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Exceptional Sets with Respect to Lebesgue Differentiation
of Functions in Sobolev Spaces (*).

MOSHE MARCUS (**)

1. - Introduction.

Let (k integer &#x3E;1, 1  p  00), denote the Sobolev space of

functions belonging to whose distribution derivatives up to order k

belong to then, by Sobolev’s embedding theorem:

In a recent paper, Federer and Ziemer [5] proved the following result:

If u E (1  p  n), then there exists a set E whose Hausdorff
dimension is at most n - p (i.e. = 0 for every s &#x3E; 0) such that
for every there exists a number Z(xo) for which:

Here g~«) denotes the a-dimensional Hausdorff measure in Rn and B(xo; r)
is the open ball with center xo and radius r.

More precisely, Federer and Ziemer have shown that Fv(E) = 0, where 1~~
is the functional capacity of degree p. For the definition of jTp and its relation
to Hausdorff measure, see [5]. We mention that, for E c Rn, if 

then .r«(E) = 0 implies that = 0 for every e &#x3E; 0, and .H(~_«)(E)  o0

(*) The research was partially supported by the National Science Foundation
under Grant GP 28377A-1, during a visit at the Department of Mathematics of the
Carnegie-Mellon University.
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implies that = 0. (Thus, a or-finite set with respect to the measure
has capacity zero.) If (X == 1, then = 0 if and only if
= 0.

In the case p =1, the result quoted above had been previously obtained
by Federer; it was announced in [3] and the proof was given in [4, § 4.5.9].

In this paper we obtain the following extension of the result of Federer
and Ziemer.

If u E 1  p %/k, then there exists a set E whose Hausdorff
dimension is at most s.t. for every 

is defined and

More precisely, we show that H-r(E) = 0, where H-r is the Hausdorff

measure defined by the (p  q).
We also show that there exists a set .F such that = 0 and

such that for xo E RnBF :

Other, related results may be found in section 5 of the paper.
Our method of proof is entirely different from that of Federer and

Ziemer [5], in the case k =1 where they may be compared.
The plan of the paper is this: in sections 2, 3, 4 we derive various auxiliary

results; the main results are formulated and proved in section 5, (for the
case and section 6 (for the case p = n/k).

The author wishes to thank Professor V. J. Mizel for a number of very
useful discussions concerning the subject of this paper.

2. - In this section we derive certain estimates related to Poincar6ls

lemma.

LEMMA 2.1. Suppose that and 1 c p C n/k. Let xo be a point
in Rn. There exists a unique polynomial of degree  k - 1, we shall
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denote by Pk.,(x; xo), (0  r), such that

Also there exists a constant C = C(n, k, p) such that

(for r &#x3E; 0), where s = np/(n - kp). The notation IVkul 
|a|=k

PROOF. The existence and uniqueness of a polynomial satisfying (2.1 )
is known (see e.g. [8 ; p. 85] ) . In fact it is easily proved by induction.

If v E Wk,v(B(xo, R)), for some R &#x3E; 0, then by Sobolev’s embedding
theorem: 

Further, y by a standard homogeneity argument one obtains:

Hence, taking v = u - Pk", and applying an extension of Poinear6’s lemma
[8; p. 85] we obtain:

This is precisely (2.2).
In the next lemma we discuss an additional property of the poly-

nomials P k,f.

LEMMA 2.2. With the notation and assumptions of the previous lemma
but without restriction on p, except that 1 p  n, we have:
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for every x E B(xo, r). The constant depends only on k and n. The notation

fa(r; xo ) means the average of the function f over B (xo , r).

PROOF. The result is trivial for k = 1 and k = 2, since we have:

Now suppose that (2.6) is proved for k = 0, 1, ... , j -1, ( j &#x3E; 1); we proceed
to prove it for k = j.

Let Qr == ! (D,6u).(r; xo) (x - and let Sr be the unique polynomial
|03B2|=j-1

of order j - 2 which satisfies:

Then,

because the right hand side is a polynomial of order j -1 which satisfies (2.1 )
for k = j.

By assumption, y the following inequality holds in 

the constant depending only on j and n.
But:

where means for i = 1, ..., n and is a number depending
only on P, y.

Thus:

with the constant depending only on j and n. Denote the sum on the right-
hand side of (2.10) by M~. Clearly:
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By assumption satisfies (2.6) (with k = j -1 ). Hence, by (2.9), (2.10),
(2.11) we obtain (2.6) for k = j.

