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Boundary Value Problems for Second Order
Elliptic Equations in Unbounded Domains

and Saint-Yenant’s Principle.

O. A. OLEINIK - G. A. YOSIFIAN (*)

dedicated to Jean Leray

A priori estimates similar to those known in the theory of elasticity
as Saint-Venant’s principle ( [1], [2]) are obtained in this paper for solu-

tions of linear second order elliptic equations. Immediately from these
estimates follow uniqueness theorems for solutions of boundary value

problems for second order elliptic equations in unbounded domains in

classes of growing functions. By use of the estimates obtained here existence
theorems for some boundary value problems in unbounded domains are also
proved in this paper. A priori estimates of this kind, together with existence
and uniqueness theorems, are also valid for some classes of second order
equations with a non-negative characteristic form. The uniqueness theorems
proved here may be considered as a generalisation of the well - known

Phragmen-Lindelof theorem for harmonic functions.
In a domain consider an equation of the form

where

(*) Moscow University.
Pervenuto alla Redazione il 5 Luglio 1976.
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We assume for simplicity that the coefficients bi, c and also the func-

tions are continuous in D. Let aS2 be the boundary of Sz and

where yi, y2, y3 are mutually disjoint open subsets of aS2.
By is denoted the space of functions with continuous derivatives

at interior points of 3) up to the order k which can be continuously ex-
tended to D.

On 8Q we shall consider the following boundary conditions

where

is the unit outward normal to aS2, the function a(x) is continuous on y,,

Consider a family of bounded subdomains Qv of .S~ depending on the
parameter 7: = (7:1’ ..., iN) which ranges over the parallelepiped

Suppose that if ~c~ c i3 for j =1, ... , N. The boundaries of the

domains Q" and Q are assumed piecewise smooth. Set S= = 
N

We assume that St = U where is a connected smooth hypersur-
l=1

face with the boundary on aS2, and also that there exist positive con-
tinuous functions h~(~t, x), l =1, ..., N, such that for any non-negative con-
tinuous function ’V(x)

where dS is the element of area on Sr, . We use the notation

From now on it will be assumed that in Qro and that for
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some non-negative integers q, p and 

Let

where v1(,1 is the set of functions v(x) of class which vanish iden-

tically on and satisfy the condition

Let

where is the set of functions w(x) such that w(x) E

-.1

We shall always suppose that =;6 0 when T E G, l =1, ... , N. For
any fixed l such that either 0 ~ t ~ q or + 1, it is easy to show

n 
-

that if the quadratic form I is positive-definite for every x E sr’

then is not smaller than the first positive eigenvalue of a certain second
order elliptic boundary value problem on -Sr, *

It is also assumed in what follows that (

where (v1, ..., vn) is the unit outward normal to 
Suppose that

for any v of class vanishing identically on Let
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Denote by I==1, ... , N, the functions satisfying the following con-
ditions

Let B be a bounded subdomain of S~. The boundary aB of B is as-

sumed piecewise smooth. For a set F which belongs to aB denote by B)
the functional completion of the space, formed by all functions v(x) such
that E and v = 0 on F, with respect to the norm

be mutually disjoint subsets of aB. (It is possible that
Consider the boundary conditions

where

is the unit outward normal to aB, a(x) is a continuous function on and qJ2
is a continuous function on 1~2.

We say that u(x) is a weak solution of equation (1) satisfying boundary
conditions (8), if and for any v E u B) the in-

tegral identity holds

THEOREM 1. Let u(x) be a weak solution of equation (1) in satisfying
boundary conditions (8) on ri = n = 1, 2, 3. Suppose that P2 =- 0
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Then the following estimate holds

where is the inverse f unction to

PROOF. Fix an arbitrary i E G such that 0  -cj  -c’, j = 1, - - ., N, and
take a function ~e(x) which depends on a small parameter e, 0  ~1, and
possesses the following properties:

= 0 if the distance from x to QT is greater than 01p1 in 

1p(l = 0 on BTz, in (the constant M is independent of e).
First we shall prove that for any function g(x), continuous in 

where v = (vl, ..., vn) is the unit outward normal to 

Let be a sequence of functions of class such that

mag as m -~ oo : Applying the integration by parts we get

where supp Taking into account the properties of

we can deduce that

where M;(e) -~ 0, j = 1, 2 as e - 0, const, all maximums being taken
over the set supp Hence, we obtain relation (13). Integral identity (9)
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for B = Q1:0, y v = may be written in the form

Integrating by parts the terms ] dx and letting e tend to zero,

one obtains from (14), y according to (13), the following:

Taking into account conditions (10), (11) of theorem 1 we get

where c, are constants which we choose to satisfy the conditions:

These inequalities together with (4), (5), (6), (7) yield
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It follows from relations (3) and (15) that

From (16) and the definition of the function q;(R) = ..., lpN(R)) we
have and, therefore, 

Integration of this inequality over the segment (~, R) yields 
Thus theorem 1 is proved.

