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ELLIPTIC AND DEGENERATE-ELLIPTIC OPERATORS

IN UNBOUNDED DOMAINS

D. E. EDMUNDS and W. D. EVANS

1. Introduction.

It is well known that elliptic boundary value problems in unbounded
domains present difficulties which are, on the whole, more severe than those
encountered in the study of similar problems in bounded domains. Some-

times these difficulties can be overcome by relatively direct means, as in

the elegant work of Meyers and Serrin [17] on the exterior Dirichlet and

Neumann problems for second order equations with continuous coefficients,
and in the use of inversion techniques developed by Serrin and Weinberger
[24] for the same kind of problem. However, there remain considerable

obstacles in the way of a treatment of unbounded domain problems invol-

ving, say, uniformly elliptic equations with possibly discontinuous coefficients
and an important component in the difficulties that present themselves is

the lack of compact embedding theorems such as that of Rellich for boun-

ded domains. These theorems are of vital importance in the case of problems
on bounded domains: in suitable linear elliptic equations, for example, they
enable the whole theory of compact linear operators in a Banach space to

be brought into play, while various nonlinear problems may be handled by
an application of the Leray-Schauder degree theory.

In two recent papers [5], [6], Berger and Schechter have extended the
Sobolev-Kondrachov compactness and embedding theorems to the case of
unbounded domains, and have applied these results to, inter atia, the Dirichlet
problem for quasilinear elliptic equations in an unbounded domain. What

they do is to identify a class ~ of functions such that multiplication by one
such function is a continuous, or even compact, map from a certain Sobolev
space to an appropriate LP space : the application of this idea to the Dirichlet
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problem for quasilinear elliptic equations in an unbounded domain involves
the imposition of conditions related to the class M on lower order terms

in the differential operators which mean that these terms induce a compact
map.

In the present paper we consider weighted Sobolev spaces on unbounded
domains, and prove embedding and compactness theorems analogous to those
derived by Berger and Schechter for the corresponding unweighted spaces.
These results are applied to the study of the existence of solutions of the

Dirichlet problem in an unbounded domain for quasilinear and linear equa-
tions of order 2k which are degenerate-elliptic in the sense of Murthy and
Stampacchia [18]: in particular we are able to deal with linear equations
of the form

where

for x in the domain and all f = (ei) in Rn, Here m is a non-negative
function which is locally integrable, and such that 1/m satisfies certain

integral growth conditions. Indeed for linear equations we are able to provide
a fairly detailed discussion of the situation, giving results on existence

which are close to those derived by Murthy and Stampacchia for second
order equations in bounded domains, and also providing information about
the essential spectrum of the maximal operator induced by the equation.
We include results which are believed to be new even for the particular
case of uniformly elliptic linear equations in unbounded domains such as

an infinite cylinder or strip.
The plan of the paper is as follows. In § 2 there is a brief discussion

of the function spaces that are needed, together with an outline of the

theory of k-set contractions. The next section, § 3, is the heart of the paper,
and contains the various embedding theorems for weighted Sobolev spaces
that are required in the applications. These results extend those of Berger
and Schechter for unweighted spaces, but in addition by singling out a

particular class of domains we are able to gain new and rather precise
information about various embedding maps. Thus let ~ be an unbounded
domain in Rn, and denote by B (x, d ) the closed ball in Rn with centre x

and radius d. Suppose that p &#x3E; 1 and that for some d, 0 ~ d s 1,
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Then we show that the norm of the natural embedding of Ho’p (Q)
is no greater than (1- 

If instead we suppose that

it turns out that the natural embedding (S~) in LP (D) is a (1- b)1~~‘ - set
contraction; and that the Poincaré inequality holds in H:’P (0), where k is

any positive integer, provided B ) 0 for some d ) 0. It follows that

in particular tbe natural embedding of Hol’ -- (S~) in is compact if

lim meas (B (x,1) n D) = 0, a result established in [6].

Section 4 deals with the Dirichlet problem for a quasilinear elliptic (or
degenerate elliptic) equation of order 2k, and proceeds by reducing the

problem to an abstract one invoving a special kind of pseudo-monotone map.
In § 5 the corresponding linear problem is investigated, and various results
on existence are given. A number of spectral results are provided: in par-
ticular we show that provided (*) holds for 0, the spectrum of

the maximal operator in L2 (S~) induced by - L1 (d is the Laplace operator)
and Ho’  (S~) is contained in the interval ~~1-~~~")2 r~-2~n,~oo)~ where ~=12013~.
This result would apply in particular to suitable cylindrical domains.

The paper concludes with a brief discussion of future possible develop-
ments.

2. Prerequisites.

2.1. Let S~ be an unbounded domain in n dimensional Euclidean space

Rn, denote by 8Q and T2 the boundary and closure respectively of D,
and represent points of Bn by x = (xi , ... , xn). Let m be a non negative
function on 0 which is locally Lebesgue integrable on S~. For 
we shall stand for the linear space of (equivalence classes
of) complex-valued functions u which are measurable with respect
to the measure m (x) dx and which satisfy

When m (x) =-= 1 on D the subscript ~n on will be omitted.

Evidently ~p becomes a Banach space when furnished with the

norm and the space Co (~) of infinitely differentiable functions
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with compact support is dense in .L p (D, m). Moreover, ~2 (D m) is
a Hilbert space with inner product

Given any positive integer k we shall denote by Co (.~) the space of

all complex valued functions which are k times continuously differentiable

on D and have compact support by we shall mean the

completion of endowed with the norm

Here I D’1I (x) 12 - ( I Da u (x) 12)1/2, where the summation extends over
i

all n-tuplefj a = a2 , ... , an) of non negative integers with I (x -f - ...

...-~-a"=~~ and. The case p = 2 is again a special

one, for (D, m) becomes a Hilbert space if it is given the inner product

and the norm

induced by this inner product is clearly equivalent to the norm
since

If tn-1 ELfoo (D) for some t &#x3E; 1 1 -)- 2013, &#x3E; then Ho’p (.0, m) ) is a

8ubspace of the space CJ)’ (D) of distributions on fJ, and its topology is finer
than the one induced by CfJ’ (D). In other words, and

the inclusion map is continuous. For, if and 0 E we

have, by Hölder’s inequality,
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where From this the continuity of the inclusion map

follows.