3. - In this section we prove some properties of functions in 
Let .F be a function in and let xo be a point in .Rn . We denote

where Vn is the volume of the unit ball in R~.
Let ( ~, 6 ) _ ( ~, e~ , ... , 6~_, ) denote a set of spherical coordinates with

center at xo . Thus (} = Ix - Xo I; x2 = g sin 0:,COS 62, x3 = g sin0i -
. sin 62 cos 63 , ..., xn =e sin 01 ... sin 0,.-, cos 0,-,,. The range of 0 is :

Let dw = W(0) dO denote the surface element of the unit sphere in Rn .
Thus:

We denote:

By Fubini’s theorem F*(r; xo) is defined for almost every r &#x3E; 0 and belongs
to for r &#x3E; 0.

Eliminating from A the surfaces Oi = 0, 01 a/2, Oi we obtain

a partition of A (minus these surfaces) into 2n domains in each of which
~(6) ~ 0 and thus has a fixed sign. We shall denote these domains by Ai,
j = 1, ..., 2n and the corresponding open cones in Rn (with vertix at xo) by Bi.

Suppose that u E W8j~/(R~) . The transformation (e, 6 ) and its in-

verse are smooth in each of the domains ~(~, 0) : 0  e, Thus

each of these domains and the distribution derivative

D~ u is given by the usual formula:

(see e.g. [8; p. 64]).
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In the next lemmas we describe certain properties of the functions

u*(r; xo) and xo).

LEMMA 3.1. Let UE W,7,(R.) and let xo be a point in Rn. Then u*(r) =
= u*(r; xo) coincides a.e. with a locally absolutely continuoug function o f r,

say ¡t(r), for r &#x3E; 0. Moreover:

PROOF. First we note that by (3.3) and the remarks preceeding it,
6)) in the domain 0) : r,  ~O  r2, for every

rI, r2 such that 0~i~’ Thus, by Fubini’s theorem, the function de-
fined by the righthand side of (3.4)-which we shall denote for the moment
by v(r)-belongs to oo) and:

Since e ) ) it follows that there exists a function 0) which
coincides with u a.e. in the entire space, such that v( ~ , 6 ) is locally absolutely
continuous in (0, c&#x3E;o), for almost every 0, and such that a.e.

(see Morrey [7] and Gagliardo [6]). (Here 8vf8e denotes the classical deriv-
ative of v with respect to e, which exists a.e. in the space.) Thus from (3.5)
we obtain:

But v(r, ~ ) = )) a.e. in A, for a.e. r &#x3E; 0. If ri is a value for which

this is the case, we finally obtain:

Thus the function has the properties stated in the lemma.
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LEMMA 3.2. With the assumptions and notations of the previous lemma
we have:

If we denote the righthand side of (3.8) by - f (r) we have:

where c = c(xo) is independent of r.

PROOF. As lz(r) is locally absolutely continuous in (0,00) we have:

The left hand side of (3.10) converges when s - 0. In fact p(e). en-1 belongs
to Li[0, r] for any r &#x3E; 0 and

Similarly, y by the previous lemma,

Hence sly(E) converges to some limit, say b, when s - 0. Suppose that
b # 0. Then, for sufficiently small e,

But this contradicts the fact that p(e) E Zl[0, r]. Thus b = 0 and so (3.8)
is obtained from (3.10) by taking the limit when c tends to zero.
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To prove (3.9) we set

and rewrite (3.8) in the form:

It follows from the above that:

for some constant c. But this implies (3.9) since

REMARK. The equality (3.8) may be obtained also by an application
of Green’s theorem which is valid also for functions in -W,,,,, in domains with
smooth boundary.

COROLLARY 3.3.

(i) If If (r) I  con. rnllog r I-l-’O for some 6 &#x3E; 0 then ua(r) converges when
r - 0.

PROOF. (i) is an immediate consequence of (3.9). To prove (ii) we have
to show that:

Given s &#x3E; 0, let be sufficiently small so that for

and so that Then, for 0  r  ro:
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Now:

Since we obtain:

_ 

1

By (3.17) and (3.18): This implies (3.16).
r-&#x3E;0 r

Assertion (iii) is verified by a similar (but simpler) computation.

4. - In this section we consider the Hausdorff measure of certain excep-
tional sets related to functions in 

Let r = r(r) be a continuous, monotonic increasing function in an in-
terval [0, d], such that T(0)==0 and ~c(r) &#x3E; 0 for r &#x3E; 0. Suppose also that
lim = 0.
r-+0

We recall the definition of the Hausdorff measure Hr on R~, defined by
the function z.

