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The Group of Biholomorphic Automorphisms
of Symmetric Siegel Domains and Its Topology.
JOSÉ-MARÍA ISIDRO (*) - JEAN-PIERRE VIGUÉ

Bounded symmetric domains in complex Banach spaces have been carefully studied during the last years (see for example [5], [10], [11] and [12]).
As noticed by Harris [5], many bounded symmetric domains may be realized
as Siegel domains and Kaup-Upmeier [8] have given a necessary and suf-

ficient condition for the existence of such realizations. As in the finite dimensional case, it is important to study the Siegel domain realization of a bounded
symmetric domain.
More precisely, let 4 be a bounded symmetric domain in a complex
Banach space E. By [10], we may suppose that d is circular. Let us suppose
that d admits a Siegel domain realization D and let 1 :
be the Cayley
transformation. We shall first study 7: and r1 and prove that 7: (respectively
maps subsets lying strictly inside L1 (respectively D) onto subsets lying
strictly inside D (respectively d ).
On the group G(4) of biholomorphic automorphisms of A, we have
defined in [10] the topology of local uniform convergence and, in [12], we
have proved that this topology coincides with the topology of uniform convergence on 4. By means of 7:, we can transfer this topology to G(D) and
we shall prove that the result is the topology of uniform convergence on
subsets lying strictly inside D.
To conclude this paper, we shall study the group of biholomorphic automorphisms of a symmetric Siegel domain in some special cases. In these
cases, we shall describe completely the group G(D).
Let us begin with some definitions and properties of bounded symmetric
domains and their Siegel domain realizations.
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1. - Bounded

symmetric domains

and their

Siegel

domain realizations.

Let d be a domain in a complex Banach space E. A subset A of d is
said to lie strictly inside D (and we note it A cc D) if A is bounded and the
distance d(A, C ED) is strictly positive.
Let d be a bounded domain in E and let 0(L1) denote the group of biholomorphic automorphisms of d. On ~(Z))y the topology of uniform convergence on a ball B cc d does not depend on the choice of B and it is comwe call it [10] the topology of
patible with the group structure of
an
local uniform convergence. Let
be
analytic automorphism of d .
We say that s is a symmetry at ac E d if s2 = id and a is an isolated
fixed point for s. Such an s is unique and is denoted by sa . The domain
L1 is said to be symmetric if, for every E L1, there exists a symmetry sa at a.
Let L1 be a bounded symmetric domain. We have proved in [10] that
L1 is homogeneous and that L1 is isomorphic to a bounded circular domain.
Moreover, by [10] and [7], G(,J) has a real Lie-group structure (whose underlyng topology is the topology of local uniform convergence) such that the

mapping

is real-analytic. If d is realized as a bounded circular domain, the topology
of local uniform convergence on G(L1) coincides with the topology of uniform
convergence on 4 [12].
Kaup and Upmeier [8] define Siegel domains in the following way: Let
V be a real Banach space,
+ iV its complexification and denote by
WX
W a complex Banach space. Let Q c V be an open cone and
a continuous hermitian mapping. We say that

is a Siegel domain if D is biholomorphically equivalent to a bounded domain
If D is a symmetric Siegel domain, then D is convex [8].
If 4 is a bounded symmetric circular domain, L1 admits a Siegel domain
realization D if and only if its closure 2T has a complex extreme point [8].
is called the Cayley transThe biholomorphic
formation.
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2. - The

transformations.

Cayley

Let L1 be a bounded circular symmetric domain in a complex Banach
space .E and let 7:: 4 - D be its Siegel domain realization.
We denote by CD (respectively C) the Caxath6odory integrated pseudodistance on D (respectively L1) [3]. As D is isomorphic to a bounded domain,
CD (respectively C£ ) is a distance which defines the topology of D (respect-

ively L1).
We have the

following

result

PROPOSITION 2.1. Let A be a

subset of

D. The

following propositions

are

equivalent
i) A is

ii) A is

C§-bounded;
cc

D.

hyperbolic in the sense of [6], and D is
apply proposition 2.3 of [6] whence the result follows.
Concerning bounded symmetric circular domains, we get the following
proposition.
PROOF. It is clear that D is

convex.

