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APPLICATION OF THE
HOLMGREN-RIESZ TRANSFORM

H. L. GRAY (Lubbock, Texas)

1. Introduction.

In several recent works [1, 2, 3] M. A. Bassam has studied the H-R
transform and its application. In particular he has found it of some use in
solving differential equations of the Fuchsian type. In this paper the appli-
cation of the H-R transform to the equation

(1.1) (aga® 4+ by + ¢) ¥y’ + (@, ¢+ b))y + ¢y =0,

where a, ,a,,b,,b, and ¢, are real constants, is considered in more detail.

In the H-R form of (1.1) the exponential function is introduced to re-
move some undesirable restrictions on the form given by Bassam. Also the
range for which the transform is applicable to (1.1) is extended to R («)<<O.
A «generalized » Rodriques formula is discussed and some « generalized »
formulas for the Laguerre and Legendre functions are given.

z
Throughout the paper the symbol I*f(x) will represent the H-R transform
a
of the real valued function f(z) on the interval [a, b]. In some cases, when
X
more meaningful, the operator I* will be replaced by its equivalent, ,D; " .

@
The letters m and n will always denote positive integers,

2. Definitions.

If f () is a real valued function of class O™ on [a,b] and 0 < R{a+}n)<<1
then

(2.1) D f@) =T f@) = 72 +n) f (& — Ot £ (1) dt,
(2.2) D f@)= I° f(@)= lim I%f(a).

Pervenuto in Redazione il 12 A_gosto 1963.
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3. THEOREM 1. If f(2) = ay 2* + by + ¢, and

Q) = e ( [15E2 a), F@+0,

then the differential equation (1.1) has the equiva,lent- H-R form

(3.1) L8 byt @) Q) Iy =0,
where
(3.2) a0 4 (@, — b,) & + ¢, =0,

provided y (x) is a real valued function of class O™ on [a, b] and one of-the
following conditions is satisfied :

i) R@=1
(i) =0
(iii) I<R@<1 and y(a)=0.

ProoF. Expanding (3.1) gives

x z z x z z
f(:z:){"“ {“—2y+a(2a,w+ bp) I—ot1 Jo—2y + a (o — 1) a, I~*+2 Iy
a a a a

@ @ @ x
4 [(b, — 20,2)2 + 0, — bya) I~= T«—ty (b, — 2a,0) [+ [y =0.
a a a a

Hence if one of the conditions i-iii are met the indices can be added so that
one gets (1.1). By reversing the argument the equivalence follows.

THEOREM 2. If f(x), Q («), ¥ (*) and o are defined as is theorem 1, then,
if R(x)<<0, the differential equation (1.1) has the equivalent H-R form

£ xa-— —a —f'u—(w) z—a —-— i
(3.3) f‘fl (x) @ (x) D Q(w)f Q@ y=0.(

) I would like to extend credit to D. R. Myrick for his help in establishing this
result.
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PROOF : If R (x) << 0 (3.3) can be expanded in the same manner as (3.1)
to give

7@ [Q @ 9] + [(4ay — b) e + by — 0,][Q @) 4]’
+ (1 — &) (20, + @y 0 — b,) Q (@) y = 0.
Q@) [f @)y’ + b5+ o)y +0,9]=0

so that (1.1) follows. Again the argum'ent{ can be reversed so that the equi-
valence is established.

Hence

4. General Solution.

By defining the first » — 1 arbitrary constants of the H-E equaﬁon
(3.1) as zero, the solution of (1.1) is easily seen to be

z a—1 z a—1 r
Wy y=o f-en LBy o foen Lo [1eig goma

where R(x)=>0,a3 —oco and n=[a]+ 1.

The necessity for letting the constants be zero can be seen by substi-
tuting the solution in (3.1). If & = — oo it follows (see [2]) that the solution
is the same with the {*—" factor deleted. Similarly if R ()<< 0 and @ = — oo
the solution of (1.1) is by (3.3)

x

(4.2) Q (m) y=o fo—a (.’L‘) Q (w) + C, 2’& f—a (1‘) Q (w)f f“—l (t) ta—n

o

where n = [a] 4 1.

