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On Hypoelliptic Operators with Double Characteristics (*).

A. MENIKOFF (**)

The object of this paper is to study the hypoellipticity and local solva-
bility of operators with non-negative principal symbols which vanish to
exactly second order on their characteristic varieties. Conditions will be

imposed on the subprincipal symbol so that parametrices may be constructed.
When the subprincipal symbol fails to satisfy these conditions, non-local
solvability results will be proved. It may be recalled that the hypoellipticity
of an operator implies the local solvability of its adjoint. This means that

the results to be given are fairly complete since as it turns out the condi-
tions to be considered on the subprincipal symbol are invariant under
taking adjoints. The operators to be investigated are modeled on

P = Dt -E- a(t, x, Dx) where is a first order pseudo-differential operator,
t E R1, and x E Rn. If a never assumes real negative values then P will be
hypoelliptic with loss of one derivative. Section 1 through 3 will be con-
cerned with situations in which a is non-zero but may assume real negative
values. In section 1, hypoellipticity is proved if Im a has constant sign
but possibly zeros of finite order in t. Local solvability is proved in sec-
tion 2 for cases in which Im a vanishes to infinite order. A non-local

solvability result is proved in section 3. Section 4 considers cases in which a

is allowed to vanish.

Operators which are hypoelliptic with loss of one derivative and whose
principal symbols take values in a proper cone of Cl have been characterized
by Hormander [9]. As may be expected, the operators to be considered
here will be hypoelliptic with a loss of more than one derivative. Ruben-
stein [12] studied local solvability in the special case that P = D t -E-- a(t) Dx +
+ b(t)Dt. Weston[14] considered necessary conditions for the local solva-

(*) This work was partly supported by N.F.S. Grant No. MPS74-01892 A01.
(**) Department of Mathematics. The Johns Hopkins University, Baltimore.
Pervenuto alla Redazione il 29 Settembre 1976 ed in forma definitiva il 22 Di-

cembre 1976.
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bility of operators of the form where Pm is

an m-th order partial differential operator of principal type and P2.-, is an
operator of order 2m -1. Boutet de Monvel [1] constructed parametrices
in the case of hypoellipticity with loss of one derivative case for operators
having involutive characteristics and principal symbols which vanish to
exactly second order. The results to be given here may also be compared
with those of H6rmander [6] and Rothschild-Stein [11], which study operators

of the form. where are first order partial

differential operators having real symbols. Below the operators to be con-
sidered will be restricted to those with their principal part being a single
square but whose subprincipal part is not restricted to being only purely
imaginary as in [6] and [11]. A similar study of operators which are the sum
of two squares will appear in a future paper.

Although the theorems to be proved are stated for operators acting on Rn,
the hypotheses and conclusions are invariant under smooth changes of co-
ordinates so that these theorems remain valid for manifolds. The nota-

tion of [8] will be used for pseudo-differential operators, etc. C will be

used to denote any uninteresting constants and may change from line to line.

1. - The case of non-vanishing subprincipal symbols.

Let P(x, D) be a classical pseudo-differential operator of order m on
It is of the form where

is positively homogeneous of degree j in ~.
Denote by the subprincipal symbol of P which is defined as

In this section P will be studied under the assumption that ~) ~ 0
and Pm vanishes to exactly second order on Z a smooth submanifold of
S2 x (R,,BO) of codimension I transverse to the fibers x = constant.

Let (xo , ~o ) E ~, then in some conic neighborhood 1~ of (xo , ~o ), ~ may
be defined by the equation U(oe, $) = 0 where U is homogeneous of degree 1
in ~, and d~ U ~ 0. Since Pm vanishes to exactly second order Pm = Q U2
where Q (x, ~ ) ~ 0 and is homogeneous of degree m - 2. Using the ellip-
ticity of Q in I-’, P may be expressed as P -= Q(x, D) M(x, D) mod F where
M(x, D) = U2 --f- .R1 and I~1 is a first order operator. (A --- B mod 1~’ means

Note that on 1:, = QM’. The problem of con-

structing a parametrix for P may then be reduced to constructing one for M.
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Using Fourier integral operators M may be simplified further. A canonical
transformation x from F to R2n may be found so that xo U(x, e) = ~i and
(xo, ~o) = (0, ~0). It may be necessary to reduce the size of 1-’ to find x. An

elliptic Fourier integral operator A E X Rn, A), where 11 is a part of the
graph of x may then be found such that A-1MA _--_ LmodT’ where

.L = D~1 + y 81 is a first order operator, and h’ is a conic neighborhood of
(0, ~O). It may be noted that xoM’ = For details consult sections 5.2

and 6.1 of Duistermaat-H6rmander [4].
The general problem has now been reduced to constructing parametrices

for operators of the form

where (t, x) E Rl+,, and Si is a first order operator. In this case, the sub-

principal symbol of .K on is

pressing ~S1 as / K may be rewritten as

where b and c are in -I’ The existence of a parametrix for .K will
follow from

PROPOSITION 1.1. Let L = D’ + a(t, x, Dx) where a is homogeneous of
degree 1 in Dx, and suppose that in a conic neighborhood I’ of (to, xo, ~o),
R e a =,-- 0 and i f R e a  0, then Im a(t, x, ~ ) never changes sign and

Im a(t, x, ~) has zeros of order at most k  oo as a function of t. Then there

are operators Ei, Ri and x, ~) E SO(-P), i.e., with symbols rapidly de-

creasing outside of F, with xo, ~o ) 0 0 such that

so that

and

are bounded operators on and the estimate

holds.
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It may be remarked that the operators Ei and I~i are pseudo-local in
that they diminish wave front sets when applied to a distribution. It fol-

lows from (1.4) that L is hypoelliptic in F. The purpose of ç in (1.4), (1.5)
and (1.8) is to localize the wave front sets to the conic neighborhood r.

