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APPROXIMATION OF THE SOLUTIONS OF SOME
VARIATIONAL INEQUALITIES (*)

by UMBERTO MOSCO

J. L. LIONS and G. STAMPACCHIA have recently considered a class of

variational inequalities and obtained some results on the existence and the
approximation of their solutions (~). In particular they have considered the
following problem

Given a positive continuous bilinear form a on a real Hilbert space V,
a closed convex non subset 1k of V and a vector v’ in the dual V’ of
V, to determine all vectors u of V such that

, "’. r 4r.

denotes the pairing betiveen V and V’.

In this paper we study the stability and the approximation of solutions
of (p) taking into account not only perturbations of a and v’, as is done

in [3] of Ref (1), but also possible perturbations of the convex set 1k.

1. Henceforth V will be a given real Hilbert space whose inner product
is denoted by (.,.) and the associated norm by ~’~. . V’ is the strong dual
of V, the pairing between V and V’ is denoted by C .,. ) and the dual norm
in V’ is again denoted by 11.11. · We shall also consider V as endowed with
its weak topology, thus we shall write as usual s-lim or 2o-lim to denote

the strong or weak convergence in V.

2. We assume that a positive continuous bilinear form a on V is

given, together with a vector v’ of V and a closed convex non empty

Pervenuto alla Redazione il 14 Dicembre 1966.

(*) This research was supported by C. N. R,, Gruppo 46.
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subset ’~2 of V. We shall always refer to the problem stated at the begin-
ning as to problem (p) and we shall denote by

x

the set (possibly empty) of all solutions of (p), for the given a, v’ and 

we briefly recall from [3] of some results that we shall use in

what follows :

X is a closed convex subset of and X is non-empty if is bounded.

If the form a is coercive on V, which is to say

then problem (p), even if ’[~ is unbounded, always has one and only one

solution, that is .X~ consists of a single vector.
In case a is the inner product in V, i. e. a v) = (u, v) for all u, v E V,

then the (unique) solution of (p) is the vector

where ~1 is the canonical isomorphism of T~’ onto V (which carries v’E Y’

into the vector l v’ E V such that (~1 v, v’) =  v’, v ) for all v E V) and

is the Riesz projection on V (which carries each vector v E V into the uni-

que vector P1B v of 1k such that

3. Let now C , 8 &#x3E; 0, be a family of closed convex subsets of V. We
consider the subset of V

of all limit points of C, as 8 -+ 0 in the strong topology of V, which is

to say all v E V such that for any strong neighbourhood 8 (v) of v and for
some Eo ~ 0 we have

We also consider the subset of V
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of all cluster points of CE as s --~ 0 in the weak topology of V, that is of

all v E V such that for any weak neighbourhood W (v) of v and any E &#x3E; 0

we have

These limits are a special case of the notion of Lim inf and Lim sup of

a directed family of subsets of a topological space (2).
We give the following

DEFINITION 1. We say that the family 08 converges as E --~ 0 if

If C is a closed convex subset of V, we say that 08 converges to C as

B -+ 0, and write

if 06 converges as 8 - 0 and

REMARK 1. Clearly 0 = Lim 08 if and only if the following conditions
are satisfied

Note that (1) and (11) are equivalent, if C is non-empty, to

(1’) 0 is a strong limit point of C, - v as E ---~ 0 for any v E C

(11’) 0 is a weak cluster point of 0 - Vs as s - 0 for any bounded set

~vE~, for any E.

REMARK 2. If C, is decreasing as s- 0, that is CE~ ~ for all

, then (~ converges and Lim ; is increasing as

closure in V.

4. We now consider perturbations and 8 &#x3E; 0, of a, v’ and
1B satisfying the assumptions 1, II and III listed below. For any continuous
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bilinear form a on V we put

I ae is a positive (continuous bilinear) form on V which satisfies either
(u) or (s) below

ae - a is positive on ~V, moreover for any v E V we have I a, 1,  c,
for some c &#x3E; 0 - possibly depending on v - and all E, and

11 v’ e is a vector of V’ such that

III 1ks is a non empty closed convex subset of V such that

in the sense of DEFINITION 1.

We also consider for any 6 the perturbed problem

We denote by

the set (possibly empty) of all solutions it, of (p,).
Our object in the following sections is to study the convergence pro-

perties of the approximate solutions it, as 8 - 0. More precisely, we shall
study as to whether approximate solutions uE exist converging weakly or
strongly to a solution u of (p) as E ~ 0.