Thus

we can

PROPOSITION 2.2. Let L1 be a bounded symmetric circular domain and
that A is a subset of A. The following propositions are equivalent:

assume

i) A ig
ii) A is

0,’,-bounded;
cc

L1 .

suppose that A is lying strictly inside L1. By Cauchy’s
inequalities,
get upper bounds for the Carathéodory infinitesimal metric
A.
A
on
As
is bounded, it is easy to prove that A is Ca-bounded.
ya
To prove that (i) implies (ii), it is sufficient to show that every ball
r) (for the Carath6odory distance C’) with center 0 and radius r lies
PROOF. Let

us

we

ro)
completely inside L1. First, we can find a number ro &#x3E; 0 such that
is cc L1. As d is homogeneous and 0’ is an intrinsic integrated distance,
we get

where

We have

proved

in

[11] that,

for every A

cc d,

there exist

8

&#x3E; 0 and M
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sufficiently large

such that every

f,

admits

with

a

holomorphic

extension to

B(0, M). By Cauchy’s inequalities, we prove that
lies strictly inside L1. By recurrence we deduce that, for every
nro) cc L1, whence the proposition follows.
Then, we can prove the following theorem
with values in

2ro)

THEOREM 2.3. Let 4 be a bounded symmetric circular domain and assume
that d admits a Siegel domain realization D. Let 1:: L1 -+ D be the Cayley
transformation. Then, for every A cc d (respectively B cc D), we have 7:(A) cc D

(respectively r1(B) cc 4 ) .
PROOF. Since 7: is a biholomorphic isomorphism, 7: is an isometry for
the distances 0’ and 0’ - Thus, it is clear that 7: and T-1 map
subsets and
subsets onto each other. Propositions 2.1 and 2.2
conclude the proof.
From propositions 2.1 and 2.2 we deduce the following corollary which
answers, in the case of symmetric domains and symmetric Siegel domains,
a question of [10], remark, page 211.

C’ -bounded

C’-bounded

COROLLARY 2.4. Let f E G(D) (respectively f E
A cc d ), we have f (A) cc D (respectively

(respectively

every A

PROOF. It is clear that f maps C’ (respectively
onto themselves, which proves the result.

3. - The

topology

of local uniform convergence

on

cc

D

f (A) cc d ).
bounded subsets

G(D).

Let L1 be a bounded symmetric circular domain in a complex Banach
space and suppose that L1 admits a Siegel domain realization D. Let us
denote by 7:: 4 - D the Cayley transformation. The mapping 7: induces
- G(D).
an isomorphism
Thus, if we denote by G4 the topology
ij :
on G(d ) of local uniform convergence over L1, we can transfer G4 to G(D)
the topology on G(D) of local uniWe call ’GD =
by means of
form convergence over D. Now, we have the following theorem
THEOREM 3.1. On G(D), the topolovy ’GD of local uniform convergence
over D coincides with the topology of uni f orm convergence on subsets lying
strictly inside D.
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PROOF. To prove the theorem we have to show the following result:
Let
be a sequence in G(D) and assume that f n converges to f E G(D)
with regard to the topology of local uniform convergence. Then
f uniformly on every subset lying strictly inside D.
Let us put gn
So, let A cc D be given and write
the
sequence gn converges to
r1ofno7: and g r-iofo i. By definition,
in
the
uniform
and
of
local
by ([12], th. 4.3), g~
topology
convergence,
g
We
J.
on
get
converges to g uniformly
=

=

2.4 we have
Thus, there exist no E N and C cc d
such that we have
cc C for all
no. We can find ro &#x3E; 0
such that C +
+ B(O, ro)] cc D. So,
ro) cc d and, by theorem 2.3,
z is bounded on C + B(O, ro). By Cauchy’s inequalities, there is a constant
.g’ &#x3E; 0 such that 7: is K-lipschitzian on C. Therefore, for n&#x3E;no we have

By corollary

whence the theorem follows.
REMARK 3.2. It is easy to check that,
convergence is not equal to the topolovy

pare

G(D), the topology of local uniform
of uniform convergence over D (Comon

[12]).