Also if (0n) is a sequence in Co (S~) which converges to u in (D, m),
then for each a with | cx S lc the sequence (Da 0,,) converges to the distri.
butional derivative Da za of u in m). To see this we remark that

in m), and for 0 ~ ~ the sequences (Da 0R) are Cauch’y
sequences in and hence converge to limits ua , say. However, if

B is a bounded subset of (Q) the members of which all have supports
in a compact set .~’ then, as above, for all 0 in B,

Hence Da tPn 2013~ ua in T/ (~2), so that ua is the distributional derivative Da u
of u.

The dual of I p (D, m) is isomorphic to LP’ (D, m), were

the duality being defined by

r

for f E LP (!J, m) and g E (D, m). As is customary we shall denote the dual
Since is dense in go’ p (S~~ m) ~

can be identified with a space of distributions, and

where the inclusion maps are continuous. For a fuller discussion of the

above spaces and their duals, when is bounded, we refer to [18].
Our subsequent discussion will also involve the potential spaces’

H,I, -P (Rn), where s is any positive real number. These are defined as follows

(see [6], [16], [25] ). Let G, be the function on Rn whose Fourier transform

G, is given by

Then for s ~ 0, 1 (Rn) and we can define a linear map ~8: L -0 (RO)
by convolution of (~8 and f) for f in LP(Rn).

The maps g., which are in fact bounded from to itself, are the

so-called Bessel potentials and represent the fractional operators (- ~-~-I)-81z~
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where 4 ie the Laplacian operator in B" and I is the identity map. The

space (Rn) is then defined to be in other words, f E 
if and only if f = !?8 (g) = G8 * g for some The topology on

is defined by the norm

where g is the (unique) element of such that f = 8 (g), Since we

have, for ,

where IT is constant independent of j, it follo ws that H 11, P Lp (Rn), .

the inclusion map being continuous. It can be shown that f§ maps the
space cS of rapidly decreasing functions onto itself and hence, since c5 is

dense in LP (Rn), the space H 8~ p (Rn) can be regarded as the completion of

c5 endowed with the norm . In fact, fi, maps onto itself ([23],
p. 48), and so (Rn) is the completion of Co (R") under the norm 11 - 118, P.
We also have, from f = Q’~ ~ g,

and son, letting stand for the inverse Fourier transformation,

Hence

(see [6]).
From the definition of Q, it also follows that for

With the convention that 

and

from which we aee that

the inclusion map being continuous.
When 8 is a positive integer, HI, P (Rn) is identical with Ho" 1~

(cf. [25], chapter V, § 3.3).
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Given any domain in R" , H’,l’ (?) is derlned to be the set of func-

tions which are restrictions to S of functions in (Rn). Endowed with
the norm

where the infimum is taken over all ro in B’ ·· P (Ry such that v = u on Q,
(.0) is a Banach space. We shall denote by Ho’ P (Q) the closure of

00’(D) in this norm. The superscript Q in will usually be omitted,
as the domain will be obvious from the context. For a discussion of these
and other similar spaces we refer to [6].

2.2. Some of our results will involve the notion of a k-set contraction,
which in turn rests on a measure of non-compactness of a set. Let D be
a bounded subset of a real or complex Banach space X: the measura of
non-compactness of D, y is defined by

may be covered by finitely many sets of diameter ~6).

The measure y (D) was first introduced by Kuratowski [13] in a metric space
setting: it is referred to as a measure of non-compactness because evidently
Q is relatively compact if and only if y (S~) = 0.

Now let Y be another (real or complex) Banach space, and let k be a
non-negative real number. A continuous map T : X- Y is said to be a
1c-set contraction if y (T (S~)) ~ k y (D) for every bounded subset Q of X. To
be absolutely precise we should, of course, and yy (T (lJ) in
order to distinguish between the two measures of non compactness, but no
ambiguity will arise from our abuse of terminology. It is clear that T is a

compact map, that is to say a continuous map which takes bounded sets

into relatively compact ones, if and only if it is a 0-set contraction. It is

moreover not difficult to show that the sum of a kt -set contraction T, and
a lei-set contraction T. is a (ki -f - contraction, and that in circum-

stances when the composition T, o T2 is defined, it is contraction :

these properties facilitate the construction of a wide variety of k-set con-
tractions. Should T be linear, we define y (T ) to be inf k : T is a k-set
contraction): note ~~ T ~~, and that in many cases the inequality
is strict, as for compact maps, for example. Also it can be shown that

~(T~ o There are various relationships between y (T ) and
y (T*), where T* is the adjoint of T. The one that we shall need here is

due to Webb [27], and states if 4 and Y are both
Hilbert spaces.
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Lastly, we shall need to discuss the essential 8pectrum ess (T) of a bounded
linear map T from a complex Banach space X to itself. The definition of
ess (T) which we shall use is that adopted by Kato ([12], p. 243): accor-
ding to him, ess (T) is the complement of the set L1 of all complex numbers
A such that is semi-Fredholm, so that ess ( 1’ ) is the subset of the

spectrum a (T) of T which consists of all those complex numbers A such
that either the range R (T - AI) of T - ),,1 is not closed or R (T - AI) is closed
but dim ker (T - = dim { X/R (T - = oo (ker 8 is the kernel of S).
The set J is the union of components (connected open sets) in each of

which the index i (T - Â.I) == dim ker (T - - dim (T - is

constant (see, for example, [12], Chap. IV, Theorem 5.17). The complement
of the union of all those components containing points of the resolvent of

T is the set taken by Browder [7] to be the essential spectrum of T. Evi-
dently Browder’s de6nition gives a set which contains that arising ~rom
Kato’s definition, but Lebow and Schechter ([14], Theorem 6.5) have shown
that whichever definition is used, the radius of the essential spectrum,
re (T ) - sup Â. E ess (T ) ), is the same.