5. In case the form a is coercive on V we can prove the following
theorem

THEOREM 1. ASSlt1ne that conditions I, II and III above are satisfied
and saoppose furtjzer that a and as are coercive on V. Then tjze (unique) solution

(Ps) converges strongly in V to the (unique) sol1ltion u of (p) as E --~ 0.
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When the approximate family of 1k is monotone THEOREM 1 ad-

mits the following refinement

COROLLARY 1. Let 1k be a non empty closed convex subset of V and let
E &#x3E; 0, be a monotone family either decreasing or increasing as B -+ 0 of

non empty closed convex subsets of V. Then the following conditions are equi-
valent

(i) 1k = Lim 1ks, that is 1k = n 1ke if 1ke is decreasing, or 1k = u ’[~E
if 1ke is increasing.

(ii) If a and as are any coercive forms on V satisfying condition I above
and v’, are vectors of V’ satisfying condition II, then the solution u, of
(p,) converges strongly in V to the solution u of (p) as 8 --~ 0.

A special case of a monotone approximate family 1ke is considered in

the following

COROLLARY 2. Let 1k be a closed convex subset of V whose interior is

non-empty. Let V, , 8 &#x3E; 0, be a fantily of closed subspaces of ’V that

V = Lim V, as 8 --~ 0 and let 1ks YE for any 8. Then proposition (ii)
abore holds.

Thus, for example, if V is separable and I’,, is an increasing sequence
of finite dimensional subspaces of V such that V = U y then the solution

2c of (p) can be obtained as the strong limit in V of the sequence Un of

solutions of problem (p) in which ‘[~ has been replaced by its finite dimen-

sional section = 1k n V n .

6. Let us go back to the case of a positive form a. For any R &#x3E; 0 we
shall denote by s &#x3E; 0, the bounded section

of the set Xe of all solutions of (p,).

THEOREM 2. Under the assumptions I, II, III above, let us suppose that

Then (p) has solutions, i. e. X =F ø, and any cluster point of
~E as 8 -~ 0 belongs to X, that is w-Lim sup XE C X.
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For instance, let Y, Vn and 1,, be as at the end of the previous sec-

tion. It follows from THEOREM 2 that if problem (p) with ’[~ replaced by
its finite dimensional section has a solution un and such it.,, remains in
a bounded subset of V as n --~ oo, then problem (p) for the given 1k also
has a solution and this solution is the weak limit of a subsequence of ain (3).

7. The result of THEOREM 2 can be improved in order to obtain strong
convergence of perturbed solutions by use of the same device - the « el-

liptic regularization » - which has been used by J. L. LIONS and G. STAM-
PAOOHIÀ in [3] of Ref. (1). It consists of adding a coercive perturbation ef3 to
the given positive form a, then solving problem (p) with ac replaced by aE =
= ~c + Ef3 and finally letting 8 --~ 0. However, we must require that the
perturbed lk, converges to ’I~ rapidly enough to keep the form as acting
coercively on lk, as E -~ 0. Therefore we give the following

DEFINITION 2. We say that 1Rs converges of order B to 1k - 0

if the following conditions are satisfied

0 is a strong limit point of 1

0 is a weak cluster point of
set E 1Be for any 8.

I for any bounded

Clearly if *R, converges of order s to then 1k = Lim 1ks in the sense
of DEFINITION 1, for (k) and (kk) imply (1’) and (11’) hence also (1) and (11).

Now we make the following assumptions

I’ B is a fixed coercive form on V and a,E is given by

where fl, is a coercive (continuous bilinear) form on V, which satisfies either
(u) or (s) below

,~~ is positive on V, moreover for any v E V we have
- possibly depending on v - and all I

II’ 99’ is a fixed vector in V’ and v’ is given by
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where q?’ E V satisfies

III’ 1ke is a non-empty closed convex subset of V which converges
of order 8 to 1k as 8 --~ 0, in the sense of DEFINITION 2.

Then we have

THEOREM 3. Under the assumptions I’, II’ and III’ above the solution

it, of (p,) converges strongly in V to a solution of (p) as c -+ 0, provided -u£

remains in a bounded subset of V, that is

Such a solution of (p) is uniquely determined as tlce solution uo of tlze problem

REMARK. It will be clear from the proof that THEOREM 3 is still true

if condition (k) of DEFINITION 2 is replaced by condition (1) of REMARK 1
together with the following

However, condition (ko) could turn out to be easier to verify in the appli-
cations then condition (k) provided that we know some regularity properties
of the solutions of (p), in other words, provided that we know that X must
belong to a certain « smoother &#x3E;&#x3E; subspace of 11.