In terms of the original operator P, Proposition 1.1 may be restated

THEOREM 1.2. Let P = Pm + Pm_1-’- ... be an m-th order classical pseudo-
differential operator and r a conic neighborhood of (xo, ~o ) in which

= Q U 2 where Q and U are homogeneous of degree m - 2, and 1 re-
spectively, both Q and U are real, d~ 0 and Q &#x3E; 0. Suppose that

=F 0 in F and if 0, then only zeros of even
order  k on the null bicharacteristics of U, then

(i) P is hypoelliptic and locally solvable,

(ii) there exist operators EI and E2 such that EIP = PEl = I mod 1~"
where F’ is some conic subneighborhood of rand Ei are bounded operators
f rom H, to

(iii) For some x1, X2 in with the estimate

is valid,

then

In the opposite direction there is

THEOREM 1.3. Let be such that in a conic neigh-
borhood F of at If
Re lm changes sign and has a zero of finite order
on the bicharacteristic of U through then P is neither locally solvable
nor hypoelliptic at

Theorem 1.3 was proved for partial differential operators by Wenston [14].
It will be reproved below in a clearer way.

The parametrices to be constructed will be vector valued pseudo-differ-
ential operators. Let Hi, i = 1, 2 be a pair of Hilbert spaces with a cor-
responding pair of families of norms 11 0 and 11 0 parametrized by

such that

and denote by the space of bounded operators from
J with the uniform operator norm. Given an open set
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define the symbol class to be the space of smooth

functions such that for any compact sub-
set K of and any pair of multi-indices there is a constant C such that

holds for i The corresponding class of pseudo-differential oper-
itors sending J3B valued functions to H2 valued functions of the form

with A in will be called Z~ a (SZ ; H1 (D ), ~2 (D )) .
The calculus of pseudo-differential operators works mutatis mutandis

when the Hi are infinite dimensional as when they are finite dimensional.
The parametrices to be constructed will be in the space 
where ô  (2, H = .L2(R, dt) and B(~) is the Hilbert space of function

u: R - C with the norm

If, for instance, y then the standard result on Hs
continuity would become the inequality

See also section 4 of [14], where vector valued pseudo-differential operators
with norms varying on parameters were first introduced by Sjostrand.

To construct a parametrix for the operator L of Proposition 1.1 first

define a kernel function e (x, ~, t, s ) by

The assumptions on a in Proposition 1.1 imply that al is smooth and its
real part has constant sign; choose the square root in (1.15) so that its real
part is non-negative. For g in &#x3E; define the operator

45 - Annali della Scuola Norm. Sup. di Pisa
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It will be shown that E, is in the symbol class , I where

A calculation will verify that

where is the integral operator with kernel

the primes in (1.19) denoting differentiation by t.

Only the case that Rea 0 in 1’ will be treated. The case that

Re a &#x3E; 0 in h is easier; in fact if such that Re a &#x3E; 0

on its support then where B’ is the space with norm

Suppose that Re a  0, Im a &#x3E; 0 and Im a has a zero of order k in t

at (0, ~.). Applying the Malgrange factorization theorem, a conic neigh-
borhood .I’ of (0, xo, ~o) of the form I x V where I = [- T, T] and V is a
conic neighborhood of (xo , $0) may be found in which

where is homogeneous of degree 1 and

Shrink 1-’ so that p # 0 if and (x, ~) c- V. Choose functions x1, X2
in so that = 1 for It c T/2, x2(t) = 1 for It c T/3, x2(t) = 0
for and (x, ) E SO(V) so that Q = 1 in a smaller neighborhood
of ~o ) . Set E = Eg where Note that for this choice

of on the support of ag/at. Consequently, modulo
an ~S- °° term B. = where g’ E SO That jE7 and R are in
wvill follow from

LEMMA 1.4. Suppose that Re a  0, Im a &#x3E; 0, and Im a has a f actoriz-
_ - - - . _ - . . - - -........- .-a -- - .-..-- . --- "

ation o f the form (1.21) in 1 " then for
where (! and 6 are given by (1.17).
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PROOF. It may be shown by induction that
where

and

Further estimates on g(a, ~, y, ð) will be obtained with the aid of the fol-
lowing lemmas.