The essential spectrum was linked up in a rather striking way with

the theory of k-set contractiong by Nussbaum [19], who showed that

It follows that in fact Stuart [26] has shown that re (T ) =
= y (T ) if X is a Hilbert space and T is normal, while Webb [27] has

proved that the same is true for semi.normal operators. It can be shown

(see Nussbaum [19 ]) that operator
of index zero, so that in particular I - T is a Fredholm map of index
zero if T is a k-set contraction for some k ~ 1.

For a comprehensive treatment of k-set contractions, including proofs
of various of the assertions made above, we refer to Nussbaum [20].

3. Embedding theorems.

3.1. Given any positive real number a we define a function wa on Rn

by the rule that
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Let Q be a measurable function on a domain S? in and set, for 1 p oo
and d &#x3E; 0, 

-

and

where B (x, d ) is the closed ball in Bn with centre x and radius d. We shall

also write

and

for 1  t  oo, the obvious modification being made for the case t = oo.

Note that if is finie for some d &#x3E; 0 it is finite for all d ~ 0 :
similarly for Nt, d (In-’)- When d = 1 we sappreas the subscript d and

write simply Ma( I Q and We shall also write, for r, 8 E R,

and

In certain instances we shall need to consider the restriction of functions

Q to subdomainF3 S~’ of D, and in such cases we shall write

3.2. We now obtain conditions for multiplication maps Q operating
on the weighted Sobolev spaces of § 2 to be bounded. The

following lemma is crucial in this discussion.
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LEMMA 3.1. Let u E and d ~ 0. Then for all x in D,

where uin is the (n mea8ure of the unit sphere in Rn ,

PROOF. Let 9 E 0’i ([0, 00)) be such that 0 s 9 s 1 and, for some p,

with

Any point y in B (x~ d) can be written as y = x + ri, where 0 s r ,-- d
=1. We extend u to the whole of Rn by putting u (y) = 0 for y I D,

and set u (y) = u (x + re) = O (r, E) for y in B (x, d). Then for 0  a  ed,

Now denote by w the measure on 8n-l induced by Lebesgue measure
on .R"-1. Then
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Multiplication by and subsequent integration with respect to a

over the interval (J S h C ed gives

Since meas. we obtain from Lebesgue’s differentiation theo-

rem, on letting h --; 0,

The lemma now follows since Lo may be made arbitrarily small.
In view of the result that

repeated application of lemma 3.1 gives

LEMMA 3.2. Let k be any positive integer. Then there i8 a con8tant E,
depending only on n, k and d, 8uoh that for all u in 0: (12) and all x in ~~

We can now give the embedding theorems.

THEOREM 3.3. Let k be a poritive integer, let

and let a be a positive number satisfying
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Then we have the following :

is a bounded map
of Ho’v’p (Of m) into and there exists a con8tant K, depending only on

p, q, k, n and t, such that for all u in H:’P (D, m),

(ii) If Q (f Ntq~d (m 1, . ) m)  oo then u 1-+ bounded map
of Bo’ p (S~, ~n) into and there exasta a constant K, depending only
on that for all U in Ho’" P (S~, m),

PROOF. (i) It is clearly enough to establish the displayed inequality
when u belongs to the dense subset of .~o ’ p (~, m~. For convenience
we put ~ ’I 1, so that from Lemma 3.2 we have

for u i n and in D.
be numbers 1 and satisfying

where .. For some fl to be chosen

later we write 
’
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It then follows from an extension of Holders inequality ([11], p. 140) that

and so, since ¿ = q,

We shall show that for a suitably chosen

It will then follow from (3.4) that

which gives the result since
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It remains to prove (3.5), and to do this we first apply Holders ine-

quality to the integral in (3.5), and see that it is majorised by

where

We now distinguish two cases. First suppose that

Then since p 1 1 we have from (3.3) ) that k  n and a  n~ and ao
- a - n in (3.6), (3.5) follows since

by (3.3).
On the other hand, if

then, since Ma,, d  oo if Ma. d C oo and a  ai , there is no lose of gene-

rality if in (3.3) we choose Then In (3.6) we now
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choose fl = 0, and the result follows since

The proof of (i) is therefore complete. For (ii) we need only replace Q by
in the preceding argument.

OOROLLARY 3.4. Let k be a positive integer, let

8 &#x3E; 1, and auppose that

Then ice have

multiplication by Q i8 a bounded

1nap of Ho’ p (D, rn) into L’7 (Q), and there exz8ta a constant K Buoh that for
all u in (D, m),

, multiplicatiott by Q i8 a bounded
, and there exi8ts a con8tant K Buck that for

PROOF. From the hypothesis we have

so that there clearly exists a number a &#x3E; n/8 which satisfies (3.3). For such
an a it follows by the Holder inequality that
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since Part (i) of the Corollary follows im-

mediately from this and the Theorem: (ii) is similar.

In the sequel we shall also require the following result from [6], S 2,
relating to the spaces when 8 is not necessarily an integer.

THEOREM 3.5. Let and let o,,&#x3E;0 satisfy

Then if MQ,d(1 Q lq)  00, multiplication by Q is a bounded map of Hol, -" (S~)
into Lq (D), and there exists a constant K, depending only on p, q, sand n,
such that for all u in Ho’ p 

REMARKS 1) When m (x) = 1 and t = oo, Theorem 3.3 reduces to the

special case of Theorem 3.5 in which 8 is an integer.

2) If in Theorem 3.3 (i) we (x) -1 in ~? we obtain sufficient

conditions for (~, m) to be embedded in Lq (S2). Of particular
interest later is the case when Q = 1 in S~ and p = q. In this situation

provided ~ then

the embedding being continuous.

3.3. In this subsection we investigate further the properties of the

multiplication maps Q of § 3.2 and also the embeddings of m) in

Zp and LP (Dy tit). Our main concern is with the maps Q as k-set con-
tractions. As a consequence of our investigation we shall obtain a sufficient
condition for the Poincaré inequality to hold in the space (S? m). For
these results more precise estimates are required for the norm of the map
Q in Theorem 3.3 in the special case p = q. We also need to introduce

some new notation. If T is a bounded map* of a Banach space .Y into a

Banach space Y we shall write 11 Y 11 for the norm of T, that is the
infimum of those positive numbers g such that for all u in X.