8. From THEOREM 3 and a result of [3] we can deduce other sufficient
conditions for the existence and the strong approximation of solutions of
(p). Indeed we shall consider in the two corollaries below two cases in

which by perturbing only a bounded section 1BR of 1B,

one can obtain a solution of (p) relative to the whole ’I~ as a strong limit
of approximate solutions or convex combinations of such.
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The following corollary of THEOREM 3 holds

COROLLARY 1. Assitnte conditions I’ and II’ above and SUP1Jose that

condition III’ witlz 1k replaced by 1kR is satisfied for any B ~:- Ro , 10ith 1ke
possibly orz R. Suppose further that for so)ne R there exists a weak

cluster point it of solutions u, of (Pe) such that

Then u is a solution of (p) and u, converges strongly to u as 8 -+ O. Moreover

1t coincides with the solution 1to of (Po)’
Let’s now assume that conditions I’ and II’ are satisfied by fl = fli and

cp’ = ~L &#x26; both for i = 1 and i = 2. That is, we assume that Ø1’ I ~2 are fixed
coercive forms on V and we have

where Piö satisfies either (u) or (s) of I’ - with {Je replaced by fli, and
replaced by ~i ; moreover we assume that fP2 are fixed vectors in V’ and

where q;is belongs to V’ and converges to (pi in V’ as 8 --~ 0. Finally we
assume that condition III’ is satisfied with 1ft replaced by for all

R &#x3E; Ro, 1ks possibly depending on R.
be the solution of the problem

We then have the following

COROLLARY 2. With tlae hypotheses and notation above, sttppose that for
some R there exists a weak cluster point i = 1, 2, of solutions of (Pis)
and that

Then the vector it = (1 - 0) 2c1-~- oic2 is a solution of (p) for some 0, 0 C 8 c 1,
and the vector U, = (1- 0) Ul£ -~- converges strongly to n in 1~ as 8 --~ 0.

S. We state here a partial converse to 2 in which we show, under
stronger assuptions then those required in THEOREM 2, that the existence
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of solutions of problem (p) implies that the approximate solutions u, remain
in a bounded subset of V as e --~ 0.

We make the following assumptions

where re is a coercive form on V such that

- C8 being a positive constant such that for any,
v E Y and lim Ce = 0 

where V’ 6 belongs to V’ and satisfies

III" 1k8 is a closed convex non empty subset of V which satisfies

the following conditions

(m) For any v E 1k, there exists a strong neighbourhood S (o) of 0 such that

(mm) lim sup as E 2013~ 0 where

Then we have the following

THEOREM 4. In the presence of assumptions I", II" III" above, if
problem (p) has solutions then the solution u, of (p,) satisfies the following
condition

10. We first prove THEOREM 2.

PROOF OF THEOREM 2. Since for some and all 

then w-Lim sup X~ # 4S. Therefore it suffices to prove that
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w-Lim sup Xe C X. Let V, E X~ for infinitely many q ---~ 0 and let

Since sup 1kë by assumption III, we know that u E 1k. Mo

reover, it follows from (p,) that for any v E V and all

with

Now we prove that in both cases (u) and (s) of condition I we have

Let us first consider case (u) : We then have

converges weakly in V, we
l. Hence, since un remains in a bounded

note that are bounded as 17 -~ 0 and that by III
we have 1k c s-Lim sup 1ke, y which implies lim v - v = 0 
for any v E 1k. Let us now consider case (s) of I: Since the form an - a
is positive on V for any q, we have

where

satisfies the inequality
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for some c &#x3E; 0 and all n sufficiently small. Hence (2) holds. To prove (3)
in case (s) we first apply Banach-Stheinaus Theorem and obtain that 11 
is bounded as q - 0. Henceforth we can use the same argument than in
case (u).

We now recall that v - a (v, v) is a lower semicontinuous function in

the weak topology of V (see Lemma 3.1 of [3]); therefore we have

From this together with (2) and (3) we obtain by (1) that

Therefore u satisfies (p), that is u E X.
To have handy as a ready reference we state below an immediate co-

rollary of THEOREM 2.

COROLLA.RY. Under tjze assumptions I, II and III, if the forms a and
as are coercive on V and the solution Us oj (Ps) satisfies the condition

then the solution u of (p) is the unique weak cluster point of Us ~ 0.

