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An Inversion of the Obstacle Problem
and its Explicit Solution.

HANS LEWY (*)

dedicated to the memory of Guido Stampacchia

The obstacle problem in its simplest form for functions in R* is this:
Given are a smooth domain 2 of R* and a smooth function y(x),
ze 2 uo with p(x) <0, x€0f2. Minimize the Dirichlet integral of a
function u(x)
f(grad %)?dy = min ,

Q2

among all functions u(x) which vanish on 02 and which do not exceed y(z).
Existence, uniqueness of #(x) and continuity of its first derivatives are
well established for the solution. '
A more difficult problem is the nature of the set

o = {&: u@) = p@)} .

For » = 2, under the hypothesis of convexity of £ and analyticity and
strong concavity of y(x), it was shown in [2], [3] that w is simply connected
and has an analytic boundary. For n > 2 it is not known whether or not
the same hypotheses imply the same conclusion. However it was proved
in [1] that if P is a point of 0w where o has positive density, then ow is
smooth near P. :
Consider together with y(x) all obstacles y(x) + ¢ with positive constant e,
and for which max y(z) = 0, while, say, p(r) = —oco on 0f2. The solu-
tions » of the abgve problem become functions %, of the parameter ¢ and so
does the set w = w.. As ¢ varies from 0 to oo the set w, increases mono-
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tonely. For it is known that the solution u.(z) is the smallest continuous
superharmonic compatible with the imposed inequality and boundary
condition. It follows that

p(@) + ' <wug(@)<u(r) + ¢ —c, if e<c

because (u,+ ¢’ —e¢) Nu, is also superharmonic and competes with wu,.
Hence if at «, y(2) 4 ¢ = (), then also u,(x) = p(x) + ¢. This observa-
tion suggests the problem inverse to that of the determination of w,:

Given a smoothly increasing set w,, determine the function y(x), i.e. the
obstacle y(x) + ¢ which gives rise to the coincidence set w,. Contrary to
the difficulty of characterization of w,, given v, this inverse problem admits
of an easy explicit solution. That is the first part of this paper.

The second part, motivated by the first, gives examples in which the
obstacle problem is solved by the inverse method. In particular we prove

3
that if 2 = R3, 02 the point at oo, and y(x) = — Y 2}/b;, b,> 0, then w,
3 1
is a solid ellipsoid > «%/a;<const., a;> 0.
1
It is to be expected that the stability of dw, under «small » changes of £

could be established by the method of [4], but we have not carried out its
application to the equation (1.2) below.

1. — The inverse problem.

In order to derive the relation for the recovery of p from the assignment
of w,, we assume that dw, can be represented by

S(x) =¢, gradS8+#0

where S(«) is sufficiently smooth. This is a working hypothesis which restricts
the topological behavior of w, and which essentially limits the nature of the
obstacle and also that of 9.0.

Denote by G(z,y) Green’s function of the Laplacian for the domain Q,
and consider

f — Ay(y) G(w, y) dy .

If G(x,y) is properly normed, this integral represents a function of x which
vanishes on 082, is C*in Q, and which is harmonie in 2 — w,, while in S < ¢
its Laplacian equals that of . These properties characterize a function
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uniquely and are shared by wu.(x). Thus

(1.1) w(@) = [~ Ay G, n)dy, 2eQ.

For ¢ <c¢', we know
Uy = U+ ¢ — ¢ in w,

whence

Thus
(¢ — o[~ dp@)6e, )y =1, wco..

@' —We

Denote by dv the length of the normal at y on dw, as it pierces dw.,. As
¢’ —¢, we obtain

f— Ay(y) G(z, y)limg—cdy =1, zeco,.

dw,
Now lim (dv/(¢' — ¢)) = |grad 8(y)[~* and
c'e

V(@) &|— Ap(y)|grad 8(y)[ Gz, y)dy =1, zEcw,.

dw,

Evidently V,.(x) is continuous in Q, harmonic in 2 — w, and = 0 on 0.
Thus V,(x) is the so-called conductor potential of w, relative to Q. It is
well known how to obtain the factor f(y) in a surface integral f f(y)G(z, y) dy
through the jump of the normal derivative. We find, with ¢ a constant
depending on the dimension number #,

— Ay(x)|grad 8(x)|~* = y|grad V,()z|, x€dw,.

y is computed from yp = — |22, @ = R*. We find wu.,(z) = k(c)|z|*" for
|| > |zo| and wu,(x) =c¢— |®|* for |z|<|r,|. C* continuity of wu,(z) gives
(2 —n)klme|' = — 2|m,| and ¢ — |m,|% = k|w,|>™ = 2(n — 2)xp|2. Thus ¢ =

