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An Intermediate Existence Theory
in the Calculus of Variations

FRANK H. CLARKE - PHILIP D. LOEWEN

1. - Introduction
This article
basic

problem (P)

There is

an existence theory for solutions to the
of the calculus of variations:

develops

following

vast literature on this

subject for which the definitive reference is the
of
Cesari
In
this
introduction
we shall merely make some general
[1].
monograph
remarks to help situate the results of the article and contrast them to existing
work. It was Tonelli’s seminal work that first produced a general existence
theorem.for (P), by identifying: (i) appropriate conditions on the Lagrangian L,
and (ii) a suitable space of functions from which the competing x’s are drawn.
The space in question (AC) is the class of absolutely continuous functions x
(we call such functions arcs), and the conditions on L
mapping[a, b6] to
include notably:
1)

a

convexity

in the

velocity:

for each

(t, x),

the function

v

-

L (t, x, v)

is

convex;

2)

coercivity: for

some e &#x3E;

0 and constant

c, L satisfies

Tonelli’s work introduced the topological approach, still the standard one,
whereby existence is deduced from compactness properties of level sets of
the (lower semicontinuous) functional A.
One of the numerous extensions of Tonelli’s existence theory is that of
Rockafellar [12]; we shall give it here (informally) to facilitate comparison later,
Pervenuto alla Redazione 1’ 1

Agosto

1988.
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and because it makes use of the Hamiltonian which plays an important role in
this article too. The Hamiltonian function H is defined as follows:

The basic growth condition [12] on H requires that, for each fixed pER n and
there exists a summable function p onI a, b ~ such
bounded subset S’ of
that H (t, x, p)
~p ( t ~ for all t inI a, b]] and x in S. In the following, a form of
coercivity is provided by this condition.
THEOREM [12]. If L is convex
growth condition, then the following

in the velocity and H satisfies the basic
level set is compact for every A and R:

We shall not specify the sense of the word "compact", but remark only that
under the hypotheses of the theorem, it follows immediately that the problem
R.
(P) admits a solution in AC under the additional state constraint
The use of existence theory is often a prelude to invoking necessary
conditions, for example the Euler equation. Indeed, the necessary conditions are
sometimes themselves the goal, as is the case in §8. There are in this regard two
difficulties with standard existence results such as the one given above. The first
has to do with the state constraintI x (t)( R : if the solution x hasI x (t)= R
at some point t (i.e., it is not "interior"), then the Euler equation is no longer
a necessary condition. The second difficulty is that even if the solution x is
interior, it may not satisfy the standard necessary conditions unless it belongs
to one of certain subclasses of AC (for example, the class AC°° consisting of
Lipschitz arcs, i.e., those having essentially bounded derivative). This latter fact
has only recently been clarified, and we refer to [8] for a complete discussion.
The theory developed in this article applies to the following problem:

Note the strict inequality in the state constraint, which assures that any solution
is "interior". Here is a sample result (§3) which invokes two hypotheses defined
only in later sections; we also omit here the provenance of the quantities m
and

satisfy the extremal growth condition,
infinity in the velocity. Suppose that for some

THEOREM. Let L

strictly
t

convex at

ina, b]]

Then the

and for all x in

set

of solutions

to

satisfyingI x

(PR)

is

a

R,

we

and let L be
-6 &#x3E; 0, for all

have:

nonempty subset of AC°°.
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Let

proceed to note some advantages of this type of result. Foremost,
the
existence of an interior solution is asserted, but also that all
only
solutions are Lipschitz. Thus existence and regularity are combined, and the
solutions obtained satisfy the standard necessary conditions.
Observe that the growth of the Hamiltonian is restricted only for
"intermediate" values of p, and that one could imagine attaining the desired
bound by adjusting the value of R (and b - a) appropriately. Another sense
in which the word "intermediate" may be invoked is related to the growth
properties of L. As examples will show, the theorem applies to non-coercive
("slow-growth") Lagrangians as well as coercive ("fast growth") ones. Perhaps
the easiest way to delineate the distinction between our approach and the standard
ones is to point out that it applies even to cases in which the following level
sets fail to be compact or closed:
us

not

An

to illustrate this is given in §3.
There is a price to pay for these gains, and it is reflected in the more
restrictive conditions imposed on L. Because the approach used here involves
necessary conditions at some point, we must impose on L hypotheses appropriate
to such conditions, in the present case that L be locally Lipschitz. (In contrast,
the result of Rockafellar cited above allows L to be extended-valued). Further,
the extremal growth condition used in the illustrative theorem above is not
always readily verifiable. We will give however several classes of more verifiable
conditions which imply it.
Interestingly, two of these are among those used by Clarke and Vinter
[8] in deriving regularity theorems, which may point to the extremal growth
condition as a useful unifying concept for regularity and existence.
The principal techniques used in the proof are those of nonsmooth analysis,
together with Tonelli’s method of auxiliary Lagrangians as extended by Clarke
and Vinter [8], [9]. The next section is devoted to some technical preliminaries,
concerning in particular the hypothesis of "strict convexity at infinity". The main
result is presented and discussed in §3, and proved in §§ 4 and 5. In §6 we
specialize to existence "in the small" and in the following section to existence
"in the large"R
aa) . The last section makes an application of the theory to
obtain a new result on the existence of periodic Hamiltonian trajectories.

example

=

2. - Technical

background

Before stating our main result precisely in Section 3, we pause to fix some
notation and introduce the notion of strict convexity at infinity. We also review
the idea of essential values and indicate its relevance to subsequent sections.
At the end we define the extremal growth condition (ECG) and prove several
technical results for later use.
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The

positive integer n, fixed throughout this paper, denotes the dimension
problem’s state space. For any real numbers a b, we write either
or simply AC[a,b] for the space of absolutely continuous
functions ("arcs") carrying[a, b] into Rn. A similar abbreviation is used for
the subspace of Lipschitzian arcs, defined by
of

our

The letter B stands for the open unit ball of

2.1 Strict

convexity

at

infinity

2013~ R
Recall that a convex function i :
is called strictly convex if
the graph of i contains no line segments. To produce a local version of this
definition, one might call the function t strictly convex at x if the graph of
i contains no line segments through the point ( x, ~ ( x ) ) . Our notion of strict
convexity at infinity extends this natural idea to the point at infinity, and proves
to be considerably weaker than global strict convexity. Thus, define l’s conjugate
h :R ’ --+ R U{+oo} by

Then h is a lower semicontinuous convex function which may take the value
+00, but which must be finite somewhere. Fenchel’s duality theorem states that
for any p, v

We define the multifunction

DEFINITION 2.1. A
if any one of the

infinity
(a)

The

(b)

w ( p)

graph

(e)

function i : R n -i R is strictly convex at
following equivalent conditions is satisfied:
convex

of i contains

is either empty

or

no

rays;

bounded for every

C int(dom h) for every v

(c)
(d)

w(p)

For any

(v, p)

(p, w)

r;

For any

positive:

r

&#x3E;

E Gr 8l

and any

0 there exists M &#x3E;

(w, r)
r

E

0+ epil

such that the

with

0,

one

has

following quantity

is
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For any

(f)

0 there exists M &#x3E;

r &#x3E;

implies w(p)

r

such that for all p

w (p)

C MB.

The equivalence of (a)-(f) is a painless exercise in convex analysis, for
which [ 11 ] is the standard reference. We list all six conditions because different
viewpoints are always useful in both analysis and interpretation, but for practical
reasons we favour condition (f). This is because (f) makes explicit a compactness
property of the set

which is not

evident in conditions like (a) and (b). We remark that a sufficient
(but
necessary) condition for strict convexity at infinity is that h be finite
everywhere, for in that case it is known that h is Lipschitz and that 8h(p) is
everywhere compact so that criterion (b) applies.
An example of a function which is strictly convex at infinity but whose
graph contains line segments arbitrarily far from the origin is easy to imagine.
When n
and sketch
1, for example, one may start with f ( v )
(1 +
the graph of a suitable 9 by drawing straight lines between (i, f ~i~ ) and
( i + 1, f ( i + 1)), i E Z. Note that for this example, h ~ p ) +aa when lpl &#x3E; 1.
In the body of the paper we will consider finite-valued Lagrangians
L ( t, x, v ) defined on fl x R’, where fl :=a, b ~x R B is compact and convex.
Our assumptions will imply that L is jointly continuous in all its arguments and
convex in v for each fixed (t, x) E S. For such Lagrangians the Hamiltonian
H : 11 x R" -&#x3E; R U
is given by
so

not

=

v 2)1/2

=

=

and

write

we

-~ R be continuous. For each
PROPOSITION 2.2. Let L : fl x
suppose that L(w,.) is a convex function which is strictly convex at
Then for every r &#x3E; 0 there exists M &#x3E; 0 such that

(2.3)

for

all

(w, p)

PROOF. Fix

M ( r, w )

r

&#x3E;

x

0.