As before if a = — co the solution is the same but with the #*—" fac-
tor removed. In both solutions a is of course chosen to meet the continuity
conditions on y (x).

5. General solution when o« is an integer.

‘When o is an integer the above results yield the solution of (1.1) in
such a simple manner that it deserves special mention. That is, if a =2
(1.1) can be written

(5.1) D fr D f—+1(y) Q (@) D—"+1y = 0.

1
() 0@
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By defining the first n — 1 constants of integration as zero the solution is

obvious. Similarly if & = — » (1.1) has the equivalent form
(5.2) D111 () Qo) DS (@) 5 D @ (8)y = 0.

As above, the solution is by inspection. Note that the nonhomogeneous equa-
tion could be handled here just as well and that a particular solution could
be obtained without the knowledge of either solution of the homogeneous
equation.

6. Rodriques fermula.

A «generalized » Rodriques formula may be defined as follows :
If f(x) and Q () are defined as in theorem 1, and ¢ is a constant, then

=_% DpPisb

will be called a Rodriques formula.

It follows at once that if B (x)<< 0 one solution of (1.1) can always be
put in the Rodriques form, and if R (x) > 0 there is always a solution of
an analogous form.

Consider now the following examples.

(A) Laguerre equation. Take the Laguerre equation

(6.1) vy’ +(p+1—2)y + fy=0.

By (3.2) a = — 8 sothat the corresponding H-R form is
x 7

(6.2) I-f1gptutle=2 Dy—F-rne* [Pe2ary=0; =0
a a

and
@ z

(6.3) If g—p—r & D agbtrtle—2[—F-1y =10; =<0
a a

The solution then follows by inspection. In particular consider the solution
when g = 0. Choosing a.= 0 in (6.2) gives

[

y = o, " Df T aft* | oyuHe® (DE 6" P f e " dt.
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1
Now if ¢, = TEFD and 8 =n the first solution is the Rodriques

formula for the Laguerre polynomials. However the solution is not depen-
dent on B being an integer and as a matter of fact yields the Laguerre
function for all § = 0 provided u -+ f 3= — m. That is,

(6.4) L (@) = ™" 6" \DE e o

1
re+1
when =0 and 8+ u —m.

PROOF. If 8= n the result is well known. Hence suppose § == n. Then

+utp
oDE e Pt — 01)" z (-1)"””'e £

_ 3 LU+ptpt1)ats
2=y T+ BFDIET

Therefore if u 4+ g3+ —m

1 e e ptu _ 1 © k (=1)?T(p+pu+p+4 1)t
TEFD " ° oDee F(ﬂ+])k§o pfo rk+4p4+1)p!E—p!°
But
k Fp+u4+B+1)(k\_ I'p+B+1)I'E—p
P e M o Py g ) (p)* F—ATGEtuty ' ="
Therefore
TE+n" °° ~ Br() I(—ﬂ ko I'(k+p+ 1) %!
____sinnp ' — ,Bw"
=——7 Te+i+D 2 Faraty

= I} ().

(B) Legendre equation. For the Legendre equation,
Q—a?y”’ — 20y + BB+ 1y=

a«a=p+41 or « = — . Taking « = -+ 1, where § > — 1, gives the H-R
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M x
I-81(1 — a1 D1 — a?)FIFy=0.
a

a

Hence for proper a
z
65)  y=c, D501 =Y + D (1—2Y [ (L — &y = a,

where the t#— factor is deleted if « = — oo. The solution (6.5) is in a very
useful form and suggests the following formulas for the Legendre functions :

— 1)
(6.6) P‘*(”)='2ﬂ_(rvl)_|‘:i‘)=°”5(l—ﬂ2)ﬂ, B> —1;
(6.7) Qs (@) = = 11)19(;;1;—(51)—‘— D Db —ayf f a— &~ a,

-—-00

where =0 and |z|>1;