From theorem 1 immediately follows theorem 2, which is similar to

Saint-Venant’s principle, well-known in the theory of elasticity (see [1], [2]).

THEOREM 2. (Saint-Venant’s principle). Suppose that the domain Q is
bounded and that for any 1 (1 = 1, ..., N) the hypersurfaces Szi i and a, con-
f ine a domain Gi which does not intersect with Let c = 0, bk = 0, 9
k =1, ... , n, in Q, and let ï’1, y,, be empty sets. If P2 = 0

and i f u(x) is a weak solution of equation (1) in Q satisfying boundary condi-
tions (2) on aS~ and belonging to the class n then the fol-
lowing estimate holds

where is the inverse function to

and I = 1, ..., N, satis f y conditions (7) with p = 0.

PROOF. Relation (17) implies that assumption (11) of theorem 1 is valid.
We have, in fact,
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and, therefore, due to (17)

Then

and consequently (11) holds. It is easy to see that the other assumptions of
theorem 1 follow from those of theorem 2. Therefore (12) is true and so

is (18). Theorem 2 is proved.
Note that if the coefficients of (1), the boundary aS2 and the functions

F, P2 are sufficiently smooth, then according to the well-known results ([3], [4])
the weak solution u(x) of problem (1), (2) belongs to the class 
n provided that the conditions of theorem 2 are satisfied and

equation (1) is elliptic in S~.

We shall now consider some particular cases of theorem 2.

where the domain

Suppose that

In that case inequality (18) becomes

where A = is equal to the smallest positive eigenvalue of the
following Neuman problem

It is evident that 60 X (zn : J + To C xn  T}. If I’ = 0 in = 0

on 8Q for and for xn = T, then relations (17), which
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provide that (18) holds, take the form

The estimate (20) and the condition (21) correspond to Saint-Venant’s
principle in its simplest form (see [1], [2]).

2) Suppose that S~ belongs to the half-space ~x : 0} and that the
intersection of .Q with the plane ~x: xn = z’1-I- a~, o’ = const &#x3E; 0, is a

domain 87:1 such that the first positive eigenvalue for the problem

equals We assume that where

From theorem 2 follows the estimate

If ~5,~1 is a ball of radius then = J5~[/(Ti)]’~ where Ki is the first
positive eigenvalue of problem (22) when 81:1 is a unit ball. According to
formula (23) we have in that case

It is of interest to note that if S~ is a cone, i.e. f( 7:1)
a = const &#x3E; 0, and if = const, = const, then

where 0 = 

This shows that the decay of the factor in (23) is not necessarily ex-
ponential, as 7:1 tends to infinity.

The formula (24) is also valid when for any the set 81:1 is a domain of 
such that the transformation of the coordinates x’ = x~ ( f (~)~-1, j =1, ... , n-1,
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maps onto a domain ~S’ independent of The constant K, in that case
is equal to the first positive eigenvalue of problem (22) in ~S.

As another corollary of theorem 1 we obtain

THEOREM 3. Let u(x) be a weak solution of equation (I) in Q satisfying
boundary conditions (2) on aSZ. Suppose that

Then inequality (12) holds, where

If a l ( t i ), are independent o f l, then (12) may be written in the form

where 7: = (7:1’ ..., 7:N)’ 7:i = k, j = 1, ..., N.
In order to prove this theorem it is sufficient to observe that under the

above assumptions ,ut(zi) = 0, 1 =1, ..., N, and
therefore, in theorem 1, one can take

Making use of theorem 1 we shall now prove certain uniqueness theorems
for solutions of the boundary value problems in unbounded domains in
classes of growing functions.
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In the following theorems it is assumed that the domain S~ is unbounded,
the parameter ranges over the set

as iz - 00, l == 1, ..., N and that for any positive M the set Q%Qr belongs
to the domain {x: if all t =1, ... , N, are sufficiently large.

A function u(x) will be called a weak solution of problem (1), (2) in S~
for Pk == 0, k = 1, 2, 3, if in any bounded subdomain B of S~ the function

u(x) is a weak solution of problem (1), (8) with

In the next theorem sufficient conditions are given for the uniqueness of a
solution of the Neuman problem to within an additive constant.

