the linear problem

(or equivalently, if

a

is

1-periodic in x, u(0, t) = u(l, t), ux(O, t) =

t)).
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Assume that u(x, t) is a 203C0-periodic (in t) solution of (9). For each t &#x3E; 0, there
is defined a lap number of u(x, t) on [0, 1], denoted by f(u( . , t)) (cp. [1] or [3]).
Thus ~(~(’t)) is non-increasing in t and by [ 1 ], .~ is strictly decreasing at t if
there is an x such that u(x, f) 0 and
f) 0. However, u is 2x-periodic in
t and thus f(u( . ,t)) is periodic in t. Hence, if u is 27r-periodic in t, ux(x, t) fl 0
when u(x, t) 0. Hence, if a is smooth, the implicit function theorem implies
that the zero set of u in [0, 1]x [0, 2~r) is a finite set of smooth non-intersecting
curves x
gi(t) for 0 t 2~r, 1 i k. A second consequence of the above
result is that, if U11 and u2 are linearly independent 27r-periodic solutions of
(9), then they have no common zero. Thus follows because, if U1 (xo, to) and
U2 (XO, to) were both zero, a suitable linear combination w clul+ c2u2 would
have w(xo, to) wx(xo, to) 0. This is impossible by our comments above.
We now note that the analogue of the proposition of § 1 holds. Thus, to
construct a counterexample, we need only produce a double eigenvalue such as
the eigenfunctions e 1, e2 and the adjoint eigenfunctions fl, f2 have the property
that the four functions ei fj are linearly independent functions on [0, 1]x [o, 2~r] .
(The arguments in §2 are unchanged). Suppose not, that is, suppose that
=

=

=

=

=

=

=

all zero. It follows easily that C12 el+ C22e2
where
fl vanishes. Note that C12 c22 0 is
any
because
it
would
follow
impossible
easily from (10) that cil e1+ C21 e2 vanishes
on [0, 1]x [o, 2~r] (since the zeros of f1 are nowhere dense). This is impossible because ei and e2 are linearly independent. By linear independence, we
also see that c12 el +C22 e2 does not vanish identically. Suppose we choose a to be
on

[0, 1]x [0, 2~r] where ci~

vanishes

on

invariant in

be

in

curve x

x

are not

=

=

under the reflection R about

x

=

§.2

Then

we can

=

choose

fi
f

to

f2 odd in x (about x = 22 ) with the corresponding symmetries
for the ei. Now since fl is even in x, if
0, c 12 e1 + c22 e2 vanishes at
both (x, t) and (Rx, t). Since e 1 (Rx, t) e I (x, t) while e2(Rx, t) = - e2 (X, t) and
even

x

and

=

=

and e2 have no common-zeros, we see that this can only happen if c12 0
0. As we see below, we can ensure that c 12 =/0 and hence c22 0. Thus
all the zeros of f, are zeros of el. Since we can interchange the role of the e’s
and f ’s, ei and fl have the same zeros.
We will now use a perturbation idea similar to § 1 to ensure this
need not happen. We start with a(x, t) = 1 where we have a double eigenvalue Ao and then add a perturbation êa1 (x, t) where ai is invariant under
=

61

or c22

=

=

of 4 41. (Thus
D4

invariant under the dihedral group
on
for the usual action of
Here we are identifying periodic functions on
with
functions
on
If
0, a simple computation shows that f1 = ei,
]
[0,1]
the
relation
of
and
the
e2
C22 = 0, c 12 - - c21.
/2 =
only
type (10) is c 11
As in § 1, our symmetries ensure that the double eigenvalue persists under the
R and under translations

ai1 is

=

=
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and the adjoint
under R while e2, f 2 are odd)
either have no relation of the form (10) in which case we are finished or the
only relation has cii, c22 small, C12 1, c21 - -1. (As in § 1, this follows by
continuity). By our comments in the previous paragraph, such a relation ensures
that f 1 and el have the same zeros. We show that this does not occur if we
choose a1 suitably. Suppose that ro is a zero of ei. By a similar argument to
one in Step 1 in the argument in § 1, it suffices to find a1 orthogonal to el so
that the Fourier series for t E [0, 2~r]

perturbation. For the perturbed problem,
eigenvectors f l , f 2 (where e 1, f1 are

the

eigenvectors e’, e2

even

are the eigenfunctions of the
is not trivial for some t E [o, 2~r] where
are
the
Ak
corresponding eigenvalues, ask are the coefunperturbed problem,
ficients in the expansion of a 1 fl on [o,1x [o, 2~r] and the summation is over
to
1, ... , oo with j = 0, Ak=Ao deleted. Here, as in § 1, we
need to choose aI so that the expansion of a 1 fl on [0, 1]] x [o, 2~r] contains
only a finite number of non-zero terms. Much as in part of the argument in
in
1]x [0, 2~ ] ) includes gfi, where
Step 2 in § 1, the closure
g is any symmetric function in LP([O, 1] x [0, 27r]) for the D4 action satisfying
the orthogonality condition. Thus it suffices to prove that (11) is not trivial
when ajk are now the coefficients of the expansion
g fi. Since we can

of

[0, -]

the part
think of g’s as effectively
] of the interval (in x )
and satisfying the orthogonality condition, this is easy but tedious. (For example,

any function on

we can

is

a

choose

11 (x)
fO
) =

cos

67rx,

ro = 120

and 9(
g(x)) =

cos

8xz

cos

kt where k

This completes the construction.
The arguments in §2 can be similarly extended.

large positive integer).
REMARKS
1. It is easy to

use this one dimensional example to produce examples on
annular domains. (Essentially, we do the linear part by separation of variables).
To use this approach to obtain examples with smooth coefficients on convex
domains, we need to use an approximation argument and the results seem to
be less precise than those of § 1 and §2.
2. Another way one might try to proceed to find complex eigenvalues of
the linear part is to try a(x, t) which are step functions in t. This also appears
tedious because one needs at least 2 jumps in t in (o, 2~r) to obtain complex

eigenvalues.
3. A similar phenomena occurs for some ordinary differential equations.
For n &#x3E; 2, there exists a smooth function W : R7 x R - R which is 27r-periodic
in t (where W W(x, t)) such that there is a solution z(t) of x’(t) =
t)
which is bounded for t &#x3E; 0 but which does not contain a 27r-periodic solution
in its w-limit set.
=
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