—1p BB 41 d ot g
68  @ew="TEEED pra—ay [ — e i

where n = [f]+1, =0 and || < 1.
That (6.6), (6.7) and (6.8) are formulas for the Legendre functions can
be shown as follows, If 3 = n the results are well known. Hence suppose

p & n, then

Dht — o = (—1f 0 3 (— 1 (7)o
k=0

—(— 1 b (— l)k(ﬁ) I'(28—2k+1) o

k=0 k] I'(g—2k+1)
Therefore
(— 1) s .8 L@B+1) 3 (B
T+ ) =wreriE.S, T (k)

reg—2t+1)f+ 1%
regp4+02)rg—2e41) = Py ().
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Now to prove (6.7)

x
—DE(1 — 2?? f 1 —&)y 1 q

_ D (—

5) f (@ — ty—A=1(2 — 1) f (¥® — 1)~F1 dy dt,

where n = [f] 4 1.
Then since {#| > 1 one gets

. e i —p—1 1—2%—1 gt
T n—ﬂ)/”_‘ =3, 2 ’k(k—r)( : )2ﬂ+2r+_1'

Now

R

r=o\k — r 264+ 2r 41 (2ﬁ+1)(ﬂ+%)k

so that the above limit

(_1,”-—#—1 oo oo , _ﬂ_
I'(n—ﬂ—l)k—o rgo( —b ( )

(1)(n_p 1—2k)...(—p—2k)z—p—2k—1

@p+1) (p+ 7)k(n—ﬂ—1——2k—r)
But

3 (—1y

r=0

( _5_1) 1 __T@Ek+g—n+1)I'(n—p)
r n—pf—1—2k—r (2k)!

so that the above double series is
l LB+ 2k 1) g—8-2%-1
) 2 /i

4= (2ﬁ+1(ﬂ+ )2k>r

Hence (6.7)

WIrE+IE
= g e B (G A+ g A1+ )

= Qp ().



64 H. L. GrAY: Application of the

Finally to show (6.8) we have, when || < 1,

oDE (1 — 2P f (1 — &)—n—1¢p—n @
0

. =) k _ ﬂ — Ig_ 1 22k+B—n+1
=t Sev( L)) e
B 1
- 8 —k,ﬂ—l—l,?—% +?) 22k+B—n+1
et AL HE S PR HE=rEas
—2———2—+?’1+ﬂ—k5
but
B n 1 B n 1
—wp+Lg—F4 g | (CE-FE)
sFs 8 1{= 3

n 3 B Lid |
g~ Tl +hA—k (2 2 2);5 P
so that the above

=2 B_n 3

(—1f 28T (B+1)
resg+1)
result. Note that Qg (x) is a series of odd powers when # is even and even

powers when » is odd.
(C) Hypergeometric equation. For the hypergeometric equation

wzk—ﬂ+1 .

The above series when multiplied by gives the desired

(6.9) z(l—a)y”’" +[y—@p+p + 1]y —pupy=20

o=/ or o« = u. Hence the equivalent H-R form for R (x)=0 is

@ x
(6.10) I—8 gb—r+1 (1 — @)t—# Dgr—F (1 — m)—7+#+1 If1y=0
a a
or
x x
(6.11) I—# gp—r+1 (1 — g)r—8 Dpr—# (1 — gy~ rtf+1 JTo—1y =0,
a a

The results (6.10) and (6.11) were obtained in [2] where the solutions were
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discussed in detail and hence will not be dwelt on here. However by use
theorem 2 two additional forms for the hypergeometric equation can be
obtained. That is, if R (x)<<0 (6.9) has the H-R form

z z

(6.12) I3-1gr—8 (1 — &)~ rtutl Dpf—rel (1 — a)y—+I—F Q (w)y =0
a a

or

x x
(6.13) I u=1 gr=s (1 — g)=r+F+1 Dyu—r+1 (1 — gp—B 1+ Q (2)y = 0,
a a

where Q (z) = 2v—1(1 — g)t+b—r,
Note that if u or f = — n, say B, one gets by inspection

y=¢, &7 (1 — gytr—u Dr (1 — gyvtr—1 gu—r

z
+ ¢y @17 (1 — z)r+n—s Dy gntr—1 (1 — )t f t—r—n (1 — tyr—+—1 dt,

Parts of this paper were presented at the annual Texas meeting of
the Mathematical Association of America, April 18, 1963.
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