THEOREM 4. Let u(x) be a weak solution of equation (1) in Q satisfying
boundary conditions (2) on and suppose that Yl = 0, Ys = 0; P2 = 0 on 

If for a certain sequence B, -* oo

and -~ 0 as oo, 1 then u = const in Q.

PROOF. According to our assumptions equation (1) is uniformly elliptic.
Therefore, is not smaller than and &#x3E; 0 depends only
on the coefficients of (1) and the function hz(iz, x); Az(iz) is equal to the
smallest positive eigenvalue of the Neuman problem for the Laplace equa-
tion on 81:1. Hence, Z =1, ..., N, and, therefore, theorem 1 is
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valid for u(x) provided that condition (11) is satisfied. It is easy to verify
that (25) implies (11). Indeed, for

we have

Letting 1’; tend to infinity in (27) and taking into account (25) we obtain,
that for any 1’z&#x3E; 0

Thus according to theorem 1 for inequality (18) holds. From (18) and (26)
it follows that

Making Rk tend to infinity in the last inequality yields

Hence, u = const in .So. Since for any 1: the domain Dy may be considered
as Qo, we can conclude that u = const in S~.

Consider now some special cases of theorem 4.
For the cylinder oo} considered in example 1), con-

dition (26), specifying the class of uniqueness for the Neuman problem, is
reduced to

where - 0 oo, ~J. is the constant from inequality (20).
Let the domain Q belong to the half-space {x: 0} and let the

intersection of ,S2 with the plane {x : xn = a + = const &#x3E; 0, which we
denote by ST1’ be a ball of radius for every 11 &#x3E; 0. Suppose that the
domain is finite and that condition (19) of the uniform
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ellipticity is satisfied. Then the class of uniqueness for the Neuman problem
may be specified by the condition

where a(Rk) -~ 0 as oo.

The constant Ki is equal to the smallest positive eigenvalue of problem (22)
for the unit ball of =  1’1 + ~~ . If the domain D coin-

cides for a~ &#x3E; 0 with a cone having a vertex at the origin and such that
its intersection with the plane {x: xn = arl, cr = const &#x3E; 0, is a ball of

radius + 1’1), then entering (23) equals K1[M1(r1 + the con-

stant .K1 being the first positive eigenvalue of problem (22) for the unit ball.
Thus, for S~ of this kind, inequality (26) takes the form

where

3) Consider a domain S~ such that for some

Suppose that Qi for every j is a domain such that its intersection

with the plane, orthogonal to some smooth curve £, at the point E Ci,
forms around that point the domain Sr, ; the parameter i being equal to
the length of Cj measured from the surface Ix = a~ to the point P(i;).
Suppose that 87:J is similar to a domain Si, and that the similarity coeffi-
cient is equal to Denote by Q1: the subdomain of ,S2 bounded by I

3jQ and Sr, for 7:; = 0. We assume that for Qr bounded by 8Q and
and containing {x: r1 S2, equality (3) holds with

where T, = const, I =1, ..., N.
Thus theorem 1 is valid if we take

where
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Therefore, the uniqueness class for the Neuman problem can be spe-
cified by the inequalities

where a(f) -0 as i) ~ oo and Xi is the first positive eigenvalue of

problem (22) on Si.
It is interesting to note that for domains S~ of the above type the

uniqueness class depends on the behavior of the curves Ej and, in par-
ticular, on the length of the piece of Ej enclosed in the ball of radius I~.

THEOREM 5. (Uniqueness for the Dirichlet problem). Suppose that aS2 = y1,

If a weak solution of problem (1), (2) in Q belongs to C1(SZBS2o) and for
a certain sequence Rk -~ oo satisfies the condition

where is de f ined in

theorem 1, then u = 0 in Q.
Theorem 5 follows directly from theorem 1.
Consider now some special cases of theorem 5.
Let S2 be the domain considered in example 3 ), but instead of the similarity

of Sr, J to Sj with the coefficient of similarity we assume here only that ST: J
can be enclosed in a parallelepiped with the smallest edge equal to and

belonging to the same hyperplane as Sr, . * Then the conditions which guarantee
the uniqueness of a weak solution of the Dirichlet problem in S2 may be
written in the form

where (
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It is easy to see that inequality (30) follows from relations (31) because
where is the smallest eigenvalue of the Dirichlet

problem for the Laplace equation on and it is well-known that

Inequalities (31) show that the admissible growth of solutions in each Di
depends on the functions f ; , a;o , ail and the length of the piece of Ej enclosed
in the ball of radius .R as R tends to infinity. Thus, there exist domains
of the above type such that the uniqueness class for the corresponding
Dirichlet problems includes functions of any preassigned growth in each Di.
In a particular case, when S~ is a cylinder or a cone one can obtain from (31)
relations similar to (28), (29). Theorem 5 may be considered as a generaliza-
tion of the Phragmen-Lindelof theorem for harmonic functions.