11. Here we prove THEOREM 1 and its corollaries.

PROOF oF THEOREM 1. We first prove that uE satisfies condition (4)
above. In virtue of (P8) we have for any v E V

In case (u) of I, since lirn II = 0 as there exists some c &#x3E; 0
such that

In case (s) of I, since then a, - a is a positive on 1’~ we still have

for some c &#x3E; 0 and all B. Thus in both cases we obtain for any v E Y
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for some c ) 0 and all E small enough. Let now v be a vector of K.

By III we have is bounded Furthermore we obtain

as in the proof of THEOREM 2 that [] I a, I is bounded as e --~ 0 in both cases

(u) or (s) of I. Finally, 11 v, II is bounded by 11. Therefore it follows from

(5) that there exists some c &#x3E; 0 such that

and this clearly implies (4). As a consequence of the COROLLARY of THE-

OREM 1 we conclude that the solution of (p) is the unique weak cluster
point of Ue as E --~ 0. Since 8 ~ 80’ 1 is by (4) a relatively weakly com-
pact subset of V, it follows that Ue converges weakly to u in V. Actually
we can prove, using a similar argument to one found in [3], that uE conver-
ges strongly to u in V. In fact we have for some c &#x3E; 0 and all 8

By (1) with n = s and v = u we have

hence by (2) and (3) we find Since also lim a(u,u -
= 0, we have u = s-lim US.

PROOF OF COROLLARY 1 OF THEOREM 1. The implication (i) =&#x3E; (ii)
is a special case of THEOREM 1 (recall REMARK 2). If for any E we take

as = a = inner product of V and v’ = v’ = A-’ v, where v is a given vector
of V, we find by (ii), in light of the remarks at the end of Sec. 2,
that uE = P1k8 v converges strongly to it = in Y as s --&#x3E; 0. Hence (ii)
implies (iii). Finally, (iii) implies 1k C s-Lim inf y which is to say

11B C Lim JR, for Its is monotone. Moreover, we have v = s-lim 

for any v E Lim Its, while (iii) implies P1k v = s-lim P1ks v. Hence (iii) im-

plies (i) and this concludes the proof.
The proof of COROLLARY 2 of THEOREM 1 is based on the following

LEMMA whose proof we give for the sake of completeness.

LEMMA Let lR be a closed convex subset of V whose interior is 

pty. Let E &#x3E; 0, be closed subspaces of V suclz that 1T = Lim Vs as 8 -&#x3E; 0
and let 1ks = It n F. f o~’ any 1B = Lim 1ks as E - 0.

0 0

PROOF. Let uo E 11B, 11B the interior of lk, and let S (1to) be a strong
neighbourhood of u0 contained in Let u be an arbitrary vector of 1k and
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let C be the convex cone generated by u and S (uo). Clearly C e K. Let
0 0

S (u) be any strong neighbourhood of u and take it, E c n S (u), C the inte-
rior of C. Such a u1 exists, because it can be chosen of the type tit = OUo +
+ (1- 0) u for 0 small enough. Let S be a strong neighbourhood of u1
contained in C fl S (u). Since V = s-Lim inf VE, we have VE fl S # 4S
for all e C eo 9 for some 80. Hence (u) + o for all s  Ea , y that is

s-Lim inf lk,. Therefore 1B C s-Lim inf1kE. Since 1ksç; 1k for all e, we

then have 1B = Lim 

PROOF OF COROLLARY 2 OF THEOREM 1. By the LEMMA above 1k =

= Lim 1ke, hence (ii) Of COROLLARY 1 follows from THEOREM 1.

12. In this section we prove THEOREM 3 and its corollaries.

PROOF OF THEOREM 3. Clearly assumption I’, II’ and III‘ of the

theorem at hand imply conditions 1, II and III assumed in THEOREM 2.

Therefore, since a., is coercive on V and the solution u, of (Ps) is suppo-
sed to remain in a bounded subset of V as e - 0, we can apply THEOREM
2 and obtain that the set of all weak cluster points of Us as e ~ 0 is a

non-empty subset of X. Furthermore we prove that any weak cluster point
u of Us actually coincides with the (unique) solution uo of problem (po). We
have for any E

with

and

with

Thus the inequality (1) in PROOF of THEOREM 2 becomes

with

On the other hand, it follows from (p) that for any v E X and all E

with

provided 2oE E 1B.
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Therefore, adding (6) to (7) we obtain, since a is positive, that

for any v E X and all 8. Replacing ),, and V’ by their explicit expressions,
we find for any v E X

with

Let now u be a weak cluster point of u~ ~ that is as r~ --~ 0 .
We know that u E X and we want to prove, as we said at the beginning
of this proof, that u = uo . Let us assume for a moment that for some sub-
sequence of uq , say U’7’ y we have

Then we can conclude the proof of the theorem as follows. In consequence
of (9) we obtain from (8) by Lemma 3.1 of [3] that

Therefore u = uo , 1 hence no is the unique weak cluster point of uE . Since
2cE is supposed to remain in a bounded subset of V as 8 -~ 0, we have that
it, converges weakly to no as E --&#x3E; 0. Actually uE converges strongly to uo
as e --~ 0. The proof of this follows from (8) and (9) using a similar argument
to the one given in the proof of THEOREM 1, thus we omit here the details.