LEMMA 1.5. For any constant 0 &#x3E; 0 there is a second constant C’ suck

that for any complex number z, Im zl ~ OIRe Re z  0 implies that

LEMMA 1.6. Given any integer k there is a constant C’ such that for any
monic polynomial of degree k

See Treves [13], Corollary C.1 for a proof of Lemma 1.6.
The last two lemmas may be applied to obtain

Combining the last inequality with (1.23) gives

To estimate the norm of on L2(R), it will be convenient to use

LEMMA 1.7. Let k(t, s) be a measurable f unction on R2 such that

then

and

ds is a bounded operator on L2 (R) with norm less than B.
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Integrating (1.28) by t, it may be seen that

The same inequality holds where integration is with respect to s instead

of t. Using (1.24), it follows that

Using the last inequality in (1.30), Lemma 1.7 then yields

where o and 6 are given by ( 1.17 ) .
To complete the proof of Lemma 1.4, it remains to estimate

Equation (1.18) may be used to write

The last equation may be differentiated by x and $ to obtain

where is a bounded operator on Z2(R). Set and

multiply (1.32) by noticing that is bounded operator to

conclude that

Since

inequality (1.31) implies

Add (1.34) and (1.35) together to yield

which completes the proof of Lemma 1.4.
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Lemma 1.4 may be extended to Sobolev norms, namely,

1.8. Suppose that the hypotheses of Lemma 1.4 hold and

then for any real number s, where e
and 6 satisfy (1.17 ) and

PROOF. It is sufficient to prove the lemma for s equal to an even in-

teger since it will follow in general by interpolation. For simplicity, only
the cases s == :f: 2, and rrz = 0 will be considered. Setting
it is easily seen that the commutator where

with h, j in Lemma 1.4 then says that

From these observations, it follows that

The last inequality together with analogous bounds on higher order x - ~
derivatives of E~,(x, ~) proves the lemma in the case that s = 2.

For the case that s = - 2, m = 0, multiply the commutator LI] on
both sides by 4  to obtain where G is a

bounded operator from L2 to .B whose norm is Since on 

it may be concluded that

Again higher order derivatives of may be estimated in the same

manner to complete the proof in the case of s == - 2.
The calculus of pseudo-d.ifferential operators may now be used to com-

pute LE(x, Dx). The part D; E(x, D~) is obtained by composing Dt with
the symbol of E(x, Dx). To compute a(t, x, Dx)oE(x, Dx) consider a(t, x, ~)
as being a symbol in B~(~), Bs(~)). It then follows that a(t, x, Dx)o
oE(x, Dx) = (aE)(x, D) modulo an operator in L~ a(1-’; HS(Dx)’ B’(Dx)) where
m = 1- min(o, 1 - 6) == k/(2(k + 1)). Applying (1.18) then gives
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where

and

are bounded operators on Since L* satisfies the same hypotheses
as L, a left parametrix E’ may be constructed in a like manner so that

where and R’ also satisfy (1.37) and (1.38) respectively.
The hypoellipticity of L in the micro-local sense follows immediately

from (1.39). To get local solvability of L, suppose that the hypotheses of
Proposition 1.1 hold for = 1 at t = 0, x = xo. Let be a

partition of unity of ~’ x Rn where W is a neighborhood of Xo, y by func-
tion in S° such that

Setting and summing (1.40) over j results in

which is valid in where m is a sufficiently small neighborhood (0, xo )
in Since

it follows that the norm of R on can be made less than 1 by
taking co to be sufficiently small in diameter. This means that I -~- R will
be invertible on H8(W) and consequently on m, which

implies local solvability.
Next gs-estimates will be considered. Multiplying equation (1.39) by

and taking H~-norm yields

Note that since E’ has its support in F, IILulls in (1.43) could just as well
have been replaced by for The difference be-
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tween Land K, the operator defined by (1.3 ), is

where b and c are bounded operators on Hs. Putting (1.44) into (1.39), it
may be seen that

where is a bounded operator on -. This implies
the hypoellipticity of l~ and the estimate

where the support of ~3 is slightly larger than that of x2. Taking the inner
product of yK and 1pu in R where gives

which leads to the estimate

Taking inequality (1.46) may be used to remove the

term on the right side of (1.45) to yield

In terms of the original operator P, (1.47) becomes

where V and are in LO(RN) having their support in some small conic neigh-
borhood of (xo, ~0). Suppose that the hypotheses of Theorem 1.2 hold at
every point (x° , ~o) E Q x Rn at which ~o) = 0, where Q is an open
subset of Rn. Take a partition of unity V, so that (1.48) holds for V, and ip’.
Let K be a compact subset of Q. Summing the estimates analogous to (1.48)
over the ipj whose support intersects K results in the estimate

for all
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2. - The case that Im has zeros of infinite order.

In this section, the limiting case as k o0 of Theorem 1.2 will be con-

sidered, i.e., the imaginary part of the subprincipal symbol of P will be al-
lowed to have zeros of infinite order along the bicharacteristics of U. As

in the case of operators of principal type, there are local solvability results
but there probably are not hypoellipticity results. More exactly what
will be proved is

THEOREM 2.1..Let P = Pm + Pm_1-f- ... be a classical m-th order pseudo-
differential operator defined on Q At xo E D, suppose that for every
$O G R"G0 for which ~o ) = 0, there is a conic neighborhood F of (xo, ~o )
such that

in h where Q and U are homogeneous of, , ..v , , -, i i v i .., v

degree m - 2 and 1 respectively, both real, Q &#x3E; 0 and d U 0 0 in F;

in r, and i f : ’. then Im always has
the same sign in F, and doesn’t vanish identically on any interval of a null
bicharacteristic of U.