R~ W (w, p)

implies W (w, p)

E

0,

C MB.

to Def. 2.1 (e), for every w E 11 the number
is finite, where

According
&#x3E;

=

n

w

infinity.

0}

r,
We

now

claim that

i.e. suppose there

sup M (r, w),

wEh
is a sequence

1(,)i)

To prove this, suppose the contrary in f1 along which M(r,w) &#x3E;+00. Along
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a suitable subsequence (which we do not relabel) we may assume
for every 2 . This means
0 for every i, so there exist
with
and
E rB, pi E
2Ui
vi ) ,
I wiI = 2, such that
==

&#x3E;

i

points

(Here we have used the fact that the constraint
defining
may
be replaced by the constraintw ~I
M. This reduction displays I(r,w,p) as
the infimum of a continuous function over a compact set, which we know is
wj ~ W E 0,
attained). We may pass to a subsequence along which vi
and pi - p E 8vL(w, v). It is easy to deduce from (*) that
=

In particular, if we fix any k &#x3E; r, then for every i &#x3E; k there is a point ui of
norm k having the form ui = vi +
Vi) for some A E ( 0,1 ) such that this

point obeys

a further
of norm k, and

Along

subsequence, we may assume that ui converges
taking limits in the previous line then gives

This forces M ( r, w )
+00, a contradiction.
We may therefore define M (r) = 1 +

to a

point

uk

=

sup M (r, w),

a

finite number for

WE

for every w e fi. Let us show that M(r) will serve
in (2.3). Indeed, if this assertion were false then there would be some pair
(w, p) E n x R" for which W (w, p) contains both a point v E rB and a point
In particular,
w g
&#x3E; 0

and this

Let

implies I ( r, w, M ~ r) )
us now

record

a

=

0,

a

contradiction..

useful property of the multifunction W.

PROPOSITION 2.3. Let L : 0 x IL~ n - 1I~ be continuous and suppose L (t,
is convex for each (t, x) E o. Then the multifunction W has closed graph.
to

PROOF. We must show that if sequences v$ , ti, x$ , pi
v, t, x, p respectively, then the relationships

points

are

x, .)

given converging
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imply the limiting relationship v
equivalent to

The

continuity

This is

map

We

r

-

now

M

to p E

define

a

expressed

to define

proceed

x,

v),

to take the limit as i

us

i.e.

v

E

or

&#x3E;

V(w , p)
(iii) if L(w,.) is strictly
(iv) if L (w, ~ ) is strictly

0

-

R be

’

less the inverse of the

0,

convex

we.

po ( s ) equal

set

to

in

v

p(s)

s,

all

for

s

&#x3E;

then
convex

for

convex at

and continuous.

properties:

(ii)

-

and obtain

oo

p ( s ) := min ~ s , po ( s ) ~ .

p is nondecreasing and obeys

s

--&#x3E;

(2.4) is

W (t, ~,p).

function po which is more
in Proposition 2.2. For any s

PROPOSITION 2.4. Let L : 0 x
Then the function p has the following

(i)

note that

this,

To prove

W (t, x, p).

assumed for L allows

equivalent

We

E

each

w

E

infinity for

0, then
each

w

p(s)
E

0

W (w, p)

=

s,

for

0, then

9 sB

all

p(s)

s &#x3E;

-

0

oc as

oo .

PROOF. The first property is immediate. Property (ii) is satisfied by po
simply by its definition; since p po, (ii) is all the more true for p. As for
is strictly convex in v then W ( t, x, p) is either empty or
(iii), when
a singleton for each (t, x, p). Consequently the r occurring in the definition of
po (s) may clearly be limited tos, 00), whence po ( s ) &#x3E; s. It follows that we
have p ( s )
s. Finally, to prove (iv) we need only to show that po ( s ) - oo, as
s
oo. Were this assertion false, there would then exist a sequence si - oo,
and a number ro such that
corresponding points Wi cz fl and pi
=

W (wi, pi)
This

clearly

contradicts

and

Proposition

n

0,

for every i.

2.2..
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2.2 Essential values
For any measurable function
at time t is defined

It is

f:

R - R n, the set of essential values of

f

by

for this set to be empty, as the example Ess f (0) for
illustrates.
Nonetheless it is easy to see that Ess f (t) is a closed set for each t. One
can even say more: the multifunction t - Ess f (t) has closed graph. This is
the content of the following.

f (t)

quite possible

=

-

PROPOSITION 2.5. Let f : I~ -~ ~ n be measurable. For any sequences
ti, Yi such that ti - t, yi - y, and yi E Ess f (ti) for every i, one has the
limiting relationship y E Ess f (t).
PROOF. Given any

Now, for any fixed i
set

But

has

positive

&#x3E;

e

&#x3E;

0, choose I

I, the relation yi

large

so

that i &#x3E; I

E Ess

implies

implies

that the

both

following

measure:

(2.5) implies that

Thus, the

arbitrary,

set on the right side must have positive measure; and since e &#x3E; 0 is
it follows that y E Ess f (t)...

A multifunction r : R --+ R I is called upper semicontinuous at to if for
&#x3E; 0 there exists 6 &#x3E; 0 such that

every e

,

,

-

,

,

,

,

0). Even when r(t) Ess f (t) for a measurable
(This tacitly assumes
function f, this concept is strictly stronger than the closed graph property proved
in Prop. 2.5. For example, the function f (t) which is 0 on (-00,0]] and t-1 on
(0, +oo) obeys Ess f (t) { f (t) } : although this multifunction has closed graph
0..
and nonempty values, it fails to be upper semicontinuous at to
=

=

=

Our next result shows how this cannot

happen

if

f is essentially bounded.
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COROLLARY 2.6. Let f :

measurable and essentially bounded
neighbourhood of some point ta . Then Ess f (to) is a nonempty compact
and the multifunction Ess f is upper semicontinuous at to.

on a

set,

PROOF.

M
there exist e &#x3E; 0 and M &#x3E; 0 such that
+ e). It follows immediately that Ess f (t) C MB for every
(to t E (to - e, to + e) ; being a closed
subset of the compact set MB makes Ess
The
of
MB is also central to the verification that
compactness
f (to) compact.
Ess f (to ) must contain at least one point. (Hint: Suppose not...)
To check that Ess f is upper semicontinuous at to, suppose the contrary.
That is, suppose there is some e &#x3E; 0 and some sequence ti - to for which the
each contain a point yi outside Ess f (to) +
corresponding sets Ess
all
M
for
i
sufficiently large, we may pass to a subsequence along
Since
to
some
which yi converges
yo also outside Ess f ~to ) + eB. The existence of
such a subsequence, however, contradicts Proposition 2.5. So Ess f must be
’
upper semicontinuous at o.

By assumption,

a.e. on

Our next result describes a useful construction based on the upper
semicontinuity of Ess f.
Anticipating the notation of future sections, we now consider f = it for a
Lipschitz arc x defined on a fixed interval[a, 6].
T

E

PROPOSITION 2.7. Let x E ACm [a, b] be given.
[a, b] and a &#x3E; 0, one has Ess x(T) C aB. Define

Then the interval
has

Ito, t,]

contains

a

neighbourhood of

Suppose

T

that

relative to

for

[a, b]

some

and

one

PROOF. Since x is essentially bounded, the multifunction Ess x has
C a B implies that
nonempty compact values. Thus the inclusion
some e &#x3E; 0. By the upper semicontinuity of Ess i
neighbourhood of T relative to[a, b] on which this inclusion
persists. This neighbourhood is clearly a subset of[to, ti].
A similar argument proves assertion (i). Indeed, if (i) were false then there
would be some t e[to , tiat which
The upper semicontinuity

Ess

C aB for

(Cor. 2.6), there is

a
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of Ess ~ would then supply a neighbourhood of t throughout which this inclusion
persists, and the definition of to or t 1 would be contradicted.
Assertion (ii) is an obvious consequence of our choices of to and tl. To
prove (iii), we consider two cases. If Ess + (to ) contains a point outside aB, then
condition (i) implies that co Ess ~ (to ) must contain a point on the boundary of
QB. This is the first alternative. The only other possibility is Ess x (to) ç a B,
in which case the arguments of the first paragraph apply to to as well as to T,
a.
and a contradiction ensues unless to
The proof of (iv) is similar to that of (iii)..
=

2.3 Essential values and extremals
The multifunction W (t, x, p) used to_ define strict convexity at infinity
together with the concept of essential values when we study extremals
of a given Lagrangian. We prefer not to define extremality precisely here, but
observe that each of the three potential definitions, namely [2], [4, Thm. 4.2.2],
and [4, Thm. 5.2.1], implies the condition (2.6) used in the next result.
comes

PROPOSITION 2.8. Let
is a convex function for each
and p are given, obeying

Then

for

ti

t

-

all t without

-

fixed (t, x)

exception,

one

R be continuous, and suppose L
E 0. Furthermore, suppose two

(t, x, ~ ~
arcs x

has

PROOF. For any fixed t and any w E Ess ~~t), there must be a sequence
along which (2.6) holds while i(ti) - w. Now at each time t$ , (2.6) is

equivalent

to
.

