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NOTE ON PURE-PROJECTIVITY OF MODULES

by

L. FUCHS and G. J. HAUPTFLEISCH

1. Our aim in this note is to generalize the following well-known
to Pontryagin (see e. g. [4]), from abelian groups to modules :
Pontryagin’s Theorem : A countable torsion-free abelian group is free if

theorem, due

every subgroup of finite ranle is free.
A slightly different, but equivalent form is more suitable for our purpose (00 will denote the first infinite ordinal):
U An where 0
I f A is a torsion free abelian group such that A
=

=

’

aym

= Ao c A, c c An C ... is an ascending
pure subgroups An of A, then A is free.
...

chain

of finitely generated

and

One can try to generalize this result to (unital left) modules A over a
ring with 1, by replacing torsion-freeness and freeness by flatness and
projectivity, respectively. One naturally expects that an extension of Pontryagin’s theorem is possible only if the class of rings is strongly restricted.
It was to our surprise to learn that it suffices to replace finite generation
by finite presentation in order to obtain a result which holds for modules
over arbitrary rings :
Suppose A is a flat module over an arbitrary ring such that A = U An
where 0
Ao C Ai C c An C... is a chain of finitely presented pure submodules of A. Then A is projective.
Moreover, if the hypothesis of flatness is dropped, then this theorem
still holds with projectivity replaced by pure-projectivity. Also, it will turn
out that this result can be extended to certain non-countably generated
modules A where A is the direct limit of finitely presented pure submodules.
=

...
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2. All modules considered will be unital left modules over an arbitrary
but fixed ring R, unless otherwise specified. We follow Cohn [3] in calling
a submodule N of a module M pure if, for every
right R-module P, the
induced by the injection
is mo.
nic. A module F is fLat if CX Q9 1 : P Q9R F --* Q
is monic for every
monomorphism a : P -~ ~? of right R-modules. An exact sequence

is called pure-exact if Im a is pure in B. If 0 is
It is straightforward to prove :
LEMMA 1.

If (1) is
Maranda

flat,

then

(1)

is pure exact.

pure-exact and B is flat, then both A and 0

flat.
Following
[7],
pure projective if it
has the projective property with respect to every pure-exact sequence (1),
or, equivalently, if the map HomR (S, B) -- HomR (S, C) induced by fl is
epic. Direct summands of pure-projectives are likewise pure-projective, and
all finitely presented modules are pure - proj ective.
3. We start

our

we

shall call

a

are

module 8

discussion with

THEOREM 1. Let 0==.AoC~C...C:~C:... ~ an ascending chain of
submodules of A such that A
U An. If each An is finitely presented and
=

pure in

A,

then A is

pure-projective.

PROOF. For every n,
finitely presented modules mod
finitely presented. Hence

is

finitely presented, since quotients of
finitely generated submodules are again
is pure~projective, and thus the pure-

exact sequence

splits,

for every

submodule

~z.

Consequently,

Bn of

We

An EB Bn

=

for

some

pure-projective

conclude7
n--~

A is pure-projective, in fact.
is routine to check that the

.--..,.--

Therefore,

It
Theorem 1 :

THEOREM 1’. Let A be a countably
where the Ai (i E I) arefinitely
limI Ai
Then A ig pure projective.

following
generated
presented

result is

equivalent

to

module and suppose A
and pure submodules of A.
=
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4. The

following

LEMMA 2. A

lemma is needed in the

finitely generated

proof

pure subinodule

of

of

a

our

next theorem.

projective

module is

projective.
PROOF. Without loss of

we may assume that we have a
A
of a finitely generated free module F.
finitely generated pure submodule
Then 0 -~ A --~ ~ ~ F/A -~ 0 is a pure-exact sequence where F/A is finitely presented and hence pure-projective.

generality,

flat module where 0 Ao C A, C:...
C ... is a chain offinitely generated pure submodules of A. Then A
project2ve if and only i~’ each An is finitely presented.
THEOREM 2. Let A