To conclude this paper,

4. - The upper

half-plane

we

shall

study

two

examples.

of

the Banach
be a compact Hausdorff space and denote by
space of complex-valued continuous functions on .52. The open unit ball 11
of C(Q) is a bounded symmetric circular domain. By [1] and [5], the group
of biholomorphic automorphisms of L1 admits the following representation.
Let .I’ E 0(L1); then, there exists a homeomorphism V of Q, a continuous
mapping 8: ,~ --~ C with 10 (x)=1 for all x E Q, and a function a E 4 such
that we have

for all

f E L1

and z

E

S2.
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The domain d admits

The

a

Siegel

Cayley transformation

7::

domain realization

4 - D is

D,

where

given by

be the multiplicative
Now, we shall study the group G(D). Let
I)
group of all (2, 2)-real matrices of determinant 1 and let SL2(R)/( + I,
denote the quotient of
the
This
by
group
subgroup (+ I, I).
admits a natural group topology (in fact, it is a real Lie group) and
I, I) is isomorphic to the group of biholomorphic automorphisms of the upper-half plane P of C in the following way: Let
A E SL2(~)/(-~- I,
I) and z E P ; let
-

-

-

-

be

a

representant

of A. in

I,

-

I) and define Az by

It is easy to check that Az does not depend on the choice of the representant.
from the previous considerations one can easily prove the following
theorem.

Now,

THEOREM 4.1. Let F
a

continuous

f or

all

fED

mapping

and all

E

G(D).

A : S~ -~

x E

There exists

I,

homeomorphism y of S
I ) such that we have

a

-

and

Q.

The following question raises in a natural way: Given .F
there exist continuous functions a, b, 0, d on ,~ such that

E

G(D),

does
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This question can be viewed in the following way. We have two continuous
mappings

where the canonical projection p is a covering projection [4], and we want
to find a lifting of A. We can find it in several cases ; for example, if Q is

sufficiently discontinuous,

have.

we

PROPOSITION 4.2. Let Q be a compact Stonean space. Then every continuous
mapping A: S2-~ SL2(R)/( + 1, - I) can be lifted to a continuous mapping
B : Q -+SL2(R).
PROOF. Since Q is Stonean [9], we can find a covering by closed and
open sets. Then it is very easy to define the li.fting.
On the other hand, j Q is pathwise connected, we get the following

proposition [4].
PROPOSITION 4.3. Let Q be
statements

are

i) A

We

get

a

pathwise connected space. Then,

the

following

equivalent:

can

the

be

ti f ted.

following corollaries.

COROLLARY 4.4.

If

F is

sufficiently

near

to the

identity,

then A

can

be

lifted.
COROLLARY 4.5.
Now

we

If Q

is

simply connected,

transfer these results to

then A

can

be

lifted.

G(D) :

COROLLARY 4.6. Let F E G(D) be given. If F is sufficiently near to the
identity, or if Q is simply connected, there are continuous f unctions a, b, 0, d
on Q such that we have

f or

all

fED

and att

x E

S~.
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5. - The upper

half-plane

of

commutative C*-algebras.

Let 9t be a C*-algebra of bounded linear operators on a complex Hilbert
space H. By [5], the open unit ball L1 of Ql is a bounded symmetric circular
domain and the group G(d ) of biholomorphic automorphisms of 4 admits
the following representation: Let
G(4 ) be given; then, there are a surand a Moebius transformation
jective linear isometry Z: 9t
of J,2

with A

E

=

for all .X

E

d such that

we

have

L1.

Moreover, if

contains the

identity operator I, then L1

admits

a

Siegel

domain realization ~, where

The

Cayley transformation

Now we study the group
theorem.

7::

G(D)

4 - D is

for

some

given by

C*-algebras.

We have the

following

THEOREM 5.1.
be a maximal commutative. subalgebra of a W*-algebra,
with a unit. Then, for every F E G( ~J), there are hermitian operators A, B, C,
D
with AD-BC &#x3E; 0 and there is an order-preserving surjective linear isometry 1: W --)- W such that we have

f or

all X

E

0.

PROOF. Due to the assumptions on % [9], there exists a surjective iso
metric *-isomorphism 99: 9t - C(Q) for a suitable Stonean space SZ. Let us
denote by Dg and 0. the corresponding upper-half planes of 9t and
Since q; is order-preserving, it induces an analytic isomorphism W: Dg - Ðn
is an isomorphism of G(Dg) onto
and the adjoint map
G(Dp). Now the theorem follows immediately from proposition 4.2.
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