Consequently

w E

I

I

~~

~w.,

1.

1.

11

1.

W (t, x(t), p(t)) by Proposition

%
"

2.3. We conclude that

To deduce (2.7) from this, it suffices to note that the right side is itself a closed
convex set, being simply 8pH(t,
x(t), p(t))..
To see why Proposition 2.8 is fundamental to the regularity of solutions
in the calculus of variations, suppose x is a Lipschitzian extremal for some
continuous Lagrangian L which happens to be strictly convex in v. The Lipschitz
character of x implies that Ess x(t) is compact and nonempty for each t by Cor.
2.6, while the strict convexity of L implies that W (t, x, p) never contains more
consists of exactly one point
than one point. So by Proposition 2.8, Ess
for every t, which is to say that the Lipschitz extremal x is actually smooth!
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DEFINITION 2.9. For all scalars 0
numbers

where the infimum is taken
a

Lipschitz

(e)

x

arc x

solves the

over

all

s, we

r

intervals

define the

] in[a, b]

on

nonnegative

which there is

obeying

following problem:

(Note that conditions (a) and (b) must be understood as involving the appropriate
onesided essential value in cases where either a or T falls at an endpoint of

[to,
Note that for very large values of s, condition (b) above may be
the
equals
incompatible with (a), (d), and (e). In cases like this
infimum over the empty set. Examples of this desirable behaviour are presented
in Section 7 in connection with global existence theorems. Even when one can
&#x3E; 0 for all R, r &#x3E; 0, local existence results will
only assert lim
s&#x3E;oo

follow,

as we

demonstrate in Section 6.

DEFINITION 2.10. The Lagrangian L
growth condition (ECG) provided that for
8~OO

s)

is said to satisfy the extremal
every R and r &#x3E; 0, one has

= +cxJ.

In the arguments to follow, the functions p and 4lR provide quantitative
control over changes in the size of Lipschitz extremals’ derivatives. Here is how
they work. The index p monitors possible jumps in the derivative, in view of
Proposition 2.4 (ii). Consider a Lipschitz extremal x. In view of Proposition
contains some vector v with Ivl &#x3E; s, then the whole
2.8, we see that if
set co Ess x (t) must lie outside the ball of radius p(s). It is impossible for lilI
ever to jump from a value inside p(s)B to a value outside s B . (Note that if L
is strictly convex in v, then W (t, x, p) is a singleton and p {s )
s for all s &#x3E; 0:
thus, the previous statement asserts thatI is continuous).
As for Ap(r,5), it measures the shortest time in which a Lipschitzian
extremal x can move
I r to1.~ (a)I &#x3E; s. This is clearest in the
=
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strictly convex case, where one has x E C~ and p ( s ) s. When we postulate
only strict convexity at infinity, the possibility that I iI might reach level s by
taking a jump at either to or t 1 forces us to be conservative with condition
(b). All we can assert in case of an endpoint jump to level s is that |x|I must
reach level p ( s ) inside
This principle is justified and used in the proof
=

of Thm. 4.1, step 3.
It is immediate from the definition that
s) is
is eventually nondecreasing in
now verify
PROPOSITION 2.11. For

nondecreasing

on

Lipschitz

&#x3E;

in r;

we

s.

0, the mapping s

-~

( p -1 ( r ) ,

PROOF. Consider
a

fixed r, R

nonincreasing

any s’

arc x on an

s,

with

interval

]

r

such

We fix e
t1-

p(S’).

that

&#x3E;

0 and select
+ e and

conditions

for some T E
(a)-(e) hold. From (a),
Ess
for some p ( T ) . (cf.
we
find
that
co
C
(e),
Applying
x(r)
from
the
For
such
that
&#x3E;
it
follows
r,
2.8).
Prop.
any
definition of po (r)
is contained

that

Apply Prop. 2.7
neighbourhood of
(ii)

Ess ~ (t)

C

to
T

produce

relative

s’B for

t E

whence
a

to

co

subinterval
] and in which

Ess x(r)
of
one

C s’B.
which is a

C

has

(to, ti)

(iii) Either

contains

points

outside s’ B

or

else to

(iv) Either Ess

contains

points

outside s’ B

or

else t’

=

to

=

t 1.

Let us compare x on
to the definition of
s’). Conditions
and (d’ ) are inherited from the definition of
Condition (c’ )
comes from (ii) above. The principle of optimality gives (e’ ) from (e), so
only (b’ ) remains to check. Now if (b’ ) were false, then one would have Ess
9 p(s’)B C s’B for all a E [t’,t’], whence [t’,t’l = [to,ti] by (iii)
C p(s’)B C p(s)B for all a E [to, ti] and (b)
and (iv). But then Ess
is contradicted. So (b’ ) must hold. Consequently
and x obey (a’ )-(e’ )
and 4lR (r, s’) :5 t’ 1 + e. Since e &#x3E; 0 is arbitrary the
tl - to
proposition holds.

(a’ )

3. - The main result
The next three sections contain the statement and proof of our main
result. Throughout these sections,[a, b] is a given interval and R, a given
- R .
positive constant. We are also given a mapping L :[a, b] x R B x
RB
as
in
we
assume
the
basic
x
:=
§2,
following
hypotheses
Writing 0
[a, b]

throughout:
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(HI)

L is

(t, x)

Lipschitz
E

(H2) for every

on

every compact subset of 0
is convex

L (t, x, ~)
(t, ~) E fl, L(t, x, ~)

is

strictly

at

convex

For any choice of endpoints
RB
in the calculus of variations:

we

x

R", and for every

infinity.

consider the

following

basic

problem (PR)
mien

Note that problem (PR) incorporates a state constraint requiring the solution to
lie in the interior of RB. We recall that H and AR were defined in §2.
3.1 Statement

(PR)

THEOREM 3.1. Let L satisfy (HI) (H2), and let m be a number satisfying
rra
R. Suppose that there is a Lipschitz arc x admissible for
such that
.

(H3) for

(H4)

b -

some

a

a &#x3E;

0,

all

for

0~ (r, s) for

Then problem (PR )
Lipschitzian.

has

(t, x)

some

at

E

n, for all

p with

positive numbers

least

one

r,

s

Ip

a,

we

have

satisfying

solution, and every solution to

(PR ) is

Note that (H4) above and (H7) below are certainly satisfied if the extremal
growth condition (ECG) (Def. 2.10) holds, a condition we shall study in § 7.
The following Lagrangian form of the theorem can be shown to be equivalent
to the one above, although in appearance it seems more special.
THEOREM 3.2. Let .L

and suppose that for

satisfy (H 1 ), (H2) as

some a

in

(0, a)

and

some

well

as

Lipschitz

arc x admissible

for
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Then

is

problem (PR)
Lipschitzian.

has at least

one

solution, and every solution

to

(PR)

The proof of Theorem 3.2 takes up all of Sections 4 and 5. In fact,
establish a somewhat more general result. To prove that (PR) has at least
one Lipschitzian solution, we can weaken our hypothesis of strict convexity at
infinity to the simple assumption that (2.3) holds when r = r. That is, for some
M &#x3E; 0, one has
we

Having

chosen such

an M, we will show that any Lipschitzian solution x obeys
satisfies (H7). And to obtain
s, provided that s &#x3E;

the additional conclusion that all solutions
assume only that for some such value of s,
some u &#x3E; 0, one has

to(PR)
(2.3)

are

Lipschitzian,

holds for

r

=

will
is, for

we

s. That

Let us now show how Theorem 3.1 follows from Theorem 3.2, the latter being
the form we shall prove. The fact that Theorem 3.1 in turn implies Theorem
3.2 is left as an exercise. From (H3) we deduce that for any p withp(
a,
for any v, for any (t, x) E fl, we have

Let the left side of this

inequality

define

L(t, x, v). Setting p

-

that
3.2

L satisfies

Tv7

we

deduce

(H5). Once we have proceeded to verify (H6) and (H7), Theorem
L yields Theorem 3.1 for L, since L and L differ only by a
Letting A correspond to L, we have A(~) - (R - m)a, so that (H6)

applied

constant.

=

to

becomes

This will hold for any

_

a

sufficiently

near

a.

Similarly, (H7)

becomes
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and this will follow from

3.2

(H4) when

a

is close to a,

as

required.