Let E be a set in Rn. Given 0 C ~O  d, let be a cover of E by
balls such that r, = radius (Sv) c e. Set:

where the infinum is taken over all covers ~5~~ as above. (The balls may be

open or closed; it is clear that this does not affect H~.) Obviously, H~ increases
as e decreases. We denote:

For will also be denoted by
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LEMMA 4.1. Let f E El,(R,,) and let 7: be a function possessing the properties
described above. In addition, suppose that for 0 there exists a con-

stant e(fl) such that

Let:

Then H,,(E) = 0.

REMARK. The lemma is known in the case ~c = r°‘ (see [1], Lemma 1).
For the sake of completeness we give a proof.

PROOF. Without loss of generality we may and shall assume that f has
compact support.

Given we denote:

Clearly, it is sufficient to prove that = 0 for every a &#x3E; 0.

Let s&#x3E;0. Since = 0 (where Ln is the Lebesgue measure), there
exists an open set U such that ~n( U) ~ oo dx  s.

u

Let j be a fixed number, 0  j  d. Let 93 be the family of all closed
balls B(xo, r) which satisfy the following requirements :

Clearly, if there are balls in 93, of arbitrarily small diameter, which
contain x,,. We note also that E is bounded (because f has compact sup-
port), and so the union of the balls in 93 is bounded.

By a result related to the Vitali covering theorem (see e.g. [2; p. 210]),
it follows that there exists a finite or countable family rk)l c 93,
consisting of disjoint balls, such that 93* _ 7rk)} is a cover of Ea .



123

Since this cover consists of balls of radius less than we have:

Thus Finally, since s is arbitrary, gz(Ea) = 0.

COROLLARY 4.2. Let f E 1  p  -. Let g be a positive contin-
uous function in the interval (0, d], such that g(r) ~ oo when r - 0. Suppose
that, for there exists a constant such that 

for r E (0, d]. Set -r, (r) = rngP(r) for 0  r ~ d. Suppose that lim í1)(r) = 0 and
"-o

that -r, is monotonic increasing. Let E be defined as in (4.4) with r = rng(r).
Then = 0.

PROOF. We note that í1J satisfies all the assumptions made with respect
to í in the statement of the lemma. Hence, if we set

it follows from the lemma that = 0.

But, by Holder’s inequality, if p &#x3E; 1:

the constant being independent of r.

Thus and so H,,,,(E) = 0.

REMARK. Suppose that g = where 0  b  nIp and c is an

arbitrary constant, y or b = 0 and c  0, or b = n jp and c &#x3E; 0. Then all the

assumptions of the corollary, with respect to g and ~D , are satisfied.
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5. - We are ready now to prove our main results, whose formulation is
given below.

Th. I. Let where is an integer and 1pn/k. Let

Then there exists a set E such that 

for every 6 &#x3E; 0 and such that the following statements hold:

(i) For every xo E R,,BE, ua(r; xo) converges when r - 0.

(ii) Let xo E RnBE and set u(xo) = lim ua(r; xo). Then:
r-o

Note that 11 = u Ln a.e. in Rn .

TH. II. Let u be as in the previous theorem. Let h be a positive continuous
f unction in the interval (0, 1). Set:

_ H6T6, xo) is the locally absolutely continuous f unction which coincides

C, a.e. in (0, oo) with u*(r; xo), (see Lemma 3.1). let ik(r) = 
Then the f ottowing statements hold:

(i) If h(r) = and c arbitrary, or b = nIp - k
and c &#x3E; 0) then and 

(ii) If h(r) = Ilogrlc, (cC1), then B"th(Ehl) = 0 (1  q s) and = 0,
where I log r Here s = kp).

The theorems will be proved by induction on k. Each step of the induc-
tion will be proved for both theorems together, because their proofs are in-
terdependent.

We shall use the abbreviation « I - (i), » for « Theorem I ( i ) for k = j »
and similarly for other parts of the theorems.