607

THEOREM 3.6. satisfy

For x in Q, let meas (B (x, d) % Q) = 6 (x) meas B (x, d), where 0 S 6 (x)  1, y
and set 6 = inf 6 (x),

Then we have the following :

(i) 1 f Mat d ( ~ l~ ip lYt, d (1n-t , ~ ))  00, multiplication by Q is a bounded
map of Ho 1, p (~, m) into LP and for all u in H 0 " -v (,Q, m), 

.

so that if d ~ 1,

, multiplication by Q i8 a bounded

so that if d ~ 1,

2. Annali dena Scuola Norm. Sup. di Pita.
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PROOF. Let u E Cl (~3) and set 11 (y) (y) ~ -~- d ~ Du (y) ~, y E 12, so that
from Lemma 3.1 we have

Application of Holder’e inequality to this gives

where

since

Let us put then

We claim that for 0  n,
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For since increases towards the centre of the ball B (x, d),

where and meas S= meas d)) = (1-..a (x)) meas B (x,d).
Since meas 8 = (1 2013 ~ (x)) w" dn/n. we must have In = (1 - 8 (x)) wn d"/n,
giving = (1 - ð Therefore

and the assertion (3.13) is proved. In (3.12) we thus have when a  n,

since -

From this (3.8) clearly follows. The proof is similar when while

if « = n we use in (3.12) the inequality

and the result follows as before. Part (ii) is handled just as for (i), but
with Q replaced by Qml/p.

REMARKS. Note that if we replace Q by then in (3.8) and
(3.9) we can put
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Note also that the general character of the results of the Theorem is unal-

tered if the hypothesis that a ) n (1- p) -~ p is dropped. For we could

work with an 1 - p) + p, obtain the results given from this ai ~
and then use an inequality of the form const. Ma, d, where the

constant depends on d, ai , and a.

Suppose that meas (B (x, d ) B S~) = b (x) meas B (x, d),

x E D, and write

PROOF Since there exists a

number a which satisfies, provided n &#x3E; 1,

For any such a, we have by Holder’s inequality,
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as in (3.13). If we now substitute in (3.8) we have for all u in H 0 " v (0, m),

It is readily shown that

regarded as a function of x, attains a minimum value of

when

Note also that for n &#x3E; 1, this value of a satisfies
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and

Substitution of this value of a in (3.16) now gives (3.14) for n &#x3E; 1.
When n =1, this result is easily obtained directly from (3.1) by the

repeated use of H61deri;ls inequality as above. We omit the details. For (3.15)
put in (3.14).

An especially interesting particular case of Corollary 3.7 (ii) is that

which arises when Q = E~ the identity map. We state this below.

OOROLLkRY 3.8. Let by p, t be as in Corollary 3.7 and suppose
that N,, d (Ne, d (m-1, .) m)  oo. Then for all u in (Q, m),

when

In particular, when we have for all p &#x3E; 1,

Before discussing various conseqtienceis of Theorem 3.6 and its Corol-
laries we shall show that when restricted to bounded subdomains of D, the
maps Q and E behave in a way which does not affect the properties of

these maps that we wish. to develop. In the following we shall denote

by B ~.R),
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, and suppose

Then we have that :

is locally bounded, then for all u in

where K is a positive constant depending only on R, p, t and n.

(ii) If Ma ( ~ Q ~p Nt (1n-l,.) m, x) is locally bounded, there is a pOHilive
constant K, depending only on R~ p, t and n, -such that for all u in ga’ p (S~, in),

PROOF. Let Since there exist x E B" and 8 ~ 0
such that B (xo , 2!) n D = 0. Given any x in Q f1 B (R) let 0 (x) denote the
closed cone, with vertex x, which is tangential to B 8) and has base

determined by the appropriate diametral plane through B (xo , b). Let 

be the intersection of 0 (x) and the sphere with centre x and radius 1. Then
we may express any point y E C (x) in the form y = x + t~, where 0 ~ t

s R (x, ~) say, and f E T (x) : note that =1 and t = ( y - x ~. Since u= 0
on B (xo , 6) we Uave I for E r(:v),

so that

Integration over 1’ (x) with respect to the angular coordinatee now gives
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It is clear that there exists T ~ 0 such that R (x, ~) S T for all ~ in 
and all x in D n B (R) : ’moreover, there is a number y &#x3E; 0 such that

meas for all x n B (R). Hence

The result now follows exactly as in the proof of Theorem 3.6.

We are now in a position to give a sufficient condition for the Poincaré
inequality to hold for elements of (~ 1n).

sup . pooo that there exist positive nuinber8 d and 6 such that

where Suppose also that
I U IV

Then there exists a constant K, depending only on
p, n, # and t, such that for all u in Ho" p 5, m),

I

Moreover, given any po,itive integer It there is a constant Ki, independent
of u, such that for all u in go’ p 70.) and all i, 0 -,- i s Ic - 1)

80 that the norm on (~, m) is equivalent to the 
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PROOF. We write the embedding in the

form From (3.20), (3.21) and (3.17), and taking
account of the remark at the end of the proof of Theorem 3.6, it is clear

that there exist R and C, 0  C 1, such that for all u in Hl" (Q, m),

Choosing ex such that we also have from Lemma 3.9 (ii),

since (3.20) implies that that for all u in Hol, m),

Thus

Since C  11 the Poincaré inequality

follows immediately. The rest of the theorem is now clear.

COROLLARY 3.11. Let _p &#x3E; 1 and lot k be a positiroe integer. Suppose
there exist positive numbers d and 6 such that

Then there exists a constant K, depending only on p and n, that for all
u in nt’ p (.0) and all i, 

PROOF. Set m - 1, r = s = t = oo in Theorem 3.10.
We remark that condition (3.23) is not necessary for the Poincar6

inequality to hold in Ho’" P (D). For if D is the «spiny urchin » (see [10~ )
then (3.23) is not satisfied although the Poincaré inequality does hold.