Examples

EXAMPLE 1. We illustrate here the application of Theorem 3.1 to a
in which the local level sets of A (see § 1 ) fail to be compact. The
(PR) has data

where for now b is an unspecified number in
Theorem 3.1, we define

The Hamiltonian is

problem
problem

(0, 3 ) . As for the parameters of

calculated:

readily

checked that hypotheses (Hl)-(H3) are satisfied. By a result
(Lemma 6.1 ) we know that A2 (4, s ) (defined relative to the interval
is positive for s large. We choose such an s &#x3E; r and also specify b
02 (4, s ) .
It is easily seen from the definition that ~2 (4, s) defined relative to the smaller
thus confirming (H4)
interval [0, b] majorizes As (4,6) defined relative to [0,
the existence of a
and the applicability of Theorem 3 . .1 We deduce
solution to this instance of problem (PR ) .
2 is deleted, the resulting (global)
We remark that, if the constraint I x
problem has no solution, for if zj is the piecewise linear arc whose graph consists
of the three line segments joining the points ( 0, 0 ) ,
(b,0),
(band it is

easily

~0, ~to~ )

come

2 ~,
therefore

( 1, i ) ,
t

1, i ) ,
t

Our final comments concerning this example will show that all the relevant
local level sets of A fail to be compact. We shall demonstrate that min(PR )
0,
that the unique solution to ( PR ) is x - 0, and that for any positive numbers A
and p, the level set
=

fails to have the compactness
theories. Let x be an admissible
evident that we have
11

properties
arc

with

invoked in the classical existence
c E (0, 2). It is geometrically
=
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andbc 8 2 -

from which we deduce that
b. It is readily
majorizes 4 c 2 -t- b2 verified that this last expression is nonnegative for b
c in the indicated
0. These remarks prove that min(PR) = 0,
range, and vanishes only for c
and that the unique solution to (PR ) is x = 0. Now let A and p be positive
=

A. Consider the sequence
such that 2e - bâ2
8
of admissible arcs xz whose graphs consist of the three line segments joining
(0, 0),
(b, 0). Routine calculation establishes that A ( zj ) tends

numbers; choose any e in

(0, p)

( ’l.1,2 E), (b - 1,E ),
’l.

,

a number less than A
belongs to the level set

to 2e -

by

choice of

E.

Thus the tail of the sequence

clear however that the sequence has no subsequence converging
to an admissible arc x.
We now adduce examples illustrating the necessity of the various
hypotheses to obtain the stated conclusion.
It is

appropriately

EXAMPLE 2. This will show that Theorem 3.2 is false in the sole absence
of strict convexity at infinity. We set

Observe that (HI) and (H5) hold. We claim that the extremal growth condition
holds, in fact for any r &#x3E; 0, AR (r, s ) is +00 whenever p ( s ) &#x3E; 0 (whence (H7)
holds). This will follow by showing that there exists no function x satisfying
(a)-(e) in the definition of
(Definition 2.9). To see this, we write the
would satisfy in view of condition (e) (see
conditions
such
x
that
any
necessary
arc
Theorem
there
exists
an
[4,
4.4.3]):
p on[to , tiI such that a.e. (among other

things) :
.

11

-

.

-

_

-

and such that

Except

for isolated

points,

the interval

[0,6]

consists of intervals in which either
0 on any

= -1, p = + 1, or else Ip 1. It follows from the above that x
such interval, whence x is constant, a contradiction of (a)-(e).

p

that7 , L

=

Finally, (H6) holds for a = if we choose Y = 0. Thus all the hypotheses
of Theorem 3.2 hold, except
fails to be strictly convex at infinity. To
see that the conclusions of the theorem fail, we argue exactly as in estimating
AR above to deduce that the only possible Lipschitzian solution of (PR) is
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x - 0. But calculation shows that (for example), the admissible arc y which
has slope 1/2 between 0 and 1, has slope -1 / 2 between 5 and 6, and which
is equal to 1/2 between 1 and 5 assigns a lower value to A than does x = 0, a
contradiction.

EXAMPLE 3. This
3.2. We set

example

will demonstrate the need for

(H6) in Theorem

9

where R has been chosen

We take x == 0,

so

that

A(x)

large enough

so

that

= !11"
2 (R2
( + 14).. Then (Hl), (H2), (H5)

are

verified,

but the inequality above implies that (H6) is not. To see that (H7) holds, observe
first that all the extremals (solutions of the Euler equation) generated by L are
of the form x{t) - c sin(t + k). Now any x described as in the definition of
is necessarily an extremal, and we deduce thatcI is at least s - r
(from (a), (b), noting p (s) = s). Further x2 --f- ~2 is always equal to c2, so at
some point T in
we must have X(,r)2 &#x3E; c2 - r2, in view of (a). This

yields

.........

which will imply Ix(r)1I &#x3E; R if s is chosen big enough, a contradiction. This
proves that A~(r,5) = +00 for s sufficiently large, so that (H7) holds.
Let us now verify that the conclusion of Theorem 3.2 fails. If x were a
Lipschitz solution to (PR), then x would be an admissible extremal. But the
only such is x - 0. On the other hand, x = 0 fails to be a local minimum for
A, since the point 7r is conjugate to 0 by the classical calculus of variations
(see [1], [4]). This is the required contradiction.
’

using

EXAMPLE 4. We demonstrate now the necessity of
a version of the Ball-Mizel problem. We set

(H7) for Theorem 3.2,

It is easily seen that (HI), (H2), (H5) hold. It is shown in [7] that for suitable
choices of the positive constants e and k, the unique global minimizer for A
over AC[o, 1] subject to the given boundary condition is
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take any suitable x and then choose 1~ large enough so that (H6) holds
appropriate choice of a), and also so that Ix(t)I R for all t in
~0, 1 ~ . Then all the hypotheses of Theorem 3.2 are present (except (H7)), yet
the conclusion fails. For the only solution to (PR) is x itself, and x is not
Lipschitzian. This example hints at the role that (H7) can play as a tool to
deduce regularity of the solution, a theme to be developed in section 7.
Let

(for

us

some

4. - Existence in the

Lipschitz problem

The proof of Theorem 3.2 proceeds in two main stages. The first of these,
described in this section, is to find a solution for the Lipschitz version of
is identical to
problem (PR). This auxiliary problem, which we denote
is
in
that
the
minimization
over
instead of
(PR) every way except
The
in
to
that
the
solution
second
set
out
Section
is
5,
stage,
prove
AC[a, b].
we find for ( PR ) is also optimal in ( PR ) .
THEOREM 4.1. Under
solution.

PROOF.

Suppose

a

E

(HI), (H5)-(H7) and (3.1), problem ( PR ) has a

(0,a)

and

endpoints

Xa

and xb

given for which
Lipschitz arc and

are

r be the feasible

(HI), (H5)-(H7) and (3.1) hold. Let x and
constant participating in (H7) and (3.1).
Problems

Step

1. Introduce

every

Minor refinements of [9, Lemma 5.1] and [8, Prop. 2.1
s &#x3E; 0 there exists an auxiliary Lagrangian L8 : 0 x

Auxiliary

] imply that for
- R with the

following properties:
(a)

L8 obeys (H 1 ) and (H2);

(b)

Le (t, x, v) = L(~, x, v), for all

(c)

Le (t, x, v) &#x3E;

(d)

There is

a

Ivl2 - 82},

finite number

In terms of these

(t, x, v)

1.1 (s)

&#x3E;

E

fl

for all

x

s B;

(t, x, v)

E 0

0 such that

auxiliary Lagrangians,

we

formulate the

auxiliary problems:
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Note that the minimization here is over all absolutely continuous functions (not
the Lipschitz ones), and that the state constraint set RB is closed. Both
these features are critical in the classical existence theory.

just

Step

2. Existence and

Regularity of Interior

Solutions

Every problem ( P~ ) , s &#x3E; 0, has an admissible arc simply because (HI)
holds for L. Since each Lagrangian L8, s &#x3E; 0, is jointly continuous in all its
arguments while being both convex and quadratically coercive in v, Tonelli’s
classical existence theorem [1, 2.20.i] implies that each problem (P8) has a
solution x8.
Note that whenever
Step 1 (b) implies

whence

for every s &#x3E;
and (H6)
Consequently
in
lies
the
of
the
In
that
interior
state
constraint
RB.
X8
implies
region
particular,
X8 must provide a strong local solution for the unconstrained version of ( P~ ) .
For fixed s, the auxiliary Lagrangian L8 is independent of (t, x ) outside
the compact set 0 x v ( s ) B. And inside this compact set, L9 ( ~, ~, ~ ) is Lipschitz.
Hence some large ball contains all the sets
( t, x, v ) e fl
it
follows
that
is
[4,
X8
3.1
],
Prop.
By
Lipschitz on[a, b]] and satisfies the
Of course, the Lipschitz rank of X8
inclusion
for
L8
[2]).
(see
Euler-Lagrange
in
on
s.
But
for
each
s &#x3E; 0 the multifunction Ess X8 is
case,
may depend
any
upper semicontinuous, with nonempty compact values.

Step

3.