.Then P is locally solvable at xo, and for any 8 &#x3E; 0 and real number s there

is a sufficiently small neighborhood w of Xo such that the estimate

is valid. If (i) and (ii) hold at every point Xo E Q, then for any compact sub
set K of Q there is a constant 0 such that inequality (2.1) holds for all u E Co (.g).
As in the previous section the proof of Theorem 2.1 can be reduced micro-

locally to second order operators of the form

or rather

where is a conic neigh-
borhood of (0, xo, ~o) of the form I X V, I = [- T, T], V a conic neigh-
borhood of (xo , ~o ). The assumptions of Theorem 1.2 translate to

Re a # 0 and if Re a  0 in r then Im a has constant sign in 1~’ and Im a

does not vanish identically on any t-interval. Only the latter case that
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Re a  0 will be considered since the former is similar but easier. It is then

possible to define a(t, x, ~)l to be smooth and have positive real part.
Let E9 be defined to be the transpose of the operator defined by (1.15)
and (1.16) and set E = Eg where with Xi and C chosen
as in section 1. In this section and 88($) will be the Hilbert spaces
of function u(t) on I with norm taken as

and

respectively. It will be shown that

where and are in

and

In fact, in their symbol spaces .E and .1~ will have norms 

(III = the length of I.) More precisely, for any pair of multi-indicies 
there is a constant C such that

Using the vector-valued analogue of the theorem of Calderon and Vail-

lancourt [2] which says that operators in L"I(R’) are bounded on L 2(R),
it will follow that

and the same estimate for R(x, DJ.
To see that Eg is in if observe 1) that

the support of the kernel of E~, is in 12, 2) the exponential in e(t, s, x, ~)
has negative real part and consequently e is always bounded, and 3)
is Putting these facts together and using Lemma 1.7 gives
the estimate
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The estimate for the rest of the B(~) norm and the B8(~) norm follow from (2.9)
by the same arguments used in section 1 to prove Lemma 1.4 stating
from (1.31). The R’ term in (2.6) comes from the analogue of the g’ term
of (1.19), in the support of which t # s. The condition that Im a doesn’t

vanish on intervals implies that if t and s range over

a compact set in which This guarantees that 1~’ is 

To compose E(x, D) with .L using (2.6), the Dt and a(t, x, Dx) parts will
be considered separately. The symbol of EDt can be computed exactly.
To compose E with a, consider a as being in H8(~), g8(~)). Using
the standard formula for composing pseudo-differential operators, it fol-

lows that

where and has norm o0(~1~~ there. It may be concluded

from (2.10) and the symbol identity (2.6) that

where S is in and has small norm, and S’ is in

Multiplying (2.11) by and taking Hs norms
results in

where has somewhat larger support than if I has

sufficiently small length. Since from (2.2) and (2.3), it follows that

(2.12) may be rewritten in terms of K as

Considering the inner product leads to the inequality
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Making use of (2.15) to simplify (2.14) gives

Transforming back to the original operator P, (2.16) becomes

where ~p(x, ~) and T’(x, ~) are symbols in being a sufficiently
small conic neighborhood of a point at which the hypotheses of The-

orem 2.1 hold.

Suppose now that (i) and (ii) hold for every point (x, ~ ) in S~ x (R"G0),
and let _K be any compact subset of S~. Find a finite partition of unity of
.K’ X Rn by functions E SO(S? X Rn) for which estimate (2.17) holds.

Summing these estimates analogous to (2.17) over j yields

for all u c- 0-(K). Taking c = -1, ( 2 .18 ) then implies inequality (2.1) holds
for all u E C~(~). If (2.1) holds for u E where a) is any neighborhood
of xo, it would follow that P* is locally solvable. Since the hypotheses are
invariant under adjoints P is also locally solvable. This completes the
proof of Theorem 2.1.

To conclude this section a regularity result weaker than hypoellipticity
will be given. It is a consequence of estimate (2.14) rather than (2.1).

PROPOSITION 2.2. Let Q be an open subset of Rn and suppose that

is compact and that conditions (i)
and (ii) of Theorem 2.1 hold in a conic neighborhood h ot W..F’(u). Then UE 

PROOF. It will be shown that if where

F’ c 7~. This will be sufficient to prove the proposition since in general u e 
for some sufficiently negative value of t.

Let have its support in 7~ and be equal to 1 on F’
contained in F, and set Note that

in S°(Sd as 6 - 0 and and

is bounded independently of 6, it will then follow that u E 

From the proof of Theorem 2.1, it follows that there is a partition of
unity of h consisting of symbols Vj(x, ~) E such that a ) in the support
of where is elliptic,
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and b ) the estimate

is valid for all where the support of
To prove that is bounded, replace v by R,,u in (2.19). Rear-

ranging the result gives the inequality

Since Qi is elliptic in the support of vi ,, it follows that_ 

...., - _

The fq,t,,t, t.ha.t svmhni R., is hounded in implies t,ha,t,

is bounded as 8 - 0. Similarly, since the commutator I is bounded

in it follows that is bounded independently of 6. From
the identities I and

with (7 in it follows that

Analogously to (2.15), it may be shown that

Using (2.21) and (2.22) in (2.20) results in

Summing (2.23) over j and recalling that . is not 0 on the support of ~
it follows that

where X .--. 0 in a neighborhood of WF(u). Choosing e = 2 , makes it pos-
sible to absorb the term of (2.24) in the left. This proves that

bounded independently of 6, completing the proof of the pro-
position. ,
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3. - Non-local solvability.