Excepting such pathological regions, the negation of (3.23) intuitively suggests
that S~ contains balls of arbitrarily large radius. However, for such a domain
S~ the Poincar6 inequality is known to be false (see [9], Corollary to Theorem 1).
We also note that if S~ does contain arbitrarily large balls then in (3.19)
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3 = 0, and so we merely have the obvious result that

To conclude this section we investigate the properties of the multipli-
cation maps Q regarded as k-set contractions, and obtain as a consequence
conditions for these maps to be compact.

THEOREM 3.12.

8atiafy

Suppose also that .
Then

is locally bounded.

PROOF. (i) From (3.9) and (3.24), and taking account of the remark at
the end of the proof of Theorem 3.6, we have that
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For each R &#x3E; 0 let OR E Co (B (2R)) be such that 0 s 1, with

OR (x) = 1 for all x in B (R), and write Since

I Q (1- ~.! , it follows from (3.26) that given any C ~&#x3E; 0 there
exists R ) 0 such that

We shall prove that Q9R: g4’ -" (S2, in) - LF is compact : once this

has been done it will follow that Q is a (lco + (f)-set contraction, and part

(i) will be immediate, since 6 may be chosen arbitrarily small.
Given any u in P (D, m) it is clear that 8R u E Hol ’I (Q f1 B (2R), m)

and that 
-

where g depends only on Moreover, if I then with

since

It follows that multiplication by 8R is a bounded map from 
to B (2R)). Also, for any 8  1 the natural embedding of

Holt pt (Q t1 B (2R)) in go’ r= (D f1 B (2R)) is compact (see [23], Chap. 2, Theo-
rem 4.4). From Theorem 3.5 we see that multiplication by Q is a bounded
map of B (2R)) into LP (Q) provided that

that is to say provided that
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and a  p - n there is evidently an s  1 which satisfies these require-
t

ments, and so is compact. This concludes the

proof of (i) : that of (ii) is similar.

Similar results hold under the conditions of Corollary 3.7, namely

all large enough R, and

the map is a ko’set contraction. A similar result

holds for Q : Hol’ " -+ m).
The particular case of Corollary 3.13 obtained when Q = .E, m ~ 1,

and r = 8 = t = 00 is important enough to state as a separate Corollary)
as follows :

Then the natural embedding of HJ’ P (D) in LP (D) is a oontraction.

If in Theorem 3.12 or Corollary 3.13 we have ko = 0, then the maps

Q a-re compact. The next Corollary deals with this situation.

COITOLLARY 3.15. Let the conditions of Theorem 3.12 be satisfied. Then

the map Q : go’p (D, m) -+ is compact if any one of the following
conditions is satis f ed :
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Sititilar results hold for Q regarded as a map f’rom Hol’ P (Q, m) to Lp (D, m),
to LP (Q, iii), with Q replaced by above.

PROOF. Parts (a) and (b) follow immediately from (3.24). For (c), suppose
first that a  n. Then by Hölder’s inequality, with y &#x3E; 1,

, 
-

may and shall choose y so large that Hence Me and

(c) follows from (3.29) and (3.24). The proof for is similar.

The special case of Corollary 3.15 (c) when m _--_ 1 was obtained by
Schechter in [22], Corollary 4.12.

Taking Q ~ JE7 in Corollary 3.15 we obtain

COROLLARY 3.16.. and suppose 

Then the canonical e’1nbedding of (,Q, m) in Lp (D) is compact if either

Berger and Schechter ([6], Theorem 2.8) obtained the particular case

of Corollary 3.16 (a) where m =1. Note that when m « I condition (a) is

not a necessary condition for the compactness of the embedding of 
in .Lp (S~), as the case in which is the spiny urchin shows (see ~10J ). In
fact the compactness of this embedding for unbounded domains D has received
considerable attention in recent years: see in particular [1], where a neces.
sary and sufficient condition is obtained. For some results concerning .certain
weighted spaces we refer to [2]. By way of examples of weight functions

nt which satisfy condition (b) of Corollary 3.16 we mention ni (x) = (1 -~- ~ 
(0 &#x3E; 0), where g is any positive measurable function which tends to infinity
as I x 2013 oo in 0, and also the function ,n (x) = for suitably small

positive 0.

In conclusion, it should be noted that it follows from Corollary 3.13
that is compactly embedded in if
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4. The quasilinear Dirichiet problem.

The usefulness of the preceding theory can now be illustrated by
applying the embedding theorems to various situations involving partial
differential equations in unbounded domains. In the present section we

provide sufficienti conditions for there to be a solution of a Dirichlet problem
for a quasilinear equation of elliptic type: the idea of the proof is to reduce
the problem to that of solving an abstract operator equation involving a
coercive pseudo-monotone map from a Banach space to its dual, and then
to invoke the theory of pseudo-monotone maps. All the functions and spaces
occurring in this section will be real, so that this theory of pseudo-monotone
maps may be used.

Let k be a positive integer, and let 8 (k) denote the number of n-tuples
a = (at of non-negative integers a; such that j s k. For each a
with I a S k a continuous function ga : S x B8 (k) -. R is defined, and

the differential operator we shall consider to begin with is given by

where lk (u) (x) = (Da u (xj : s k), Let p satisfy 1 C p C oo : we shall

give conditions on the da which are sufficient to ensure that d induces a

bounded and continuous map from (D, w) to its dual.

and suppose that : .’ We

shall assume that there are non-negative functions ag such that for all a

with a I s: k, all x in D, aDd all z = (zo) and z’ = (zp) in B8(,~),

and that for each S k,

The fanctions aap are restricted by the following assumptions:

for some

p (a, fl) such that
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for some

p (a, fl) such that

, then ~,~ (at P)  oo for some

p (a, fl) such that

Now define

The following lemma is important in our discussion

of the Dirichlet problem.