Apply Necessary

Calculation

Hence for each
that

Conditions

(4.1) above implies that (when

there is

some

s

is

sufficiently large)

point T e[a, b], depending

on s,

such
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The Euler-Lagrange inclusion for L, certainly implies that the s-version of
inclusion (2.6) holds, from which we deduce via Proposition 2.8 that, for the
adjoint arc P8,

Observe that for any

Indeed, if v belongs

so

,

to the left side then

Step

1

one

has

(b) implies

v belongs to the right side.
Together (4.2) and (4.3) imply

that

that W8 (T, X8 (1"), P8 (1")) contains some point
say w - of r B.
Provided s &#x3E; r, (4.4) implies that q,v also lies in W (,r, x, (,r), p, (r)). Making
use of condition (3 .1 ), we deduce from (4.4) that
-

Finally,
s

&#x3E;

since

is

max{M, r,

we

a

closed

convex

have

Step

4. Estimate

Such

Let us now choose any
a choice is possible by

Q &#x3E;

(H7)

set,
C

and

Prop.

it follows

MB, and

that whenever

(4.3) implies

such that a ~ ( r, ~ ) &#x3E; b - a.
2.11. We will show that

and apply Proposition 2.7 to the arc x9 and point
The result is a nonempty interval
3.
Step
~a, b~
on which Proposition 2.7
a
containing neighbourhood of T relative to
(i)-(iv) hold. Noting conclusion (ii), we see that (4.6) will follow if we can
show to = a, t,
b. To do this, let
us compare the properties of Xs and [to, t 11
with conditions (a)-(e) defining 4lRr, Q ) (Definition 2.9). We have shown above
that xe is a Lipschitz arc, for which condition (a) holds by (4.2). Condition (c)
follows from Proposition 2.7 (ii), and condition (d) is verified in Step 2. As for
condition (e), the principle of optimality implies that x9 solves

Indeed, fix any
f

s

identified in

=

&#x3E; Q
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But we have IX8(t)1
Q
s a.e. in
by Proposition 2.7 (ii), so X8
continues to solve the above problem in the presence of the constraint§(t) )
s
a.e. in
Along every arc obeying this condition, L8 coincides with L.
Thus X8 satisfies condition (e) defining
Finally we turn to condition
(b). If (b) is satisfied, then we have t 1 - to &#x3E; ~R ( ~, Q ~ &#x3E; b - a by our choice
of a, and the desired conclusion follows.
Suppose therefore that (b) is false. We will show that this implies to = a;
the proof that t,
b is similar. If (b) fails, then we have lvl
p(a) for any
v E Ess X8 (to+). Fix any such v, and note that v E Ess X8 (to). By (4.3) and
(4.4), it follows that v E
(recall p (a) Q ); the definition of
aB. Applying
p and Proposition 2.4 (ii) then imply that
(4.3) and (4.4) again, we find
-

Since s &#x3E; Q by assumption, it follows that c o Ess 3;8
forces to = a by Proposition 2.7 (iii).
Thus, whether (b) is true or false, (4.6) holds.

Step

5.

Thus

Combining (4.6)
for any pair r, s

Clearly
for

s

r

and

&#x3E; Q are

s are

with
&#x3E; Q

and this in turn

Step 1 (b), we find that A8(X8) A(X8)
the optimality of zr in { P’’ ) implies
=

interchangeable here,

so

for all

it follows that all the values

s &#x3E; a.

A(~9)

equal.

We now claim that X8 solves
admissible for(PR) and fix s &#x3E;
for ( P~ ) and Step l(b), we find

Thus

(to) ç

~1(x9) - inf(A(x) : x

Moreover, condition

E

(Pk). Indeed,

ACoo[a, b], x~a) -

choose any arc x E ACI [a,
Then by the optimality

Xa,

X(b) = Xb)

as

b]

required.

(4.6) proves

Robustness
The arguments and conclusions of this section are unperturbed by certain
to the Lagrangian L. Indeed, let us consider the same L, a, xa, and Xb
discussed in the preceding proof. For any r &#x3E; 0, the values of 4lR (r, .) in the
interval(r, s) are completely determined by the values of L on the set 11 x sB.
So once Q &#x3E;
has been chosen so that b - a ~ R ( r, a),the key
remain unchanged for any Lagrangian L which
quantities M,r, and

changes
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coincides with L on 0
In particular, if L also obeys (HI) and (H5)
the same a, R, and[a, b]) then the arc X8 of Step 5 above will also solve
To
which

Thus

verify this,

first
a.

A(~)

as

=

L

apply Thm. 4.1 to
Then observe that

to obtain

a

solution ~ for

(for

(PR)

claimed.

5. - On the Lavrentiev

phenomenon

We must now prove that the solution to
described in Section 4
remains optimal among the much larger class of arcs admissible for (PR ) .
This could only fail to be the case if the infimum of A (.) over the absolutely
continuous functions were strictly less than its infimum over the Lipschitz
functions. This pathology, called the Lavrentiev phenomenon, has been observed
in a variety of reasonable-looking problems - see [1, Section 18.5], [8]. In this
section we show that the hypotheses (HI), (H5)-(H7), and (3.1) of Section 3
preclude the Lavrentiev phenomenon, and that if (3.2) holds then all solutions
to

( PR )

are

actually Lipschitz.

In the presence of (HI) and (H5), the Lavrentiev phenomenon cannot
occur in problems whose Lagrangian grows at most linearly in v. Here is a
general result of this sort, due to Tonelli [14, Vol. I, 141(b)].

PROPOSITION 5.1. Let L : f1 x R" - R
there exist constants (3, A, v &#x3E; 0 such that if

AC[a, b] with II x II 00

Then for any
obeying

x

(a)
(b)
(c)
(d)

x (a), zj (b) = z(b)
uniformly on [a, b]
a.e. and in L1 [a, b]
A(x~.

=

xi

-~ x

ii

E

obey (H 1 )

R, there is

a

and

(H5), and

sequence

in

suppose

ACoo[a, b]

--·

The remainder of this section completes the proof of Thm. 3.2. Thus, let
that (Hl) and (H5)-(H7) hold, that some a E (0, a) and endpoints
Xa and xb in RB are given, and that (3.1)-(3.2) hold Fix any s as in (H7)
Later in this section, we will produce constants
obeying -9 &#x3E;
--&#x3E; R
a
p &#x3E; 8, e &#x3E; 0, Q, and A and family of auxiliary Lagrangians Lk : f1 x
For
each
k
&#x3E;
with the following properties.
M, (t, x) E 0,
us assume

(i)

Lk obeys (HI) and (H5), except that

a

replaces a
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First, however,

proof

we

show how these

auxiliary

elements will

complete

the

of Theorem 3.2.

THEOREM 5.2. As described above, assume (HI), (H5)-(H7) and (3.1 ).
Then there exists a family of auxiliary Lagrangians obeying (i)-(v) above with
e == 0, and any solution of (PR) also solves
(3.2) also holds, then
there exists a family of auxiliary Lagrangians obeying (i)-(v) above with e &#x3E; 0.
In this case all solutions of (PR) are Lipschitz arcs.
PROOF. The existence of suitable auxiliary Lagrangians is taken up later in
this section. Here we show how conditions (i)-(v) imply the other conclusions
of Thm. 5.2.
Each auxiliary Lagrangian Lk gives rise to a corresponding problem
with the same endpoint constraints as
According to the robustness
remarks at the end of Section 4, the agreement of Lk with L on f1 x C1 B (for
that is,
also solves
k &#x3E;
implies that some fixed solution y of
has
one
for any x E AC’°°[a,6] with Ilxlloo R, x(a)
xa, z(b) = Xb,

( PR’ °° )

(P~ °°):

=

Suppose now that we are given a non-Lipschitz arc x satisfying the
conditions. Fix k &#x3E; JJ and apply Prop. 5.1 to obtain a sequence
admissible Lipschitz arcs such that

In view of

Now the

positive

endpoint

(zj)

of

(5.1 ), it follows from this that

arc x

is not Lipschitz, so the set E
I &#x3E;
It E [a, b] :
where
and
E
U
Write U
Gk,
Fk
partition
[a, b]BE,

measure.

=

=

=

has
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Then

oo,

the

right

side tends

to A (x) - em(E),

so

(5.2) gives

Now if e
0, then (5.3) shows that the solution y of (PR ) does at least as
well as any non-Lipschitz arc x, and hence solves ( PR ) . And if e &#x3E; 0, then any
non-Lipschitz arc x has A(x) &#x3E; A( y) by (5.3), so all solutions to (P) must be
=

Lipschitz.