The following uniqueness theorem for mixed boundary value prob-
lems (1), (2) in unbounded domains is also a consequence of theorem 1.

THEOREM 6. Suppose that for a weak solution u(x) of problem (1), (2)
in Q the following conditions are satis f ied : E 

p =A 0, and suppose that inequalities (10) hold for = Q and &#x3E; 0

for ~~ ~ ~ 0 in Q. If in Q, ’Pk = 0 on yk, 1~ =1, 2, 3, and for a cer-
tain sequence Bi---&#x3E; 00 

-

and a.(Rj) --~ 0 as .R~ ~ oo, then u = 0 in D.

REMARK. We specified the classes of functions which ensure the unique-
ness of solutions of boundary value problems by imposing restrictions on
the growth of the energy integrals f Q(u, as oo. We shall now

Dtp(RJ) &#x3E;

show that these classes can be specified by restrictions imposed on the
growth of some sequence of integrals of u~.

Let be arbitrary bounded subdomains of S2 such that the dis-
tance between aQ" (1 Q and is not smaller than ~O = const &#x3E; 1. Let

tp(x) = 1 if tp(x) = 0 if ~ 
j =1, ... , n, where the constant does not depend on e. Taking v = uy2 in
integral identity (9), we find that
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Thus,

where

Hence, the uniqueness condition (32) may be replaced by the condition

where al(Rk) -* 0 as oo, the domain consists of the points of D
the distance from which to does not exceed 1.

Next, we shall prove existence theorems for the above boundary value
problems in unbounded domains. From now on we shall assume that at
the points of S2

LEMMA 1. Let B be a bounded sub domain of Q and let

Suppose that on 1’2 and that conditions (33)

hold. Then for any F EL2(B) there exists a weak solution u(x) of equation (1)
in B satisfying the boundary conditions

and for u(x) the following estimate holds

where
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PROOF. This lemma follows from Lag-Milgram’s theorem [5]. Indeed, 7
for any set

Then

It is easy to see that under the above assumptions we have K(v, v) &#x3E;
&#x3E; and, I therefore, I according to the Lax-Milgram theorem there
exists a weak solution of problem (1), (34) in B. The estimate (35)
follows from the integral identity (9), if we take v = u. The lemma is

proved.
A priori estimate (12) can also be used to prove the existence of solutions

of boundary value problems for equation (1) in unbounded domains.

LEMMA 2. Suppose that there exists an in f inite sequence of bounded sub-

domains such that Suppose

that for any fixed i (i = 0, 1, ...) and any f unction w which is a weak solu-
tion of equation (1) in with F = 0 satisfying boundary conditions (8) on
r¡ = yj n oDi+l, j = 1, 2, 3, with P2 = 0, the following estimate holds

Suppose that in each region S2k either or

Let F be a f unction de f ined in Q and let the following condition be imposed on
its growth

where 0  s  1, s = const,
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is a constant independent o f l. Then there exists a weak solution u(x) of
problem (1), (2) in Q and this solution satisfies the inequalities

where M2 is a constant independent o f l.

PROOF. Fix any subdomain ~3~ of the sequence c SZ1 c ... and consider
the sequence of subdomains m -~ oo. Denote by a weak solu-

tion of problem (1), (34) for B = 

According to lemma 1 such a solution um(x) exists. From relations (35)
and (37) the following is obtained:

Set

For any positive integers m, m’ the function is a so-

lution of equation (1) in with F = 0, satisfying boundary condi-

tions (8) on F, = g = 1, 2, 3, with ’P2 = 0. Thus, applying suc-
cessively estimate (36) in the domains Qk c... c Qk+m and taking into ac-
count inequality (39) we deduce that
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For any s &#x3E; 0 and t &#x3E; 0 one may conclude from inequalities (40), that

where the constant Mg does not depend on sand t. Hence, for any t &#x3E; 0

we have u$ - US+t)Dk - 0 as s - 00. According to our assumptions, either

0 in Q, and, therefore,

const. Thus, the relation

s 00 implies that the sequence converges with respect to 
norm to a function u(x) E and, owing to the well-known imbedding
theorems, it also implies that on the set ilk the functions u,(x) con-
verge to u(x) with respect to the L2(Î’s n Dk) norm.