= n(n—2)7z,|% |grad 8| = (2n[(n — 2))|z,| and |grad V.| = |2 — n||z,|~* re-
sult in y = 1. Since on dw, we have S(z) = ¢ and V. (r) =1 we can write
this also

(1.2) + Ay(x) = grad S(z) grad V,(z), 8S(@) =c.
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This relation determines, together with (1.1) or

(1.3) ¢+ ) = f —Ay(y) Gz, y)dy, zew,

the obstacle for all € w,, if (1.2) holds for all ¢ in 0 < ¢<¢,. It is not neces-
sary to know beforehand that S(x) = const. gives the boundary of the coin-
cidence sets in an obstacle problem; in other words the indeterminacy of
a p whose Laplacian obeys (1.2) is removed by (1.3) in a way which does
not depend on ¢. To see this put y(x) = y.(z),

(1.4) w(r) = |grad Vy(z)| with ¢ = S(z)

and compute (0/0¢,)y.,(x) for x in S(r)<c¢,. We find by differentiating
(1.3) at ¢ = ¢, and substituting (1.2) under the integral

1+ 61/2;;?) :f|grad V)G, y)dy, S@)<e,.

6(0,,-0

But
V(o) =lgrad V.,(4)(6(z, 9) dy

am,,o

ag right hand is the evaluation of f — AV, (y)G(z, y)dy with AV (y) under-
Q2

stood in the sense of distributions. Hence

0Ye,(®)[0co =0, Bx)<e
as required.

2. — Homogeneous 8.

Suppose now 2 = R", n> 2, and S(Az) = A*S(z), A>0, k>0. With
w(z) from (1.4) we ﬁl}d w(Az) = A-lw(z), (Ay)(Ax) = — |(grad 8)(Az)|w(Ax),
whence (dy)(Azx) = A*-2Ay(x). Moreover with 9’ a constant depending
only on n,

w(@) =y f Adyp@y)le—yl*dy,
s(y<i
wp(io) =y’ [Ay(y)lia—y' [y
8(y")<a*
=y f M2 Ay(y)lw —y|*rdy 2% = Pu() ,

8w<1

p(Az) = Ay(). .



AN INVERSION OF THE OBSTACLE PROBLEM AND ITS EXPLICIT SOLUTION 565

3. — We apply the foregoing to the case n = 3,
3
(3.1) S(x) =D aifa;, 0<a;,<a,<as.
1

Here the conductor potential of S(x)<1 with respect to R® is explicitly
known in terms of the elliptic coordinates A,, 4,, 45, solutions of

(3.2) Saifact 1) =1

with —a, < l1<o0, —a,< A< —ay, —a;< A;< —a,. This potential V,
is a function only of 4,, 4,>0, remaining constant on the surface of each
confocal ellipsoid. Its precise value, which incidentally plays no role in the
present investigation, is

Vi) = g(4,)[9(0)
with

92) =[(( + @) + 6)(A + a) 4.
A .

Accordingly
oVy(x)[0x; = — g(0)Yaya,a5)"t0Ay[0m;, A, =0.

To obtain 04,/0x; at S(x) =1, we put 4 = 4, in (3.2), take derivatives with
respect to x; and put 4, = 0:

3

2z;[a; = 3 (#%[ad) 04,/0m;, j=1,2,3.

1

Thus (1.2) becomes
Ayp(x) = — 49(0)Y(a a,a5)"F, S(@) =1.
~ From §2 we gather Ay(ux) = Ay(x), u> 0. Henee
(3.3) Ay(w) = — 49(0)Yaya,05)*=— K, weRs.

We remark that even if any two successive a; are equal and of course also
if all three a; are equal, the eonductor potential of S<1 still depends only
on J,, the largest of the roots of (3.2), and (3.3) holds good also in these cases.