·

The remainder of this section is devoted to the construction of the auxiliary
Lagrangians described above. We shall first produce a suitable family with e &#x3E; 0
by assuming (3.2), and then show how (3.2) may be dropped if only 6 0 is
required. The only use of (3.2) is to support the following Lemma.
=

LEMMA 5.3. Assume

(3.2). Then the

constant ri

defined

below is

positive:

exercise in convex analysis to show that the infimum
actually be taken over only = /-z. Then it is easy to recognize
defining ti
as
the
of a continuous function over a compact set oft,x,v, p,w ) infimum
n
values. It therefore suffices to prove that one has
PROOF. It is

an

can

for all (t, x) E 0,1 v1
-9, p (E
andwI M. To prove this, note
that the left side is nonnegative by the subgradient inequality. If the left side
were to equal zero, one could easily derive that p E 8vL(t, x, v ) n 8vL(t, x, w).
In other words, both v and w would lie in W (t, x, p), contradicting (3.2)..
-

LEMMA 5.4. Given any M
such that the function

(X

(t,

denotes characteristic
x) E 0:

&#x3E;

s, there

are

function) obeys (HI)

constants

and

(3

&#x3E;

0, A, and

p &#x3E; J.l

(H5) and satisfies, for all
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PROOF. See [5, Lemma 6.2]..
Now assume (3.2) and recall the positive ’1
Choose any e E (0, ’1) for which e
(a-

supplied by

LEMMA 5.5. Assume
R U
such that

there exists Fk : fi

(a)

Fk (t, x, v)

is

(3.2). Then for each

Lipschitz

PROOF. Introduce
function

on 0

Îk : n
I

x

kB and

-~ ~ n

x
-

k

&#x3E; JJ

convex

as

in

Lemma 5.3.

x

Rn

-

v

the convexification in v of the

-

ik

Then let Fk equal
otherwise. Verification of (a)-(f)
when lvl k and
is given in [5, Lemma 6.3].
Under assumption (3.2), we may now produce the promised auxiliary
Lagrangians by defining, for each (t, x) E fi,

That is,

Since

L~t, x, ~)

B, it follows that
B ([5, Lemma 6.4]). Also, Lk is convex in v by construction,

F (t, x,

on s

-

L (t, x, ~ )

on

s

-

as

well as locally Lipschitz on 11 x
Since both F and Fk majorize
so
does Lk. And since the convex hull of two functions is majorized by the two
functions themselves, the desired properties (iii)-(v) follow from the conclusions
of Lemmas 5.4 and 5.5. Note that e &#x3E; 0 in Lemma 5.5.
Suppose, finally, that (3.2) is unavailable. In this case Lemma 5.3 cannot
be used, so we simply take p B+1 and apply Lemma 5.4. While the full force
of Lemma 5.5 is unavailable, we note that the functions Fk (t, x, v) which equal
L(t, x, v) when )v ) 1~ and +00 otherwise satisfy all the conclusions of Lemma
5.5. with e 0. Given these preliminary choices, the definition of L~ given in
=

=
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the

previous paragraph once again leads to a family of auxiliary Lagrangians
obeying (i)-(v), except that this time e 0.
This completes the proof of Theorem 3.2..
=

6. - Existence in the small
We may now present the promised generalization of [9, Thm. 2.1 ], in which
the assumption of strict convexity is replaced by the much weaker requirement
of strict convexity at infinity. The key arguments appear in our first Lemma,
which concerns (H7).

for

LEMMA 6.1. Assume (H
all s sufficiently large.
PROOF. For any

r

1 )-(H2). Then for

and

&#x3E; 0

s

&#x3E;

0,

we

any

r &#x3E;

0

one

has

&#x3E;

0

will prove that if

Since p ( s ) is an unbounded and nondecreasing function (Prop. 2.4 (iv)), the
desired conclusion will then follow.
Suppose (6.1 ) is false. That is, fix positive constants r and s for which
p ( p ( s ) ) &#x3E; r but 4lR (r, s) 0. Then the definition of 0 R implies that for each
i there must be an interval
[a, b] with t1z - toi 1 and an arc
which
for
conditions
xi E AC[toi, tiil
(a)-(e) of Def. 2.9 hold. Il particular xi
solves a certain optimal control problem on [toi,
and necessary conditions
such as [4, Thm. 5.2.1 ] apply. Condition 2.9 (c) together with these conditions
implies that there is an arc pi on [toi, ] for which
=

Relying
exists,

upon 2.9

andxa (T~ ) ~1

(a),

we

r +

find a point -ri E
where
Condition 2.9 (b) furnishes a

1.

where Ess
n
0. According to
contains a point Wi for which p ( s )
s.
For each i, condition 2.9 (c) implies that

(6.2) holds,

point C1i

Prop. 2.7,

E

[toi, tiiI

c o Ess

_

Since
both
that

p ( s ) B,

for all i by (e), it follows that along a suitable subsequence
and xi
converge to a common limit x. We may also assume
to
some v
r, that Wi - w for some w outside
converges
and that both 0’i and ri converge to some point t e[a, b ~ .

Defining
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deduce from (HI) that M
+00, while inclusion (6.2) and condition
that
for all t E (to$ , t1$ ) . Since we also have
Ess
MB
9
(c) imply
with
the
right side bounded independently of i,
Pi (Ti) E
we may pass to a further subsequence along which Pi (O’¡) and pi(,ri) converge
to a common limit p.
Consider now the two inclusions
we

2.9

which follow from
Prop. 2.3 gives

(6.2) and Prop. 2.8, respectively. Taking the limit

But )v )

Thus (6.3) implies p(p(s)) r, a contradiction. This
completes the proof..

confirms

-

oo,

p(s).

r

(6.1)

as i

and

called local existence theorems because they
sufficiently small subsets of the region fl where L
apply problems posed
is defined. For a given interval ~a’, b’~ C [a, b~, we denote by (PR) the problem
The results of this section
to

are

on

from(PR) to (P~), it suffices to replace fl by its subset 0’ ==
depends implicitly on the basic
[a’, b’] x RB. Note that the definition of
so that the appropriate analogue for problem (P~) is a function
interval
s) &#x3E;
0 R . It is evident
s ) for every r, s. Shrinking the domain of

To pass

the problem also affects the hypotheses: we emphasize that (H1)-(H7) introduced
above always refer to the given set fl, which we regard as fixed throughout
what follows. When it becomes necessary to restrict these hypotheses to fl’, we
will denote them by (Hl’)-(H7’).
Our first local existence result makes explicit reference to the linear growth
hypothesis (H5). This highlights its relationship to the intermediate existence
Theorem 3.2, while simultaneously taking a big step toward the generalization
of [9, Thm. 2.1 ] to be given later.
THEOREM 6.2. Assume (HI), (H2) and (H5). Then for every M &#x3E; 0 and
(0, R), there exists 6 &#x3E; 0 with the following properties. For every pair of
endpoints (a’, xd) and (b’, xb) in 0 obeying
p E
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problem (Plt)
Lipschitz.

has

a

Lipschitz solution.

In

fact,

all the solutions

of (PR )

are

PROOF. We will apply Thm. 3.2 to the problemPR ) arising as in the
theorem’s statement. Let any M &#x3E; 0 and p in0, .I~ ) be given, and define

Given any a

obeying (H5),

fix

Q E0, a ) .

Then define

Note that 8 &#x3E; 0 by Lemma 6.1 and Proposition 2.11.
Now fix any endpoints (a,xa) and (b,xb) in Q obeying (6.4). In
0’ ==[a’, b’] x R B, hypotheses (H 1’ ), (H2’ ), and (H5’) follow immediately from
(HI), (H2), and (H5). As for (H6’), we may choose the Lipschitz admissible
arc
-.

and observe that

A’ (3i)

7 b’ - a’).

Since b’ - a’

-1

6

,

we

obtain

from which (H6’ ) follows via (6.4).
To check (H7’), we observe that r

4lR ( §, s

Our choice of s implies that
&#x3E; b’ - a’ for all s sufficiently large, so
(H7’) follows.
All the hypotheses of Thm. 3.2 hold for problem (PR), and the conclusions
of that result complete the present proof..
Note that if L ( t, x, .) happens to be strictly convex for each (t, x ) E fl,
then (H2) certainly holds. Hence the conclusions of Thm. 6.2 are available,
and the solution set of (P~) for each appropriately chosen pair of endpoints
is a nonempty subset of AC°° . Every Lipschitzian solution is an extremal in
the sense of [2], and must therefore be smooth by the remarks following Prop.
2.8. Thus in the strictly convex case, the conclusions of Thm. 6.2 remain valid
when "continuously differentiable" is written in place of "Lipschitz".
We turn now to a local existence theorem in the spirit of [9]. Here f1 is not
assumed to be fixed in advance - all we are given are a point (to, xo) E R

515
a

neighbourhood

U of

(to, xo ) ,

and

function L : U

a

x

- Rn

satisfying

the

conditions

(6.5)

L is

(6.6)

L (t, x, ~)

locally Lipschitz
is

strictly

on

U

x

convex at

R n;

infinity

for each

(t, x)

E

U.

Here is the result.

THEOREM 6.3. Under the conditions of the previous paragraph, there exist
for which S~ [to e, to -I- el x (xo + RB) is a subset of U
on which one has the following. For every M &#x3E; 0 and p E (0, R), there exists
6 &#x3E; 0 so small that for every pair of endpoints (a’, xa) and (b’, x’) in fl obeying
e &#x3E;

the

In

0 and R &#x3E; 0

=

following problem

fact,

all solutions

has

a

-

Lipschitz

of this problem

solution:

are

Lipschitz.