Therefore we have only to prove (9). By the assumption that 1ks con-
verges of order 8 to ’[~ as s -~ 0 we know that for some subsequence of

sa~y u~~ , we have w-lim (eq - = 0 as q 2013~ 0 for suitable W"7 E lk,
and also lim r-l II - v II = 0 as n --&#x3E; 0. Let us first consider case (u)
of I’. Since lim ~ Ptj - PI = 0, - 1= 0 is bounded as

77 --~ 0, then the first and the second term in the expression of M1J (v) con-
verge to zero as n -~ 0. Moreover we have
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are bounded as q --~ 0 we then find

for any v E X. Therefore lim (v) = 0 as n --&#x3E; 0 for any v E X and (9) is

proved. Let us now consider case (s) of I’. Since {3r is positive for any
q, we have

Therefore it suffices to prove that

In fact by (s) and the fact that 1117 is bounded as q -~ 0 we obtain

lim (Ø1/ - ~) (u1) , v) = 0. Moreover lim  q~~ - q’, 2c~? - v ~ = 0 by II’. As in
case (u) above we also prove that lim r¡-1 M@" (v) = 0. Finally, since 
is bounded as a consequence of Banach-Stheinaus Theorem, the proof of
lim V-1 M.," (v) = 0 as q -~ 0 also is along the line of the proof given in
case (u).

Therefore, the proof of (7), and hence of THEOREM 3, is now complete.

PROOF OF COROLLARY 1 OF THEOREM 3. For any 2~ ~ Ro , where Ro
is such that ~ 4S, we shall denote by 

.

the non-empty closed convex subset of 1kR of all solutions of

Assuming 1k = lkR in THEOREM 3, for any R &#x3E; Ro , I we find that u,
converges strongly to u and moreover that u belongs to X(R) and satisfies
the inequality -

Since Theorem 4.2 of [3] implies that In particular, if

we have u E and
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for clearly XR c X(R) for any R. Thus u coincides with the unique solution
in XR of the inequality above. Therefore, applying again Theorem 4.2 of
[3], we have u = Uo .

PROOF OF COROLLARY OF THEOREM 3. By applying THEOREM 3 again,
both for i = 1 and i = 2, we obtain as above that E X(R) and that

converges strongly to Ui as ~2013~-0~ i 11 2. Therefore there is some 0,
0 C 0  1, such that the vector it = (1- 0) U1 + 0u2 - which belongs to

X(R) for X(R) is a convex set - satisfies the inequality  R. Hence,
again by Theorem 4.2 of 13], we obtain that 

13. Finally we prove THEOREM 4.

PROOF OF THEOREM 4. Let v be a vector of X. From (p) and (p~) } it

follows, as in the proof of THEOREM 3, that

with

Therefore we have

with

Hence by I", II" and III" we find

Therefore Us remains in a bounded subset of V as e -~ 0.

14. Our object in this final section is to clarify the meaning of the
convergence notions we have introduced by DEFINITION 1 and DEFINITION 2.
To this end we shall consider: a) A very simple application of THEOREM 1
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to a « perturbed &#x3E;&#x3E; Dirichlet problem for an elliptic partial differential operator
of second order; b) A trivial example which shows that the assumption of
« order E » convergence of the in the sense of DEFINITION 2, cannot be
weakened and replaced by the simple convergence of 1ks’s, in the sense of
DEFINITION 1, without infirming the general validity of THEOREM 3.

a) Let S~ be a bounded open set in the euclidean n-space 8Q
being the boundary of ~. The space ~o (S~) is defined as usual, see for

istance Ref (4) and g-1 (Q) is the strong dual of (S~). We assume that
the norm in HOl (,~) is given by

where , and we denote by  .~. &#x3E; the pairing between

and H-1 (SQ). It turns out that

for any v E Hol (Q) and any
Let L be an elliptic partial differential operator of second order of

type

where aij are bounded mesurable functions on Q satisfying the condition

Let u E (Q) ) be the solution of the Dirichlet problem

where T is a fixed distribution of H-1 (S~),
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Now let E,, E &#x3E; 0, be a compact subset of Q and let uEE H) (S~~ ) be the
solution of the problem