The case k = 1. Let
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as in Lemma 3.2. As a consequence of Lemma 3.1:

Let

If h = r"llogrlc, and c arbitrary, and

c &#x3E; 0), then by Corollary 4.2, applied to with g = r-1 h(r)-l, we have

Let ha = J log r J 1 + a and F = n I’ha . If xo E then, by Corollary 3.3 (i ),
003B4

xo) converges when r tends to zero. Thus 1-(i), follows from (5.6) with
h=h03B4

By Lemmas 2.1 and 4.1:

where s = np/(n - p). This together with I-(i)1 implies I-(ii)1.
Now let or and c &#x3E; 0 ) and

let íh = r*n-2,h(r)-21. By (5.6) and Corollary 3.3(ii) we have:

Also, by Lemmas 2.1 and 4.1:

By (5.8) and (5.9):
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But by Holder’s inequality:

Thus (5.10) implies that = 0.

By Lemma 3.2:

Therefore, (5.6) and (5.8) imply that = 0. This completes the proof
of II- ( i ) 1 Assertion II-(ii)l is proved in the same way.

The case k &#x3E; 1. We assume that the assertions of the two theorems are

proved for k = 1, ..., j -1 and we proceed to prove them for k = j.
Let or b = n/p - j and c &#x3E; 0 ), and

ih = By II- ( i ) 3_1 applied to Dz, u: v

Hence, (see (5.4) and (5.5)):

Assertion I-(i) follows from (5.12), (with h = ~&#x3E;0)? and Corol-

lary (3.3)(i).
By Lemmas 2.1 and 4.1:

where By Lemma 2.2:

Hence by
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Thus, by (5.13):

This, together with I-(i);, implies 
Now let hand ih be as before, except that we assume also that b &#x3E; 0.

By (5.12) and Corollary 3.3(ii):

By (5.14) and :

Hence,

By Lemmas 2.1 and 4.1:

Thus:

By Holder’s inequality this implies that H,,(E’h2) = 0, (1 c q c s). Further,
from (5.11), (5.12) and (5.16) it follows that = 0. Thus we

proved Assertion ll-(ii), is proved in the same way. This completes
the proof of the theorems.

6. - In the previous section we discussed the Lebesgue set of functions
in TVk., when If and then u coincides

a.e. in Rn with a continuous function; hence, in this case, = lim ua(r; xo)
-o

is defined for every xo in Rn, and the Lebesgue set of u is the entire space.
If u c-’Wk7,(R,,), with p = n/k, then u E for every s E [1, 00); but u
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need not be locally bounded. Results of the type obtained in the previous
section are valid also in this case. The main line of the proof is the same as
in the case p  n/k ; however, y some modifications are necessary. This we

shall discuss in the present section.
We start with an auxiliary result.

LEMMA 6.1. Let’ Then :

PROOF. Let Pk,r be the polynomial described in Lemma 2.1. Then by
the argument given in the proof of Lemma 2.1 we have, (for s E [1, 00)):

the constant depending on s, k, n.
Let By the Sobolev embedding theorem:

By Holder’s inequality:

Hence:

The conclusion of the lemma follows from (6.2), (6.5) and Lemma 2.2.

TH. III. Let p=n/k. Let ~8(r) _ Then

there exists a set E such that gza (E) = 0 for every 6 &#x3E; 0 and such that :

(6.6) u(roo) = lim ua(r; xo) is defined for every xo E 
r---&#x3E;0
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Furthermore:

where i = ¡log 0  c  1, and s is any number in [1, 00). Also:

PROOF. Let .F’h be as in (5.5). Then:

In the case k = 1 this follows from Corollary 4.2 applied to with

g = r-1h(r)-I. In the case k &#x3E; 1 this follows from Theorem II- (i),_, (with
b = 1, c&#x3E;0) applied to DXi u. (Note that we may use the results of The-
orems I and II for j  k, because p  njj.)

In addition we have (see (5.4) and (6.5)):

Assertion (6.6) follows from (6.10) (with h = ~ 0  ð) and Corol-
lary 3.3(i). Then (6.7) follows from (6.6) and Lemma 6.1.

By (6.10) and Corollary 3.3(iii) we have: 4

0 C c  1. Hence, by Lemma 6.1, we obtain (6.8).
In the same way, starting with (6.11), we obtain (6.9). This completes the

proof of the theorem.

Note added in proofs.

Since the present paper was submitted, two papers whose results overlap with
ours have appeared. The papers are, N. G. MEYERS, Taylor expansion of Bessel
potentials, Ind. Univ. Math. J., 23 (1974), pp. 1043-1049; T. BAGBY - W. P. ZIEMER,
Pointwise dif ferentiability and absolute continuity (preprint). In both of these papers,
the results apply to space W(X.P where « need not be an integer. However, both of
them treat only the case where p is greater than one.

9 - Annali della Scuola Norm. Sup. di Pisa
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