PROOF. Without loss of generality, we take
0. Then we recognize
the problem described in the theorem’s statement as ( P~ ) , and observe that the
desired conclusions will follow immediately from Thm. 6.2 if we can verify
that fl can be chosen so that (HI), (H2), and (H5) hold. It actually suffices to
confirm these conditions for an integrand of the form

since the solution sets

corresponding

to L and

L

in

are

identical. To

summarize, we need only to show that for some small e &#x3E; 0 and R &#x3E; 0 and
some Q ERn, JJ E R, the Lagrangian L obeys (H 1 ), (H2), (H5) on n.
Now (6.5) and (6.6) give (H 1 ) and (H2), provided f C U. Only (H5)
presents a serious challenge. To overcome it, fix ~ E 8vL(to, 0, 0). The convexity
of

L ( to , 0, ~ ) implies

that for any M

&#x3E;

0, the infimum defining
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is attained by some v with I v= M. Moreover, the strict convexity at infinity of
L (to, 0, .) allows us to fix M so large that a(M) &#x3E; 0. We then take a a(M)/2.
Since L is continuous on compact subsets of U
there is a neighbourhood
which
throughout
of
=

sufficiently small values of e and R, 0 will be
neighbourhood.
By continuity and compactness, the following quantity
For

Upon choosing u

L ( t, x, v ) &#x3E; alvlI

=

a

subset of this

is finite:

it is easy to check that
minlw, L (t, x, 0) : (t, x)
(t, x, v ) E n x R n , as required..

for every

COROLLARY 6.4. Assume
rj &#x3E;

(to

0 and R &#x3E; 0 such that
- to --~ rj) x (xo + rjB)

(6.5) and (6.6). For every M &#x3E; 0, there exist
for every pair of endpoints (a’, x’) and (b’, xb~ in
obeying

the problem in the statement of Theorem 6.3 has
all its solutions are Lipschitzian.
PROOF. Let e and R be

= R/2

and let 6 be
p
2
the statement of the

a

Lipschitz

solution. In

fact,

Thm. 6.3. For any given M &#x3E; 0, choose
Thm. 6.3. The choice tj
reveals
2
as an instance of the Theorem..

given by

given by
Corollary

=

Of all the results in this section, Corollary 6.4 is the most readily
comparable to [9, Thm. 2.1]. Its hypotheses are weaker in that strict convexity
at infinity is required instead of strict convexity, but its conclusions are weaker
too: the solutions are only asserted to be Lipschitz instead of smooth. We have
noted above, however, that in the presence of strict convexity every Lipschitz
solution is automatically smooth. Thus Corollary 6.4 is a proper generalization
of [9, Thm. 2.1 ] .

7. - Existence and

regularity

in the

large

When the Lagrangian L is defined and locally Lipschitz on
consider the variant of problem ( PR ) in which the constraint Ilxll R
is removed. For a given choice of endpoints(a, xa) and ( b, ~b ) , this problem is
labeled (P):
we can

517

This section is devoted entirely to(P).
basic hypotheses (H 1 ) (H2) for .R
7.1 Existence

Accordingly,

we

posit throughout

(P)

can

the

for(P)

Criteria for existence of (Lipschitz) solutions to
the results of § 3 in terms of the following quantities
lr ’
L:
1, -1.

be derived from
the growth of

measuring

,

1

THEOREM 7.1. Suppose that for some R &#x3E; 0, for some Lipschitz arc x
with JITIJ
R, the following two conditions hold:

feasible for (P)

(H8) b - a
s), where r &#x3E; R (H9) For every R’ &#x3E; R there exists V (R’)

Then the solution set for
PROOF. In
to arcs

x

studying
satisfying A(x)

is

a

&#x3E;

0 such that

s &#x3E; r,
a(R’, ~ ( ~’ ) )

&#x3E;

0 and

nonempty subset of AC°° la, bi.

existence for (P), it clearly suffices to limit attention
A(~c). We shall now show that such arcs necessarily

R. Set

satisfy llxll

Then the definitions of

In view of
conclusion.

problem (P)

and

cx

and

Q yield:

(H9), this inequality

can

only

hold if R’

R, which is the required

R makes no
established that adding to (P) the constraint
We
shall
difference, it suffices to consider the resulting problem (PR).
complete

Having
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the

proof by demonstrating

that Theorem 3.2

applies

to the

Lagrangian

Since L and L differ by a constant, the conclusion for the corresponding (PR)
yields the required result for (P).
We set a a ( R, ~ ( R ) ) , upon which (H5) is an immediate consequence of
the definitions of a and Q. To see that (H7) holds for all a in (0, a) sufficiently
near a, observe that
=

,

and that the

inequality

in

Thus (H8) implies (H7).
a = a, which shows that

(H9)

be rewritten

can

as

Finally, this last inequality is identical to (H6)
(H6) is satisfied for all a sufficiently near ~.

for
a

Slow-growth Lagrangians
Let

(EGC)

us

recall from
for all R

§2
&#x3E;

the

following

0, for all

r

&#x3E;

extremal

0,

growth

s-&#x3E;oo

s)

condition:
=

oo.

Two examples of §3 were analyzed in part by verifying this condition. Later
we shall examine other situations in which (EGC) can be shown to hold. For
now we pause to note a corollary of the theorem. The proof consists merely
of verifying that (H9) holds for any sufficiently large R, which we leave as an
exercise. (Recall that (HI), (H2) are in force throughout).

COROLLARY 7.2. Let L be a
extremal growth condition as well

function

lim inf

(7 .1 )

bounded below which

satisfies

the

as

L (t,Ivlx, v~ &#x3E; 0.

(t.x)E[a.,b]

Then the solution set

of (P)

is

a

nonempty subset of A Coo la,

b].

The growth condition (7.1) is considerably milder ("slower") than the
coercivity usually invoked in existence theory, which we shall examine later.
As a first example of a class of slow-growth Lagrangians which automatically
satisfy the extremal growth condition, we adduce the following, familiar from
the theory of parametric problems.
PROPOSITION 7.3. Let L ~ t, x, v ~ have the form
+
~p is a positive-valued locally Lipschitz function bounded away

IvI2)1/2,
from

0

where
.Rn.

on
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Then L satisfies the extremal growth condition, as well as the other hypotheses
of Corollary 7.2. Thus the solution set for(P) is a nonempty subset of c1[a, b ~ .
PROOF. Let r, s and x be as in the definition of
s ) (Def. 2.9). The
solution x of the subproblem in question satisfies the second Erdmann condition
[I ], which amounts in this case to the existence of a constant c such that

In view of

where eR

]

we

(a) in the definition of

&#x3E;

0 is

have

a

(in

we

deduce
a

lower bound on
view of (7.2)):

p(z)

for

Ixl

R. But then, for any t in

where MR is

an upper bound for p(z) for Ixl
R. Thus if s is chosen so that
p(s)2 is greater than the right side of the last inequality, we have 4lR (r, s) = +oo,

which verifies

(EGC). The other hypotheses of Corollary 7.2 foliow readily..

To illustrate a situation rather similar to the above but in which the
extremal growth condition fails, we consider Lagrangians L(t, x, v) having
the form ~()(1 +
where p is a continuous function such that
m :=
a
t
b} is positive. It is known [1, 14.3.iv] that when
L has this form, the problem (P) admits a solution iff

v ~ 2 ) i /2 ,

When this condition fails (as it can of course), then the extremal growth
condition must also fail, for ( P) has no solution (Lipschitz or otherwise), yet
all the other hypotheses of Corollary 7.2 are present.

7.3 Coercive

Lagrangian L is
[0, oo) -~ R satisfying
The

8:

(fast-growth) Lagrangians
said to be coercive if there exists

lim ~ ’~

=

a convex

function

+00 such that

This has been a familiar growth assumption in existence theory since the work
of Tonelli. In view of Definition 2.1 and the remarks immediately thereafter, it
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is clear that

convexity and coercivity imply hypothesis (H2). The proof of the
following consequence of Theorem 7.1 requires only verifying that (H9) holds.
for sufficiently large R, and is left as an exercise.
COROLLARY 7.4. Let L be coercive and satisfy the extremal growth
condition (EGC). Then the solution set of (P) is a nonempty subset of AC°° [a, b].
This result resembles closely Tonelli’s original global existence theorem;
it has an extra hypothesis (EGC) but asserts that the solutions are Lipschitz.
This highlights (EGC) as a condition leading to regularity of the solutions
to (P). (We remark that once a solution x is known to be Lipschitz, further
regularity conclusions follow easily from supplementary hypotheses on L (see
[8, §2])). We shall see that coercivity, besides providing Lagrangian growth
and strict convexity at infinity, has a bearing on (EGC). The first such result
which we now give leads to an alternate proof of the fact (due to Clarke and
Vinter [8]) that under Tonelli’s hypotheses the solutions to autonomous problems
are Lipschitz. (The problem ( P) is termed autonomous when the Lagrangian
L(t, x, v) has no explicit dependence on t).
PROPOSITION 7.5. Let L be coercive and
so that the conclusions of Corollary 7.4

independent of

holds,

large.