We recall that for any compact subset E of Q the capacity of E, cap E,
is defined by

where a ~ 1 on .E is intended in the sense of (Q), see Ref (4).
By applying THEOREM 1 we can prove the following

THEOREM 5. If cap Es --&#x3E; 0 as s --&#x3E; 0, then tjze solution u, of (de) con-

verges strongly to the solution u of (d) in Hol (S~).

PROOF. Let a be the (coercive continuous bilinear) form

Then the solution u of (d) is also the unique solution of

see [3]. Since is canonically isomorphic to the subspace of all
functions of .go which vanish on E,,, we also have that the solution

of (de) is the unique solution of

Therefore the theorem can be proved by applying THEOREM 1, provided
we prove the following

LEMMA. If cap then = Lim Ho E~ ) in the
sense of DEFINITION 1.
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PROOF. We only have to prove that

that is for any v E HOI (S~) there exists Ho (Q - ~E ) such 
as e - 0.

Let v£ be the projection of v on which is to say Vé is

the solution of

(.,.)1 being the inner product of .8~ (Q), see Sec 2. Then it is easy checked

that the function

satisfies

4 being the Laplace operator.
Since cap E, -~ 0 as 8 --~ 0, there exists for any E a function Ho (D),

such that ~ 0 as 6 -~ 0, aE c 1 on S~ and o~== 1 on Ee in the sense
of Hl (Q) (see Lemma (1.2) of Ref. (4)). Let us assume for a moment that v
is bounded on Q, i.e. Since on EE and We is
armonic in S~ - Ee, we have by the minimum principle

Moreover

Let q be a fixed positive number. For any 8 let be the subset of o where

Cte &#x3E; n in the sense of H01 (Q). Then we have
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We note that cap J

for any s, hence cap - Thus we have

therefore

Since q &#x3E; 0 is arbitrary we find that

Therefore we conclude 0 as e --~ 0, that is VB converges

strongly to v in H 0 1 (S2) as 8 --)0- o.

Up to this point we have proved that .
However since s-lim inf Hol (£2 - is closed and Ho (S~) n L°° (Q) is dense

in Hl (Q), we also have and the LEMMA is

proved.

(b) Let us consider the following example :
V is the euclidean space of all vectors v = v2 E R : (u, v) ==

= u1 u2 V2 for u, ro E V, a is the form

~ is a fixed vector of V’ i=- V, and 1k is the straight line

Problem (p) reduces now to find a vector u = ~2~1, 0) such that 0 &#x3E; vi (VI - u,)
for all v1 E R. Such a solution u exists only if v’ = 0, in which case each

vector u = 0) of ’I~ is a solution.

Let us consider now for any 6 &#x3E; 0 the form

and the vector
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where g’ = ~2) is a fixed vector of F~== V. Moreover, for any fixed 0,
let 8 &#x3E; 0, be the straight line

Then problem (pe) has for any e &#x3E; 0 a unique solution u _ (ci , u2( and
one finds

Therefore we can draw the following conclusions :
~ 0, in which case (p) has no solution, then for any fixed a &#x3E; 0,

1kB converges to lk in the sense of DEFINITION 1 but the solution uE of (pE)
diverges as 8 --~ 0, i.e. U1-+ 00 as s ~ 0. This agrees with THEOREM 2.

If vi = 0 then we have :
(i) If 0  a  1 : 1Bs converges to lk, but us still diverges as 8 - 0.

In particular, this shows that condition III" in THEOREM 4 cannot be re-

placed by condition III of Sec. 4.

(ii) If a =1: 1BB converges to moreover condition III" of Sec. 8

is satisfied : Us is now bounded as s 2013~ 0. This agrees with THEOREM 4.

Actually u, converges to the vector + V2 , 01, which shows that condition
III’ in THEOREM 3 cannot be weakened.

(iii) If a &#x3E; 1 : lk, converges of order E to 1B in the sense of DEFINI-
TION 2 : U6 converges to the vector 199’ , 0 ) as 8 - 0. This agrees completely
with THEOREM 3. We note finally that any solution u = 1111 0) of (p) can
be obtained as a limit of approximate us, by choosing (p’ with P2 = Uf . ·

*

* *
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