LEMMA 4.1. Let , end 8uppooe

that (4,1), (4.2) and condition8 (i)-(iv) hold. Then there i8 a con,tant 0 8uch

that for all u and 0 in Ho’p (S~~ m),

PROOF. It is clear that

and to obtain the required result we estimate the various kinds of terms

separately. First we have by (4.2) that for all a, by Holders inequality,

then, by condition (i) we see that

To handle the situation in which either I I is less than k we use
the embedding result contained in Theorem 3.3. Suppose I a = k and I p 
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Then clearly

It is now a simple matter to verify that Theorem 3.3 (ii) may be applied to
show that multiplication by (m-’ is a bounded map of H0 k- P 
into Lp (D, m), so that the right hand side of (4.3) is majorised by

Similarly, when , we have that

and in view of the conditions imposed in the lemma we may invoke Theorem
3.3(ii) again to show that multiplication by (m-1 aao) is a bounded map of

into LP ~5~, m). Hence the integral in (4.4) is dominated by

It remains to deal with the terms with I C( I  k and I  k. In this

case we apply Holders inequality to obtain

Once more we appeal to Theorem 3.3 (ii) to show that multiplication by
Qlap)l/P is a bounded map of (S~, m) (and m)) into

LP (S~, m): The integral in (4.5) is therefore dominated by

The proof of the lemma is now complete.
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In view of Lemma 4.1 it is clear that under the conditions of that

Lemma, the map 0 i- a (u, ) is, for each fixed tt in m), a bounded
linear functional T (u) on (D, ni). Thus if we write g = m) and
write X* for the dual of X, a map T : X -+ X* is defined by

for all in X : here ( T (u), Ø) stands for the value of the linear fane-

tional T (u) at ø.

4.2. Suppose p 2 and the conditions of Lemfna 4.1 hold, and
let T : g-~ X. be the map induced by the form a (1£, 4». Then T is bounded
and continuous.

PROOF. Thc boundedness of T is clear from Lemma 4.1. As for the

continuity, let (uj) be a sequence in X which converges to u E g. Then for

all ø in X and all j,

We now estimate the various terms in much the same way as in the proof
of Lemma 4.1. If I I = k then by Hölder’s inequality,

3. Annali dolia Scuola Norm. Sup. di Pisa.
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we bave that

Since by Theorem 3.3 (ii) multiplication by (1n-l is a bounded

map from to we again obtain an ekitimate of the

form of (4.6). In the case when a ~  k = k we see that

and an estimate like (4.6) follows from Theorem 3.3(ii).

The customary use of Theorem 3.3 (ii) yields an estimate like (4.6) once more.
It follows that there is a constant 0, independent of u, uj and ø, such

that

The continuity of T is now obvious.
Under sharper restrictiolls on the differential operator it can be proved

that the induced map from X to X* is compact. Let
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where each Ba : D X JR~~"~ 2013&#x3E;. .R is continuous and satisfies a strengthened

form of condition (iv). We let t &#x3E; max (l2013)2 and p
Assume further that there are functions bap such that for all a with 
all x in S1, and all x = and z’ = (zp) in Re ~k-~~ ,

where the bap satisfy :

for some w (a, fl) such that

and lim inf Nt (B)) = 0. Suppose also that
B- oo

for all 0153.

It is now clear that the form

induces a bounded and continuous map S : X -+ X* by the rule that

for all u and 0 in .~. However, we also have

LEMMA 4.3. Ilnder condition (v), 8 i8 coinplately continuouo, that i8
S uj -+ S u whenever uj - u weakly.

PROOF. Let (uJ) be a sequence in X which converges weakly to u E X,
and let 0 E X.

Just as in the proof of Lemma 4.2 we obtain the equivalent of (4.7) :
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The first two factors on the right hand side of (4.10) are handled as in the
proof of Lemma 4.2, by an application of Theorem 3.3(ii)~ and for the last
factor we are able to appeal to condition (v) and Corollary 3.15 (c) to show
that multiplication by is a compact map from to 

and so is compact regarded as a map from to 

Since we have, as in Lemma 4.2,

the compactness of S follows immediately if we note that the weakly
convergent sequence is bounded.

We shall now apply these results about boundedness, continuity and

compactness to a Dirichlet problem. Let

suppose the conditions of Lemma 4.2 and 4.3 hold, and write

We require further that for all u and ro in ,

and that there should be a function c : R+--~ R with c (r) -+ oo -~ oo,
such that for all u in X,

The Dirichlet problem we shall consider is that of finding a function u
such that in some sense

(a prescribed function) in D,

for all a such that a ~ ~ k - 1.
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To be more precise we shall look for a function u E X such that for all

ø in 

We shall refer to such a function u as a variational solution of the Dirichlet

problem (4.15).

THEOREM 4.4. Let the hypotheses of Lemmas 4.2 and 4.3 hold, and

suppose that (4.13) and (4.14) are satisjied. given any f 8uch that

m-1 f E LP’ (D, m), there is a va.riational solution u of the Dirichlet problem (4.15).

PROOF. Since the map ø f (x) ø (x) dx evidently induces a conti-

D

nuous linear functional, g say, on X, it is clear from the previous discussion
that (4.1fi) is equivalent to the equation

The operators S and T map X to X*, ~S being completely continuous and T boun-
ded and continuous, in view of Lemmas 4.2 and 4.3. Moreover, condition (4.13)
implies that (T(~)2013T(~, ~ 2013 v) h 0 for all u, v in X, so that T is monotone,
while (4.14) means that for all u in

X, and this says that S -~- T is coercive. Hence S -~- T is a coercive map
which is pseudo monotone (see Lions [151, Chap. 2, pp. 179-182), and by the
fundamental theorem of pseudo-monotone maps (see, for example, Lions [15],
Chap. 2, Théorème 2.7), (4.17) has a solution u. It follows that there is a

variational solution of (4.15).

REMARKS. 1) The monotonicity condition (4.13) is plainly aatiafied if

we require that for all x in D and all z, z’ E Ra (k) .