The goal of this section is to prove Theorem 1.3. Suppose that the
equation is locally solvable at xo . A result of Hormander

([5], Lemma 6.1.2) states that there is a neighborhood V of ro and con-
stants C and N such that the inequality

is valid for all f, u E C~(V). The non-solvability result stated in Theorem 1.3
will be proved by contradicting inequality (3.1) when P satisfies the hypo-
theses of Theorem 1.3. This will be done by constructing approximate solu-
tions of P* u == 0.

With the aid of Fourier integral operators, the proof may be reduced
to considering the special case of operators of the form

where b is a first order operator. Setting a(t, x, ~) = b(t, x, 0, ~), the as-

sumptions of Theorem 1.3 become that there is a point ~o ) at which
Re a  0 and Im a changes sign. Suppose that to = 0, and xo = 0. Using
the reasoning of Lemma 5.1 in Cardosa-Treves [3], it may be further as-

sumed that

where and k is odd.

Approximate solutions of L*u = 0 will be sought of the form

For this purpose it is necessary to have the asymptotic expansion

The C,(x, t) depend on derivatives of f3 and g of order  j. The first two are
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and

To obtain (3.5), recall the expansion for an m-th order operator a(x, D)
applied to a rapidly oscillation function given by:

where the error made by breaking the sum after IIXI C N falls off like

(See H6rmander [7], Theorem 2.6.) If in (3.8), g is replaced by exp (- 
the error after N terms given by (3.9) is 0 (A - ’1’), i.e., the expansion is still
asymptotic. Using (3.8) and adding in the t-derivatives gives (3.5).

For the expansion (3.4), ~(x, t) will be chosen as

which makes Co = 0 in (3.5). From (3.3) and Lemma 1.5, it follows that

if the square root with positive real part when t &#x3E; 0 chosen in (3.10). With
this choice of fl, if L* is applied to (3.4) and (3.5) is used, then

is equivalent to

where depends on go, ... , Functions of compact support gi may be
found so that g,(O, 0) = 1, gj(O, 0) = 0 for j &#x3E; 0 and (3.12) is satisfied in

some fixed neighborhood of the origin. The approximate solutions con-
structed in this way satisfy

for any choice of M and N. Inequality (3.13) holds near (0, 0) because
of (3.12), and away from (0, 0) because of (3.11). Choosing t) = 
where Co with f (~o) ~ 0 and g(O) = 1, and putting fg and u(2) in (3.1)
then leads to a contradiction in the usual way. This proves Theorem 1.3.
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4. - Operators with vanishing subprincipal symbols.

Operators will now be treated which have the same form as those above
except that the subprincipal symbols will be allowed to vanish. Let P(x, D)
be an m-th order classical pseudo-differential operator of Q c Rn. At a point
(xo, ~0) at which the principal symbol Pm(x, ~) vanishes, it will be assumed
that there is a conic neighborhood 1~ of (xo , ~o ) such that

in F where Q and U are homogeneous of
degree m - 2 and 1 respectively, both are real, Q is elliptic in r,

in rand Q &#x3E; 0 ; and

(4.2) in F, the equations Pm(x, ~) = 0 and define a smooth
manifold E of codimension 2 such that on . ’" if
an on, (Hn.b denotes the Hamiltonian vector field
of a applied to b and equals {a, b} the Poisson bracket of a and b.)

Letting note that on and It fol-

lows that the differentials of c and u are independent and that
in .1~ since both varieties have the same co-dimension. That

means that .H, is transverse to the manifold c = 0 (shrinking r if neces-
sary). Let v be the solution of Huv = 1 and v = 0 on c = 0. Find a ca-

nonical transformation so that T = u(x, ~) and t = v(x, ~) are canonical co-
ordinates in the new system. Changing notation, call (x, ~) E R2n the re-
maining variables, y also change n to n + 1 as the dimension of ~3. Fac-

toring Q(x, D) out of P and applying an elliptic Fourier integral operator
corresponding to the above canonical transformation, the result is an operator
of the form

where

a ~ 0 is homogeneous of degree 1, and c homogeneous of degree 0. Con-

structing a parametrix for P may then be reduced to constructing one for

in a conic neighborhood of
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As was done in the first section, consider L to be a pseudo-differential
operator in r - $ acting on functions of t. Constructing a parametrix for L
may be attempted by finding an approximation of the Green’s function
of the operator considering x and ~ as parameters.
For this purpose approximate solutions of Eu = 0 are needed. Trying a
solution of the form

where TT(s) is a solution of

it is seen that if

and

then

Notice that if is expanded as

then a simple calculation will show that

and that and is a smooth function. Letting Vi and
V2 be two independent solutions of (4.7 ), and ui and u2 be defined as in (4.6 ),
another simple calculation will show that the Wronskian

Suppose that there are two independent solutions of (4.7) such that
is exponential decreasing as t ~ - oo, exponentially increasing as
and vice-versa for u2. Set

if

if
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and

It may be verified that

where .R is an integral operator with the kernel

E(x, D) will then be a candidate for a parametrix of Z. The exponential growth
and decay condition is needed to be able to localize E as in section 1.

Before proceeding further, the behavior of solutions of (4.7) as z
moves along the curvet 1 in the complex plane must
be analyzed. First the behavior of V(z) on lines will be studied.