So it is possible to make s tend to infinity in the integral identity (9)
for and u = us. It follows that u(x) is a weak solution of prob-
lem (1), (2) in ,~. Setting s =1 in (41), making t tend to infinity and
taking into account (39), we find that

which implies (38). If u and v are solutions of the problem (1), (2) in S~
such that for u and v relation (38) is valid, then it follows from estimates (36)
that

where M4 is a constant independent of j. Letting j tend to infinity, y we
find that u - v = 0 in ,5~. The lemma is proved.

Thus the proof of the existence of weak solutions of problem (1), (2)
in S~ is based on the assumption that estimates (36) hold. Estimates of this
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kind can be obtained by utilizing theorem 1. However, in theorem 1, the
only weak solutions which are considered are those that belong to the class

in some subdomains m of S~, which means in general that there are
no intersections of yl, y2, y3 on Therefore, in order to obtain the exis-
tence of weak solutions on the basis of theorem 1 and lemma 2, one has
to require that certain parts of 8Q belong either to yi, or y2, or Y3, and
also that the coefficients of equation (1) and the domain be sufficiently
smooth. Actually theorem 1 is also valid for weak solutions u(x) of class

only, provided that the boundary of S~ and the coefficients of (1)
are sufficiently smooth. The proof of that fact is given in paper [7], which
also contains results on the existence of solutions from this class. Estimates

which constitute Saint-Venant’s Principle for parabolic equations are proved
in [8].

Lemma 2 and theorem 1 lead to the following result concerning the
existence and the uniqueness of a solution of the boundary value prob-
lem (1), (2).

THEOREM 7. Suppose that the coefficients of equation (1) in the

function a(x) on Y3 and also are sufficientty smooth. Let

Suppose that conditions (10) are valid for QTO = Q, p = N and for the junction
F(x) the following inequalities hold

where 0  E C 1, the constants s and Ml do not depend on k, T(B) =
= 

..., CPN(R)) is the vector- f unction de f ined in theorem 1,

Then there exists a weak solutions u(x) of problem (1), (2), which satisfies the
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inequalities

where H2 is a constant independent of k. Such a solution u(x) is unique.

PROOF. Let us set SZ~ = -Q"(J) in lemma 2. Inequalities (36) for w follow
from theorem 1, since for any 6 E (0, 1), which is due
to our assumptions of the smoothness of of the coefficients of (1)
and of a(x). (See [3], [4]). Thus, the assertions of theorem 7 follow from
lemma 2.

Consider the domain S~ described in example 3). Let 8Q = yi and

suppose that the functions fj(-cj), = ~?’"? N, are uniformly bounded.
Then there exists a solution of the Dirichlet problem (1), (2), if the

right hand side of (1) F(x) is such that

where 0  s  1 and the constants Mj, 8 are independent of Tj, j =1, ..., N.

THEOREM 8. (Existence of a solution of the Neuman problem). Let a
be a smooth surface of class C2, aki E 02(D) , and let S1: be a connected set

(i.e. N= 1). Suppose that ~2 = 0; bk = 0, k =1, ..., n; c=O, ôQ=Y2 and
the function F(x) satisfies the conditions

where q;(R) is defined in theorem 1, fII9 s are constants, 8 E (0, 1),

Then there exists a solution u(x) of the Neuman problem (1), (2) which
satisfies the inequalities

where the constant M2 is independent o f 1.

Such a solution is unique to within an additive constant.
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PROOF. We assumed that 3~==~y N= 1. Therefore, if w is a weak

solution of (1) in for I’ - 0 satisfying boundary conditions (8) for

, then

From the results on local smoothness of weak solutions of the boundary
value problems ([3], [4], [6]) it follows that w E for any 6 E (0, 1).
Thus, theorem 1 yields estimates (36). Fix an arbitrary integer k and con-
sider the sequence of the subdomains = as m - 00. We de-

fine the functions um(x) and deduce that for any t &#x3E;0 ~u$ - Us+t) Die - 0
as 8 ~ oo, in exactly the same manner as in lemma 2. It follows that

ôus/ôx¡ ( j = 1, ..., n) converges in to a Uklax, respectively, and
Uk belongs to It is easy to see that for k’&#x3E; k we have

in S2k, where ck’ is a constant. Choose the constants ck’ in
such a way that Uk = u(x) and for any bounded subdomain S2’ of (J

u(x) E It is evident that u(x) is a weak solution of problem (1), (2)
in 92. The uniqueness of u(x) (to within an additive constant) follows from
theorem 4.
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