2) Some relaxation of the conditions imposed on the coefficients hap in
order to ensure that 8 is completely continuous is possible if the domain Q
has good enough properties, e. g. if

I
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3) As a specific example of a nonlinear operator N’ to which Theo-
rem 4.4 may be applied we cite

with n = 3, p = 4, and m (x) = 1. It is a routine matter to verify that the
various hypotheses of Theorem 4.4 are fulfilled, and so we omit the details.
We also leave to the reader the exercise of constructing more complicated
nonlinear operators to which the theorem may be applied. Linear operators
are dealt with more fully in § 5.

4) The assumptions made about the coefflcients in A and B, though
admittedly already somewhat intricate, may be weakened quite considerably.
For example, condition (4.1), which limits the growth in z of A~ (x, z) to be
no faster than 1 z IP-1, may be weakened so as to permit different growths
for different a’ 8 : this is what Berger and Schechter [6] do in their discussion
of the case m(x)aeae 1. Again, the operator 8+ T which arises as a consequence
of our hypotheses is the sum of a monotone and a completely continuous
operator, and as such is a particularly simple example of a pseudo-
monotone operator. More sophisticated examples would arise if we were to

proceed in the manner of Browder [8] and to weaken the monotonicity
assumption (4.13). The technical complications which these two lines of

development would necessitate in the case of unbounded domains are quite
considerable, and accordingly we prefer not to present them here.

5. The linear Dirichlet problem.

5.1. In this section we shall be concerned with the liner case of the

differential operator discussed in § 4, and we shall confine our attention to
the case p = 2. The differential expression is now given by

where the coefficients o,a/l are measurable (real or complex valued) on the
unbounded domain We shall begin by obtaining conditions for there
to exist variational solutions of the Dirichlet problem
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for a given f in Z2 (S~) (or .L2 (D, nt)). More precisely, we shall prove that

given any f in .L2 (S~) (or .L2 m)), there exists a function u E (~, m)
such that

for all ~ is the sesquilinear form

The first result is a linear counterpart of Lemma 4.1. In stating it we

take d = 1 and write Nt as indicated in § 3.1.

IJEMMA 5.1. Let t ~ max (1, n/2) and suppose that the coefficients aap

satisfy the following conditions on 

for some fl (a, fl) satisfying

for some p, (a, fl) satisfying

Then a (u, v) is a bounded 8esquilinear form on., J
that is, there is a positive constant K such that for all u, v in Ho’ 2 m),

PROOF. Apart from the facts that is no longer required to be
finite and the aao are measurable, the Lemma is a special case of Lemma 4.1,
obtainable by setting p = 2 and ~.a (x, 0) = 0 in that Lemma. The difference
in hypothesis does not alter the proof in any essential way, and accordingly
we shall not present a separate proof of Lemma 5.1.
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We shall prove the existence of a variational solution of the Dirichlet

problem by an appeal to the Lax-Milgram theorem. To be able to do this

we have to prove that a (u, u) -is coercive on This amounts to

showing that there is a constant K &#x3E; 0 such that for all u in 
, For this we shall need to assume that

is coercive on (D, m), so that there exists co &#x3E; 0 such that for all u

in (Sl, m),

If all the functions and function spaces discussed are assumed to be real,
it is enough for this to assume that A satisfies the degenerate elliptic
condition

for all x in D and (here °1 is a positive constant independent of
x and e), provided that the Poincar6 inequality holds for the space Holt, 2 (D,nl),
i.e. there is a positive constant c. such that for all u in Hole, 2 (S~, m);

(see Theorem 3.10). Provided that the lower order terms are not too large,
in a certain sense, the coercivity of a (u, u) may then be established. In what
follows any one of (5.3) or (5.4) (and (5.5)) can be assumed, with the proviso
that the latter would mean that real function spaces are implied.

LEMMA 5.2. Suppose t ) max (1, n/2), that conditions (ii) and (iii) of Lemma
5.1 are vati8f&#x26;,ed, and that (5.3) (or (5.4) aud (5.5)) holds. Therc for all u in

ao that a (u, u) i8 ooercive on
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PROOF. It is clear that

The Lemma now follows by the arguments used in the proof of Lemma 4.1,
using (5.3) (or (5.4) and (5.5)).

As an illustration of these results, let us consider

on a cylindrical region S~. We have

COROLLARY 5.3. Let S~ be a cylindrical domain in Rn Buck that

for some I Suppose that. for some
and that

dx is a bounded, coercive, sesquilinear

PROOF. From (3.19) with 6 = 1 - fJ we obtain

so that
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Moreover, since

we have that (5.3) holds with oo = (1- ’YJl/n)2.
Again, from (3.15) with m =1, t = oo we have

The result now follows from Lemmas 5.1 and 5.2.

Lemmas 5.1 and 5.2 enable an existence theorem to be established.

THEOREM 5.4..Let the conditions of Lemmas 5.1 and 5.2 be satisfied,
let C3 &#x3E; 0, and suppose C 00. Then given any f in L2 (£2) (or .L2 (S~, m)),

unique U in HOk, 2 (D, m) such that for all v E (S~, m),

PROOF. Let

Thus the map is a continuous linear functional on Hok, 2 (~, m),
and the theorem follows immediately from the Lax-Milgram theorem. The
case when f E LI (D, m) is handled in a similar fashion.

In fact, the Lnx.Milgram theorem implies that given any F in the dual
H-1e, 2 (D’ m) of (D, there exists a unique u in (D , m) such

that for all v in Holt, 2 (D m),

denotes the duality between Bo’ Z ~5~, m) and H-~’ ~ (S~, m).
Thus the above theorem merely reasserts the properties

the duals of the LI spaces being identified with the spaces themselves, the
duality being expressed by their inner products.
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Given any f in L2 (D), let us write the unique solution u of

, Substitution

~ yields

Hence Q’ is a bounded linear map, and

Equation (5, 7) implies the existence of a map ~: H-lt, 2 (S~~m)--~ Hoi. 2 (.o,m)
such that a (~ F, v) = ( F, v )x, 2, m for all F in H-k. 2 (D, m) and all v in

Ho"’ 2 (D, m). As for Q~ above, we have from (5.6) that 9 is bounded and

Clearly exists, and also from

it follows that 9-1 is bounded on its domain in H:,2 (0, m). But the domain
of ~-1 is dense in ’(D,m); for if we suppose that there exists FeH-i, 2 
which satisfies ~i, 2, m = 0 for all v in the domain of (j-l, p we obtain

Thus gF = 0, and consequently F = 0 as required. Hence 9 is an isomor-
phism of H -4, 2 (S, m) onto (D, m).