LEMMA 4.1. For any non-trivial solution V of (4.7), V(exp (iO)t) cannot

be exponentially decreasing as

PROOF. Making the substitution z = exp the lemma resolves into

whether

can have an exponentially decreasing solution on the real axis if Im a =~ 0.
Multiply (4.18) by V, forming the integral over the reals, integrating by
parts, and separating real and imaginary parts gives

and

If 0, this shows that if V is exponential decreasing solution of (4.18)
then V=- 0, which proves the lemma.

It now remains to analyze what happens when ao is real. Note that

is a solution of

46 - .Annali della Scuola Norm. Sup. di Pisa
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if is any solution of Bessel’s equation

Suppose that k &#x3E; 0 is even. One solution of (4.20) is Hankel’s function

H(’)(z) whose asymptotic expansion for larg zl as Izl - oo starts with
cz-l exp (iz). (The notation for Bessel functions as well as the necessary
formulas to be used can be found in [10], especially sections 3.1.2 and 3.14.1)
As s changes from positive to negative real values

increases its argument by ( k + 2)n/2. Using the formula

for integral m, it may be seen that

where both a and b are not 0. The first term of the expansion of 
is cz-1 exp (- iz). This yields the following conclusion: there is a solution V
of (4.19) which is exponentially decreasing along t exp as t -~ oo if

0 &#x3E; 0 and small and V is exponentially increasing along t exp as

t - oo if 8 ~ 0 is near a. Taking the conjugate of T~ gives a solution with
similar growth but which decays along 0 and small. If k is

even and a &#x3E; 0, it is elementary to see that an exponentially decaying
solution of (4.18) on one side of the real axis must have the opposite
behavior on the other side. From the asymptotic solutions of (4.20), it fol-
lows that this behavior continues to hold in a conic neighborhood of the
real axis.

Next suppose that k is odd. One solution of (4.7) is

where K~ is a modified Bessel function which for larg zl  3~/2 satisfies

K~(z) ~ cz-i exp (- z) as lzl ~ oo. To study what happens when s changes
from + to -, I i.e., arg z increases by (k + 2)Jr/2 use the formula
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with : and the asymptotic expansion of Kv and I, to obtain that

where =A 0 and 0. From the last equation it follows that when k is
odd, (4.7) has a solution which is exponentially decreasing in a conic

neighborhood of the positive reals and exponential increasing along
0  small number. The above considerations may be sum-
marized as

LEMMA 4.2. If k is even and a is real, then

has two independent solutions TT1 and ~’2 such that

as

as

has independent solutions vt and Y2 such that

as

as where

If k is odd and a is real, then 1 has two independent solu-
tions V¡ and V2 such that

as with

Equations (4.23)-(4.28) are asymptotic in the sense that the quotient of
both sides of an equation is equal to The asymptotic
formulas are derived from those for Bessel functions and consequently are
valid in a conic neighborhood of the real axis.

The study of .E(x, ~) may now be continued. In this section, let

I = [- T, T] be an interval on the t-axis, witch T to be specified later, and
define Hs(~) to be the completion of C~(I) with respect to the norm
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and jB~(~) to be the completion of with the norm

The symbol of E(x, ~) must be modified slightly to make it microlocal.
Change the kernel defined by (4.14) by multiplying it by
where C E S’,o is 1 in a conic neighborhood of (xo, ~o) and has its support
in another conic neighborhood F, and in a neigh-
borhood of the support of xl . The symbol identity (4.16) then becomes

where R has kernel (4.17) multiplied by It is easy to see that

The symbol class to which E belongs is identi-

fied in

LEMMA 4.3. I f a(O, ~o ) is not real, or if k is even and
then for some sufficiently narrow conic neighborhood 1~ of

PROOF. Using Lemmas 4.1 and 4.2, there are solutions Vi and V2 of (4.7)
so that the corresponding ul and ~c2 given by (4.6) satisfy

for and

for where and the square root is

taken to have positive real part. The expressions for u, are the same

except there is a minus sign in the exponential and there are different func-
tions c-4-(x, t, ~) which in both cases are bounded functions of all their

arguments.
First the L2 norm of E will be estimated using Lemma 1.7. To do this

it is necessary to have the following variant of Lemma 1.6 which is proved
in the same way as that lemma.

LEMMA 4.4. Suppose that a(t, x, ~) has a zero of order I in t at (0, xo, ~o),
then there is a conic neighborhood T of (xo, ~o ), an interval I containing 0, and
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ac constant 0 such that

holds for t, s E I and (x, ~ ) E F.
To apply Lemma 1.7 in this situation, an estimate is required for the

expression

and three others which look similar. Three cases will need to be considered.

In the first case, suppose that 1$1111+lt&#x3E;0(1). Using (4.30) and the cor-
responding bound for u2 gives that the integrand in (4.33) is bounded by

Applying Lemma 4.4 ’with I = 0 gives that

Using the last inequality in (4.34), it follows that expression (4.33) is less than

In the second case, suppose that When

then Consequently,

The part of (4.33) when contributes
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In the third case, suppose The integral in (4.33)
may be broken up into three parts: the first integrating over

the second over and the third over

Reasoning as above it may be shown that each part con-
tributes a term

Combining the above three cases gives the estimate

Next it will be shown that

For this, it is necessary to obtain estimates on the operator whose kernel
is The argument will be divided into the same three cases
which were used to show (4.38).