PROOF. Fix R and r; we shall show that
We begin with a technical result.
LEMMA 7.6. For every
m, then

lxl:5 R,

PROOF.
m

are

&#x3E;

m

C

Begin by choosing M

_0

inequality corresponding

contains
to

p E

Upon dividing across by |vl we
completes the proof of the lemma.
We

now

we

Then

(EGC)

there exists M

s

sufficiently

&#x3E;

0 such that

if

implies

~~s~ - s L(x’ 0)

&#x3E;

~~.

so

large that

s

&#x3E;

a

M

point v with )v)
implies

arrive at

Ipl

&#x3E;

m,

&#x3E;

M, the subgradient

a

contradiction which

define

let Mi be the number corresponding to mi
complete the proof of Prop. 7.5 by showing that if
and

= +oo for

s)

R.

whenever )z )
Then, if 8pH(x, p)

t.

valid.

as

in Lemma 7.6. We will
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We place ourselves in the notational context of the definition of AR(r, s ) . From
condition 2.9 (d) and [4, Theorem 5.2.1] we deduce that corresponding to x
are an arc p E AC[to,
] and a constant c E R for which

Now condition (a) states that Ess
this r, lp(,r)
0’1, where

If

we now

a:(f) n rB i- 0;

it follows from

(7.4) that for

define

then

(7.5) implies I CI G2. From the subgradient inequality corresponding
(7.4), together with (7.5), we deduce that

to

Therefore

now

so

(7.4) is equivalent

the definition of Ml

to

together

with the

preceding

bound

on

I p (t)I yields

If p ( s ) &#x3E; Mi, this contradicts condition (b) in the definition
which
confirms that
for
such
This
of
s.
the
is
+00
completes
proof (7.3) and
s)
establishes Proposition 7.5..

Morrey-type

conditions

We turn now to another criterion allowing t-dependence which, when
combined with coercivity, gives the extremal growth condition. We make the
following assumption: there exist a positive constant c and an integrable function
for all
7
] such that I ~11 c ~~2 ~ -~ ~(t) for all
in
R’~
denotes
the
x
x
a
L
where
generalized gradient (x, v )
( t, x, ~ ) E[a, b]
variables. (Actually it would suffice to require this for I xI
R, where the
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latter is

priori bound on arcs x solving (P) imposed by the coercivity
We refer to this as the Morrey growth condition (see [8]).

an a

hypothesis).

PROPOSITION 7.7.

If

L is coercive and satisfies the Morrey growth
so that the conclusions of Corollary 7.4 are

condition, then (EGC) holds,
valid.
PROOF. We let R be

natural a priori bound
for any solution
the boundary conditions, the coercivity and the
inequality A ( x) A(~). With this noted, we proceed to verify that Lemma 7.6
still holds in the nonautonomous case. The rest of the proof also parallels that
of Proposition 7.5: given r &#x3E; 0, we shall produce a number M1 having the
+ oo whenever p ( s ) &#x3E;
property
] (cf. (7.3)). Placing
we recall that
ourselves once again in the context of the definition of
corresponding to the solution x is an arc p satisfying
x

to

(P),

one

a

generated by

=

In view of condition

The

Morrey growth

(a),

one

condition

which via Gronwall’s

has

0’1, where

implies

inequality yields

As in the proof of Proposition 7.5, this uniform x-independent bound on lp (t) I,
together with Lemma 7.6, produces a similar corresponding bound on
I and
+ oo for s sufficiently large..
implies that
=

8. - Periodic Hamiltonian

trajectories

The subject of periodic trajectories of Hamiltonian systems has seen
considerable activity in recent years. We shall illustrate in this section the
use of intermediate existence in connection with the dual action principle [3] to
deduce the existence of such trajectories in a nonautonomous context somewhat
different from those considered previously. The results of this section are best
compared to those of [4] and [5].
Given a function H (t, z) : R x R 2n -~ R (the Hamiltonian), we study
the existence of absolutely continuous functions z(t) satisfying the Hamiltonian

boundary-value problem
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where J is the 2 n

x

2 n matrix

= n x n identity matrix) and where a H signifies the generalized gradient of
H with respect to the z variable. It is now well-known [4], [5] that when H is
convex in z, certain such trajectories z result from "critical points" of the dual
action D ( z ) defined by

where

In

G(t,.)

is the

conjugate

of

H(t,.)

in the

sense

of

convex

analysis:

circumstances the required critical point is obtained by (globally)
in others, critical point theory serves. We shall now describe
circumstances in which intermediate existence applies to D in the definite
absence of a global minimum.
The hypotheses on the Hamiltonian are the following:
some

minimizing D;

(a)

H (t, z)

is

locally Lipschitz,

where 8 is

a convex

convex

in z, and satisfies

function whose

(equivalently,

conjugate

8 * is

everywhere

finite

00).
such that the

partial

derivative

(c)

For some 1

THEOREM 8.1. Under hypotheses (a)-(c) above, the Hamiltonian
problem (8.1) admits a solution.

boundary-

value

(b)

For

some

constant c, at any

Ht ( t, z ) exists,

PROOF. We
LEMMA 8.2.

locally Lipschitz.

&#x3E;

we

0, for all z

begin

point (t, z)

have

with

with I z:::; 1,

some

observations about G.

is bounded

for (t, S) bounded,

as

is

8G(t, ~).

G is
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PROOF. We observe first

G (t, ~) &#x3E; - H (t, 0) (from the definition),

and also

(by (a))
It follows that G is locally bounded. The fact that
(the subdifferential in
~) is locally bounded then follows from convex analysis. The supremum defining
G is attained at those z satisfying ~ E a H ~t, z) , or equivalently z E
The set of such z is therefore bounded when (t, ~) is bounded, so that the
supremum can just as well be taken over a compact set. This readily yields that
·
G inherits the locally Lipschitz property from .H.
LEMMA 8.3. For every M
in

&#x3E;

0, there exist N1, N2

&#x3E;

0 such that

for

all t

[0, T]

PROOF. If the first implication were false for all lh1, there would be
such that I --;
E
sequences
and I M. Thus
where
This
contradicts
the previous lemma
is
bounded.
E
zi
and proves the existence of N1. The existence of N2 follows from the fact that
(in view of (a)) .H (t, z) M implies a bound
LEMMA 8.4. The Lagrangian L figuring in the dual action
satisfies the extremal growth condition (EGC).
.

functional

D

PROOF. To see this, we place ourselves in the notational context of the
definition of 4lR (r, s) . The solution x to the subproblem described in condition
2.9 (e) satisfies the Euler equation for L, which is known to imply [4, p. 282]
that for some constant k one has

It follows from (a) of the definition and from Lemma 8.3 that
is
bounded by some number N1 depending only on r. The necessary conditions
for the subproblem go beyond just the Euler equation, since we have Lipschitz
dependence in t. In fact, from [4, §3.6] we deduce that the (Lipschitz) function

satisfies

Now

we

invoke

hypothesis (b)

to deduce
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which combined with the known bound on
+
(and hence on h(T)) and
Gronwall’s lemma leads to a bound for h(t) on [to, t1~] depending only on r. We
now invoke the second half of Lemma 8.3 to derive a bound N2 onx ( t ) +
depending as always only on r. This gives a bound forIx(t)1I on [to, tiI in view
of (8.2), and shows that if s were chosen sufficiently large, condition (b) of the
definition of
s ) could not hold. Thus for such s one has 4lR (r, s )
establishing the extremal growth condition..
We now set the stage for applying Theorem 3.1. The Lagrangian L is
that of the dual action, and the endpoint data is a
0, b T, Xa == Xb 0.
We set R
and m
where -1 is given in hypothesis (c). For Y we
2
=

=

= R/2,

=1

choose the admissible

=

arc

which is

identically

zero.

Observe

Jp),

The Hamiltonian corresponding to L is easily calculated to be
+
which implies that L satisfies the hypothesis (H2) of strict convexity at infinity.
(HI) is a consequence of Lemma 8.2, and (EGC) provides (H4). The final
hypothesis of Theorem 3.1 to verify is (H3), which is an easy consequence of
(c) for the data as defined. Consequently the problem(PR) at hand admits a
Lipschitz solution x satisfying the Euler equation for the dual action. But then
for some constant k, x(.) + k is a solution of the Hamiltonian boundary-value
problem being studied. This completes the proof of Theorem 8.1..
REMARKS.

1)

The hypotheses of Theorem 8.1 do not imply that the dual action D
admits a global minimum (subject to the given boundary conditions), as
1 with
may easily be verified directly in the case n
=

The

arcs

fail to

2)

z (t)

of the form

r

TWe (cosalso that 1 resultssuchofthat
are

r

note
goes to -oo as r goes to oo.
apply here since L is neither bounded below

nor

the
coercive.

§7

hypothesis (c) is the only one directly constraining the period T. It is
automatically satisfied for example when .I~ is globally subquadratic in z
(see [5]), or when 6* (0) 0 and H is superquadratic in z near the origin.
.~ is not necessarily strictly convex in v under the given hypotheses
although, as we have shown, it is strictly convex at infinity. Nor is it
differentiable, even if one adds the hypothesis that the given Hamiltonian
H is continuously differentiable.
The

=

3)

sin
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