Now let B. : L2 (D) -~ H -L*, 2(tJ, m) denote the adjoint of the embedding
J~: m) - L2(D). Then for all f in L~ (.0) and all v in (a, ~n)~
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Hence Q’ = and so, considered as an operator in L2 (D) we have

Note that if E is a ko-set contraction then EQ’ is a k-set contraction for

, in view of (0.8). Of particular interest is the case when

o~’ ~~4  1, 1 as then jE7C is a Fredholm map of index zero.

A similar analysis can be carried out when I2 (D) is replaced by E2 (D,ln).

5.2. We shall now use the preceding results to investigate the properties
of the operator s4 defined in L2 (S~) as follows : let the domain of stl be

and detlne srl by for Here we understand by A the
formal expression associated with the Dirichlet form a (u, v), so that for
all ro in w) and all u in (D (.9Í), (Au, v)o, 2 = a (u, v) : it is assumed

throughout that the conditions of Lemmas 5.1 and 5.2 hold, and that

Nt (m-1)  oo. Hence u E (D (A) if and only if there exists f in L2 (~) such

that for all v in H:,2 (S2 m),

and we write in this case Au = f. In other words, CJ) is the range of

the operator BG in § 5.1.
We note that ~D is dense in L2 (Q), for if there exists g in L2 (D)

for which (D Gf, g)o, 2 = 0 for all f in L2 (.0), then

so that .E ~’~ = 0. This in turn implies that E- 9 = 0, and hence g =0
since E has dense range (containing 0 , (S~)) in L2 (D).

From these remarks it is apparent that s4-1 exists, is bounded on

LP, (~), and

Also, if D is a ko.set contraction, -cf-1 in a k-set contraction for some

Hence the essential spectrum °e (-4-1) of stl-l satisfies

Consequently
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If E is compact (see Corollary 3.15) then so is y and thus ae (~-1) can
consist merely of the point A = 0, the spectrum being otherwise discrete.
In this case the spectrum of A is also discrete. 

___

The operator associated with the adjoint form a* (u, v) = a (v, u) is the

adjoint ,~’~ oi ni, and hence if a (u, v) is symmetric, i.e. a (u, v) = a (v, u)
for all u, v in (S, It), or a.o.p = äpo. for all a and p, then sIl is self-

adjoint. It is also positive definite if a (u, u) is real and positive, for then

for all u in ~D (,~), where ~(~)~’. ·
As an illustration we shall apply the preceding results to the positive

definite self adjoint operator silo defined as above by the expression

THEOREM 5.5. Suppoae that

, and that  00 and

d t8o, writing

suppose that

Then ~o is a positzroe definite 8elf-adjoint operator with lower bound not le8s
than

8o that the spectrum a (.9io) of silo 8ati8fie8
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In particular, --.- r = t = oo,  1,

Moreover, if either

meas ( : meas B (1) (or equwadently

then the 8pectrum Of Sio i8 di8crete.

PROOF. From Corollary 3.8 with p = 2, d = 1 and 6 =1- r~,

for all u in Hol2 (Q, m). Hence

and

We therefore obtain

Also, from Corollary 3.7 with
we have

an(i o ; oo,

The grst result now follows from (5.i4). Under conditions (i) or (ii), E is
compact and so the spectrum of silo is discrete.



637

THEOREM 5.6. Suppo8e the condition8 of Theoretn 5.5 are satiafied and

n , M 
lfi

that for some a with 0  a  2 - 2013 y  oo. Suppose
t

also that one of the following condition8 holds :

Then Ao -~- Q a Closed operator sfl = silo + Q with domain ~D in,

L2 8atisfies = If Q is real, is self-adjoint. Under

conditions (i) or (ii) the spectrum of is discrete, i.e. Oe (sfl) = ø.

PROOF. Under the conditions of the theorem it follow from Theorem 3.6
and Corollary 3. 15 that Q is a compact operator from (D, m) to L2(D).
In particular, Q is defined on CZJ ( c B’o’ 2 (Dg m)). If C)3 is a bounded set

in Cl) endowed with the graph norm, we have from (5.16) for u E ~3,

Hence CB is bounded in Holt 2 (~?, m), and consequently Q (93) is relatively
compact in .L~ (~~. In other words, Q is o.compact, and the Theorem

follows from [12], Chapter IV, Theorems 1.11 and 5.35. We have, of course
already seen that under conditions (i) or (ii) has a discrete spectrum.

Perturbation results for more general operators, but with m =1 and

Q - R" , may be found in [4] and [22]. For such operators, and with

m (x) ~ 1 or D =f= R", the methods of the present paper should be useful.

6. Concluding remarks.

Although the principal use to which our embedding theorems of § 3
have been put in this paper is to discuss the existence and properties of

variational solutions of a Dirichlet problem for linear and quasilinear
equations of elliptic or degenerate elliptic type, it is clear that there are

a number of other useful applications of the theory, and we should like to
mention two of these.
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First, existence theorems for weak solutions of Cauchy-Dirichlet problems
for equations of parabolic type in an unbounded space domain can be

obtaincd : in the parabolic counterpart of the quasilinear theory of § 4, for
example, one can proceed in much the same way as for the elliptic case,

relying eventually on the abstract work on evolution equations which may
be found in Lione [15], Chap. 2, § 7. We shall not elaborate on this here

in view of the general similarity of the methods needed to those already
given for elliptic problems.

Second, it seems probable that by the use of the methods of § 3 some
progress may be made in the study of bifurcation theory corresponding to

eigenvalue problems associated with quasilinear partial differential aquations
in unbounded domains. The corresponding theory for bounded domains haa
been discussed rather neatly by Rabinowitz [21], while Stuart [26] has been
able to classify the situation for some ordinary differential equations on the
half-line. We hope to return to this topic in a later paper.
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