This result (3.3) yields immediately that i is analytic at the origin where
it must vanish and have a maximum. Since y is homogeneous of degree 2
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we have thus that y = zb,.,-w,.w,-. But it is of interest to know that in
3

this way, as the a, vary, we can obtain Y(@) = — 3 #}/b; with every triple
1

of positive b, in order to prove the claim at the end of the introduction. -

Observe that (3.3) implies on §(z)< 1

@) = 1 + p(@) — — Ky'f f f o~y dy, dy, dys

8(N<1

aw f”a— @ — yI=* dy, dy, dy, = +Kyff . 12— Y Ay dy, dy,
ff dy, dy,
—yl|’
S(y)=1
ff dy; du, oy ffd?/l dy,
awz —y|’ 8wa y|’

8(y)=1 8(y)=1

% Y1 4y, Ay,
_r —_ t =
b, 0, () = 00N ff 0—yP

S(y)=1

since 8(y,,¥,;,y;) = — 81y — Y2, Ys)- Similarly

Oy 0%y .

aw (0) 07 a$i6$j (O) ”“0’ 2#77

oy ) oy ,

2 P 0) = —Kyf [y~ 9, dy, dys , 352 (0 =—EKy ffl?/l—a?lzd?ladyu
8(y)=1 2 8y)=1

az

a—;g 0) =— ky’fflyl‘s.% dy,dy, .

8(y)=1

Put X = a,9f + %:Y: + @393, then

fﬁy [~ 41 Ay, dy, =ffX_§ Y10y, dys(a,a,a5)
S(y)=1 lyl=1
and

G4 2202 o ()2 a”( ) = bty =f fX-*yldyzdysz
1
lyl=1

:ffx_*?/z dy, dy, :f Xy, dy, dy, .

lyl=1 lyl=1
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We intend to show that given positive b, <b,<b, there exist positive a,<

<a,<a; which solve the proportion (3.4). In view of the homogeneity of

S(xz) in a,a,,a; this means that an arbitrary negative definite form
3

y(x) = D #%[b; leads to an ellipsoidal boundary dw, of the coincidence set w,.
1

The first thing to prove is that the mapa —b given by (3.4) where
the @, are homogeneous coordinates and so are the b;, can be continuously
extended to the boundary of the a set given by 0 < a,<a,<a,;. This bound-
ary is the triangle of 3 straight segments: from (0, 0,1) to (0,1, 1), from
(0,1,1) to (1,1,1), and from (1,1,1) to (0,0,1). Suppose a,— 0 while
0<a,<a, stay fixed. Evidently each of the integrals on the right of (3.4)
increases as a, decreases, tending respectively to

jj(az?lg + a;y3)ty, dy, dy, ,

ly|=1

ff(az ¥: + asy3)ty. dy, dy, ,

lyl=1

f (ayy3 + asy3) Yy, dy, dy, .

lyl=1

Put y, = (1 —9y})¥cosh, y; = (1 —y?)tsinf. Those limit values are

1 2zn
bt =f fdy, d0(1 — y3)*yi(a, 0820 + a,sin20)t = o,
-10
1 2n
(3.5) byt :J fdy, d0(1 — y%)~*(a, cos20 -+ a,8in20)-t cos26 < co
—10
1 2n
b3t =J. fdyl dO(1 — y3)~¥(a, cos26 + a,sin26)-tsin20 < co,

-10

and thus b,, b,, b; tend monotonely to limits. The first of these is 0, while
the other two are continuous in a,, a;. By Dini’s theorem the extension of
the map (3.4) to a, = 0 is continuous as long as 0 < a,<a,. If now a,—0
while a; =1, the limit values of the integrals on a,= 0 are b;'= oo,
b = oo, but

1 2n
lim b3* — f dyy(1 — y2)- f asin O[F < oo .

-1 0

Hence on a, = 0 we have b,.b; —~0 as a,.a;—> 0.
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Unfortunately this is not enough to imply that the map (3.4) of a —>b
can be continuously extended to the boundary of the above triangle. We

still must prove that if a, = 1 <a,, a;— 00, a/a; -0, then b,:b,:b, —0:0:1.
We have a, =1, X = Cy3 + B with

C = a;— a,c0820 — a,sin20, B = a,co0s%20 + a,sin%0 ,
= (1—y3)tcosl, y,=(1—yj3)?sinb,
Y2 @y, dys = Yy dys c0s20d0 ,  y,dy, dy, = Y, dy, sin20d0 , vy, dy, dy, = yidy,df .

Because of the symmetries of the integrands it suffices to integrate from 0
to 1 in y, and from 0 to #/2 in §. We find with

() =[Gy = — 00wt + Bt
that
/2
b7t =] cos? 0(02} —(GITB)*) db

n/2

1 1
-1 __
= smW(CB* ——G(O+B)*)d0

[]

n/2 1 nl2 1
s1=|do fX—?yadyaz def ((1) — h(ys)) dys
1] ] (]

n/2 1

1 1
= f d”f (G(Gy; TB 00 F B)*) %s -

Now B/C — 0 uniformly in 6 as a,/a;— 0, and

1

dys 1 —
(—@gjyi_—g); =0 (logV'C/B + 0(1))

uniformly in 6 as B/C —0.
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Thus, as a,/a;— 0

n/2

1 c

[}

72

C\# :
bil=a; fcos*()(ﬁ) do(1 + o(1))

]

n/2

bl = a;ifsinz 0 (%)* g1 + o(1)) .