=

U An be a

=

nw

is

PROOF. Sufficiency follows at once from Theorem 1 and from the following remark (due to Dr. W. R. Nico): a pure projective flat module A is
projective. If 0 ---~ H - F - A - 0 is an exact sequence with F free, then
the flatness of A implies that it is pure-exact, so it must split because A
is pure~projective. Conversely, if A is projective, then every An is finitely
presented in view of Lemma 2.
Recall that a module is said to be pseudo coherent (Bourbaki [21) if all
its finitely
submodules are finitely presented. (Evidently, modules
over Noetherian rings are pseudo~coherent.) If the module A in Theorem 1
or 2 is pseudo-coherent, then the hypothesis that the An are finitely generated (rather than finitely presented) suffices to guarantee that A is pureprojective and projective, respectively.
Under certain conditions on R, we can even conclude that A is free
in Theorem 2. This is trivially the case if all projective R-modules are free
(e. g. if R is local or P. I. D.). Less trivially, if R is left or right Noetheof R,
rian and A/IA is not finitely generated for any two-sided ideal
then A must be free (cf. Bass [1]) (1).
It is readily checked that Theorem 2 is equivalent to

generated

THEOREM 21. Let A be a countably generated flat module, and suppose
where Ai (i E 1) are finitely generated pure submodules of A.
Then A is projective exactly if eaoh Ai is finitely presented.

a

(i) KULgARNI [6] proved that a torsion-free module of countably infinite rank over
Dedekind domain is free whenever its finite rank submodules are finitely generated.
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5. If we drop the hypothesis that A is countably generated, then A
in Theorem 2’ need not be projective. This can be illustrated by the direct
product of a countable set of infinite cyclic groups. In this group all pure
subgroups of finite rank are free, hence the group is the direct limit of
finitely generated, pure free subgroups, but the group itself fails to be free
(see e. g. [4]). Therefore, in order to retain the projectivity of A in Theorem 2, while passing from countably generated modules A to larger modules, it is necessary to impose additional conditions on A. A suitable condition is the existence of a certain well-ordered ascending chain of submodules
with A as union which can be chosen to be the trivial chain 0
e
A whenever A is countably generated.
We now prove our main result (2).

THEOREM 3. _Let A be a 1nodule such that

is

well-ordered

for limit

ascending chain of submodules Ca
ordinals fl. Furthermore suppose that

where

are

a

Ai

(i)

then

submodules

of A. If, for all
is countably generated ;
finitely presented ;

oc

and

in A where

i,

..

(ii) Ai is
(iii) Ai -~- Ca is pure in A ;
(iv) Ai n 00. is finitely generated
A is pureprojective,.

and pure

in

PROOF. It is readily verified that the purity of
implies that Ai and Ca are pure in A. To establish
of 0.+,IC,,,, observe that

(2) Let us note that Hill
theorem to abelian groups.

[5] proved

a

different

A,

Ai + 00. and
the

00.
pure- proj ectivity

generalization

of

Pontryagin’s
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is pure-exact with

(Az

n

Ca+1) EB

n

D where D is

It suffices to show that the

finitely presented, thus the sequence splits :
finitely presented. We claim :

sum

is direct. This follows from

Setting
we see that Bai is a summand of the pure submodule Ai -~and hence
itself pure. Therefore B,,ilC,, is a pure submodule of Oa+l/Ca. Clearly,
is a summand of ~A1-~- 0,,,)IC. ~ Ail(Ai f1 Ca) which is finitely presented
in view of (ii) and (iv), thus Bailc« is finitely presented for every
We
is pure-projective in
obviously have Oa+l/0a = liml Bai/Oa, and so
view of (i) and Theorem 1’. Proceeding as in the proof of Theorem 1, now
transfinitely up to p, we are led to the pure-projectivity of A.

6.

Specializing

to flat

modules,

we

obtain:

COROLLARY. Let the module A in lfheorem 3 be flat. Then A is projective,.
In fact, from the proof of Theorem 2 we can infer that a pure-projective flat module is projective.
Let us note that we can slightly improve on Corollary by dropping
In this case, namely,
purity in (iv), but assuming that 0 is one of the
in
that
all
and
are
all
Ai
Ca
Ai + Ca are flat in A
pure
(iii) implies
A,
(cf. Lemma 1), and the purity of Ai n Ca will then be a consequence of the
following lemma.
LEMMA 3. If A and C are pure submodules of a module M such that
C is flat,
A O 0 is pnre in M.
The sequence 0 --~ A - A + C - (A + 0)/A ---~ 0 is pure-exact, so
(A -~- C)IA is flat by Lemma 1. Thus C/(A n C) is flat. Therefore An C is
pure in C and hence in M.
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