In the first case,

has an integrand less than

Using the inequality

which is valid for it follows that the fraction (tfS)k/4 may be
I 
- 

I

absorbed into the exponential part of (4.41). Another variant of Lemma 1.6

says that for any polynomial p(t) of degree less than a fixed bound, there is
a constant C such that

Applying (4.43) to the exponential gives that (4.40) is bounded by
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Case two is trivial since when the added factor I
and the estimate in case two above shows that (4.40) is less than a constant.
Case three is similar to the two previous ones. Applying Lemma 1.7 once
more yields (4.39). From (4.29), it follows using (4.28) and (4.39) that DIE
is bounded on Together this gives

Estimates of derivatives of the symbol will follow inductively from (4.29).
For example, apply D’ to (4.29). It is seen that £D§E = a bounded
operator on .L2 + Differentiating .R by x brings down at worst in
8

case one above a factor bounded by to the kernel of R which
t

can be absorbed into the exponential part of the kernel of .1~. Note that

the kernels of R and E are similar. Consequently, D’B is bounded on L2.
Take an operator .E’ which has a kernel like E except with a cutoff function

x, ~) which is on the support of and such that E’E _

= 99(t, x, ~) + R’. Then applying L~" on the left to the result of (4.29) dif-
ferentiated gives E’CD:E = + B’D’E + E’o a bounded operator which
equals a bounded operator from H(~) to B(~). Consequently, D’B is a
bounded operator from H(~) to B(~). It is also not difficult to get similar
bounds on E and its derivatives as operators from H8 to B-1, which will
complete the proof of Lemma 4.3. Likewise it may be shown that

Lemma 4.3 may now be used to compute the composition of Land

Dx). The symbol of Df composed with E(x, Dx) may be obtained

exactly by composing Dt with the symbol of B. Considering tka(t, x, D~)
to be in B8, it follows that its composition with E is the oper-
ator with symbol tfc a(t, x, ,;)E(x, $) plus an operator in L’,O(r; Hs, Bs). Com-
bining the last two observations with (4.29) gives that

where
o

i. e. , 7 is a bounded

operator on Hs. Since K differs from L by a bounded operator time Do 7
it may be concluded that
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where is a bounded operator on J?.. The

above observations may be summed up in

PROPOSITION 4.5. Suppose that K has the form of (4.3), and that at

either is not real or k is even and

then there is a conic neighborhood 1~ of and an interval

such that

(1) there are operators Ei and Ri, and, satisfying

such that and

are bounded operators on H. for

(2) there are yi and with on the

support of ~1 such that for any s there is a constant C such that

is valid for any

(3) K is hypoelliptic near (0, xo, ~o).
The construction of a left parametrix for K is analogous to the construc-

tion of a right parametrix. Hypoellipticity and estimate (4.50) are im-

mediate consequences of equation (4.48).
The conclusion of Proposition 4.3 may be translated back to the oper-

ator .P resulting in

THEOREM 4.6. Suppose that P is an m-th order pseudo-differential oper-
ator on Sz c Rn such that at every point (xo , ~o ) E S~ X (RnBo ) at which the

principal symbol Pm of P vanishes, (4.l ) and (4.2) are satisfied and in ad-
dition, at (xo, ~o ), either is not real or it is positive and k is even.
Then,

(1) P is hypoelliptic;

(2) for any compact subset K of Q, and real number s, there is a con-
stant C such that the estimate

holds.
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(3) P has right and left pararrtatrices which are bounded operators
from jH~ to

Full use of Lemma 4.2 has not yet been many. Returning to L of the
form (4.5), suppose that it satisfies the assumption

( 4. ~ 2 ) a ( 0, xo , ~o ) =1= 0 and real, Im a(t, xo, ~o ) has a first order zero in t at 0,
and there is a neighborhood of (O,0153o,~o) of the form Ixr where
I = [- T, T] and F is a conic neighborhood of (xo, ~o) such that (a) if k
is odd then Im a (t, x, ~ ) does not change sign in a ( 0, 0153o, ~o ) t 
 0} X F, or (b) if k is even, a(O, xo, ~o)  0 and Im a(t, x, ~) does
not change sign in both the sets [0, ~’~ X F and [- T, 0] X F.

If L satisfies (4.52), it then follows from Lemma 4.2 that it is pos-
sible to find solutions VI and V2 of (4.7) so that the corresponding 111’ 112

given by (4.6) satisfy (4.30) and (4.31) for 0(1), i = 1 and its
analogue for i = 2, the square root of q having non-negative real part
in (4.30), etc. Note that as a consequence of (4.52), a(t, x, ~) has either
the form tg(t, x, ~ ) with g 0 0 if k is even or h (x, ~ ) -f - tg(t, x, ~ ) with

gh &#x3E; 0 if k is odd. Consider the symbol B(x, ~) with kernel defined by (4.14)
multiplied by ~(x, ~) xl(t) x2(~) as above. It will be shown that E is a para-
metrix for L and that L is hypoelliptic. The first step is to show

LEMMA 4.7. Suppose that a satisfies assumption (4.52) in I X r, then for
any pair of multi-indices oc and ~ there is a constant 0 such that

for where and

PROOF. The lemma will be proved only for the case s = 0. The norm

of B will be estimated with the aid of Lemma 1.7. For a = fl = 0, it is

required to estimate the integral

and three other analogous expressions. The estimation will be split into
three cases: that when when and when
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In case 1, the integrand of I may be bounded by

Lemma 1.5 has been used together with (4.52) to estimate the real part of q~.
Making use of Lemma 4.4 gives that

In case 2, the integral between t and I contributes

to I. When the integrand is less than

which when integrated over adds to I.