]

Hence
n/2
1 f log (C/B)d6
0< lim i)—‘ = hm
artarsd f cos?6(C|B)E @
n/2
%flog (C/B)db
0 <hm —= = hm
s fSInZB(C/B)*dG

569

Both of these limits are 0. This would be immediate if the integrations in
numerators and denominators were extended from ¢ to z/2 — ¢, where ¢
is a small positive value, since then sin2f and cos20 stay away from 0 and
the ratios of the integrands tends (uniformly) to 0 as a,/a; — 0. But inte-

grating from 0 to z/2 increases the denominators while for small ¢ > 0

e /2 n/2
c 1 C
(f—}- f)log§d6< éflog Ed@
o n/2—s 0
since as a,/a; — 0,
n/2 /!
C ag .
flog d9>—1 (f—i— f)log§d0<2sloga—— log sin26 df .
2
0 n/2—e (1]

This completes the proof that the map a —b has a continuous extension

to the closure of our triangle.
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The next task is to ascertain that there is b in 0 < b, < b, < b, such
there is an ¢ which is mapped by (3.4) into this b.

Now we have just observed that lim b7 = oo, lim b;* < co as a,{0. Hence
for a small a,/a, we have b, <<b,. Next let a,=1, a, large and a,|0.
By (3.5)

27

1

-4

lim a}b;! = jdyl(l — y“;)—*f (%2 cos20 + sinzﬂ) cos20do

a1l0 - ’ 3

1 2n s

lim afb;t = | dy,(1 — yﬁ)‘*f(% cos2f -+ sin20) sin26 df .

3
-1 0

140

Now if a,/a, is small, the first limit is large, but the second limit remains
1 2n

below f 1 —yd)tdy, f |sinf|tdf. It follows that if a, is small, a, =1 and a,
-1 )

sufficiently large we have b, << b, << b,.

Having established the continuous extension of the map a b to the
closed triangle we note that the vertices are mapped on themselves and so
are the sides whose equations are resp. a, = 0, a, = a;, and a, = a,. The
order of an interior point b of the triangle with respect to its boundary is 1.
Take for this b a point which is image of an a in the map. Let b’ be another
point, image of another interior point a' of the triangle. We claim that b’
must lie within the interior of the triangle. Otherwise join & to a’ by the
straight segment whose image in the b-plane would have to cross the boundary
of the triangle. But at the crossing point b we know that & is image of an
4 which lies on the same side of the triangle as 5. Now given b there is at
most one ratio a,:a,:a; for an ellipsoid Y #i/a;, = const, boundary of the
coincidence set w,. Thus there is a contradiction, and b’ lies within the
triangle. It now follows in familiar fashion that all of the b-triangle is image
of the a-triangle, and the map is one-one and continuous both ways.

4. — An example of the method of this paper in which however the condi-
tion grad 80 is not strictly observed in this:
With p> 0 a constant put

w = |@— &, 4 plr— x5,
which is harmonic in R® — {#,} — {w,} and vanishes at oco.

We take 2 = R3 and v = — w2, Then y(co) = — oo, maxy = y(x,) =
= p(x,) = 0. (1.2) suggests putting § = g(w) so that if w = const = q,
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¢ = g(a). We then find V,= w/a for w(x)<a; grad § = g'(a) grad w and
grad V,=agradw on w = a.
(1.2) becomes

— 6w(grad w)? = ¢'(a)a~Y(grad w)2, w =a,
whence
ga) = 3a2=c,

the constant of integration being 0 on account of ¢ = 0 for a = oo (i.e. for
r =z, Or ¥ = x,). On the segment joining x, to x, there is a point
2= Az, + (1— Az, with 0<A<1 from — (A—1)"2-+ pi-2= 0 for which
grad w(z') = 0. We observe that this singularity is harmless for the con-
clusion about the solution of the obstacle problem with the present p -+ c.
The value of ¢ for which dw, has a singular point is easily obtained as
¢ = 3|w, — x,|*p~t. For smaller ¢, 0w, consists of two, for larger ¢ it consists
of one smooth (analytic) surfaces.
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