The third case is similar to the first two. Combining the estimates of
all three cases show (4.53) when a == P = 0.

Applying to adds the factor

to the integrand of I in case 1. Each factor of It - sl may be absorbed
into the exponential adding a factor of 1~1-1/2(k+4) to I. Since
applying DM DO adds the factor ’ to I when

Combining these observations with the first part of the proof establishes (4.~3)
in general. 

ø

It may be noted that the proof of Lemma 4.7 doesn’t require that
Im a(t, x, ~) has a first order zero, but only that has con-

stant sign in the same regions as considered in condition (4.52). When

Im a(t, x, ~) has a zero of order I in t at (0, xo, ~o) it may be shown that

where
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4.8. If a(t, x, ~ ) satisfies the assumptions o f Lemma 4.7, then for
any pair of multi-indices a, ~3 there is a constant C such that

for where (! and 6 are given by (4.54).

PROOF. The proof will be restricted to only the case that s = 0 and
a = fl = 0. As in the proof of the last lemma, it will be sufficient to esti-
mate the integrals

and

and two other similar expressions.
Considering I first, the estimation will be divided into the same three

cases used for Lemma 4.7. When &#x3E;0(~~~)~ the integrand of I may be
bounded by

From inequality (4.42) and the inequality

it follows that the factor Itjslk/4 may be absorbed in the exponential at the
expanse of adding the the integrand. The remaining
part of I is bounded by

having used the inequality
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Consequently, in the first case

In the second case, when then The

remaining integral was estimated in case 2 of Lemma 4.7 to be less than
and so ~0(1) in this case. The third case is similar to

the first two.

The considerations for J will be divided into three cases similar to those

above: etc. In the first case when the in-

tegrand of J is bounded by

Absorbing the factor into the exponential as above gives

Replacing s and t by and I the above integral becomes

That the last integral is bounded independently of s, may be seen by ap-
plying Holder’s inequality to obtain

The other two cases may be treated similarly to those for I. Altogether
these estimates give

which combined with (4.59) proves the lemma.

Lemma 4.8 may be improved to yield the estimate
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This may be seen by multiplying the identity

by to get the estimate

(Operators with symbols based on 1 were essentially studied
in Lemma 4.3 and Proposition 4.5.) Inequality (4.60) is obtained by adding
the inequality

to (4.61).
The estimate (4.60) may be combined with Lemma 4.7 to give

where

But since

(4.62) implies

The last inequality together with similar ones for may be restated

as saying that B is in the symbol class Se,s(1~’; H~(~), Ys(~)) where 
is the Hilbert space on functions on I with norm

and e and 6 are given by (4.54).

- 

The composition of Z and E may now be computed. Composing
with results in



722

But since - it follows that ~ i ~ is a bounded

operator from Hs to Combining these last observations with
the symbol identity (4.29) leads to

where

is a bounded operator of Hs. Since IDtlE is also an operator satisfying (4.65),
this shows

where .R" satisfies (4.65). This shows that .E is a right parametrix for K.
A left parametrix may be constructed in a similar fashion. The above

arguments may be summed up in

THEOREM 4.9. I f a(t, x, ~) satisfies condition (4.52) at (0, xo, ~o ) and K
is given by (4.3), then

(i) K is hypoelliptic near (0, 

(ii ) K has right and left parametrices near (0, 

(iii) K satisfies the estimate,

where g~ E having its support in a sufficiently small conic neighborhood
o f (0, Xo, Eo).

Theorem 4.9 may easily be translated into a hypoellipticity result for
the original operator P. When Im a has zero of order greater than one
there is the weaker result of

PROPOSITION 4.10. Suppose that
in y where a and b are first order elliptic operators with real

symbols, and 1 ~ k -~- 2, then M is locally solvable.

To prove the proposition, let jB(.~ ~) symbol be constructed as above.
As remarked, E satisfies (4.55). (It is also easy to see that iDtilE is bounded,
but this is not strong enough to conclude the hypoellipticity or even the
local solvability of M.) If it can be shown that Dx) =
- (Etka)(x, Dx) + a small operator, it would follow from the analogue
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of (4.63) that

if the x-diameter of cc~ is small enough. From (4.67) the local solvability
of would follow, and also that of M since M* satisfies the hypotheses
of the proposition.

Since a(x, t, E 81, it follows from (4.55) that

modulo an operator in For the

kernel of the integral operator which is the symbol of may be

bounded by

To estimate one contribution to the L2-norm of the integral
from t to 00 of (4.70) with respect to 8 needs to be estimated. In the

range of s and t being discussed, inequality (4.42) holds. Absorbing the
factor into the exponential of (4.69) adds a factor of l~ iki/2(k+2)(k+21+2). .
Using H61der’s inequality gives

If the above expression is absorbed into the exponential of (4.70), the result
is decreased by more than the factor 1$1 -k/2(k+21). The integral of (4.70)
is consequently bounded by

If I  k + 2, then kl/2 (k + 2 ) ( k + 21 + 2) - k/2 (k + 2 Z )  0 which gives that
the integral of (4.70) is bounded by 0(1$1 -1/(k+21+2)). Similar bounds may be
obtained for the other contributions. These will show that

which is a small operator. This completes a sketch of the proof of Pro-

position 4.10.
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